Logical Foundations of CS — CS5303
Sets and Functions

These notes were written using Mathématiques pour I'Informatique, by André Arnold
and Iréne Guessarian.

1 Sets

Let us review some notations about sets.

Let us consider that F is a set, and e is an element.

e ¢ € E means that e is an element of F, e is in set F
e ¢ ¢ F means that e does not belong to F, e is “outside”

e the empty set is denoted 0
Let us consider two sets A and B.

e A C B means that A is a subset of B: this means that A is included in B, i.e., all
elements of A are also elements of B

e the negation of the above is noted A ¢ B, and means that A is not included in
B: it does not mean that B is included in A

e Note: A=DBiff (AC Band BC A)

o if AC B but A # B, we can note it as follows: A C B

e P(E) denotes the set of subsets of E: in particular, A C E iff A € P(E); and
) € P(E), E € P(E)

The cartesian product of two sets E' and F' is the set of all couples made of one element
of F and one element of F:

ExF={(z,y) |z € E, ye F}
More generally,

By x o x By ={(z1,...,2,) | V1 <i<n, z; € E;}

In the following, we suppose that we work in a general set (universe) F, and we consider
two subsets of E, namely A and B.



ANB={ecE|ec A N ec B}

AUB={ecE|ec AV ec B}

A\B={e€cE|ecA N e¢ B}

A={ecE|eg A}

AAB = (A\ B)U (B A)
A and B are disjunct if ANB =0

Let us consider a family (A4;);es of subsets of E:

e U Ai={ecE|Jiel, ec A}
o MicsAi={e€E|Viel, ec A}
b Uie@Aizw
¢ NicgAi=FE

A family (A;);er of subsets of E is a partition of E iff:

] AZ‘#(Z),ViEI
e AiNAj=0,Vi#jel
o E=Uies Ai
Exercise 1 Verify the following statements:
e E=Qand)=FE
e AN0=0,AUE=E, AAE=A
e ANA=AUA=AUD=AAD=ANE=A
e A\B=ANB

o A\A=AANA=10

The DeMorgan’s laws that you know in logic also hold here:
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Also note that U and N are distributive.



2 Functions

An application f from a set E to a set F' is a procedure allowing to associate to each
element of £ a unique element f(z) of F.

Domain of f: Dom(f)={x€ E |y e F, y= f(z)}

Image of f: Im(f)={ye F|Ix € E, y= f(x)}

Image by f of asubset X of E: f(X)={yeF|3xe X, y=f(x)}
e Forall subsets Y of F, f~Y(Y)={z € E|JyeY, y= f(z)}

Dom(f) = f~'(F) and Im(f) = f(E)
Ezxamples:

e the identity application of E: idg : E — F is defined by idg(x) = z, Va € E.

e the characteristic function of a subset A of E is the function: 4 : £ — {0,1}
such that: £4(e) =1 if e € A, 0 otherwise

Injective, surjective, bijective:

e fisinjective iff: V1,20 € E, f(z1) = f(22) — z1 = 22
e fissurjectiveiff: Vy € F,Jx € E, y = f(x)

e f is bijective iff f is injective and surjective (determine the corresponding formal
definition)

Composition: Let f : £ — F and g : FF — G be two applications. The composition
of f and g is the application go f : E — G, defined by g o f(z) = g(f(x)). Note: o is
associative.

Ezxample: Consider f: E — F. Then foidg =idpo f = f.

Let f: E — F and g : F — G be two applications. Then,
e f and g injective — g o f injective
e f and g surjective — g o f surjective

e f and g bijective — g o f bijective

Prove the above statements.



3 Cardinality

3.1 Finite sets
For all integer n, let us note [n] the set {1,...,n} of all integers between 1 and n. If
n < m then there is no possible injective function between [m| and [n].

Therefore two integers n and m are equal iff there exists a bijective function between
[n] and [m].

A set F is finite if there exists n € N and a bijective function f : E — [n]. n is then
called the cardinal of E, and denoted by |E]|.

Let F and F be two finite sets, and f : F — F an application:

e [ injective — Vy € F, [f1({y})| <1
o fsurjective — Vy e F, |[f~'({y})| > 1
e [ bijective — Vy € F, [f({y})| =1

If in addition, |E| = |F'| then:
f injective <« f surjective < f bijective

However, in case FE is infinite, the above statement does not hold. For instance,
f : N — N defined by f(n) = 2n is injective but not surjective.

Let E and F be two finite sets.

1. If E and F are disjoints, then |[E U F| = |E| + |F|

2. If (Ai);cpy) is a partition of E then |E| = |Al| +--- + |An]

3. |Ex F| = |E| x |F|

4. |FP| = |F|IFl where F¥ denotes the set of all applications from E to F
5. |[P(E)| = 27

Prove these properties.

Ezxample: Let n be the number of possible words coded in 16 bits. Each word is a
sequence of 0s and 1s of length 16, and can be considered as an application: [16] — {0,1}.
Therefore, n = 216 = 65536.



3.2 Countable sets

The notion of cardinality can be extended to infinite sets, such that the following prop-
erties can be verified by any two sets E' and F'.

e |E| < |F| « there exists an injection from E to F
e |E| > |F| < there exists an surjection from E to F

e |E| = |F| < there exists an bijection from E to F

Deduce from the above that if there exist both an injection and a surjection, then there
exists a bijection.

Countability:

e A set E is countable if there exists a bijection from E to N (or reversely).
e w denotes the cardinal of N

e a union | J,.; A; is countable if I is countable

e Countable sets satisfy the following properties:

— all subsets of a countable set is either finite or countable
— all cartesian product of countable sets is countable

— all countable union of countable sets is countable

Show that N x N is countable.

4 Operations and relations

An operation over a set F is an application ¥ : E” — FE. n is called the arity of ¥, and
denoted a(¥). We say that ¥ is a n-ary operation. In the following we mostly review
binary operations, i.e., operations of arity 2 (n = 2).

4.1 Binary operations

A binary operation * over a set F is an application: F x E — E. The image of a couple
(z,y) is denoted x * y. In addition, there are the following properties:

e * is associative iff Va,b,c € E, a* (b*xc) = (axb) xc
e *is commutative iff Va,b € E, axb=bxa

e * has a neutral element e iff Va € E, axe=exa=a



Semi-group, monoid:

e A set FE with an associative operation * is a semi-group.
e A semi-group E whose operation has a neutral element is a monoid.

e A semi-group F whose operation is commutative is a commutative semi-group.
FExamples:

e N with the addition and the neutral element 0, is a commutative monoid.
e N with the multiplication and the neutral element 1, is a commutative monoid.
e P(E) with the union (or the intersection) is a commutative monoid.

e the set of square matrices with real coefficients is a monoid for the multiplication
of matrices, but it is not commutative.

Group:

e A monoid E with the operation * is a group if all element in F has an inverse, i.e.,
VYa € E, 3b € E such that a * b = b x a = e where ¢ is the neutral element for *.

e If in addition * is commutative, E is a commutative group.
FExamples:

e (Z,+) is a commutative set

e The set of square matrices with an inverse is a group for *, but not commutative

4.2 Relations

A relation over a set E is a subset R of E x E.

FEzxamples:

e Let F = N, the following sets are relations:

o (nam)
—{(n,m) | n<m < 2n}
—{(n,m) | n<m and Jk: n?+m? =k}

)

e Over E = P(A), inclusion is a relation.



4.3 Set operations over relations

Since a relation is a set, then we can define unions, intersections, etc. on them:
e R: (e,¢') ER < (e,€)) € R
e RiURs: (e,¢) ER1URe « (e,e) € Rely V (e,e’) € Ra
e RiNRa: (e,¢) ER1URe «— (e,e) € Rely A (e,e’) € Ra

Similarly, we can also define:

e the empty relation, Og: Ve, e’ € F, (e,e') € 0g
o the full relation, [[,: Ve,e' € E, (e,e’) € [[5
e the identity relation, Idg: Ve,e¢' € E, (e,e') € Idg <« e=¢'

And then:

e Ri CRyiff Ve, € B, (e,e)) € R1 — (e,e¢) € Ry

4.4 Other operations over relations

o inverse relation R~1: eR~ e’ «— eRe’

e product of relations R1.Ra: e(R1.Rz2)e’ «— Je”, eRe” N e"Rae’
The product of relations is associative. Its neutral element is Idg.

e R*=Idg URU(RR)U--- = ;5 R with R® = Idp

o RiTI =RILRI

4.5 Some properties of binary relations

A relation R is:

e reflexive: if Ve € F, eRe
o irreflexive: if Ve,e' € E, eRe’ = e#¢’
e symmetric: if Ve, ¢’ € E, eRe’ = ¢Re

e anti-symmetric: if Ve,e/ € E, eRe’ and e'Re = ¢ =¢

transitive: if Ve,e’,¢” € E, eRe’ and ¢'Re” = eRe”



4.6 Equivalence relations

An equivalence relation is a relation that is reflexive, symmetric and transitive.

Let R be an equivalence relation over E, and let e € E. The set defined by {¢’ €
E | eRe'} is usually denoted by [e]r, and is called the equivalence class of e.

Example:

e The identity relation over E, denoted Idg, is an equivalence relation.

e Let n be an integer > 2. The relation over Z defined by: “the remainder of x/n is
equal to the remainder of y/n” is an equivalence relation. It it denoted as = = y[n],
or x =y mod n.

Properties:

1. The intersection R N R’ of two equivalence relations, is an equivalence relation.

2. Let R be a relation. Then (R UR™!) is an equivalence relation, and it is the
smallest equivalence relation containing R.

3. Let R be an equivalence relation. Then:

(a) Vee E, e € [e]r

(b) Ve,e' € E, eRe’ = [e]r =[€']r

(c) if [e]r N [¢'|r # 0 then [e]r = [¢']r
)

(d) As a result of the above, the set {[e]r | e € E'} of subsets of E is a partition
of E.

4.7 Congruence

An equivalence relation R over a set E with an operation * is a conguence is it is
compatible with *, i.e.,

Ve,e',d,d € E, (eRe' and dRd') = (exd)R(e *d)

Ezample: Let n > 2. The relation over Z defined by = = y[n] is a congruence for + and
*



