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A ∩ B = A ∩ C ⇔ A ∩ B = A ∩ C
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K7LO¯±TVPS°®µ�¶�·J¸�¹Ô½|·�ËÕÁÃÂY½JÁJ·{¸�ÄtÅ�Æ7ºEË®ÖV×
Ø�·{¸

(Bi)i∈I

Ë~ÅJËoÙ�ÚÊØwÛÓÄtÅ�Á|ÂY½JÁ{·J¸±Á�ÄiÅÆDÇ�È=¾YÄ®É�¸x¾UËo¸ÜÌ
A ∪ (

⋂

i∈I

Bi) =
⋂

i∈I

(A ∪ Bi)
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KMLO¯±TVPS°®µ�¶�·J¸

f : A → B
½k·�Ë®Ö�Ëkâ�â]ØãÚÑä|Ë®¸åÚÑÄ®ÖVÇ�È=¾YÄ®ÉW¸x¾UËo¸ÜÌ

f
ÚÊÖSæ{·kä{¸åÚÊçQ·

⇒ ∀X ⊆ A
º
f−1(f(X)) = X

Î L]ÏÑÐ�PS¯±LOT7\;è=hU�U�]r�c9`�l9nYbol
f : A → B

uacEbdyÕuay®st`[�Ãl9ua�d`�vxhYyY�Ãlku�r�y��Mé�nUu�cDef`SbdyYc{}=�Àp
�=`J�YyYuwlku�r�y�}l9nYbolSê
∀x1, x2 ∈ A, (f(x1) = f(x2)) ⇒ x1 = x2ë�`{lEhYcDcinYr®z�l9nOb®l

∀X ⊆ A
}
f−1(f(X)) = X

�
éGr��Yj9r®��`~lknUu�c{}Oz7`�bdj9`���rduayU�fl9r��{rdyYc9ua�U`{j�c9hY�|n�boy

X
}]cihU�Oci`{lErov

A
}]boyY�q�Ujkr®�d`�c9hY�{�{`Sckciua�d`S_�pl9nYbolSê

f−1(f(X)) ⊆ X
boyY�

X ⊆ f−1(f(X))
�$��yY�ìuayír�jk�U`{jfl9r'�Yj9r®��`
`[bd�|níu�yO�J_ahYciuardy

Y ⊆ Z
}Uz7`�zDua_�_G`Sbd�|n�l9uaef`��JrdyOciu��=`{jEbdyÕ`S_�`Sef`{y�lErov

Y
boyY�
cinYr®z�l9nOb®lEu�lEuac�uay

Z
�

²Oî
f−1(f(X)) ⊆ X ï ëG`Jl

x ∈ f−1(f(X))
�
�7p��=`J�OyUuwlku�r�y'rov

f−1(Y )
}
y ∈ f−1(Y )ef`SboyOc;l9nYbol

∃z ∈ Y
c9hY�|nÕl9nYbol

z = f(y)
�1�~cEb�j9`[cihY_wl[ê

x ∈ f−1(f(X))
def
⇔ ∃y ∈ f(X), f(x) = y

ð



�;lEl9nYuac~�Or�u�y�l�z;`�gÀyUr®zñl9nOb®l
f(x) ∈ f(X)

�Eò�r®z$z;`�yU`S`S�qlkr��YyUu�c9nql9nU`��Uj9rÀrdvX�ÀpqcinUr®zDuayU�l9nYbolEuwv
f(x) ∈ f(X)

l9nU`Sy
yY`S�J`[c9ckbojkua_�p
x ∈ X

�
óÍyqrdj|�=`{j;l9rf�Ujkr®�d`~l9nYuacS}Uz;`�hOci`�lknU`��Jr�y�lkjkbd�Or�ciu�l9ua�d`~j9hY_�`®ôQ}YbdyY��z;`5bdckcihYe�`�lknYb®l

x 6∈ X
�

óÜv
x 6∈ X

}=bdyY�
f(x) = y ∈ f(X)

}ÀlknU`{yqu�lEef`SboyOcMlknYb®l
∃x′ ∈ X

}UcihO�|n�lknYb®l
f(x′) = y

�1��cDbj9`[cihY_wl[}
∃x, x′

}OcihY�|nÕl9nOb®l
f(x) = f(x′) = y

bdyY�
x 6= x′

�?é�nUuac��Jrdy�lkjkb��=ua�Jlkc7l9nY`5�Uj9r��O`Sjiltp�rdvu�yost`S�Ãlku��Àu�ltpd�1�~cEb�j9`[cihU_�lS}Uc9uayY�J`
f
uac�uay®st`S�Jl9ua�d`�}UuwlEef`[boyYc;lknYb®l

x = x′
rdj

f(x) 6∈ f(X)
�

óÜv
x = x′

}]l9nU`Sy
x ∈ X

}VboyO�qz7`�bojk`��=rdyU`�zDuwlkn�l9nY`��UjkrÀrovt�EóÜv
f(x) 6∈ f(X)

}Ou�l��{rdy�l9j|bd�Uua�JlkcrdhUjõuay�l9`{jkef`S�=u�b®lk`;�U`S�=hY�Jl9uardy�l9nYbol
f(x) ∈ f(X)

}oboyY��l9nU`Sj9`{vxrdjk`d}®�Àp�hYc9uayU��lknU`D�Jr�y�lkjkbd�Or�ciu�l9ua�d`j9hY_�`�}El9nY`��{rdyY�Uuwlku�r�y�u�c
�{rdy�l9j|bd�Uua�Jl9`S��êöu±� `d�a}
¬(x 6∈ X)

r�j
¬(f

u�cDuay®st`S�Jl9ua�d`
)
�ÔèÀuayY�J`

f
u�cu�yost`S�Ãlku���`d}�u�l�ef`SbdyYc~l9nYbol

¬(x 6∈ X)
nYrd_��Uc{}Gu±� `d�a}

x ∈ X
}�boyO�Óz;`�bojk`��=r�yU`fbo��bdu�ymzDuwlkn�l9nU`�Ujkr�rdvt�

Ò-î
X ⊆ f−1(f(X)) ïë�`{l
x ∈ X

�?ë�`JlEhOcD�Ujkr®�d`~l9nYbol
x ∈ f−1(f(X))

�MèÀuayY�J`
x ∈ X

}ÀlknU`{jk`5`J÷=u�ctl|c
y ∈ f(X)

c9hY�|nl9nYbol
y = f(x)

�1��c7b5j9`[cihY_wl[}
x = f−1(y)

bdyY��l9nY`{jk`Jvxrdjk`
x ∈ f−1({y})

}�bdyY��efrdjk`D�d`SyU`{j|bo_a_apd}
x ∈ f−1(f(X))

�
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f : A → B
Ë®ÖV×

g : B → C
ÇÈ=¾YÄ®ÉW¸x¾UË®¸ÍÌ

ù Ç
g ◦ f

ÚÊÖSæ{·kä{¸åÚÊçQ·
⇒ f

ÚÊÖSæ{·kä{¸åÚÊçQ·
ú Ç

g ◦ f
ÁÃÂ=¿Êæ{·|äJ¸åÚÊç®·

⇒ g
ÁÃÂ=¿Êæ{·|äJ¸åÚÊçQ·

Î L]ÏÑÐ�PS¯±LOT7\
²Oî�È]Â[âdâYÄQÁ{·�¸x¾UËo¸

g ◦ f
Ú�Á5ÚÊÖ{æ{·|ä{¸±ÚÊç®·Jº�Ë®ÖV×�¸x¾UËo¸

f
Ú�Á5Ö]Ä®¸7ÚÊÖ{æ{·|ä{¸±ÚÊç®·SÇ

ûV¾U·{ÖöÚÊ¸�Ù�·|Ë®ÖUÁf¸x¾UË®¸~¸Ê¾Y·J¿k·�Ë®¿k·�Ë®¸~Ø�·|ËQÁÃ¸
x1

Ë®ÖV×
x2 ∈ A

º�Á|ÂYä|¾�¸x¾UËo¸
x1 6= x2

Ë®ÖV×
f(x1) =

f(x2) = y
Ç�¹�Á5Ëf¿9·JÁÃÂ=Øã¸Ñº

g(f(x1)) = g(f(x2)) = g(y)
Ç�ûV¾=Ú�Á�ä|ÄoÖY¸å¿9Ëd×oÚÑäJ¸±Á�¸x¾U·MÅJËdä{¸7¸x¾UËo¸

g ◦ fÚ�Á5ÚÊÖ{æ{·|äJ¸åÚÊç®·SÇ
Ò-î�È]Â[âdâYÄQÁ{·�¸x¾UËo¸

g ◦ f
Ú�Á�ÁÃÂ=¿Êæ{·|äJ¸åÚÊçQ·fËoÖ]×�¸x¾UËo¸

g
Ú�Á�ÖVÄ®¸MÁ|Â=¿Êæ{·|ä{¸±ÚÊç®·[Ç

ûV¾U·{Ö�ÚÊ¸�Ùf·|Ë®ÖYÁ�¸Ê¾YË®¸�¸Ê¾Y·J¿9·Õ·9ü�Ú�ÁÃ¸±Á�Ëo¸~Øa·kË®ÁÃ¸�Ä®ÖV·q·JØ�·{Ù�·JÖO¸�ÄtÅ
C
º�Á{Ë®Û

z∗
º~Á|ÂYä|¾�¸x¾UËo¸

∀y ∈ B
º

f(y) 6= z
Ç1ý�ÄoÉ�ÁÃÚÊÖ]ä|·

g◦f
Ú�Á�ÁÃÂ[âdâYÄQÁ{·|×�¸ÍÄ�½|·EÁÃÂ=¿Êæ{·kä{¸åÚÊçQ·�¸ÜÄ[ÄQºXÚÊ¸�Ù�·|Ë®ÖYÁ�¸x¾UËo¸

∀z ∈ C
º
∃x ∈ A

ºÁÃÂYäk¾'¸Ê¾YË®¸
z = g(f(x))

ÇqþJÖqâUËo¿Ã¸±ÚÑä{Â=Ø�Ëo¿|ºXÅJÄ®¿
z∗ ∈ C

º
∃x∗ ∈ A

ºEÁÃÂYäk¾'¸Ê¾YË®¸
z∗ = g(f(x∗))

Ç¶G·{¸
y∗ = f(x∗)

ÇE»EÛÕ×�·ÑÿMÖYÚÊ¸åÚÑÄ®Ö'ÄtÅ
f
º
y∗ ∈ B

Ç�û]¾Y·J¿k·ÑÅJÄo¿9·Ãº
∃y∗ ∈ B

º1ÁÃÂYäk¾�¸Ê¾YË®¸
z∗ = f(y∗)

ºÉ�¾ÀÚÑä|¾�ä|ÄoÖY¸å¿9Ëd×oÚÑäJ¸±Á
g
Ö]Äo¸�½|·JÚÊÖ���ÁÃÂ=¿Êæ{·|ä{¸±ÚÊç®·SÇ���·ÕäkÄoÖ]ä{ØãÂY×d·�¸x¾UË®¸~Â=Ö]×�·J¿f¸x¾U·�Ë®Á|Á|Â=Ù�â]¸åÚÑÄ®Ö�¸Ê¾YË®¸

g ◦ f
Ú�Á�ÁÃÂ=¿Êæ{·|ä{¸±ÚÊç®·Ãº

g
Ú�Á5Ö]·|ä|·ÃÁ|Á{Ë®¿ÃÚÊØãÛ�Á|Â=¿Êæ{·|ä{¸±ÚÊç®·�¸ÜÄ[ÄdÇ

� �´¤��	�
¨J©Õ¤�¥J¨|��
  À¢�£���¤�¥d¦
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N × N
Ú�Á�äkÄoÂ=ÖY¸ÍËd½{Ø�·[Ç

�������������������! "#�$����%��& (')�*��+�%!��"#�&�!�-,.�$/
x 6∈ X

,10�2
f
 (01�������! "#�43

⇒ f(x) 6∈ X 576 0�28�!����0:9�'* (0����<;=�> 0��4;?/@;=�A��B�'��C+�%��4"#��27 �D3�9E�!�-,.�
f(x) ∈ f(X)

9E�!����0F �A����0G�!%!,12� (���*'H��B�%C,1'*'*B�I<+��* (��0&�*�-,.�J/
x 6∈ X

,10�2
f
 (' (01�������* "#�43 5�6 'K'*�G��0�,1'=��B�%=,1'!'*B�I<+L�* (��0M ('N����0#�!%*,12� (���!��2:9- �KI<��,10�'O�*��,.� ¬(x 6∈ X)

��%
¬(f

 ('� (01�������! "#�
) 5OP B��'! (0����Q;=� > 0��4;H9��#RM�#RL+S�1�!����'* ('� (0M�!�� ('K+�%�����T(��IU9#�*��,.�

f
 ('� (01�!�����! "#�#9G�!����0�;K�C2���2�B����C�!�-,.�

¬(x 6∈ X)
9G;Q�� (�*� ('

x ∈ X 5

V



Î L]ÏÑÐ�PS¯±LOT7\DéGr�c9nUr®z�l9nYbol~b�ci`{l
E
uac��JrdhYy�l|bo�U_a`d}Ypdrdh�sthYcil�nYbQ��`�l9r�c9nUr®z�lknYb®lElknU`{jk`5`J÷=u�ctl�b�Uu st`S�Ãlku���`�vxhUyY�Ãlku�r�yq�O`{ltz7`S`{y

E
bdyY�

N
�MèÀrfnU`Sj9`�}=z7`5bdj9`��dr�u�yU��l9r�lkj9p�bdyY�
�=`J�YyY`�b��Uu st`S�Jl9ua�d`vxhUyY�Jl9uardyq�O`{ltz7`S`{y

N × N
boyY�

N
�

ë�`{l
f : N × N → N

�]`��=`J�YyY`S�qbdc;vxr�_�_ar®zEc{ê

∀(x, y) ∈ N × N, (x, y) 7→ y + (0 + 1 + 2 + 3 + ... + (x + y)) = y +

x+y
∑

i=0

i

òEr®z5}Àz;`�nYbQ��`Dl9r��Ujkr®�d`DlknYb®l;l9nUu�cMvxhUyY�Ãlku�r�yÕu�c;b��Uu st`S�Jl9ua�d`~vxhUyY�Ãlku�r�y��1é�nU`Sj9`�bojk`~c9`{�d`Sjkbd_Uz�bQpÀcl9rf�Ujkr®�d`~l9nYbol
f
u�cEb��Uu st`S�Ãlku���`�vxhUyY�Jl9uardy�}YbdefrdyU��zDnUu��|n�ê

•
c9nUr®zWlknYb®lEu�lEu�c�u�y®st`[�Ãlku���`�boyY�qc9hUjÑst`[�Ãlku���`

•
c9nUr®zWlknYb®l

∀n ∈ N
}
|f−1({n})| = 1

�
Wm`f�|nUrÀr�c9`�lknU`fci`[�JrdyO��rd�Ul9uardy�}-boyO��z;`��Ujkr®�d`�uwl��Àp�cinUr®zDuayU��lknYb®l

∀n ∈ N
}Vl9nU`Sj9`�`J÷=u�ctl|c~bhUyUuYX�hU`5`{_a`{ef`{y�l

(x, y)
rov

N × N
c9hY�|nÕl9nYbol

n = f(x, y)
�

y = n − (0 + 1 + · · · + a)
boyO�

x = a − y

zDnU`{jk`
a
u�c;l9nU`5hYyUuZX�hU`5`S_�`Se�`Sy�l�rdv

N
c9hY�|n�lknYb®l[ê

(0 + 1 + · · · + a) ≤ n < (0 + 1 + · · · + a + (a + 1))

e�bogÀu�yY��lknÀhYc
y
bdyY�

x
hYyUuZX�hU`��

[ \ �D¥J¤���¨{£�©Õ�+ �¢�£���¤�¥�¦
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KMLO¯±TVPS°®µ�¶�·{¸
E
½|·�Ë~ÿMÖYÚÊ¸Í·�ÁJ·{¸ÍÌ

E = {e1, . . . , en}
º�·{¸;Øa·J¸

R
½|·�Ëq½{ÚÊÖ]Ë®¿ÃÛ¿9·{Ø�Ë®¸åÚÑÄ®Ö�ÄoçQ·{¿

E
Ç_�f·�ä|Ë®Ö'¿9·Íâ]¿9·JÁ{·JÖO¸

R
ÂÀÁÃÚÊÖ���Ë

n × n
Ù�Ë®¸å¿ÃÚwüdº;Á{ËoÛ

MR

º�É�¾YÄQÁ{·�·{Ø�·{Ùf·{ÖY¸±Á½|·JØ�ÄoÖ:��¸ÜÄ
{0, 1}

º1Ë®ÖV×�Ëo¿9·�×�·ÑÿMÖ]·|×�Ë®Á1ÅJÄ®ØÊØ�ÄoÉõÁJÌ
mi,j =

{

1
Ú Å

ei R ej

0 otherwise

ù Ç&`�·JÁJä{¿ÃÚÑ½|·
MR

ÚÊÖ�ä|ËQÁ{·SÌ
a Ë�b

R
Ú�Á�ËfÁÃÛ®Ù�Ù�·{¸±¿ÃÚÑä|Ë®Ø�¿9·{Ø�Ë®¸åÚÑÄ®Ö

a ½�b
R
Ú�Á�Ë�¿9·!cD·9ü�ÚÊç®·�¿9·{Ø�Ëo¸±ÚÑÄoÖ

ú Ç5È]Â[âdâYÄQÁ{·qÛdÄoÂö¾YË®ç®·�¸åÉMÄ�¿9·{Ø�Ë®¸åÚÑÄ®ÖYÁÓÄ®ç®·J¿
E
º�Á{ËoÛ

R
ËoÖ]×

R′
º�¾YÄ®ÉBä|Ë®Ö�ÛdÄoÂìä|Ä®Ù�â]Â=¸Í·[Ì

MR−1

º
M

R

Ç
Î L]ÏÑÐ�PS¯±LOT7\
²OîaR-î�óÜv

R
u�c�b�c9pÀe�ef`{l9jkua�5jk`{_�b®lku�r�y�}Uu�l�ef`SbdyYcDlknYb®l~b�cEc9r�r�y�bdc

(e, e′)inR
}Ol9nU`Sy

(e′, e) ∈ Rl9rÀrY�?ëG`Jl
MR(i, j)

�]`~lknU`��JrÀ`Gd��{u�`Sy�l;rdvGl9nY`
MR

jk`{�Ujk`Sc9`{y�lku�yU��zDnU`JlknU`{j
(e, e′)inR

rdj�yUrdlS�

�



é�nU`{yG}Duwv
MR(i, j) = 1

}Du�l�ef`SbdyYc�lknYb®l
(e, e′) ∈ R

}�bdyY�íl9nY`{jk`Jvxrdjk`
(e′, e) ∈ R

zDnUua�|nl9j|boyYc9_�b®l9`Õu�y�l9nU`qe�b®lkj9u�÷öbdc
MR(j, i) = 1

�_eD`{��`{j|ci`S_�p�}?uwv
MR(i, j) = 0

}1u�l�ef`[boyYc�l9nOb®l
(e, e′) 6∈ R

}�boyY��l9nU`Sj9`{vxrdjk`
(e′, e) 6∈ R f rolknU`{jkzDu�ci`
z7`�z;rdhY_a��nYbQ�d` (e, e′) ∈ R

l9rÀrY};�ÀpcipÀefef`Jlkj9phgÃ}=zDnYua�|n
l9j|boyOci_�b®lk`~uay
l9nU`5e�b®lkj9u�÷Õb�c
MR(j, i) = 0

�
��cEb�jk`Sc9hU_�lS}

∀i, j
}
MR(i, j) = MR(j, i)

}UzDnYua�|n
ef`SboyOc�l9nYbol
MR

uacDc9pÀe�ef`{l9jkua�d�
²Oîji7î7óÜv

R
u�c7b5jk`#kO`J÷=u���`Ejk`{_�b®l9uardyG}�u�l7ef`SbdyYcMl9nYbol

∀e ∈ E
}
(e, e) ∈ R

�1é�nUuacMl9j|boyOci_�b®lk`Sc?uay�lknU`e�b®l9jku�÷�bdc
∀i
}
MR(i, i) = 1

�õé�nU`Sj9`{vxrdjk`
MR

uac7b5e�b®lkj9u�÷�zDnUr�ci`~�=uabd�dr�yYbo_U�{rdy�lkbdu�yYc1rdyU_ap ð c{�
Ò-îml�ua�d`Sy

MR

}-z;`�yY`{`S��l9rq�=`J�OyU`�b�lkjkbdyYctvxr�j9e�bol9uardyql9r
�d`{l
MR−1

bdyY�
M

R

��ë�`Jl5hYc���r�Ybd�|g�l9r�l9nU`��U`J�YyUu�l9uardyOcDrov
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