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Abstract decision for a given state.

Until now, decision under uncertainty and multicriteria de- L . . .
cision making have been investigated separately and almost In mUIt'Cme”? decision making, the decision maker
independently, although there is a close link between botHNOWs the precise state of the world but the set of con-
elds. Decision theory is also closely related to measure-Sequences is multidimensional i.e. ,
ment theory. Besides, it is well known that additive rep- where is the set of values of the i-th attribute and
resentations in decision making are not suf cient to avoid is endowed with a preference relation
paradoxes such as Ellsberg's paradox. Therefore, we inves-
tigate the links between the two paradigms of decision and L . .
measurement theory in order to propose a Choquet repre- AS it is shown in [4] and was already noticed be-
sentation theorem in multicriteria decision making. A key fore in [5] for example, decision with uncertainty and
concept for this is a commensurability assumption betweermulticriteria decision making are formally equivalent.
the values of attributes. We show that this hypothesis, un-This parallelism is an essential feature to translate (un-
der a very general structural property on the sets of valuegjer some assumptions which are not very restrictive)
of attributes is not restrlctlve: '_I'hls implies that our method the results from one theory to the other one, allowing
to translate results from decision under uncertainty to mul- A
ticriteria decision making is very general, a cross-fertilization between both _elds. 'I\/_Iore pre-
cisely the use of fuzzy measures in decision theory
has proved very interesting in the uncertainty frame-
1 Introduction work. Indeed, Schmeidler [13] has presented a result
giving conditions on the preference relation in order to
For a few years, the fuzzy Community has shown abe able to represent it with a so-called Choquet integral
deep interest in decision making. This pertains bothWith respect to a fuzzy measure. In the multicriteria
to fuzzy integration and fuzzy sets theories (see [1],framework, despite it was already mentioned in [9] that
in an economics point of view). Nevertheless, in this fuzzy measures could be a very useful tool, there was
paper we will only deal with the applications of fuzzy lacking a Choquet representation theorem of the pref-
integration theory to decision making. erence relation on the multidimensional consequences.
With paradoxes such as Ellsberg's paradox, it isThe analogy between decision under uncertainty and
known that additive measures, that is, probability mea-multicriteria decision making will allow us to present
sures are not suf cient to describe all the aspects ofsuch a result which will be the main contribution of
human decision. The use of non-additive measures ofis article.
fuzzy measures as named by Sugeno [15] is necessary
in many situations in decision making. In the rst part of this paper, we will briey re-
In the framework of decision under uncertainty, we view fuzzy integration theory, its applications to de-
consider a set of possible states of the world, a set cision making and the equivalence between the two
of consequences with respect to a decision, and a sgtaradigms of decision. Then, we will introduce and
of acts which are the applications fromto ,that discuss the hypotheses to prove our result that we will
is, an act is an application giving the consequence of aventually present in the last part of this paper.



2 Fuzzy integration and decision the- 2.2 applications to decision making

ory Let us consider a decision problem under uncertainty
) _ . We know that additive representations
2.1 fuzzy integration theory are not suf cient to model every facet of human behav-
. . . . ior and therefore a non-additive representation is nec-
In this section, is a set and is a set of subsets .
of such that . . We brie y recall the essary. Schmeidler [13], [14] has proved that under a

set of conditions on the preference relation(conti-
nuity and independence in some sense), there exists a
Chogquet representation of the preference relation, that

de nitions of fuzzy measures and Choquet integral (for
more details see for example [3], [2]).

. " is, there exist a function , unique up to an
De nition 1 A fuzzy measure (or non-additive mea- af nity, and a unique fuzzy measureon  such that:
sure) on is a set function for all acts we have:
such that '
@) , ,
1)
) if , _then that  This result has been re ne_d _Iatgr by Gilboa [6], then
is, is a non decreasing set function w.rt inclu- Py Wakker [17]. In a multicriteria framework, let us
sion. assume we have a cartesian product set
, with a preference relation on . Let
Note that fuzzy measures encompass probability mea- be the i-th monodimensional utility
sures, possibility measures, belief functions, Choquefunction. Then, we need to nd an aggregation opera-
capacities... tor such that for all
and we have:

De nition 2 Let be a fuzzy measure on
and an application . The Choquet
integral of w.r.t is de ned by:

(2)

It is known that many aggregation usual operators
can be written as a Choquet integral, that is, there
exists a fuzzy measure on the set of criteria

provided f isa such that

nite set , the Choquet integral of
can be written as follows:

with the
same notations as before (see [9] pp.203-205 for more
details).

In this case, the fuzzy measure is de ned on the cri-
teria, and acts like a weighting operator, that is, an op-
erator de ning the importance of a coalition of criteria.
This is not the only interpretation of fuzzy measures in
where the subscript  indicates that the indices have multicriteria decision making. Indeed, fuzzy measures
been permuted in order to have can be used to de ne the interaction between two cri-

, and ; teria in the following way [12]:
by convention.

Inthe nite case, itis easy to see that the Choquet inte- (©)]

gral is a classical Lebesgue integral up to a reordering

of the indices. Besides, if the fuzzy measuris addi-  with ——. Recently, Grabisch [7], [8]
tive, then the Choquet integral reduces to a Lebesguextended this de nition to any number of criteria, lead-
integral. ing to what was called an interaction representation of



fuzzy measures. This representation through interac3 Hypotheses and example

tion indices happens to be much closer to the decision

maker's mind than the usual measure representatiodn the sequel, we consider a multicriteria decision mak-
These facts show the usefulness of fuzzy measures arifig problem where

the Choquet integral in decision making under uncer-is @ weak order set for all that is

tainty and multicriteria decision making. is a binary relation, connected (for all we
have or the reverse inequality) and transitive.

is a weak-order set, andis the set of criteria.

2.3 equivalence between the two paradigms

3.1 independence hypotheses
In fact, it is not so surprising that these tools appear _ _ )
to be useful in both framework. As the authors haveWe rst discuss t_he hypothesis of the existence of the
shown in [4] and as it was already noticed before inpreference relatlor_ls on the sets of.values _o_f at-
[5] for instance, decision under uncertainty with a - tributes . Let us introduce the following de nitions

nite number of states of the world and multicriteria [16]:
decision making are formally equivalent. Indeed, letpe nition 3 Let a set with a
be an act of an uncertainty decision problem with preference relation . A subset of is
a nite number of states and . Let  said to be preferentially independent of iff for every
be the values of in . Then each , for every we have
act can be identify with a vector of . Therefore the
comparison of two acts and reduces to compare
two vectors. We will have: )
where and is an element of . If

this property holds for every subset gfwe say that
veri es the mutual preferential hypothesis.

Compared to the multicriteria decision notation: De nition 4 With the notations of de nition 3, we say
that is weakly separable (following Wakker's nota-
tions) iff , , :

we see that the problem of decision under uncertainty
has been written in a multicriteria decision framework that is, preferential independence is satis ed for every
by identifying the states of the world with the criteria Singleton of .
and the acts with the consequences.

This is not (yet) a strict equivalence since a mul-
ticriteria decision making problem can not always be

written in the uncertainty framework. Indeed, itwould o other hand, the weak separability does not im-

require that the sgts are_equa_l, Wh'Ch is not the case ply mutual preferential independence. It can easily be
most of the time in practical situations. Nevertheless,ShOWn that:

we will see in the next section that we can overcome
this dif culty as soon as we have a structural assump-Lemma 1 With the same notations of de nition 3, de-

In fact, it can be shown that in a nite cartesian prod-
uct, the mutual preferential independence holds iff it is
veri ed for every such that :

tion on the set , namely the "order-separability” hy- ne the binary relation on by iff there
pothesis. exists such that . Then,

This will allow us to nd a set of conditions in order if  is weakly separable, stands
to have a Choquet representation theorem also in mulfor every ,thatis, is aweak order.

ticriteria decision making, result that was lacking until
now. Besides, the "strict” equivalence is very impor-
tant in order to have a real cross-fertilization betweenDe nition 5 A subset of is positive iff for every
both theories. , we have

Let us give the following de nition:



Besides, we know that ([9], lemma 7.1) every attribute 3.3 commensurability assumption

is positive iff is weakly separable. This im- Let id N iteria decisi bl Fori
plies that, if we consider a multicriteria decision mak- eLus consider a two-criteria decision probiem. For in-

ing problem such that its preference relation is ChoquetStance’ a.consumer wants to buy a car and his criteria of

representable w.r.t a fuzzy measure suf cient con- ::r:10|ce are the cost art1d the perf(cj)_rmafdncter.] A pné)n, .
dition to have weak order relations de ned on every € consumer can not compare directly the costand the

sets of values of attributes is that every attribute is aﬂerfor?]alnce swce they are det nidt?]n dllfferen(; scales.
positive set w.r.t the fuzzy measureln this case, is everiheless, he can assess 1o both valles, degrees

weak separable and the preference relationle ned tsr;eltlsfac'uon wh|(_:h are gomparafble.t_Tfhlst'mearfls that, if
on for every is given by lemma 1. e consumer gives a degree of satisfaction for a

In the sequel, we will admit that every attribute is a car and for an other car and . he
positive set w.r.t the fuzzy measure considered. can say tha@ he would rather have a car that costs
than a car with performance (without a prior knowl-
edge of the other values of attributes of course).
Therefore, we shall assume that there exists a pref-

As we have seen in the previous section, a multicriterigerence relation  (given by the decision maker) on
decision making problem can not be written as a prob- such that its restriction to for a given
lem of decision under uncertainty because the sets coincides with i.e. if :

are not equal. Therefore, we need to try to nd a com-

mon scale for them and the most natural one appears

to be the set of real numbers. This is part of measurew i that i tible with th K ord
ment theory [10]. We recall a de nition and a result in € wilfsaythal IS compatible wi € weak order

order to know when we can represent an ordered set a&e;iosrijrl: make.:rTrzgllzsacr::tligi?’?{)tarstzﬁgilzégmess the

a subset of the ordered real line. i
Now, let us de ne our commensurability assump-

3.2 measurement hypotheses

De nition 6 Let be a set with a weak order tjon:
relation. A subset of , is said to be order-dense
w.rt iff for all , there exists (CA) Let be the weak-ordered sets of our mul-
such that . is said to be order-separable ticriteria decision making problem. Assume there
iff there exists an order-dense, at most countable subset  exists a preference relation on .
of . Then the multicriteria decision making problem
Then, we have the following theorem: satis es (CA) iff there exists a family . of
representations of such that if
Theorem 1 Let be a set with a weak order. and are such that
Then there exists an application such (resp. , ), is equivalent to (resp.
that the following propositions are equiva- , ).
lent
What is interesting is that under a very simple hypoth-
esis, a multicriteria decision making problem veri es
(1) lticriteria d k bl
(2) is order-separable. (CA). Indeed:
If _ is an other functio.n veri_fyin_g (1) and (2) then there Theorem 2 Let be a multicriteria decision
ter:q?ts a non-decreasing bijection such making problem. Assume that for all
a

veri es (0S). If there exists a weak-order on
See [10] for a proof. that is compatible with  for all , then
This will be the rst hypothesis we make to prove veries (CA).

our result in the next section:
To prove this theorem, we rst prove the following:

(0OS) Aset veri es (OS) iff it is order-separable.
In this case, there exists a function Lemma 2 Under the hypotheses of theorem 2,
such that 7 - is order-separable.



Proof of lemma 2 We prove it for , the
extension to more criteria being straightforward. Let
be an order-separable set for . Then

there exists a subset that is at most countable
and such that, for all , with there
exists such that

Consider such that . We need to
construct a set that is at most countable and order-
dense in

case : . Then there is an element
such that . Then, since is compatible
with , we have

case : suppose for instance and

This case is divided into two subcases.

case :there exists for instance an element
such that . But, then we can nd an element
such that . This also holds for

. So there exists such that
case :thereisnoelementof or "between”
and for . Thatis, is a couple of  such

that there is no element of lying between and .
This is called endpoints of a gap for obvious reasons
It is known that if a weak-order set veri es (OS) then

total-order set.

3.4 comonotonicity hypothesis

We now introduce some de nitions, some of them

originally due to Wakker [16] in a decision under un-

certainty framework, that we need to extend to a mul-
ticriteria decision making framework through the anal-
ogy between the two elds and with some measure-
ment hypotheses.

De nition 7 Let be an ordered set, and is

endowed with a topology. is said to be acontinuous

orderif for all , the sets and
are open sets.

De nition 8 Let be a family of ordered

sets satisfying (OS) and (CA) and their re-

spective real-valued representations. A subset

is said to becomonotonidf for
we have:

all , for all

(4)

(see [10]). Therefore has a number of end-

sets considered satisfy (OS) and (CA). Nevertheless,

points of gaps at most countable. It is easy to see tha@/e have seen in the previous section that if we have

it implies that has the same property and we
denote by  the at most countable set of endpoints of
gaps of

Now, put . Itis a set at most

are at most countable
by construction. .

countable since , and

and is order-dense in

Proof of theorem 2: Since veries (OS)
there exists an application such that
for all , . The
compatibility between and for all implies
that the restriction of to  satis es the equivalence
for

Let and If
then and therefore

. But is a family of represen-
tations of and also a representation of

. This proves our theorem..

In the sequel, we shall assume that the weak-order
considered are in fact total orders. This is not restric-
tive at all since by identifying the elements that are
equivalent for a given weak-order (that is considering

(0S), then assuming (CA) is not restrictive. We give
the following example to understand intuitively the no-
tion of comonotonicity.

Example :

Let us assume that a consumer wants to buy
a new car. His criteria are the cosaind the
performance . The set of possible choices
are a Ferrari, 5 Renault cars , 5 Peugeot cars.
We can now assume, that the set of Renault
cars constitute a comonotonic set of his pos-
sible choices. This means that the consumer
can say that if a criterion is better satis ed
than an other for one Renault car, this will
be true for the other Renault cars. To do
this, the consumer must put “mentally” the
criteria on the same scale of satisfaction in
order to compare them, since obviously, he
can not a priori compare the cost to the per-
formance. Therefore, we see the interest of
the commensurability assumption (CA).

S

We now introduce two order relations and the notion

the quotient space), we turn a weak-order set into af contradictory comonotonic tradeoffs.

5



De nition 9 Let which is not

empty since our commensurability assumption (CA).

We will write

if there exist a criterion and
a comonotonic set of , such that:
and
®)
And, we will write
if there exist a criterion and
a comonotonic set of , such that:
and
(6)
In the original de nition of Wakker, were

in the set of consequences. To extend it to the mul-
ticriteria case, it is necessary to use théransforms
in order to have in the same set. Therefore,

functions and are respectively decreas-
ing with and increasing with. This means
that has a very low degree of
satisfaction and a low degree
of satisfaction. On the other hand,
(resp. , ,

) has a very low degree of sat-
isfaction (resp. a low, a high, a very high de-
gree of satisfaction). Suppose the consumer
has the following preference:

The reason may be that, since forand

the performance is rather low w.r.t cost, it
does not worth to buy , and the cheapest
car is prefered. Now suppose that

In this case, since the performance is much
higher than the average, the consumer ac-
cepts the rather small difference of cost to
have an outstanding powerful car.

In a second step, four other cars are proposed
to the decision maker, which are:

can be considered as degrees of satisfaction and car A

are the values of the i-th attribute that cor-
respond to degree of satisfaction

De nition 10 With the same notations as abovethe
order relation of reveals comonotonic contradictory
tradeoffsif there exist such that:

and @)
Example :

Let us consider a decision problem involving
cars, evaluated on two criteria, the cosind
the performance. Let us imagine the four
following cars:

car A

carB

carC

carD

and suppose that the consumer wants a pow-
erful car at a low cost. This means that the

car B'

1

carC
car D'

Here, (resp. ) has

a very high (resp. high) degree of satisfac-
tion. We suppose that the consumer has the
following preference

and

This choice can be explained as follows. Itis

very unusual to have a car which is both very

powerful and very cheap, as, sothat is

preferedto . Onthe other hand, as both

and are cheap cars, the consumer prefers
, since for a small difference of cost, he

can get a more powerful car.

We can see easily through gure 1, that we
have constructed two comonotonic sets (of
cars). A consumer having this preference ex-
hibits a comonotonic contradictory tradeoff



for , since letting (2) is a continuous order, that does not reveal
and comonotonic contradictory tradeoffs.

From a multicriteria decision making point of view,
this becomes:

we have:

and Theorem 4 Consider a multicriteria decision making

problem and assume that is a fam-

ily of topological connected, separable spaces, that are
and also ordered-sets, satisfying (OS) and (CA), and the or-

der relations are all continuous. Suppose, we have for
as gure (1) shows. all , . Then, we have the following
equivalence:

and

(1) there exist a non-additive measureon and
continuous functions : , such
that:

(10)

is equivalent to:

(11)

(2) is a continuous order, that does not reveal

Figure 1. Possible example of a preference relation comonotonic contradictory tradeoffs.

with comonotonic contradictory tradeoffs

sketch of the proof . We rst show that for
) all , the representation function is a continuous
4 Main result function from  to  because the weak-orders are

Wi bl . For th supposed to be continuous.
e are now able to present our result. For the conve- Then, we introduce a new order on

nience of the reader we rst recall the result of Wakker

i i . The binary relation on
[16] proved in an uncertainty framework that we ex-

e is de ned by:
tend to a multicriteria framework.
Theorem 3 Let  be a topological, connected, sep-
arable space and a binary relation de ned on . (12)
léce]tjivalent' - Then, the following assertions are Then we prove that th_e ordered set we have
' constructed does verify the hypotheses of Wakker's
(1) there exists a non-additive measuron , and  theorem. Applying it gives us the existence of a fuzzy
a continuous function such that measure on and a continuous function
, , . And we prove that the functions
de ned by for all do verify
(8) See [11] for a proof of theorem 4.
We have assumed that for all . In

is equivalent to fact, we could simply assume that is any real in-

terval in order to apply Wakker's result since we need
the set of degrees of satisfaction to be a connected sub-
(®)  setof the real line.



In [11] the authors have not studied the commen- [6] I. Gilboa. Expected utility with purely subective

surability hypothesis. It was assumed but not dis-
cussed. Nonetheless, the result can not be true with-
out (CA) since we can not assume we can rank [7]

without an order on since
ranking these real numbers is giving an order on.

Besides, this implies that it is not possible to de ne [g]
a Choquet integral without the commensurability as-

sumption in a multicriteria framework.

5 Conclusion

Through the parallelism between decision under un-
certainty and the use of some measurement tools, WELO
have been able to translate a Choquet representation

theorem from uncertainty to multicriteria. Besides, we
have seen that if we have a structural hypothesis on th
sets of values of attributes, then making a commen-
surability assumption is not very restrictive. This is
an essential point to justify theoretically the use of the
Choguet integral in multicritera decision making from

a measurement theory point of view.

The method proposed here is quite general and can
be applied to explore more deeply the interactions be-13]
tween both elds. This will be a direction to investi-
gate in the future. Eventually, in this paper, we only
deal with ordinal scale. It is important to explore the
use of other scales of measurement, that might lead t
other non-additive representation tools than the Cho-

quet integral.
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