
A Cho quet In tegral Represen tation in Multicriteria Decision

Making

F. Mo dave**, D. Dub ois*, M. Grabisch**, H. Prade*

*IRIT-CNRS

118 route de Narb onne, F-31062 T oulouse Cedex, F rance

email: f dub ois , prade g @irit.fr

**Thomson-CSF, Corp orate Researc h Lab oratories

Domaine de Corb eville, 91404 Orsa y Cedex, F rance

email: f grabisc h , mo da v e g @thomson-lcr.fr

1 In tro duction

It is a v ery natural pro cess for the mind to order ob-

jects of a set. T o ac hiev e this, w e in tuitiv ely assign

v alues (they can b e real v alues, qualitativ e v alues lik e

\go o d", \bad" or more generally lattice v alues) that

are easy to handle and to compare. The general the-

ory for this is me asur ement the ory that aims to giv e

general conditions on the set X of ob jects that need

to b e compared, and on the binary relation � , in or-

der to ha v e a function � : X � ! I R , suc h that:

8 x; y 2 X ; x � y ( ) � ( x ) � � ( y ) :

(See [6] for a deep and complete treatmen t of mea-

suremen t theory).

On the other hand de cision making pr oblem is a

4-tuple ( X ; � ; A; � ) where:

� X is the set of c onse quenc es

� � is the set of the states of the world

� A is the set of acts , that is the set of functions

f : � � ! X

� � is a pr efer enc e r elation on the set of conse-

quences, or on the set of acts.

A decision making problem is to kno w what act to

c ho ose, in order to ha v e the \b est" consequence with

resp ect to � . A w a y to guess the \b est decision" is

to �nd a so-called utility function u : X � ! I R that

represen ts the preference relation � in the sense that:

8 x; y 2 X ; x � y ( ) u ( x ) � u ( y ) :

Therefore, under this p oin t of view, utilit y theory

in decision making is strongly link ed to measuremen t

theory . There are three main classes of decision prob-

lems, decision problems with risk (that will not b e

studied in this pap er), de cision pr oblems under un-

c ertainty and multicriteria de cision making (MCDM

problems).

Decision making under uncertain t y : in this

case, X is a unidimensional space but there are sev-

eral states of the w orld, and the decision mak er do es

not kno w whic h one is the true state. This problem

will b e treated di�eren tly if there is or not a measure

� , additiv e or non-additiv e, on �. If there is a mea-

sure � on the states of the w orld, w e maximize the

exp ected utilit y with resp ect to � i.e

max

f 2 A

f

Z

�

u ( f ( � )) d� g :

The problem in this case, is to �nd a set of condi-

tions on the preference relation in order to ha v e the

existence of the measure � on �, and the existence of

the utilit y function u : X � ! I R that represen t � i.e

8 f ; g 2 A ,

f � g ,

Z

�

u ( f ( � )) d� �

Z

�

u ( g ( � )) d�

(see [ ? ] for the foundations of additiv e exp ected util-

it y theory , [9], [10 ] in the non-additiv e case). If there

is no measure on � there exist sev eral criteria to help

the decision mak er to c ho ose the b est decision, but

this problem will not b e in v estigated in this pap er.

Multicriteria decision making : in this problem,

the state of the w orld is kno wn exactly , but the set

of consequences is a m ultidimensional space, that is,

X = X

1

� � � � � X

n

. Eac h space X

i

is a w eak or-

der, i.e there is a w eak order relation �

i

, on X

i

and
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the preference relation � is on X . Let us assume

that w e kno w the unidimensional utilit y functions

u

i

: X

i

� ! I R , for i = 1 ; : : : ; n . The problem is

no w to aggr e gate these utilit y functions with an ap-

propriate op erator H , in order to represen t prop erly

the preference relation � , that is, �nd H : I R

n

� ! I R

suc h that: x � y is equiv alen t to:

u ( x ) = H ( u

1

( x

1

) ; : : : ; u

n

( x

n

)) �

u ( y ) = H ( u

1

( y

1

) ; : : : ; u

n

( y

n

)) : (1)

In this pap er, w e will denote b y D

u

= ( X ; � ; A; � )

a decision problem under uncertain t y , and b y D

m

=

( X ; � ), with X = X

1

� � � � � X

n

, a m ulticriteria deci-

sion making problem and I = f 1 ; : : : ; n g will denote

the set of criteria.

The latest and v ery promising results in utilit y the-

ory are obtained with the use of non-additive me a-

sur es and inte gr als that are b etter suited to deal with

some asp ects of the h uman b eha vior (see for example

[ ? ] and [1]). This has orien ted us to w ards the use of

the Cho quet inte gr al as an op erator to represen t the

preference relation.

The AI comm unit y has b een in terested in deci-

sion with uncertain t y for a few y ears no w but has

neglected the m ulticriteria asp ect of decision. The

aim of this pap er is to sho w that, at least in the case

where the set of states of the w orld is �nite, deci-

sion making with uncertain t y and m ulticriteria deci-

sion making can b e view ed as the same problems, but

with di�eren t seman tical in terpretations. This will,

w e hop e, create some links b et w een AI and the m ul-

ticriteria �eld in order to widen the scop e of researc h

of b oth comm unities.

First, w e will recall the main de�nitions and re-

sults on non-additiv e measures, then w e will mak e

clear the parallel b et w een decision making with un-

certain t y and m ulticriteria decision making and ev en-

tually , w e will giv e a represen tation or utilit y theorem

in m ulticriteria decision making through the use of a

Cho quet in tegral.

2 Non-additiv e measures and

in tegrals

Considering the scop e of our w ork, w e will only men-

tion non-additiv e measures and in tegrals in the �-

nite case. In this section 
 will denote a �nite set,


 = f x

1

; : : : ; x

n

g , P (
) the set of all subsets of 
. W e

will brie
y recall the basic de�nitions of non-additiv e

in tegration theory that w e will need to establish our

main result (see for example [3], [5 ] or [11] for a gen-

eral theory of non-additiv e measures and in tegrals).

De�nition 1 A non-additive (or fuzzy) me asur e on

(
 ; P (
)) is a set function � : P (
) ! [0 ; 1] such

that

(1) � ( ; ) = 0

(2) if A; B 2 P (
) , A � B , then � ( A ) � � ( B ) , that

is, � is a non de cr e asing set function.

Note that non-additiv e measures encompass proba-

bilit y measures, p ossibilit y measures, b elief functions,

Cho quet capacities...

Let us no w giv e the de�nitions of the Cho quet in-

tegral and the Sugeno in tegral w.r.t a non-additiv e

measure. See [2] and [ ? ] for the original pap ers.

De�nition 2 L et � b e a non-additive me asur e on

(
 ; P (
)) and an applic ation f : 
 ! [0 ; + 1 ] . The

Cho quet inte gr al of f w.r.t � is de�ne d by:

( C )

Z

f d� =

n

X

i =1

( f ( x

( i )

) � f ( x

( i � 1)

)) � ( A

( i )

)

wher e the subscript ( : ) indic ates that the indic es have

b e en p ermute d in or der to have f ( x

(1)

) � � � � �

f ( x

( n )

) , A

( i )

= f x

(1)

; : : : ; x

( n )

g and f ( x

(0)

) = 0 by

c onvention.

De�nition 3 L et � b e a fuzzy me asur e on (
 ; P (
))

and an applic ation f : 
 ! [0 ; + 1 ] . The Sugeno

inte gr al of f w.r.t � is de�ne d by:

( S )

Z

f � � =

n

_

i =1

( f ( x

( i )

) ^ � ( A

( i )

))

wher e _ is the supr emum, ^ is the in�mum and with

the same notations and c onventions as ab ove.

W e will not use the Sugeno in tegral in this pap er

but w e men tion it b ecause it is the to ol w e used for the

qualitativ e coun terpart of what w e presen t here in the

uncertain t y decision case [4]. It can b e seen that the

Cho quet in tegral and the Sugeno in tegral ha v e similar

construction, resp ectiv ely with the t-norm b ounded

sum and the t-conorm � and with the t-norm ^ and

the t-conorm _ . Nev ertheless, these in tegrals are v ery

di�eren t in essence. Indeed the Cho quet in tegral w.r.t

an additiv e measure reduces to the classical Leb esgue

in tegral but this is not true in general for the Sugeno

in tegral restricted to additiv e measures. Besides, for

applications, it seems that the Cho quet in tegral is

b etter suited for sup eradditiv e or sup ermo dular fuzzy

measures (see [3]) and the Sugeno in tegral is b etter

suited for p ossibilit y-lik e fuzzy measures.

2



3 Equiv alence b et w een deci-

sion making under uncer-

tain t y and m ulticriteria deci-

sion making

In the sequel, w e will mak e the h yp othesis that, a de-

cision making problem under uncertain t y has a �nite

set of states of the w orld.

3.1 F ormal parallelism b et w een m ulti-

criteria and uncertain t y

In classical decision theory , uncertain t y and m ulticri-

teria are treated separately , although it w ould b e v ery

sensible to ha v e common form ulation and framew ork

for b oth of them.

W e consider a decision problem under uncertain t y

D

u

= ( X ; � ; A; � ), with � = f �

1

; : : : ; �

n

g and a

m ulticriteria decision making D

m

= ( X ; � ), with

I = f 1 ; : : : ; n g and X = X

1

� � � � � X

n

.

In D

u

, an act is a function f : � � ! X i.e. A =

X

�

. Since w e ha v e assumed that � is a �nite set, w e

can iden tify the acts with the elemen ts of X

n

, that is,

w e iden tify an act f with its v alues f ( �

1

) ; : : : ; f ( �

n

).

Setting, for all i = 1 ; : : : ; n , f ( �

i

) = f

i

, w e iden tify f

with ( f

1

; : : : ; f

n

) a v ector of X

n

. So, the preference

relation � on the acts b ecomes a preference relation

(that w e will also denote � for con v enience) on X

n

:

8 f ; g 2 A; f � g ( ) ( f

1

; : : : ; f

n

) � ( g

1

; : : : ; g

n

) :

But, in the m ulticriteria case, x is prefered to y will

b e written

x � y ( ) ( x

1

; : : : x

n

) � ( y

1

; : : : ; y

n

)

with x

i

; y

i

2 X

i

, 8 i 2 I .

Therefore a decision problem under uncertain t y

can b e written in a m ulticriteria decision making

problem form as so on as w e mak e the follo wing iden-

ti�cations:

(1) States of the w orld and criteria: �  ! I

(2) Acts and consequences: A  ! X

n

, and f �

g ( ) ( f

1

; : : : ; f

n

) � ( g

1

; : : : ; g

n

)

Remarks:

� Although, at least when the states of the w orld

are in �nite n um b er, an uncertain t y decision

problem can alw a ys b e written in a m ulticrite-

ria decision making form, the con v erse is not

true b ecause there is no p ossible iden ti�cation

b et w een X

�

and X

1

� � � � � X

n

when the sets

X

i

are not the same whic h is often the case in

m ulticriteria decsion making. An yw a y , w e will

see in the next paragraph that, if the sets X

i

has

a prop ert y called order separabilit y , it is easy to

a v oid the problem and to use the results of deci-

sion under uncertain t y in m ulticriteria decision

making.

� This could certainly lead, to some extend, to in-

teresting in v estigations of Arti�cial In telligence

in the �eld of m ulticriteria decision making

through what has b een already done in uncer-

tain t y and recipro cally .

3.2 An additiv e Cho quet represen ta-

tion in MCDM

In [4], w e ha v e presen ted a result of Sa v age giving con-

ditions on the preference relation of a decision prob-

lem under uncertain t y in order to ha v e an in tegral

represen tation with resp ect to an additiv e measure.

A prop ert y , namely the sure-thing principle, whic h

is equiv alen t to the prop ert y of m utual preferen tial

indep endence as it is sho wn in [4], is resp onsible for

the additivit y of the represen tation.

Let us assume that D

m

is a m ulticriteria decision

making problem with X

i

in�nite for all i = 1 ; � � � ; n

and assume its utilit y function u can b e written as

a Cho quet in tegral of the unidimensional utilities u

i

,

i = 1 ; : : : ; n , with resp ect to a non-additiv e measure

� . Then, with a sligh t restriction on the attributes,

Murofushi in [8], [7 ], has sho wn that the m utual pref-

eren tial indep endence is also \resp onsible" for the ad-

ditivit y of � .

In the sequel, 8 J � I , 8 x; y 2 X , the nota-

tion ( x

J

; y

J

c

) will denote the v ector with co ordinates

equal to those of x on J , and to those of y on J

c

.

W e will write X

J

the cartesian pro duct of the J -

co ordinates, and X

J

c

the cartesian pro duct of the

J

c

-co ordinates.

De�nition 4 A n attribute i is c al le d essential i�

9 x

i

; y

i

2 X

i

, 9 x

f i g

c

2 X

f i g

c

such that

( x

i

; x

f i g

c

) � ( y

i

; x

f i g

c

) :

In tuitiv ely , an attribute i is essen tial i� the elemen ts

of X

i

are not all equiv alen t for the w eak order re-

stricted to X

i

.
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De�nition 5 L et J � I . X

J

is said to b e pr efer en-

tial ly indep endent w.r.t X

J

c

i� 8 x

J

; y

J

2 X

J

,

( 9 x

J

c

2 X

J

c

j ( x

J

; x

J

c

) � ( y

J

; x

J

c

)) )

( 8 x

J

c

2 X

J

c

; ( x

J

; x

J

c

) � ( y

J

; x

J

c

)) (2)

If this is true for every J � I then the attributes ar e

said to b e mutual ly pr efer ential ly indep endent.

That is, the preference of x

J

on y

J

is not in
uenced

b y other attributes. W e can no w giv e Murofushi's

result:

Theorem 1 If D

m

= ( X ; � ) is a multicriteria de ci-

sion making pr oblem, if we assume that ther e exists

a non-additive me asur e � on 2

I

such that the utility

function u c an b e written:

u ( x ) =

n

X

i =1

[ u

( i )

( x

( i )

) � u

( i � 1)

( x

( i � 1)

)] � ( A

( i )

) (3)

wher e the u

i

's ar e the unidimensional utilities, and if

at le ast ther e ar e 3 essential attributes, then we have

the fol lowing e quivalenc e:

(1) the attributes ar e mutual ly pr efer ential ly inde-

p endent

(2) � is an additive me asur e

This result enhances the parallel b et w een D

u

and

D

m

since in b oth theories, an equiv alen t prop ert y , at

least in the in tegral represen tation case, is resp onsible

for the additivit y .

4 A Cho quet represen tation

theorem for decision making

As w e ha v e seen in the ab o v e paragraph, if D

m

has

a Cho quet represen tation, w e kno w if it is additiv e

or not. Y et, there is no theorem giving conditions on

the preference relation in the m ulticriteria decision

making problem case, in order to ha v e a Cho quet

in tegral represen tation. Nev ertheless, P .W akk er in

[ ? ] has pro v en a Cho quet in tegral represen tation re-

sult in the decision with uncertain t y case. Using the

parallel explained in the ab o v e section, and adapting

W akk er's result, w e will sho w that it is rather easy to

get a Cho quet in tegral represen tation result in m ul-

ticriteria decision making theory .

W e �rst recall an imp ortan t result of represen tation

in [6].

De�nition 6 L et ( X ; � ) b e a set with a we ak or der

r elation. A subset of X , A is said to b e or der dense

w.r.t � i� for al l x; y 2 X ; x � y , ther e exists a 2 A

such that x � a � y . X is said to b e or der sep ar a-

ble i� ther e exists an or der dense, at most c ountable

subset of X .

Then, w e ha v e the follo wing theorem:

Theorem 2 L et ( X ; � ) b e a set with a we ak or der,

then ther e exists an applic ation � : X � ! I R such

that 8 x; y 2 X ; x � y ( ) � ( x ) � � ( y ) i� X is or der

sep ar able.

See [6] for a pro of.

In the sequel, w e will assume, that, for all i 2 I ,

the w eak ordered set ( X

i

; �

i

) is order separable and

therefore admits a real-v alued represen tation denoted

b y �

i

. W e will mak e the follo wing commensurabilit y

h yp othesis.

(CH) W e shall assume that there exists a w eak order

�

[

on [

i 2 I

X

i

giv en b y the decision mak er and

8 i; j 2 I , if there exist x

i

2 X

i

and x

j

2 X

j

suc h that �

i

( x

i

) � �

j

( x

j

) (resp. � resp. =),

then it do es mean that the decision mak er prefers

x

i

to x

j

(resp. x

j

to x

i

, resp. x

i

and x

j

are

equiv alen t).

Besides, w e shall assume that the w eak orders are

total orders. This is not restrictiv e since w e kno w

that if X is a set and � a w eak order, then � is

a total order on X= � , w ere � is the equiv alence

relation deriv ed from � . Note that this h yp othesis

implies that the �

i

's are injectiv e. Therefore, in the

sequel, an ordered set will denote a set with a total

order.

W e no w giv e the de�nitions and h yp othesis to

pro v e our main result. The de�nitions here are strict

adaptations of the original de�nitions in [ ? ] in or-

der to b e able to apply them to m ulticriteria de-

cision making or decision with uncertain t y . T o b e

self-con tained, w e �rst recall a few useful top ological

de�nitions.

De�nition 7 L et X b e a set and T a subset of P ( X ) .

T is c al le d a top olo gy of X i�

(i) ; 2 T and X 2 T

(ii) if ( U

a

)

a 2 A

is a family of elements of T then

[

a 2 A

U

a

2 T

(iii) if ( F

a

)

a 2 A

is a �nite family of elements of T then

\

a 2 A

F

a

2 T
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The elements of T ar e c al le d the op en sets of the

top olo gy and their c omplementary sets in X ar e c al le d

the close d sets in X . ( X ; T ) is c al le d a top olo gic al

sp ac e.

De�nition 8 L et ( X ; T ) b e a top olo gic al sp ac e. It

is c al le d a c onne cte d top olo gic al sp ac e if the only sets

that ar e b oth op en and close d ar e X and ; . This is

e quivalent to say that a function f : X ! f 0 ; 1 g is

c ontinuous i� it is c onstant.

De�nition 9 L et ( X ; T ) b e a top olo gic al sp ac e. It

is c al le d sep ar able if ther e exists A 2 X such that A

is at most c ountable and

�

A = X wher e

�

A denotes

the closur e of A that is, the smal lest close d set whose

c omplementary set in X (that is an op en set) do es

not interse ct A ( A is said to b e dense in X ).

De�nition 10 L et ( X ; � ) b e an or der e d set, and X

is endowe d with a top olo gy. � is said to b e a con tin-

uous order if for al l a 2 X , the sets f x 2 X j x � a g

and f x 2 X j a � x g ar e op en sets.

De�nition 11 L et X

1

; � � � ; X

n

b e n or der e d sets with

�

1

; � � � ; �

n

their r esp e ctive or ders and �

1

; � � � ; �

n

their r esp e ctive r e al-value d r epr esentation, satisfying

the pr evious hyp otheses. A subset A � X = X

1

�

� � � � X

n

is said to b e comonotonic if for al l i; j 2 I ,

for al l x; y 2 A we have:

�

i

( x

i

) � �

j

( x

j

) = ) �

i

( y

i

) � �

j

( y

j

) (4)

Note that, if X

i

= X

j

for all i; j 2 I , w e get the

usual de�nition of a comonotonic set.

W e giv e the follo wing example to understand in tu-

itiv ely the notion of comonotonicit y .

Example :

Let us assume that a consumer w an ts to buy

a new car. His criteria are the price p, the

sp eed s, the color c, the gas g. The set of

p ossible c hoices are a F errari, 5 Renault cars

, 5 P eugeot cars. W e can no w assume, that

the set of Renault cars constitute a comono-

tonic set of his p ossible c hoices. The con-

sumer can sa y that if a criterion is b etter

satis�ed than an other for one Renault car,

this will b e true for the other Renault cars.

T o do this, the consumer m ust put \men-

tally" the criteria on the same scale of sat-

isfaction in order to compare them, since

ob viously , he can not a priori compare the

price to the color.

W e no w in tro duce t w o order relations and the no-

tion of con tradictory comonotonic tradeo�s.

De�nition 12 L et �; � ; 
 ; � 2 \

i 2 I

I m�

i

which is

not empty sinc e our c ommensur ability assumption.

We wil l write

( �; � ) �

c

( 
 ; � )

if ther e exist i 2 I and f ( x

i

c

; �

� 1

i

( � )) ,

( y

i

c

; �

� 1

i

( � )) ; ( x

i

c

; �

� 1

i

( 
 )) ; ( y

i

c

; �

� 1

i

( � )) g a c omono-

tonic set of X , such that:

( x

i

c

; �

� 1

i

( � )) � ( y

i

c

; �

� 1

i

( � )) and

( y

i

c

; �

� 1

i

( � )) � ( x

i

c

; �

� 1

i

( 
 )) : (5)

A nd, we wil l write

( �; � ) �

c

( 
 ; � )

if ther e exist i 2 I and f ( x

i

c

; �

� 1

i

( � )) ,

( y

i

c

; �

� 1

i

( � )) ; ( x

i

c

; �

� 1

i

( 
 )) ; ( y

i

c

; �

� 1

i

( � )) g a c omono-

tonic set of X , such that:

( x

i

c

; �

� 1

i

( � )) � ( y

i

c

; �

� 1

i

( � )) and

( y

i

c

; �

� 1

i

( � )) � ( x

i

c

; �

� 1

i

( 
 )) : (6)

In the original de�nition of W akk er, �; � ; 
 ; � w ere

in a unidimensional space X . T o extend it to the m ul-

ticriteria case, it is necessary to use the � transforms

in order to ha v e �; � ; 
 ; � in the same set.

De�nition 13 With the same notations as ab ove, �

the or der r elation of X rev eals comonotonic con tra-

dictory tradeo�s if ther e exist �; � ; 
 ; � 2 \

i 2 I

I m�

i

such that:

( �; � ) �

c

( 
 ; � ) and ( 
 ; � ) �

c

( �; � ) : (7)

Example :

Let us consider a decision problem in v olving

cars, ev aluated on t w o criteria, the cost c

and the p erformance p . Let us imagine the

four follo wing cars:

car A ( c = 20000 ; p = 100)

car B ( c = 22000 ; p = 110)

car C ( c = 20000 ; p = 130)

car D ( c = 22000 ; p = 160)

and supp ose that the decision mak er w an ts

a p o w erful car at a lo w cost. This means

that the functions �

c

and �

p

are resp ectiv ely

decreasing with c and increasing with p .

Supp ose the decision mak er has the follo w-

ing preference:

A = (20000 ; 100) � B = (22000 ; 110) :

5



The reason ma y b e that, since for A and B

the p erformance is rather lo w w.r.t cost, it

do es not w orth to buy B , and the c heap est

car is prefered.

No w supp ose that

C = (20000 ; 130) � D = (22000 ; 160)

In this case, since the p erformance is m uc h

higher than the a v erage, the decision mak er

accepts the rather small di�erence of cost to

ha v e the most p o w erful car.

In a second step, four other cars are pro-

p osed to the decision mak er, whic h are:

car A' ( c = 10000 ; p = 130)

car B' ( c = 15000 ; p = 160)

car C' ( c = 10000 ; p = 100)

car D' ( c = 15000 ; p = 110)

and w e supp ose that the decision mak er has

the follo wing preference

A

0

= (10000 ; 130) � B

0

= (15000 ; 160)

C

0

= (10000 ; 100) � D

0

= (15000 ; 110) :

This preference can b e explained as follo ws.

It is v ery un usual to ha v e a car whic h is b oth

v ery p o w erful and v ery c heap, as A

0

, so that

A

0

is prefered to B

0

. On the other hand, as

b oth C

0

and D

0

are c heap cars, the decision

mak er prefers D

0

, since for a small di�erence

of cost, he/she can get a more p o w erful car.

A decision mak er ha ving this preference ex-

hibits a comonotonic con tradictory tradeo�

for �; � ; 
 ; � , since letting A = ( x; � ) ; B =

( y ; � ) ; C = ( x; 
 ) ; D = ( y ; � ) and A

0

=

( x

0

; 
 ) ; B

0

= ( y

0

; � ) ; C

0

= ( x

0

; � ) ; D

0

=

( y

0

; � ) w e ha v e sim ultaneously:

( x; � ) � ( y ; � ) and ( x; 
 ) � ( y ; � )

and

( x

0

; � ) � ( y

0

; � ) and ( x

0

; 
 ) � ( y

0

; � )

as �gure (1) sho ws.

This de�nition is a straigh tforw ard extension of

W akk er's de�nition of comonotonic con tradictory

tradeo�s, but, our de�nition whic h reduces to

W akk er's de�nition if all the X

i

's are iden tical has

the adv an tage to allo w us to deal with a m ulticrite-

ria decision making problem or a problem of decision

with uncertain t y . F or the con v enience of the reader,

w e recall W akk er's result in the D

u

case.

x

0

y

0

x

y

�




�

�

Figure 1: P ossible example of a preference relation

with comonotonic con tradictory tradeo�s

Theorem 3 L et X b e a top olo gic al, c onne cte d, sep-

ar able sp ac e and a binary r elation � de�ne d on X

n

.

L et I = f 1 ; : : : ; n g . Then, the fol lowing assertions

ar e e quivalent:

(1) ther e exists a non-additive me asur e � on 2

I

, and

a c ontinuous function u : X � ! I R such that

8 x

i

; y

i

2 X , 8 i = 1 ; : : : ; n

( x

1

; : : : ; x

n

) � ( y

1

; : : : ; y

n

) (8)

is e quivalent to

P

n

i =1

[ u ( x

( i )

) � u

(

x

( i � 1)

)] � ( A

( i )

) �

P

n

i =1

[ u ( y

( i )

) � u ( y

( i � 1)

)] � ( A

( i )

) : (9)

(2) � is a c ontinuous or der, that do es not r eve al

c omonotonic c ontr adictory tr ade o�s.

W e will no w pro v e the follo wing:

Theorem 4 Assume X

1

; � � � ; X

n

ar e top olo gic al c on-

ne cte d sep ar able sp ac es, with pr efer enc e r elations

�

i

; i = 1 ; � � � ; n , that ar e c ontinuous or ders. L et �

b e a binary r elation on X = X

1

� � � � � X

n

. Assume

that for e ach i = 1 ; � � � ; n , I m�

i

= I R . Then, we have

the fol lowing e quivalenc e:

(1) ther e exist a non-additive me asur e � on 2

I

and n

c ontinuous functions u

i

: X

i

� ! I R , i 2 I , such

that:

x = ( x

1

; � � � ; x

n

) � y = ( y

1

; � � � ; y

n

) (10)

is e quivalent to:

P

n

i =1

[ u

( i )

( x

( i )

) � u

( i � 1)

( x

( i � 1)

)] � ( A

( i )

) �

P

n

i =1

[ u

( i )

( y

( i )

) � u

( i � 1)

( y

( i � 1)

)] � ( A

( i )

) : (11)
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(2) � is a c ontinuous or der, that do es not r eve al

c omonotonic c ontr adictory tr ade o�s.

Pro of : (1) = ) (2) is v ery similar to the pro of

giv en b y W akk er in [ ? ] and therefore omitted. W e

will pro v e the in teresting part of the theorem, that

is on what conditions on the preference relation, w e

ha v e a Cho quet in tegral represen tation. (2) = ) (1):

Lemma 1 8 i 2 I , �

i

is a c ontinuous function fr om

X

i

to I R .

Pro of: Let i 2 I and ] a; b [ an op en in terv al of I R .

�

� 1

i

(] a; b [) = f x

i

2 X

i

j �

� 1

i

( a ) � x

i

� �

� 1

i

( b ) g whic h

is an op en set using the h yp othesis of con tin uit y of

the order �

i

. 2 .

W e no w in tro duce a new order on I R

n

= �

1

( X

1

) �

� � � � �

n

( X

n

).

De�nition 14 The binary r elation �

0

on �

1

( X

1

) �

� � � � �

n

( X

n

) is de�ne d by:

( �

1

( x

1

) ; � � � ; �

n

( x

n

)) �

0

( �

1

( y

1

) ; � � � ; �

n

( y

n

))

, ( x

1

; � � � ; x

n

) � ( y

1

; � � � ; y

n

) (12)

It is v ery easy to see that the ab o v e binary relation

is an order relation on �

1

( X

1

) � � � � � �

n

( X

n

) since

� is an order.

Lemma 2 �

0

is a c ontinuous we ak or der on I R

n

=

�

1

( X

1

) � � � � � �

n

( X

n

) for the usual top olo gy of I R

n

.

Pro of : Since � is a con tin uous order �

� 1

i

is a

con tin uous

function from I R to X

i

for all i 2 I b y lemma (1).

But f ( �

1

( x

1

) ; � � � ; �

n

( x

n

)) �

0

( �

1

( a

1

) ; � � � ; �

n

( a

n

)) g =

�

i

( f x

1

; � � � ; x

n

) j ( x

1

; � � � ; x

n

) � ( a

1

; � � � ; a

n

) g whic h is

op en since �

� 1

I

is con tin uous. Therefore �

0

is con tin-

uous 2 .

Lemma 3 �

0

do esn 't r eve al c omonotonic c ontr adic-

tory tr ade o�s.

Pro of : As-

sume the con trary . there exist �; � ; 
 ; � 2 I R suc h

that ( �; � ) �

0

c

( 
 ; � ) and ( 
 ; � ) �

0

c

( �; � ). So, there ex-

ist i 2 I and f ( �

i

c

( x

i

c

) ; 
 ) ; ( �

i

c

( y

i

c

) ; � ) ; ( �

i

c

( x

i

c

) ; � ),

( �

i

c

( y

i

c

) ; � ) g a comonotonic set suc h that:

( �

i

c

( x

i

c

) ; 
 ) �

0

c

( �

i

c

( y

i

c

) ; � ) and

( �

i

c

( y

i

c

) ; � ) �

0

c

( �

i

c

( x

i

c

) ; � ) : (13)

And there exist j 2 I and f ( �

j

c

( x

0

j

c

) ; 
 ),

( �

j

c

( y

0

j

c

) ; � ) ; ( �

j

c

( x

0

j

c

) ; � ) ; ( �

j

c

( y

0

j

c

) ; � ) g a comono-

tonic set suc h that:

( �

j

c

( x

0

j

c

) ; � ) �

0

c

( �

j

c

( y

0

j

c

) ; � ) and

( �

j

c

( y

0

j

c

) ; � ) �

0

c

( �

j

c

( x

0

j

c

) ; 
 ) : (14)

Using the de�nition of �

0

w e get that equation (13)

is equiv alen t to:

( x

i

c

; �

� 1

i

( 
 )) � ( y

i

c

; �

� 1

i

( � )) and

( y

i

c

; �

� 1

i

( � )) � ( x

i

c

; �

� 1

i

( � )) (15)

and equation (14) is equiv alen t to:

( x

0

j

c

; �

� 1

j

( � )) � ( y

0

j

c

; �

� 1

j

( � )) and

( y

0

j

c

; �

� 1

j

( � )) � ( x

0

j

c

; �

� 1

j

( 
 )) (16)

that is � rev eals comonotonic con tradictory tradeo�s

whic h is con trary to our assumptions. Therefore, �

0

do esn't rev eal comonotonic con tradictory tradeo�s 2 .

No w, w e kno w that �

i

( X

i

) = I R is a connected

separable top ological space for all i 2 I . �

0

is a con-

tin uous order relation on I R

n

= �

1

( X

1

) � � � � � �

n

( X

n

)

that do esn't rev eal comonotonic con tradictory trade-

o�s. Using W akk er's theorem, there exist a non-

additiv e measure � on 2

I

and a con tin uous function

u : I R � ! I R suc h that:

( �

1

( x

1

) ; � � � ; �

n

( x

n

)) �

0

( �

1

( y

1

) ; � � � ; �

n

( y

n

)) (17)

is equiv alen t to

P

n

i =1

[ u ( �

( i )

( x

( i )

)) � u ( �

( i � 1)

( x

( i � 1)

))] � ( A

( i )

) �

P

n

i =1

[ u ( �

( i )

( y

( i )

)) � u ( �

( i � 1)

( y

( i � 1)

))] � ( A

( i )

) : (18)

Using the de�nition of �

0

and de�ning for all i 2 I ,

u

i

: X

i

� ! I R b y u

i

= u � �

i

whic h are con tin uous

functions since u is con tin uous according to W akk er's

theorem and the �

i

's are con tin uous b y lemma (2),

w e get

( x

1

; � � � ; x

n

) � ( y

1

; � � � ; y

n

) (19)

is equiv alen t to:

P

n

i =1

[ u

( i )

( x

( i )

) � u

( i � 1)

( x

( i � 1)

)] � ( A

( i )

) �

P

n

i =1

[ u

( i )

( y

( i )

) � u

( i � 1)

( y

( i � 1)

)] � ( A

( i )

) (20)

And this completes the pro of 2 .

5 Conclusion

In this pap er, w e ha v e sho wn the strong parallelism

b et w een decision under uncertain t y problems and

m ulticriteria decision making. This has p ermitted

us to generalize a Cho quet in tegral represen tation re-

sult to the m ulticriteria case, result that w as lac king

un til no w. Our future w ork will consist in generaliz-

ing, with the metho d explained in this article, other

represen tation results of decision under uncertain t y

7



to MCDM problems. Besides, w e ha v e assumed in

our pap er that the sets of consequences w ere in�nite.

Indeed Kran tz et al. in [6] ha v e sho wn that the h y-

p otheses assumed to ha v e an additiv e represen tation

in the in�nite case w ere not su�cien t in the �nite

case. Therefore, w e need to extend our w ork to the

�nite case since it is essen tial in practical situations.
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