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µ·¶ ¸º¹y»�¼�½J¾�¿ÀuÁ]ÂkÃ µ·¶D¸

i = 0
¿
i < n

¿
i+ = 2 ÄÀuÁ]ÂkÃ µ·¶ ¸

j = 0
¿
j < i

¿
j+ = 1Ä¹y»�¼sÅ	Å!¿

Æ �tÇ�È �y� � �qÉÊhNlV[QYPkËYSmP_V[SUNlj�SUacVUN�VUWTNJbdSmL�w]ÌsNyiOV�\]b?{|\ Í N�LOPkbd\]fgfu\�j[PyÎÏ]Ï�Ð L�SXV�Ñ]ÎÒdÓDÔÖÕØ×cÙÛÚ
i = 0 Ü i < n Ü i+ = 2 ÝÞ[ßDàJá Ô}ÓDâlãyäYåOÔ}ã Üj�WTNlSUN Þ[ßDàJá ÔgÓ âlãyäYåOÔ}ã agP�Í NlËYiTNÛÍeLOPkbd\]fgfu\�j[PyÎÏ]Ï�Ð L�SXV!æ ÎÒdÓDÔÖÕØ×cÙÛÚ
j = 0 ç j < i ç j = ++ Ýè å ÞJé	é Üo³WTN�VXagÌ�Ns{|\OÌsrTfuNlê acV_Z�\�b Þ[ßDàJá ÔgÓ âlãyäYåOÔ}ã Ï�Ð L�SXVJæ²a}P 2 + 3i

n	o³WTNlSUN|bd\OSXNOë
p
ëtVXWTN�VXagÌsNs{l\]Ì�ìrTfgN|ê acV_Zz\�b Þ[ßDàJá ÔgÓ âlãyäYåOÔ}ã ëTÍ Nyr`NyiYÍTP�\Oi i

ë iY\�V�\]i
n
Î
p(i) = 2 + 3i

nÊhNlVyí P³iT\�j){l\]iYPXagÍTNlS Ð L�SXV	Ñ]n
×cÙyÚ[×·îEï Ü ���y�y� �
r`NyS�x�L�fgagÍefg\H\OrhÎ
i < n

Ñ�PRVXNlr
i+ = 2

Ñ	PRVXNlr
= 2 + p(i)

PRVXNyrYP³r`NyS[x�L�fgagÍ7fg\H\OrÞ[ßDàJá ÔgÓ âlãyäYåOÔ}ã Ü p(i)
P_VUNlr

n/2
x�L�fgagÍex�L�fgQTNÛPkbd\]S

ijkN	{|\OiYPRa}Í NyS[L�fgfðxñL]fuQYNyP³\�b
iò (2 + p(0)) + (2 + p(2)) + (2 + p(4)) + · · · + (2 + p(2.(dn/2e − 1)))

=
∑d(n/2)e−1

i=0 (2 + p(2i))

N|ê auV�{l\]iYÍTacVUau\OihëTj�WTNyi
i 6< n

���y�y� �
o�óEo/ô!ÊÖÎ

2 +
∑d(n/2)e−1

i=0 (2 + p(2i))
�y�y� � �

Ñ



õ[\�j)fuNlV[QYP³SXNyrTf}L]{|N
p(i)

vHZzacVmP�x�L�fgQTN
2 + 3i

agiYPXagÍTN!VUWTNJVXagÌsN�{|\OÌ�rYfuNlêDauV_Z�\]b Ð L�SXV	Ñ]n

f(n) = 2 +

d(n/2)e−1∑

i=0

(2 + p(2i)) = 2 +

d(n/2)e−1∑

i=0

(2 + 2 + 3 ∗ 2.i) = 2 +

d(n/2)e−1∑

i=0

(4 + 6i)

L�iYÍJPXaui`{|NpjkNpWYLñx]NOÎ

∑d(n/2)e−1
i=0 (4 + 3i) ò 4 + 6 × 0+

4 + 6 × 1+
4 + 6 × 2+nynln
4 + 6 × (d(n/2)e − 1)ò 4 × dn/2e ö 6 × (0 + 1 + 2 + · · · + (dn/2e − 1))ò 4 × dn/2e ö 6 ×

∑d(n/2)e−1
i=0 i

÷ 4 × dn/2e ø 6 × (dn/2e−1)dn/2e
2ô[iYÍ7VUWTN	vTagw�ìRó!W7\]bºVXWYagP³bdQYiY{�VUau\Oiea}P

O(n2)
n
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ÀuÁ]ÂkÃ µ·¶D¸
i = 1

¿
i ≤ n2 ¿ i∗ = 3 Ä¼�û�ü	ý Â�Á þyÿ�� » Â¢ÿ ¿

��� ±/�T�l�X��¼�û�ü	ý ÂdÁTþlÿ�� » Â¢ÿ �}«�����¥�±p�+��¥²��� �ª���ª��� �Y�`���H¡������²�
p(n)

Æ �tÇ�È �y� � �qÉ×cÙyÚ[×·î�� Ü ���l�Û� �
r`NyS�x�L�fgagÍefg\H\OrhÎ
i ≤ n2 Ñ	P_VUNlr
i∗ = 3

ÑJPRVXNyr
=
æ ö r
	�i��kP_VUNlrYP[r`NyS�xñL]fua}Íefu\D\OrÞ[ßDàJá ÔgÓ âlãyäYåOÔ}ã Ü r
	di��³PRVXNyr

× log3(n
2)
x�L�fgagÍ7x�L�fgQTNyPkbd\OS

i = log3(n)(2 + p(n))
�y�y� � �

N|ê auV�{l\]iYÍTacVUau\OihëTj�WTNyi
i 6≤ n2 ���l�Û� �

o�óEo/ô!ÊÖÎ
2 + log5(n)(2 + p(n))

�l�Û� � �
ô[iYÍ7VUWTN	vTagw�ìØ\]We\�bºVUWTa}P�SXQYiTiTagiTw�VXagÌ�NJbdQYiY{�VUau\Oiea}P

O(p(n) × log(n))
n
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•
���|«|¤l��� ­ ���d�T��� ¥ñ«l��¬T�D�D«k¬��X¥ ­ °u�l�1�

2 �q� �����y�����
• ��� ¬�°u¦���� ±/�����]¥��C¤m¦�� «l¥�°��ñ� ���e�D«����H¡§¦§° �����]�m¨�®�°c�}«m���ª¦���¨)¦�°·«l¥I�D«����H¡)¦��ú¦����X¦��)�

2�q� �����y�����
•
���}«l¤|�D«m«J���Y�³¬��X¥ñ«�¦��t¨z¤m¥��T«�¥_£��m¦]¤m�3�
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• � ������¦��t¨! ��D«���� £"�ª���Y�7¤m¥���¬t°g� � ���#��¥_£����Y���²�|�d�T¥Û¨ª�D«m���D¡�¦���¦����X¦$�%��¦���¨+�d�T�l���D«����D¡3¦°c�����O�U¨�®�° �}«��&� ±/�T�l���d�T�E�Y� � ­ �|�E¥_£Ö¬T�m¥U¬�°u�	�}«
N
�p¦��t¨'�]¥��e�l° ��������¦����J�d�T�

n (*) ¬Y�|�m«l¥��ª�m¦O¤U��¢���²���
6 �q� �����y�����

Æ �tÇ�È �y� � �qÉ

•
o³WYN,+O\OPXNlrTWDQYP?rTSU\]vYfuNyÌsP {l\]iYPXagPRVUP?agi�{l\]iYPXa}Í NlSUauiYwEõ�rtNlSmPR\OiYPlë�rYfgLO{|NyÍ�agi�LE{|agSU{lfuNOn.-HVmL�SXVRìagiTw�L�V�\]iYN!	dSmL�iYÍT\]ÌsfuZs{mWT\HPRNyi��?r`NySUPX\]i²\]b�VXWTNE{|agSU{lfuNOëOZO\]Q�VXSmLñx]NySUPXNkVXWTNE{|agSU{lfuN[QYiOVUauftZ]\OQSUNyLO{mW�VXWYN

n /10 rtNlSmPX\]ihëhL]iYÍªZO\]Q3NlfgauÌsagiYL�VUN�VUWTa}PJr`NySUPX\]ihn!2Ö\]Q�M]NyNlr�\]iªSUNlrtNyL�VXagiTweVXWTNPUL�ÌsNqVXSmLñx]NySUPUL�fDL�iYÍ�SUNlÌs\�x�L�fD\�btr`Ny\]rTfgN³bdSU\]Ì VUWTN[{|agSU{lfuNOë�QTiHVXagf VUWTNlSUN³agP \OiTfuZ�\]iTN³rtNlSmPR\OifgN|b�V[agieVXWTN�{lauSm{|fgN]npo³WTa}P³rtNlSmPR\Oi7j�agiYPyn
- \sõ L]iYÍ7i�L]SXN!VXWYNJV_jq\srYL]SUL]Ì�NlVXNySUPk\�b/VXWTa}P�rTSU\]vYfuNyÌen

• 3 PRagiTw©L�fuagiTMONyÍDìØfua}PRVyë�NÛL]{mW�iT\ Í N�\�b!VXWTN�fgagiTM]NÛÍDì¢fga}P_V²j�agfuf�{l\]iHVUL]aui�VXWTN�agi bd\OSXÌ²L�VUau\Oi \]b\OiTN	rtNlSmPR\Oieagi�VXWYN�{|agSm{|fgN]n³ô�Íñ^RL]{lNliHV�iT\ Í NÛP�PRVUL�i`Ízbd\OS!LOÍñ^RL]{lNliHV[r`NySUPX\]i`P�aui�VUWTN�{lauSm{|fgN]no/SmLñx]NlSmPXauiTw!VXWYN!{|agSm{|fgN�VXSmL�iYPXf}L�VXNÛPlëOaui7L	fuagiTMONyÍDìØfua}PRVyëHauiHVX\�VXSmLñx]NlSmPXauiTw	L�fua}P_VÛëOj�WYag{mWz{l\]ÌsNyPL�VqL	fgauiYNyL�Sk{|\HP_VÛn54[NlÌs\�xDauiTw�L�r`NySUPX\]i²j�agfgfYvtN!NÛL]PXZ�vtNy{lL]QYPXN�Z]\OQE^_QYP_V³WYLñxON³VX\�SUNyLOPXPXagw]ifgagiTM P�PX\JVXWYL�VqZ]\OQ76RPXMDaur�8[\OiTN[iT\ Í N[\]b�VXWTN!fua}P_V�	�L�i`ÍsVXWTNyihëOVXWTSU\]QTwOW²wOL]SXvYL]w]N�{|\OfufgNy{|VXag\]ihëVUWTN	Í a}PRSUNlwHL�SmÍ NyÍziT\ Í N	j�aufgfðNlxONliHVXQ`L�fgfuZ�vtN�Í NyfuNlVXNyÍ���n
3 PRagiTw�L�i�L�SUSmLñZ]ëðZ]\OQ3W`Lñx]N�VX\�Ì²L�MONsL]i�L]SXSmLñZ�\�b�PRa19lN²õ�n;:�L]{mW©{lNlfgfÖ{|\]iHVmL�agiYPEVXWTN²agi ìbd\OSXÌ²L�VXag\]i+\]bkLer`NySUPX\]i3aui3VXWYNs{lauSm{|fgN]n�ô�Íñ^RL]{lNliHV�{|Nyfuf}P	P_VmL�iYÍ+bd\]S�LOÍñ^RL]{lNliHVErtNlSmPX\]iYPEagiVUWTN�{lauSm{|fgN]nkoºSmLñx]NySUPXauiYw�VUWTN�{|agSm{|fgNJVX\²SUNyL]{mW7VXWYN

n /<0 rtNlSmPR\Oi�L�b�VXNyS�VXWYN�P_VmL�SXVXagiTw²\]iYN=	�L�Vrt\OPXauVXag\]i�L�SUSULñZ?> auiYÍTN|ê�@��|ëOj�agfgfh{|\]ÌsN	Í \�j�ihë agi�L�i�L�SUSULñZOë]VU\sLO{l{lNyPUP�VUWTN�L�SUSmLñZA> agiYÍ N|ê ö iìmÑB@ \]SÛëðaub
index + n ≥ N

ë�>C	dagiYÍ Nlê ö i ìUÑ%��Ìs\ Íªõ ìmÑB@Øn�o³WTagPJa}PJÍ \]iYN�agi�{l\]iYPRVUL]iHV�VXagÌsN
	dVXWTNEiTa}{|N!VXWTagiTwsL�vt\]Q V�L�SUSmLñZDP[Î ìD�E�|n�4�NlÌs\�xDagiTw�L�r`NySUPX\]i²bdSU\]ÌúVUWTNJ{|agSU{lfuNF	�PULñZsr`NySUPX\]ihÎL]SXSmLñZ?> agiYÍ Nlê�@���L]Ìs\]QTiHVUP!VU\ePXWTaub�VXagiTw�L�fgf?rtNlSmPX\]iYPJL�b�VUNlSJagiYÍ N|ê3auiªVXWTN²L�SUSmLñZG	�õ�ìØauiYÍTN|êDìUÑrtNlSmPX\]iYPyë L�iYÍeagizVUWTN	jq\OSUPRV[{lLOPRNJõH�I	dVXWTa}P�a}PkVXWTN	v`L]ÍzVXWTagiTw�L�vt\]QTV�L�SUSULñZ Pynungn�Î ì"	��|n

•
ô!P³ÌsNliHVXag\]iTNÛÍev`Nlbd\]SUN]ë
J rTSU\OP³\�b L�fua}P_VÛÎpNyLOPRZ�SUNlÌs\�x�L�f�\]b L�rtNlSmPR\OiG	�{|\]i`P_VmL�iHV³VXagÌ�N

O(1)
�

J {|\OiYP³\�bpL�fua}P_VÛÎpN|ê rtNliYPXauxON	L]{l{lNyPUPqVX\�L�r`NySUPX\]iK	dfgagiTNyL]S³VXagÌ�N
O(n)

�
J rTSU\OP³\�b L�i�L�SUSmLñZtÎ/NyLOPRZzLO{l{lNyPUP�VU\�VXWTN

n /10 rtNlSmPX\]iL	�{|\OiYP_VmL�iHV³VXagÌsN O(1)
�

J {|\OiYP³\�bpL�i�L�SUSULñZ�Î/N|ê r`NyiYPXauxONESUNlÌs\�x�L�fð\]b?L�rtNlSmPR\OiG	�fuagiTNyL]S³VXagÌsN
O(N)

�

• M \OÌsrTfuNlê acV_Z3QYPRagiTw+L�fgauiYM]NyÍ ì¢fgagPRVyÎ!2Ö\]Q©WYLñxON�VX\ªLO{l{|NÛPXP	L]iYÍ�SUNlÌs\�x]N²PXQY{l{lNyPUPRagx]NyfuZN	�õ�ìÑ%�Er`NySUPX\]iºnzô�P	Nlê rTfgL]auiYNyÍ�v`Nlbd\]SUN]ëO	�LO{l{|NÛPXP ö SUNlÌs\�x�L�f��!{l\OPRVUP
O(n) + O(1) = O(n)

no³WYNlSUN|bd\]SUNJL]ÍTÍ agiTwsQTreVX\`Î
(N − 1)O(n) = O(nN)

n
M \OÌsrTfuNlê acV_Z©QYPXagiTw�L�i L�SUSULñZ�ÎP2Ö\]Q WYLñx]N7VX\�LO{l{lNyPUP�L]iYÍ SXNyÌ�\�xONePXQY{y{|NyPUPXauxONlfgZ�	�õ�ìmÑQ�rtNlSmPX\]ihn�ô�PsN|ê rTf}L�agiTNÛÍ�vtN|bd\OSXNOëH	�LO{l{lNyPUP ö SXNyÌ�\�x�L]fC��{|\HP_VmP

O(1) + O(N) = O(N)
no³WYNlSUN|bd\]SUNJL]ÍTÍ agiTwsQTreVX\`Î

(N − 1)O(N) = O(N2)
n

R
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U ��V��T¦��q�}«�¦²«m��¦]¤"�XWe¨]�|«l¤|��� ­ �����Y��¨O¦���¦s«��¢���Y¤|�¢� �X�Q���
4 �q� �����y���

Y �!���|«|¤l��� ­ �����Ø¬���� ®�Z����m«m�\[��m¦��U¤U�]�ª�
3 ��� �����y���_^`¥��©¤m¦����D«l�7� � ¦���¬t°g��«²��¥z�T�l° ¬`�]¥���¨]�l®«l¤l��� ­ ���d�T���s�l�d�T¥Û¨��

a � � �������d�T��¦�° ¡O¥�������� �cbu¬t«|�l�Y¨]¥�®R¤m¥y¨O�ed�£|¥�����Z�[?�Xf!��¨z� � ¬�°u¦������T¥�± � ±/���g�]¥����D«l��¦²«��Ø¦O¤h���¥s����¬t°u�l�²�|�`� �iZ�[?�p�
6 �q� �����y���

j �I[t�Û¬]¬Y¥ñ«l�!�]¥��+����¬t°u�l�²�|�`�p�iZ�[3��¥lk��t¨z¦�«l¥�° � �¢��¥�����¥z¦e¤U¥��T«��¢�X¦����`�h¬��X¥ ­ °u�l�F�[��¥Û��«��d�T��²�l���Y¥y¨m�]¥���n ���H ��D«m�	¨]�|«l¤|��� ­ �m¨_bØ���pol�Y��«��¢��¥�� j � a d�¦�°�°u¥�±C��¥��X�l��� ����¦�°�°q«|¥�° � �¢��¥��T«�W �
6�q� �����y���

b_¦qdGrd£!«l¥%� U �!� � ¬t°u¦����ª±/���%�q¦��t¨ Y �!� � ¬t°u¦������Y¥�± �Ø¥²�s¥Û¨�� £"�s�]¥�� �	¦�° ¡H¥������d�D� �Ø¥��X�l�¢� ���¥��`°��²���Y�tk��m«��Ö«l¥�° � �¢��¥���£|¥�� ��¨��
b ­ dLrd£q�t¥��&� U �!� � ¬�°u¦������Y¥�±��Ø¥E�²¥y¨�� £"�i�]¥�� ��¦�° ¡H¥������d�D�C«|¥E�d�T¦��ð���h�X�l��� ���Y«q¦�°�°H«l¥�° � �¢��¥��Y«"�¦���¨ Y �J� � ¬t°u¦����3±/������� �}«	�s¥Û¨�� kk�U¨7¦�° ¡H¥������d�D� ¦O¤|�¢�Y¦�°�°u�²�X�|�¢� ���T«�¦�°�°º«l¥�° � �¢��¥��Y«B�

v ��V��T¦��[�}«��d�T�²�����²��¤m¥���¬t°u� � �����+¥R£E�iZ�[]�³� £ dmax
�}«��d�T�s«m�<wÛ��¥R£����Y�s°u¥��D¡O�|«�� ­ �X¦���¤U�����

�]¥�� �J«l�U¦��X¤m���¢�X�m�q�q¦��t¨
b
�d�T���s¦ � ����� � �Y� � ­ �l��¥_£�¦�° ���|����¦��¢���ñ�|«!¡������l��¦��³�m¦]¤m�3¤U�Y¥���¤m�¬Y¥����`��W7�

5 ��� �����y���
Æ �tÇ�È �y� � �qÉ

•
ô�PRVUL]{mMJa}P/L!fgagPRVRìØvYL]PXNyÍ�ô\xEoJëÛj�auVXW�VXWYNkPXr`NÛ{|auË`{qrTSX\Or`NySRV_ZEVUWYL�V?VXWTNk\]iYfuZJ\�b`acVmP/NyfuNyÌsNliHVUPVUWYL�V[{yL�izvtN�L]{y{|NÛPXPXNyÍzagPqVXWYN	fgLOP_V³NlfgNlÌsNliHV�VUWYL�V�j³L]P³P_VU\]SUNyÍðn�-DQ`{mWeL�ÍTL�VmLsP_VUSXQY{|VXQTSUNEagPL]fgPX\s{lL�fgfgNyÍðÎpÊºLOP_VXì#y�i Ï�z auSmP_VXì_ó!QTVyn
o³WYagP�ÍTL�VULsPRVXSUQY{�VUQTSXNJWYLOPkVXWTNJbd\Ofufg\�j�agiTws\]rtNlSmL�VXag\]i`PlÎ
J rTQYPXW
	��
J r`\Or
	��
J r`NyNlMX	��i	�\]S³VU\]r
	#�{�
J agP|:ÖÌsr V_ZX	��
J agP z QYfuf}	��I	�aui�{yL]PXN!\]b L�fgauÌsauVXNyÍ�{yL�rYLO{|auV_ZzP_VmL]{mM~�
J {|fgNyL]SQ	#�

LOP³Í NyPU{|SUauvtNyÍeagi�{|f}L]PUPln

•
x z -=	�x�Nyr VXW ì z auSmPRV�-DNÛL�Sm{mW��ða}P L�PXNyL]SU{mWTagiTw�L]fuwO\]SUacVUWTÌ
j�WT\OPXNqPRVXSmL�VUNlwOZ!a}P/VX\�wO\�agi�Í Nyr VXWË`SUPRVyn
M \OiYPXagÍ NySkL�rTSU\]vTfgNlÌ=j�WTNySXN!Z]\OQzWYLñxON!PXNlx]NySUL]fYrYL]SUL]ÌsN|VXNySUP

x1
ëðnungn

xn
ë L]iYÍzL]fcVUNlSUiYL�VUauxONLOPXPXagw]iTÌsNliHVmP Ï auiYPRVUL]iHVXa}L�VXag\]i`P bd\]S³NyLO{mW
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