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Motivation

A generic global optimization problem

min f(x)

@ Functions f and g; may be nonconvex
@ J may be empty
@ We seek a global optimal solution
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Spatial branch-and-bound

General solution approach
@ Construct a convex relaxation

@ Yields computable lower bound on optimal value
@ Requires assumptions on functions
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Spatial branch-and-bound

General solution approach
@ Construct a convex relaxation

@ Yields computable lower bound on optimal value
@ Requires assumptions on functions

@ Improve the relaxation by spatial branching
o Eitherx; <morx; >m
@ Update convex relaxation
o Eliminate regions from consideration using the lower bound
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Spatial branch-and-bound

General solution approach
@ Construct a convex relaxation

@ Yields computable lower bound on optimal value
@ Requires assumptions on functions

@ Improve the relaxation by spatial branching
o Eitherx; <morx; >m
@ Update convex relaxation
o Eliminate regions from consideration using the lower bound

@ Key to success: good lower bounds
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Approach for obtaining good lower bounds

General approach

Study particular problem structure — forms for f(x) and g;(x) — to find
“tight” convex relaxations
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Approach for obtaining good lower bounds

General approach

Study particular problem structure — forms for f(x) and g;(x) — to find
“tight” convex relaxations

Multilinear functional form

Appears in many applications
@ Chemical blending processes
@ Electricity transmission
@ Nuclear core reload
@ Any problem with bilinear terms
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Agenda

@ Multilinear terms and related sets

Qn-2
© Bounded Multilinear with n > 2

@ Unbounded Multilinear with n > 2
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Multilinear function

We're interested in the following functional form
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Multilinear function

We're interested in the following functional form

Also useful for

where fj(-) are functions.
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Multilinear function

We're interested in the following functional form

Also useful for

jed
where fj(-) are functions. Introduce
Wj = fj (X)
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Multilinear set

Consider the set:

Mn={x € R"™L:xp 1 =[] %, <% <u,i=1,2...,n+1}
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Multilinear set

Consider the set:

Mn={x € R"™L:xp 1 =[] %, <% <u,i=1,2...,n+1}

Where O0<li<u;, i=12,....,n+1.
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Multilinear set

Consider the set:

Mn={x € R"™L:xp 1 =[] %, <% <u,i=1,2...,n+1}

Where O0<li<u;, i=12,....,n+1.
Note:
@ M, is nonconvex.
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Multilinear set

Consider the set:

Mp={x € R :x 1 =[x, <% <u,i=12...,n+1}
Where O0<li<u;, i=12,....,n+1.
Note:

@ M, is nonconvex.
@ We may assume In; 1 < ly11 < Uny1 < Gngg where g = [T,
= n
and Unp1 = [[i_; Ui
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Multilinear set

Consider the set:

Mn={x € R"™L:xp 1 =[] %, <% <u,i=1,2...,n+1}
Where O0<li<u;, i=12,....,n+1.
Note:

@ M, is nonconvex.
@ We may assume In; 1 < ly11 < Uny1 < Gngg where g = [T,
= n
and Unp1 = [[i_; Ui

MF{Z{XER”+1ZXn+1:HP:1Xi,|i < Xj < Uj, i :1,2...,[']}

Global optimization = we seek tight convex relaxations for these sets!
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Q Multilinear terms and related sets

Qn-2
e Bounded Multilinear with n > 2

e Unbounded Multilinear with n > 2
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X3 = X3X2 (N0 bounds on X3)

Let's consider the case n = 2 and there is no explicit bounds on Xs.
The following linear relaxation gives the convex envelope of M,:

[McCormick83] and [Al-Khayyal and Falk83]

X3 > IaXg + I1xo — l1l2
X3 > UpXg + UgXp — UgUp
X3 < lpX1 4+ UgXp — l1up

X3 < UpX1 + l1Xo — Uyl
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X3 = X3X2 (N0 bounds on X3)

X2

4 175
7 |

72220

Figure: McCormick envelope of M, with no bound on xs.
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X3 = X3X2  (non-trivial bounds on x3)

Now, let’s consider the case n=2 and x3 has non-trivial upper and/or
lower bounds.

it
Y o

m

4
L
%
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X3 = X3X2  (non-trivial bounds on x3)

Now, let’s consider the case n=2 and x3 has non-trivial upper and/or
lower bounds.

":/7 T
e

\
i

We are interested in finding the convex hull of this set.
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X3 = X3X2  (non-trivial bounds on x3)

@ I3 < ljuy; otherwise I3/u, > |; would be a valid lower bound on x;

@ uz > ljuy; otherwise uz/l; < uy would be a valid upper bound on
X2

@ I3 < uly; ...

@ Uz > Uqly; ...
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X3 = X3X2  (non-trivial bounds on x3)

@ I3 < ljuy; otherwise I3/u, > |; would be a valid lower bound on x;

@ uz > ljuy; otherwise uz/l; < uy would be a valid upper bound on
X2

@ I3 < uly; ...

@ Uz > Uqly; ...

As a result, the projection of M, onto x; and x, space will look like this:
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Iy uy
Note
The tangent to the curve 7 : x1xp = I3 at x* = (X7, x5) gives the linear inequality:

o o
[x» =x; and ap=

al(lexf)Jraz(Xz*XZ*)ZO; ag ‘Xx :Xf

- E)Xl ¢ X2

which is valid for the projection.



PI’Oj(Xl’XZ)Mz

X2
uz

Vi |xx

X1

The tangent to the curve 7 : x1xp = I3 at x* = (x;°, x5) gives the linear inequality:

15}
ag(xg — X)) +ax(Xa —x))>0; a;=—|xx=%x3 and ap= 877”)(* = X7
1 2

which is valid for the projection.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

The lifted inequality

X5(X1 —X7) +X7(x2 —x3) +a(xg —13) >0

will be valid and tight for M, for an appropriate value for a.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

The lifted inequality

X5(X1 —X7) +X7(x2 —x3) +a(xg —13) >0
will be valid and tight for M, for an appropriate value for a.

@ For all a >= 0 the above inequality is valid for M.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

The lifted inequality

X5(X1 —X7) +X7(x2 —x3) +a(xg —13) >0
will be valid and tight for M, for an appropriate value for a.

@ For all a >= 0 the above inequality is valid for M.
@ For small enough a < 0 the above inequality is valid for M.

Mahdi Namazifar (UW-Madison) Multilinear relaxations May 28, 2009 14/ 42



Lifting X5 (X1 — X7) +X{(X2 —x3) >0

The lifted inequality

X5(X1 —X7) +X7(x2 —x3) +a(xg —13) >0

will be valid and tight for M, for an appropriate value for a.

@ For all a >= 0 the above inequality is valid for M.
@ For small enough a < 0 the above inequality is valid for M.

@ To strengthen the inequality as much as possible, the goal is to
find a value of a that is as small as possible for which the
inequality remains valid.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

For the above inequality to be tight, the plane

X3 (X1 —X7) +X{ (X2 = X5) +a(xz3 —13) =0

should touch the curve x;x, = uz at exactly one point.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

For the above inequality to be tight, the plane

X3 (X1 —X7) +X{ (X2 = X5) +a(xz3 —13) =0

should touch the curve x;x, = uz at exactly one point.

For xJ (X1 — X7) + X; (X2 — X3) + a(xz — I3) = 0 to touch the curve
X1Xo = U3 at exactly one point, the plane is either tangent to the curve
or touches the curve at one of its end points.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

If the plane x5 (X1 — X7) + X7 (X2 — x3) +a(x3 — I3) = O is tangent to the
curve XXz = ug at the point y* = (y;,y;) theny; = axj and y; = ax;,

where a = ‘ff

uz

u3
(ug, q)

X1
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

Special cases

If the plane x5 (X1 — X;) + X7 (X2 — x3) + a(xsg — I3) = 0 touches the
curve XXz = Uz at one point, say y* = (y;,y,), and is not tangent to
the curve, considering its corresponding inequality is valid for M,, then
the rplane touches the curve at one of its endpoints.
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Lifting X5 (X1 — X7) +X{(X2 —x3) >0

Special cases

If the plane x5 (X1 — X;) + X7 (X2 — x3) + a(xsg — I3) = 0 touches the
curve XXz = Uz at one point, say y* = (y;,y,), and is not tangent to
the curve, considering its corresponding inequality is valid for M,, then

the rplane touches the curve at one of its endpoints.

Doing some algebra

| 20—\
Case 1: If the plane is tangent to the curve a=—"~—.

uz—l3
u:
xz*(ﬁfxf)ﬂf(uzfxz*)

Case 2: If the plane touches the curve at (ﬂ—z, uy)then a= e
£

Case 3: If the plane touches the curve at (us, E—j) then a=

><2*(u1—><1*)+><1*(q —x3)

l3—ug
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If « > 1 and x7x5 = I3 then the function x3 = x;x, along the line
segment connecting (X7, x5) and (axj, ax}) is strongly convex.
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If « > 1 and x7x5 = I3 then the function x3 = x;x, along the line
segment connecting (X7, x5) and (axj, ax}) is strongly convex.

Proof idea

It's easy to show that for any point (X3, X2, X3) on the line segment
connecting (x;,xJ,I3) and (ax;, axj, uz), excluding the endpoints,
where x;x; = Iz and uz = o?l3, we have X3 > X1 %o.
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- Uz Y Us o Uz ykyex
Case l: ;2 <X <3, 2 <X3 <2, XX3 =13
Proposition 2
If a”—jz <xp<iu, o ae <x5 < %2, x;x3 = I3, and the plane

X3(X1 — X{) + X{ (X2 = X3) +a(xs —13) =0
goes through the point (ax], ax), then the inequality

X3 (X1 = X{) + X1 (X2 = x3) +a(xz —l3) = 0

touches M, at just two points and this inequality is valid for M.
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Casel:a”—jzgxfgul =2 <Xy < 2, xix5 =13

If -2 <xy<4 < x5 < %2, xx5 = I3, and the plane

aly — a’ aul ==

X3(X1 — X{) + X{ (X2 = X3) +a(xs —13) =0
goes through the point (ax], ax), then the inequality

X3 (X1 = X{) + X1 (X2 = x3) +a(xz —l3) = 0

touches M, at just two points and this inequality is valid for M.

Proof idea
Proof by contradiction and using Lemma 1
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Case 1: - <x; <
alUs

_1
o’

Proposition 3

If a“—jz <xp<A, o o <X5 < %2, x;x3 = I3, and the plane
X3(X1 — X{) +X{ (X2 = X3) +a(xs —13) =0
goes through the point (ax;, ax}), then the inequality

X3 (X1 —X{) +x1 (X2 = x3) +a(xz —l3) > 0

is not dominated by any valid inequality for M.
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Casel:a”—jzgxfgul =2 <Xy < 2, xix5 =13

Proposition 3

If % <xy<4 < X3 < 22, ;x5 = I3, and the plane

aly — a’ aul —

X3(X1 — X{) +X{ (X2 = X3) +a(xs —13) =0
goes through the point (ax;, ax}), then the inequality
X3 (X1 —X{) +x1 (X2 = x3) +a(xz —l3) > 0

is not dominated by any valid inequality for M.

Proof idea
Proof by contradiction
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u
(ug, f)

X1
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Case 2: I < x5 < V:fl“3

\/Izu .
If I, < x5 < Y22 and x;x3 = I3, then the function x3 = x; X, along the

Uy
line segment connecting (x},x3) and (uy, ;2

o) is strongly convex.
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Case 2: I < x5 < V:fl“3

\/Izu .
If I, < x5 < Y22 and x;x3 = I3, then the function x3 = x; X, along the

Uy
line segment connecting (x5, x5) and (uy, ﬂ—i) is strongly convex.

Proposition 5

Ifl; < x5 < V2%, xix3 = l5, and the plane
X5 (X1 — X7) +X{(X2 = X3) +a(x3 —13) =0
goes through the point (uy, ﬂ—i), then the inequality

X3 (X1 = X7) + X1 (X2 — X3) +a(xz —l3) > 0

touches M, at just two points and this inequality is valid for M.
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l3us
Uz

Case 2: I, < x5 <

Proposition 6

Ifl, <x3 < \/L'fF XiX5 = I3, and the plane
X3 (X1 = X{) + X1 (X2 = x3) +a(xz —l3) =0
goes through the point (uy, =2 ™ 2 u3), then the inequality
X5 (X1 — X7) + X7 (X2 = x3) +a(xz —13) >0

is not dominated by any valid inequality for M.
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Case 3: I; < x} < V:fz“3

\/Izu .
If I; < x§ < Y22 and x;{x3 = I3 then the function x3 = Xx;x, along the

uz
line segment connecting (x;, x5, l3) and (ﬂ—i, Uy, Ug) is strongly convex.
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Case 3: I; < x} < V52“3

\/Izu .
If I; < x§ < Y22 and x;{x3 = I3 then the function x3 = Xx;x, along the

uz

line segment connecting (x;, x5, l3) and (ﬂ—i, Uy, Ug) is strongly convex.

Proposition 8

Ifly <x3 < ‘/113273 XiX5 = I3, and the plane
X5 (X1 — X7) +X{(X2 = X3) +a(x3 —13) =0

goes through the point (ﬂ—z, uz, uz), then the inequality
X3 (X1 = X7) + X1 (X2 — X3) +a(xz —l3) > 0

touches M, at just two points and this inequality is valid for M.
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Case 3: I; < x} < V52“3

Proposition 9

N
Ifly < x§ < Y22, x{x§ = I3, and the plane

X5(X1 —X7) + X7 (X2 —%x3) +a(xg —13) =0
goes through the point (ﬂ—g, Uz, uz), then the inequality
X5 (X1 — X7) + X7 (X2 —x3) +a(xz —13) >0

is not dominated by any valid inequality for M.
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Validity of McCormick Inequalities

Proposition 10

McCormick inequalities are valid for M, and are not dominated by any
other inequalities.

X3 = U2Xp + UpXp — UgU2
X3 < IaXg + U1Xe — l1up
X3 < UpXg + l1Xa — uglp
X3 > X1 + I1Xo — I1lo
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Convex Hull of M»

The inequalities
* * * *
Xy (X1 = Xp) + X1 (X2 —X3) +a(xg —I3) >0

where
u;
21—,/ 123
3 if 43 * o Y1 U3 *x < U2
ul?— Ifocuz leé a’ aup SXZS a
A= xz*(ﬁ—xl*)ﬂl*(uz—xz*) i3uz

: *

P it <xy <
u

xz’“(ul—xf)ﬂf(ﬁ—xz*)
l3=u3

I3u
U

c
s
%)

it <xf <

along with x3 > I3 and x3 < uz and the McCormick inequalities

X3 > UpX1 + UgXp — UgUp
X3 < IpXg + UgXp — ljup
X3 < UpXq + l1Xp — uglp
X3 > loXg +l1xp — Ihlp

give the convex hull of My
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Agenda

e Bounded Multilinear with n > 2
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n>?2

Idea: the approach we took for n = 2 can be extended to n > 2.
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n>?2

Idea: the approach we took for n = 2 can be extended to n > 2.

The problem with this would be the exponential number of cases!
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n>?2

Idea: the approach we took for n = 2 can be extended to n > 2.

The problem with this would be the exponential number of cases!
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Extensionton > 2

Consider the convex set M’ = {x € R : [T, % > In;1}-
Given a point x* on the boundary of M/, i.e. such that [\ ; x* = In41,

valid inequality is the supporting hyperplane to M’:

n
Zai(xi —X{) >0,
i=1

where again the coefficient a; is the i-th component of the gradient of
the function &n(x) = []iL; Xi:

0n
& = OX; H X
j#i
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Extensionton > 2

Consider the convex set M’ = {x € R : [T, % > In;1}-
Given a point x* on the boundary of M/, i.e. such that []{_; x* = l,41, a
valid inequality is the supporting hyperplane to M’:

n
Zai(xi —X{) >0,
i=1

where again the coefficient a; is the i-th component of the gradient of
the function &n(x) = []iL; Xi:

S
% OX HX
j#i
We need to lift this inequality to get
it @i(Xi — %) + ans1(X¥n41 — lhy1) 20
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Convex hull approximation

Convex hull approximation

It might be very expensive or inefficient to compute the convex hull of

My, for general n; but there might be reasoable ways to approximate
the this convex hull.
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Convex Hull Approximation Idea

@ Define
N Xny1 = Hinzl Xi;
Ln =9 (X5, X2 .., Xn, Xny1) ER™H e 4 <x <upyi=1,...,m;
n
en+1 S Xn+1 S Hi:l Uj

Find conv (Ln).
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Convex Hull Approximation Idea

@ Define
N Xny1 = Hinzl Xi;
Ln =9 (X5, X2 .., Xn, Xny1) ER™H e 4 <x <upyi=1,...,m;
n
en+1 S Xn+1 S Hi:l Uj

Find conv (Ln).
@ Define
Xni1 = [Tl X
Un = ¢ (X1, X2 X, Xng1) € R 4 <xi <ujyi=1,...,m;
Hin:1 Ei < Xn+1 < Unt1

Find conv (Un).
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Convex Hull Approximation Idea

@ Define

n
N Xny1 = Hi:l Xi;
Ln =9 (X5, X2 .., Xn, Xny1) ER™H e 4 <x <upyi=1,...,m;
n
lny1 < Xny1 < TTLq Ui

Find conv (Ln).
@ Define
Xni1 = [Tl X
Un = ¢ (X1, X2 X, Xng1) € R 4 <xi <ujyi=1,...,m;
Hin:1 Ei < Xn+1 < Unt1

Find conv (Un).
@ Clearly My = Ln N Up.
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Convex Hull Approximation Idea

@ Define
Xn1 = [Tty Xis

Ln = ¢ (X1, X2 ..., Xn, Xnp1) € R 4 <x <wugi=1,...,m;
n
€n+1 S Xn+1 S Hi:l Uj

Find conv (Ln).
@ Define
Xni1 = [Tl X

Un =1 (X1, X2 .-, Xn, Xns1) ERME: 4 <3 <uji=1,...,n;
HF:l Zi < Xn+1 < Unt1

Find conv (Un).
@ Clearly My = Ln N Up.

How can we use these concepts?
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Convex Hull Approximation ldea

Howcan we use these concepts?

@ Try to get error bounds on how closely conv(L,) N conv(U,) approximates
conv (Mn);
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Convex Hull Approximation ldea

Howcan we use these concepts?

@ Try to get error bounds on how closely conv(L,) N conv(U,) approximates
conv (Mn);

@ Try to describe special cases in which we know conv (M,). For example
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Convex Hull Approximation ldea

Howcan we use these concepts?

@ Try to get error bounds on how closely conv(L,) N conv(U,) approximates
conv (Mn);

@ Try to describe special cases in which we know conv (M,). For example

o We think thatif  [Jic(; . nyj Ui < Uns1, Vi, then we can easily

enumerate the lifting possibilities for lifting a1 and thereby
compute the convex hull.
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Convex Hull Approximation ldea

Howcan we use these concepts?

@ Try to get error bounds on how closely conv(L,) N conv(U,) approximates
conv (Mn);

@ Try to describe special cases in which we know conv (M,). For example

o We think thatif  [Jic(; . nyj Ui < Uns1, Vi, then we can easily
enumerate the lifting possibilities for lifting a1 and thereby
compute the convex hull.

o If U [Ticqs, . npjli = fn+1, Vi, something analogous is likely true,

except that we would be lifting into tangents of the feasible region at
Xn+1 = Uny1.
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Convex Hull Approximation Idea

Howcan we use these concepts?

@ Try to get error bounds on how closely conv(L,) N conv(U,) approximates
conv (Mn);

@ Try to describe special cases in which we know conv (M,). For example

o We think thatif  [Jic(; . nyj Ui < Uns1, Vi, then we can easily

enumerate the lifting possibilities for lifting a1 and thereby
compute the convex hull.

o If Ui TTicq1, . npy & = fns1, Vi, something analogous is likely true,
except that we would be lifting into tangents of the feasible region at
Xn+1 = Uny1.

Before we can define conv(M,), we first need to understand conv (M;)!
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Agenda

@ Unbounded Multilinear with n > 2
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Unbounded Multilinear Sets

M;:{XERn'H':XnJrl:Hin:lXi,li < Xj < Uj, i :1,2...,n}

conv(My) = conv(S), where

n
S={xeR™:x e {l,u},i=12 nxq1=]]x}
i—1
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X3 = X3X2 (N0 bounds on X3)

4
g
=
i,
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Separation

Given a point X € R : ¢4 < % < u;,i =1,..,n,itis easy to see that
either X € conv(M;), or else s > 0 in every optimal solution to

min S

s.t Z)’(i")\v+sz>?i,i:1,...,n+1
VEV
Z X'Av —s <X,i=1,.,n+1
VEVH

Zszl

VEVH
AV Z 07V € Vna

where V,, is the index set of extreme points of conv(M;}).
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Valid Inequalities

If s > 0, the optimal solution of the dual linear program

max

S.t.

n+1 n+1
inﬂ'i - inpi -1
i=1 i=1
n+1 n+1

Z)_(ivﬂ'i —invpi —-n<0,W €V,
i=1 i=1
n+1 n+1

j{:ﬂﬁ%—jz:pizzl
i=1 i=1

m,p>0

yields a violated inequality that cuts X off from M}

n+1

> (= pxi <of

i=1

where (7', p/,7) is the optimal dual solution in question.
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An interesting fact!

Proposition 11
Let (), s) be an optimal primal basic solution and (7, p’, 1) be an
optimal dual solution. Let V* = {v € V, : A\, > 0}.
QO VT <n+1;
@ Forallx¥:v eV, xVlies in the hyperplane defined by the
inequality (7', o', 1)
© Ifand only if [VT| = n + 1, the inequality (7', ', n’) defines a facet
of conv(Mp).

Proof idea

Can be shown from basic complementary slackness. Number 3 follows
from the first two, and from the definition of a facet.

o
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An interesting Fact

Important

@ In the absence of dual degeneracy, the optimal dual solution not
only defines a valid inequality, it defines a facet.
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An interesting Fact

Important

@ In the absence of dual degeneracy, the optimal dual solution not
only defines a valid inequality, it defines a facet.

@ Here no dual degeneracy means n + 1 lambda variables have
non-zero values in the primal optimal solution.

min S
s.t Z)‘(i"A\,Jrsz)?i,i:l,...,nJrl
VeV,

oA —s<Ki=1..,n+1
VeV,

Zszl

vev,
>\V 2 O,V € Vn»
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Complications

@ Enumerating all the corner points is very easy ({l;, u;}).
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Complications

@ Enumerating all the corner points is very easy ({l;, u;}).

@ Exponential number of corner points of the convex hull (2).
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Complications

@ Enumerating all the corner points is very easy ({l;, u;}).
@ Exponential number of corner points of the convex hull (2).

@ We are solving LP’s

@ We might be still able to handle the exponential number of corner
points for small n.
o If n = 10 we have an LP with about 1024 rows, which is not too bad.
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Complications

@ Enumerating all the corner points is very easy ({l;, u;}).
@ Exponential number of corner points of the convex hull (2).

@ We are solving LP’s

@ We might be still able to handle the exponential number of corner
points for small n.
o If n = 10 we have an LP with about 1024 rows, which is not too bad.

@ This is our ongoing research!
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