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Abstract. We present an optimization algorithm that combines active
learning and locally-weighted regression to ﬁnd extreme points of noisy
and complex functions. We apply our algorithm to the problem of
interferogram analysis, an important problem in optical engineering
that is not solvable using traditional optimization schemes and that
has received recent attention in the research community. Experimental
results show that our method is faster than others previously presented
in the literature and that it is very accurate for the case of noiseless
interferograms, as well as for the case of interferograms with two types
of noise: white noise and intensity gradients, which are due to slight
missalignments in the system.
Keywords: Optimization, active learning, instance-based learning,
locally-weighted regression

1

Introduction

Optimization in poorly modelled, noisy and complex domains is an important
problem that is faced in many scientiﬁc and engineering areas. In such domains, traditional optimization algorithms, such as the Simplex method [1] or
the Levenberg-Marquardt algorithm [2], do not yield satisfactory results and
are usually very sensitive to the starting search points provided by the user.
For these reasons, non-traditional optimization algorithms, including simulated
annealing [3], genetic algorithms [4,5], evolution strategies [6,7] and hybrid
evolutionary-classical algorithms [8], have been proposed. While good results
have been reported, the running times of these algorithms are often high, and
they are not well suited to all domains. Thus, more eﬃcient and complementary
algorithms are desirable.
In this paper we propose an eﬃcient algorithm to perform optimization in
complex domains. Our algorithm is based on the observation that the candidate
solutions generated by an optimization algorithm, which are normally discarded
by both traditional and non-traditional schemes, can be used as a training set
for a learning algorithm, which in turn can predict the parameters of an optimal
solution to the problem. An advantage of this approach is that, if we want to
ﬁnd the solutions to several similar problems, we can process them concurrently
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and integrate all the candidate solutions in a single training set. Since the training set is continuously changed, we need a learning algorithm that requires a
small training time. Instance-based learning algorithms, whose training consists
of simply storing the training data, fulﬁll this requirement. In our work we used
the locally-weighted regression algorithm [9], an instance-based learning algorithm that has been found to yield similar accuracy as neural networks in many
application domains while preserving the short training times inherent to this
class of methods.
We illustrate our method with an application to the problem of interferogram
analysis, which has received recent attention in the literature. This is an interesting domain, as there are published attempted solutions using both traditional
optimization schemes and evolutionary algorithms [10,11].
The organization of the remainder of this paper is as follows. In Section
2 we describe the proposed optimization algorithm, the main contribution of
this paper. Section 3 presents background material about interferometry, the
application area we use to illustrate the algorithm. Section 4 gives details about
the adaptation of the algorithm to the problem. Section 5 shows the main results,
and Section 6 presents conclusions and suggests directions for future work.

2

Outline of the Optimization Algorithm

We are interested in the problem of ﬁnding the parameters of a known analytic
function that best match an observation. Let o be the observed (multidimensonal) variable, let f (x) be a function with the same dimensionality as o. The
goal of the optimization procedure is to obtain the value of x that minimizes
|o − f (x)|. Typically, this problem is solved by an iterative process: in iteration
i we generate xi , evaluate the target function |o − f (xi )| and based on the value
of the target function, as well as its ﬁrst and second derivatives (if they are
available), we generate the next candidate value xi+1 , which is expected to be
closer to the optimum.
This work deals with the problem where we have several observations o1 , . . . ,
on , and we want to ﬁnd the vectors x1 , . . . , xn that minimize the errors ei =
|oi − f (xi )|. Clearly, this can be solved by solving the n optimization problems
separately. However, we propose a method to solve the problem more eﬃciently,
posing it as a learning problem, where a learning algorithm learns the inverse
function f −1 (x). The training set used by the algorithm is formed by the pairs
of values f (xi ), xi  previously generated in the search, its test set consists of the
values o1 , . . . , on and it outputs an estimate of x1 , . . . , xn that is expected to
minimize e1 , . . . en . When a new set of solutions x1 , . . . , xn is proposed by the
algorithm, we compute their corresponding f (x1 ), . . . , f (xn ) and use the new
pairs f (xi ), xi  to augment the training set, and continue this iterative process
until convergence is attained. Since this type of active learning adds to the
training set examples that are progressively closer to the points of interest, the
errors are guaranteed to decrease in every iteration. The outline of the algorithm
can be described by the following pseudocode:
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1. Generate randomly an initial set of values x1 , . . . , xm and compute their
corresponding f (x1 ), . . . , f (xm ).
2. Let R = {f (x1 ), x1 , . . . , f (xm ), xm } be the initial training set.
3. Let T = o1 , . . . , on be the test set.
4. While T is not empty
a) Train an approximator A using R as training set
b) For each oi ∈ T
i. Generate A(oi )
ii. R = R ∪ {f (A(oi )), A(oi )}
iii. If |oi − f (A(oi ))| < threshold, remove oi from T .
Here, A(oi ) can be seen as the best current guess for the value of x such
that f (x) = oi . For the algorithm to be eﬃcient, we need to minimize the time
taken to train A. This can easily be done if we use an instance-based learning
algorithm, such as the locally-weighted regression algorithm (explained in the
next subsection). The other potentially time consuming step is the application
of A to compute A(oi ), as it normally takes time proportional to the size of
the training set to ﬁnd the nearest neighbors of each example in the test set.
However, since the algorithm is applied repeatedly to the same test set, we can
cache the nearest neighbors of each example in the test set, and every time the
training set is augmented (step 4.b.ii) we can check if the example added to the
training set becomes a nearest-neighbor of any of them.
2.1

Locally-Weighted Regression

Locally-Weighted Regression (LWR) belongs to the family of instance-based
learning algorithms. In contrast to most other learning algorithms, which use
their training examples to construct explicit global representations of the target function, instance-based learning algorithms simply store some or all of the
training examples and postpone any generalization eﬀort until a new instance
must be classiﬁed. They can thus build query-speciﬁc local models, which attempt to ﬁt the training examples only in a region around the query point. In
this work we use a linear model around the query point to approximate the
target function.
Given a query point xq , to predict its output parameters yq , we ﬁnd the k
examples in the training set that are closest to it, and assign to each of them
1
a weight given by the inverse of its distance to the query point: wi = |xq −x
.
i|
Let W , the weight matrix, be a diagonal matrix with entries w1 , . . . , wn . Let X
be a matrix whose rows are the vectors x1 , . . . , xk , the input parameters of the
examples in the training set that are closest to xq , with the addition of a “1”
in the last column. Let Y be a matrix whose rows are the vectors y1 , . . . , yk ,
the output parameters of these examples. Then the weighted training data are
given by Z = W X and the weighted target function is V = W Y . Then we use
the estimator for the target function yq = xq T (Z T Z)−1 Z T V.
Thus, locally weighted linear regression is very similar to least-squares linear
regression, except that the error terms used to derive the best linear approximation are weighted by the inverse of their distance to the query point. Intuitively,
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this yields much more accurate results than standard linear regression because
the assumption that the target function is linear does not hold in general, but
is a very good approximation when only a small neighborhood is considered.

3

Interferometry

Interferometry is a laboratory technique very commonly used to test the quality
of optical systems. To perform interferometry, two beams, one passing through
a reference surface and the other passing through the test surface, are combined
and made to interfere, which results in a pattern, called interferogram, that
characterizes the quality of the test surface. A schematic diagram of a simple
interferometer is shown in ﬁgure 1. Experienced technicians can diagnose the
ﬂaws of the test surface by careful analysis of the interferogram, however, this
is a time consuming task, and when there is a need to analyze more than a few
interferograms, it becomes impractical. Thus, there is a need for techniques to
automate this process.
The problem of automatically characterizing an interferogram has received
recent attention in the literature. This is a diﬃcult problem, and traditional optimization schemes based on the least-squares method often provide inconclusive
results, specially in the presence of noisy data [12,13]. For this reason, nontraditional optimization schemes, such as evolutionary algorithms, have been
proposed to solve this problem [11]. While evolutionary algorithms provide very
accurate results in the case of both noiseless and noisy data, their running time is
high, taking several minutes to analyze a single interferogram. Clearly, if we need
to analyze a large number of interferograms, this approach becomes unfeasible.

Fig. 1. A simple interferometer
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Interferogram Simulation

To obtain the simulated interferograms we use Kingslake’s formulation [14],
where the intensity in the interferogrametric image is given by
I(x, y) = cos(

2π
W (x, y)) + G(x, y) + N (x, y)
λ

(1)

where λ is the wavelength of the light source, N is white noise which we represented as a random number obtained from a Gaussian distribution with zero
mean, G is a noise term due to slight missalignments in the system and appears
in the image as an intensity gradient and can be deﬁned by three parameters
γ1 , γ2 and γ3 :
G(x, y) = γ1 + γ2 x + γ3 y
(2)
W (x, y) is the optical path diﬀerence (OPD) between the reference and test
surfaces, and it is represented by a polynomial using the Seidel aberration formulation:
W (x, y) = A(x2 + y 2 )2 + By(x2 + y 2 ) + C(x2 + 3y 2 ) + D(x2 + y 2 ) + Ey + F x (3)
where A is the spherical aberration coeﬃcient, B, C and D are the comma
coeﬃcient, astigmatism and defocusing coeﬃcients, respectively, E is the tilt
about the y axis, and F is the tilt about the x axis.
Clearly, it is easy to obtain an interferogram I given the vector of aberration coeﬃcients v = [A, B, C, D, E, F ] and the vector of intensity gradients
γ = [γ1 , γ2 , γ3 ]. However, we are interested in the inverse problem, that is, obtaining the vector of aberration coeﬃcients and intensity gradient from the corresponding interferogram, which, as mentioned before, is a very diﬃcult optimization problem. The following section will describe our proposed solution to
this problem.

4

Automated Interferogram Analysis

The problem of ﬁnding the parameters that characterize an optical system is
known as interferogram analysis. In this section we show the application of our
proposed optimization method to the problem of interferogram analysis.
4.1

Preprocessing

The input to our system is a set of interferograms and the output is a vector of
aberration and gradient coeﬃcients that characterize them. Before we apply the
optimization algorithm, we can greatly reduce the dimensionality of the learning
task using a principal component analysis preprocessing stage to compress the
high-dimensional interferograms into a more manageable size with minimal loss
of information.
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Principal Component Analysis. The formulation of standard PCA is as
follows. Consider a set of m vectors v1 , v2 , . . . , vm , where the mean object of
the set is deﬁned by
m
1 
µ=
vi
(4)
m i=1
Each object diﬀers from the mean by the vector
θi = vi − µ

(5)

Let A = [θ1 , θ2 , . . . , θm ]. C, the covariance matrix, is given by
C=

m 
m


θi θjT = AAT

(6)

i=1 j=1

The principal components are then the eigenvectors of C. If we sort these
eigenvectors by decreasing order of their corresponding eigenvalues, a projection
onto the space deﬁned by the ﬁrst k eigenvectors (1 ≤ k ≤ m) is optimal with
respect to information loss. That is, let P be the matrix whose columns are the
ﬁrst k eigenvectors of C, then the optimal projection of vi is given by
pi = P T θi
4.2

(7)

Optimization Algorithm

The algorithm to perform automated interferogram analysis can be described
as follows. First we generate randomly k parameter vectors xo . . . . , xk , where
xi = [Ai , Bi , Ci , Di , Ei , Fi , γ1i , γ2i , γ3i ] contains aberration and gradient coeﬃcients. For each xi we construct the corresponding interferogram I(xi ) applying
equations 1, 2 and 3. Then we perform PCA on a matrix J = [I(x1 ), . . . , I(xk )],
obtaining P , the matrix of principal components, and µ, the mean vector, as described in 4.1. The projection of each interferogram into the eigenspace is then
given by pi = P T (I(xi ) − µ). We can now use the set of pairs Rpi , xi  as initial
training set to the algorithm.
Given a set of test T1 , . . . Tm interferograms, we ﬁrst project them to the
eigenspace created in the previous step, ti = P T (Ti − µ), and we give these
projections as the test set to the learning algorithm described in Section 2.

5

Experimental Results

In this section we describe the experiments performed with our optimization
algorithm applied to the problem of predicting the vectors of aberration coeﬃcients and intensity gradients. First, we generated a thousand aberration vectors,
a thousand intensity gradient vectors and their corresponding interferograms,
using an 81 by 81 resolution. For this experiment we dealt with noiseless interferograms (that is, the noise terms G and N were set to zero). Using principal
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Table 1. Mean Absolute Errors for Simulated Interferograms
Coeﬃcients Mean Absolute Standard
Error
Deviation
A
0.0011
0.0010
B
0.0015
0.0011
C
0.0006
0.0005
D
0.0010
0.0009
E
0.0002
0.0002
F
0.0004
0.0005

Table 2. Mean Absolute Errors for Noisy Simulated Interferograms
Coeﬃcients Mean Absolute Standard
Error
Deviation
A
0.1109
0.1525
B
0.0887
0.0829
C
0.0398
0.0697
D
0.0591
0.0506
E
0.0250
0.0526
F
0.0463
0.0800
γ1
0.0080
0.0023
γ2
0.0100
0.0024
γ3
0.0030
0.0010

component analysis we reduced the dimensionality of the task, keeping 47 eigenvectors, which preserve about 95% of the information in the original data. Then
we randomly divided the data into ten equally sized subgroups, one group was
used for testing and the remainder nine were considered the training set. Ten different experiments were performed, each one using a diﬀerent group for testing.
We repeated this procedure ten times, and the overall average are the results
presented here. Table 1 shows averaged mean absolute errors and standard deviations for each aberration coeﬃcient. As the experimental results show, our
method is very accurate with the simulated interferograms. On average, each
interferogram took 1.6 seconds to process, which is much faster than the results
reported in recent works dealing with the same problem. For example, [11] reports that evolution strategies took about 3 minutes to ﬁnd the parameters of
each interferogram, using the same resolution and similar computing hardware.
Real data always pose the challenge of managing noise. In order to evaluate
the noise sensibility of our method, we performed experiments on interferograms
with simulated noise, using both Gaussian noise and an intensity gradient, as described in Section 3. Table 2 shows errors in aberration coeﬃcients and intensity
gradients. In Figure 2 we can see a visual comparison between noisy interferograms and the interferograms obtained from the predicted aberrations. It can be
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Fig. 2. The top row shows ﬁve of the interferograms used for testing and the bottom
row shows the best matches found by the algorithm. Columns a and b show noiseless
interferograms; it can be seen that the matches found by the algorithm are virtually
undistinguishable from the test interferograms. Columns c, d and e show noisy interferograms; the matches found by the algorithm show almost identical interferograms,
except that the noise has been removed.

v=[0.0075, 0.9828, 0.3476, 0.9111, 0.7766, 0.6230]
g=[0.5107, 0.0952, 0.4488]

ë

v=[0.2599, 0.6640, 0.4712, 0.6017, 0.7768, 0.6484]
g=[0.5126, 0.1033, 0.4441]

ì

v=[0.0947, 0.6604, 0.3861, 0.8701, 0.7392, 0.7010]
g=[0.4948, 0.0899, 0.4504]

í

v=[−0.0636, 0.9671, 0.3147, 0.8135, 0.7396, 0.6983]
g=[0.5065, 0.1181, 0.4404]

î

v=[0.0253, 0.9851, 0.3501, 0.9008, 0.7766, 0.6254]
g=[0.5119, 0.0967, 0.4480]

ï

Fig. 3. A detailed trace of the optimization algorithm using a noiseless interferogram as
input. The test interferogram is shown in a; b shows the result of applying LWR using
only the original (randomly generated) training data. Figures c and d show successive
approximations given by the algorithm as it iterates toward a solution, ﬁnally, the best
result found is shown in e.

seen that our method’s performance was not damaged by the noise in the test
data. For this case, due to the fact that the parameter space is increased, the
running time is also increased, taking 9 seconds to ﬁnd the optimal parameters
of each interferogram, on average. As this is, to the best of our knowledge, the
ﬁrst attempt to approximate interferograms using a noise model that is more
complex than simple Gaussian noise, we cannot compare our results with previous approaches, however, the running time is still much smaller than that taken
by the method that only deals with noiseless interferograms.
In Figure 3 we present a detailed execution trace of the algorithms, using
a randomly chosen noiseless test example. We can see how the algorithm is
gradually converging to a set of parameters that generate an interferogram that is
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v=[0.0700, 0.5399, 0.2463, 0.9663, 0.4242, 0.1268]
g=[0.0085, 0.5667, 0.5331]

v=[0.4919, 0.0390, 0.2585, 0.8460, 0.4442, 0.1864]
g=[−0.0082, 0.5599, 0.5376]

j



v=[0.3515, −0.1045, 0.2156, 0.9694, 0.4141, 0.1957]
g=[0.0027, 0.5646, 0.5350]
k

v=[0.1383, 0.0614, 0.2980, 0.7862, 0.4723, 0.1597]
g=[−0.0206, 0.5318, 0.5463]
n

v=[0.0689, 0.5567, 0.2385, 0.9780, 0.4197, 0.1136]
g=[0.0108, 0.5678, 0.5329]
p

Fig. 4. A detailed trace of the optimization algorithm using a noisy interferogram as
input. The test interferogram is shown in a; b shows the result of applying LWR using
only the original (randomly generated) training data. Figures c and d show successive
approximations given by the algorithm as it iterates toward a solution, ﬁnally, the best
result found is shown in e.

virtually undistinguishable from the test interferogram. Figure 4 shows a similar
trace, except that the input is now a noisy interferogram. The output of the
algorithm is again an almost exact match to the test interferogram, except that
the noisy has been eliminated.

6

Conclusions

In this paper we have presented an optimization algorithm that has a very strong
feature: the ability of extending the training set automatically in order to best ﬁt
the target function for the test data. There is no need for manual intervention,
and if new test instances need to be classiﬁed the algorithm will generate as
many training examples as needed.
We have shown experimental results of the application of our method to solve
the problem of, given a large set of interferograms, ﬁnding their corresponding
vectors of aberration coeﬃcients. The method yields very accurate results, even
in the presence of noise, and also, it is faster by two orders of magnitude than
other methods introduced earlier.
Present and future work includes:
– Testing the method using real interferograms.
– Extending the algorithm to handle higher-order aberrations.
– Testing the applicability of the method to other optimization problems in
optics, as well as in other areas of science.
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