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ABSTRACT

A Newton method using interval arithmetic for an
n-dimensional vector equation f(x) = 0 is treated. Some of
the properties of the Newton operator are investigated. This
leads to two criteria for the non-existence and for the
existence of a zero of f(x) in a given vector interval.
Furthermore a posteriori error bounds for a given real vector
sequence converging to a zero of f(x) can be established. Aan

example deals with the application to convex programming.




ON THE NEWTON METHOD IN INTERVAL ANALYSIS

Karl Nickel

l. Introduction.

Let f(x) be a real valued n-dimensional vector function of

the n-dimensional real vector x. The solutions £ of the problem
f(x) =0 (1)

are treated. The Newton method for (1) defines a sequence

x™V)) by setting

(0)

X "appropriate",
(2)
x(v+1) := Nx(v) for v=20,1, ...
where the Newton operator N is defined by
Nx := x - £ (x) £(x) (3)

(f' is the Fréchet derivative (Jacobian matrix)). Under certain

1 exists in a neighbourhood of £, x(o)

assumptions (& exists, f'
is "close" to X, ...) the sequence {x(“)] converges super-
linearly or even guadratically to X. Unfortunately this is not

(0)

true for general starting vectors x , as the following one

dimensional example shows:

Example: Let 0 < a < b and define
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(" 2
% X - % 325 for 0 < x < a;
/a /a
vx for a < x < b ;
£(x) = (
Y377 b1/6 (x-b/3)1/3 for b < x ;
-f(-x) for x<0.
.

There exists exactly one soluticn 2 = 0 to (1) in (-», =),

1

The function f ¢ C,(-=, =) with £' > 0 and £'"" > 0, hence the

operator N from (3) can always be applied with the result

0 < x99 <a: [xOVx < 1m31-1x9 ra) s 3-21x % | /a)
< 1, hence {x(v)} is always
convergent with x(v) + R =0 ;
a < Ix(o)l < b: x @V (0 @) (0 (x4 an
alternating sequence with Ix(v)l = |x(°?|
and is not convergent;
b < lx(O)l : lx(v+l)/x(v)| > l+(1—b/|x(°)|) > 1 s

x™M} is always divergent with
|x(v)l + +o for v + » ,
R. E. Moore [4] first suggested replacing the real Newton

method (2), (3) by the following interval Newton method:
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(0) _ xl0)

x "appropriate" ,

J_‘(\,.g.]_) .= ;(\)) N wF (x(\)), i(\’)) ) (4)

x(v+l) c §(V+1) arbitrarily ,

/
where the interval Newton transformation operator is defined by

NT(x, x) := x - Y® fx) . (5)

=(v . . .
Here {x( )} denotes a n-dimensional interval vector sequence,

T'(x) is an interval extension of the Jacobian matrix.

The following surprising fact seems not to be widely known:
In the one-dimensional case n = 1 the interval Newton method

defined by (4) and (5) never fails! It delivers always two

x V) ) X with %, x(v)E V) for

Z(0)

convergent sequences: + R x
v=0,1, ..., if only £ ¢ C, if 771 exists and if % «

(see K. Nickel [5] and R. Krawczyk ([3]). Hence:

a) While the real Newton method (2), (3) gives convergence
only in the neighbourhood of X, the interval Newton

method (4), (5) provides convergence for all initial

(0) =(0) (0)

values x' ', if only X is chosen such that % ¢ X

b) The interval Newton method (4), (5) provides not only

(v)

an approximating real sequence {x(v)} with x + X, but

computes at the same time a sequence of error bounds

(™} with x'¥) » %. In the case of the real Newton
method (2), (3) no such error bounds are generally

available.
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