Logical Foundations of CS — CS5303
FPnduction

These notes were written using Mathématiques pour 'Informatique, by André Arnold
and Iréne Guessarian.

They complete the course given during the first week of class, on proofs, inductive
definitions, and proofs by induction.

1 Inductive definitions
Let’s review a couple of examples:

Example 1 The part X of N inductively defined by:
(B) 0e X
IHneX = n+leX

is simply N. Therefore (B) and (I) constitute an inductive definition of N.

Example 2 Let A = {(,)} the alphabet made of both parentheses. The set D C A* of
well-formed expressions with parenthesis, called the Dyck language, is defined by:

(B) e D
(I) v,y e D = (x),zy €D

Example 3 The set E of well parenthesed expressions, made of identifiers from A, and
operators + and x, is the subset of (AU {+, x})" inductively defined as follows:

(B) ACE
(I) e, fEE = (e+f), (exf) €FE

Example 4 The set BT of binary trees whose elements are elements of alphabet A is
the subset of (AU{0,(,),,})" inductively defined as follows:

(B) 0 € AB (it is the empty tree)

(I)l, r € AB = Va € A, (a,l,r) € AB (the tree of root a, of left subtree | and
right subtree )



Definition 1 An inductive definition of a set X is non ambiguous is for all v € X,
there exist an unique way to get x by applying the inductive rules.

Example 5 The following inductive definition of N? is ambiguous:
(B) (0,0) € N?

(I;) (n,m) €eN? = (n+1,m) e N?

(Iz) (n,m) e N? = (n,m+1) € N?

2 Proof by induction

Example 6 Let’s prove by induction that all strings in the Dyck language D contain
as many “(” as “)”. For oll x € D, l(x) denotes the number of “(” and r(z) denotes the
number of “)”. Let P(x) the property we want to prove: P(x) :1(z) = r(z).

(B) the only element of the basis is €, the empty string. So it satisfies P:
l(e) =r(e) =0
(I) Let z, y € D, such that P(z) and P(y). Let z = zy:
W(z) =l(x) +1(y) = r(z) +r(y) = r(2)
Therefore, P(zy). Similarly we show that P((z)).

We deduce from the above that Vo € D, l(x) = r(z).

3 Inductively defined functions

Example 7 The factorial function: N — N is inductively defined by:

(B) fact(0) =1
(1) fact(in+1)=(n+1) x fact(n)

Here we use the inductive definition of N as a support for the inductive definition of
fact. We can also note it as follows:

fact(n) = { 1 if n=0

n X fact(n — 1) otherwise

Example 8 Let us consider the set E inductively defined in Example 3. The expressions
of E are in infix notation. Postfix notation can also be used to define parenthesed
expressions. For instance, the postfiz expression of ((a x (b+ ¢)) + d) is abc + xd+.

The transformation from infix to postfiz can be inductively defined as follows:



(B) Ya € A, post(a) =a

(I) Ve, f € E, post((e+ f)) = post(e)post(f)+, and post((e x f)) = post(e)post(f)x
Example 9 The height of a binary tree can be inductively defined as follows:

(B) h(0) =0

(I) Vi, r € AB,Va € A, h((a,l,7)) =1+ maz(h(l), h(r))
Example 10 The in-order traversal of a binary tree is the sequence of values/elements
in the tree read from left to right. Note: different trees can result in the same in-

order traversal (exercise: find two such trees). The inductive definition of the in-order
traversal is as follows:

€ ifz=10
in — trav(l).a.in — trav(r) if x = (a,l, 1)

In — trav(z) = {

4 Set closure

Given the inductive definition of sets, we now know how to generate a set C(FE) given
a set E and an operation/inductive rule C' on E.

Let C be a monotonic application, i.e., VA C A’, C(A) C C(A").
We say that a set A is C-closed if C(A) C A

Property 1 Let I be a set of indices. Let A; be C-closed, Vi € I. Then N;crA; is also
C-closed.

Definition 2 Let A be a subset of E. Then

N B

ACBCE, Bis C-closed

is still C'-closed, and contains A. It is denoted é(A) It is the closure of A under C.

Property 2 o If A’ is C-closed and contains A, then a(A) C A

e ACC(A).

Exercise 1 Let E =N, and C(A)={n+m |ne€ A, me A}. Let kN = {kn | n € N}.
Show that: if A C kN then C(A) C kN.



