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Parallel Algorithms That Locate Local
Extrema of a Function of One Variable From

Interval Measurement Results
Karen Villaverde, Vladik Kreinovich

Abstract— The problem of locating local
maxima and minima of a function from ap-
proximate measurement results is vital for
many physical applications: in spectral anal-
ysis, chemical species are identified by locat-
ing local maxima of the spectra; in radioas-
tronomy, sources of celestial radio emission
and and their subcomponents are identified
by locating local maxima of the measured
brightness of the radio sky; elementary par-
ticles are identified by locating local maxima
of the experimental curves. In [17], a sequen-
tial algorithm was proposed that solves this
problem in linear time (i.e., in time ≤ Cn,
where n is the number of measurements and
C is a constant that is independent on n). In
this paper, we propose parallel algorithms that
find local maxima and minima in polylog time
(≤ C log2(n) on n processors, and ≤ C log(n) on
n2 processors).

I. Introduction

The problem of locating local maxima and minima
of a function f(x) from approximate measurement
results is vital for many physical applications (for
details, see [17]):

• in spectral analysis, chemical species are identi-
fied by locating local maxima of the spectra;

• in radioastronomy, sources of celestial radio
emission and and their subcomponents are
identified by locating local maxima of the mea-
sured brightness of the radio sky;

• elementary particles are identified by locating
local maxima of the experimental curves.

In all these cases, we know the results y1, ..., yn
of measuring the (unknown) function f̄(x) for some
values x1, ..., xn, and we know the accuracy ε of the
measuring instrument (i.e., we know that
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|f̄(xi)− yi| ≤ ε for all i).
In some real-life cases, we may have additional

information about f̄ : We may know a formula that
describes the unknown function f̄(x); e.g., in opti-
cal spectroscopy, we often know that the spectrum is
a linear combination of several Gaussian functions:
f̄(x) =

∑
ci exp((x−ai)

2/σi) (where the parameters
ci, ai, and σi are a priori unknown). In this case, we
can find the parameters of this function f̄ from the
measurement results, and then use the explicit for-
mula for f̄ to describe the local extrema. In addition
of the accuracy, we may also know statistical charac-
teristics of the measurement errors yi−f̄(xi). In this
case, we can use statistical methods to describe the
possible locations of local extrema. In many impor-
tant cases, however, we do not have any additional
information (see, e.g., [1], [15]): we do not know the
shape of f̄(x), and we do not know the probabilities
of different errors. In these cases, the only infor-
mation that we have is the values xi in which f̄(x)
was measured, the measured values yi, and the ac-
curacy ε. The only information we thus have about
the value f̄(xi) of the (unknown) function f̄(x) is
that it belongs to an interval [yi − ε, yi + ε]. We
can express this fact by saying that we have inter-
val measurement results.
For interval measurement results, there are meth-

ods that locate local extrema, (see, e.g., [14], [3],
[13], [6]), but these methods do not give a guaran-
teed location of the extrema. In [17], we proposed
a linear-time sequential algorithm for locating local
extrema, i.e., an algorithm whose running time is
bounded by Cn, where n is the number of measure-
ment results. For sequential algorithms, this is as
fast as we can get, because we have proved in [17]
that every sequential algorithm that finds local ex-
trema must take at least linear time. However, for
large n (in practical problems, n can be in thou-
sands), this linear time may still be too long. Since
we cannot make it faster on a sequential computer,
the natural solution is to make several computers
work in parallel. In this paper, we propose parallel
algorithms that find local extrema in polylog time
(≤ C log2(n) on n processors, and ≤ C log(n) on n2
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processors).
A similar algorithm was first announced in [16].

II. Description of the Problem in
Mathematical Terms

Before we describe the algorithms, let us describe
the problem in mathematical terms (in these defini-
tions, we are basically following [17]).

Definition 1. Suppose that for some integer n,
we are given n real numbers x1 < ... < xn, n real
numbers y1, ..., yn, and ε > 0. By a function interval
we mean the set F of all continuous functions f(x)
such that for all i = 1, ..., n, f(xi) ∈ Ii = [y−i , y

+
i ],

where y−i = yi − ε and y+i = yi + ε.

Remark. This definition is a slight modification of
the one originally proposed by R. E. Moore (see,
e.g., [7], Section 5.1; [8], Section 2.5).

Definition 2. We say that a function f(x) attains
a local maximum at a point x0 if there exists an
interval [x−, x+] such that x− < x0 < x+, and
f(x0) ≥ f(x) for all x ∈ [x−, x+]. Likewise, we
say that a function f(x) attains a local minimum
at a point x0 if there exists an interval [x−, x+]
such x− < x0 < x+, and f(x0) ≤ f(x) for all
x ∈ [x−, x+].

Definition 3. Suppose that a function interval F
is given. We say that an interval I contains a local
maximum of F if all functions f ∈ F attain a local
maximum at some point from I. We say that an
interval I contains a local minimum of F if all func-
tions f ∈ F attain a local minimum at some point
from I.

Main Problem: to generate intervals I1, ..., Ik that
contain local maxima and local minima.

Remarks.

• There exist various algorithms that locate the
global maxima of an intervally defined function
(see, e.g., [8], [2], [12], [9]). However, the input
for these methods is very different: namely, an
expression for the function. Besides, for these
algorithms, local maxima are the main obstacle
that has to be overcome (and not the desired
result). For these two reasons, we cannot apply
these algorithms to locate all local maxima.

• Evidently, if I contains a local maximum, then
any bigger interval J ⊃ I also contains it. We
want to find the smallest possible locations I.
In other words, we want an optimal interval es-
timate in the sense of [10] and [11] (see also
[5]). Let’s describe this demand in mathemati-
cal terms.

Definition 4. Suppose that a function interval F
is given. We say that intervals I and J contain the

same local maximum if there exists an interval K
that contains a local maximum and such thatK ⊆ I
and K ⊆ J . We say that a list I1, ..., Ik locates all
local maxima if any other interval I that contains a
local maximum, contains the same interval as one
of these Ii.

Definition 5. Suppose that a function interval F
is given. We say that an interval I locates the lo-
cal maximum (precisely), if I contains a local max-
imum, and no proper subinterval I ′ ⊂ I contain it.

Similar definitions can be repeated for local min-
ima. Taking this into consideration, we can refor-
mulate the main problem as follows:

Main Problem: to locate all local maxima and lo-
cal minima precisely.

III. Auxiliary Result: Testing Whether an
Approximately Given Function Can Be

Monotonic

Before locating local extrema, it is necessary to
know whether the unknown function has any local
extrema at all or it is monotonic. In other words,
it is necessary to solve the following problem: given
a function interval F , is it possible that a function
f ∈ F is monotonic? This problem is sometimes
of a separate interest for physical applications. Its
solution is also used as a method to accelerate the
global optimization algorithms (see, e.g., [12], Sec-
tion 3.11). A linear-time algorithm for solving this
problem was given in [17].

THEOREM 1. Suppose that we have p proces-
sors working in parallel. Then, there exists an al-
gorithm that given a function interval F of size n,
returns “yes” if and only if this interval contains a
monotone non-decreasing function. This algorithm
requires C(n/p) + C log(p) computation time.

Comments

1) For readers’ convenience, all the proofs are
moved to the last section.

2) In particular, if we have n processors, we get
the following result:

COROLLARY 1. There exists an algorithm that
given a function interval F of size n, returns “yes”
if and only if this interval contains a monotone non-
decreasing function. This algorithm uses n proces-
sors and requires C log(n) computation time.

For non-increasing functions, the results are sim-
ilar:

THEOREM 2. Suppose that we have p proces-
sors working in parallel. Then, there exists an al-
gorithm that given a function interval F of size n,
returns “yes” if and only if this interval contains a
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monotone non-increasing function. This algorithm
requires C(n/p) + C log(p) computation time.

COROLLARY 2. There exists an algorithm that
given a function interval F of size n, returns “yes”
if and only if this interval contains a monotone non-
increasing function. This algorithm uses n proces-
sors and requires C log(n) computation time.

IV. Main Results

THEOREM 3. There exists an algorithm that
uses n2 processors and locates all local maxima and
all local minima precisely in time ≤ C log(n) (for
some constant C).

Comment. We can prove that for a certain class
of algorithms, ≈ n2 processors is a lower bound.
Indeed, according to [17], an interval (xk, xl) is a
possible location of the local maximum iff there ex-
ists an i such that k < i < l such that yk < yi − 2ε,
yl < yi − 2ε, and for all j from k + 1 to l − 1,
yj ≥ yi − 2ε and yi ≥ yj − 2ε. These inequalities
make perfect sense if we take into consideration the
fact that the actual value f̄(xi) of the function f̄(x)
for x = xi can be ε−different from yi, so:

• the inequality yk < yi−2ε is the one that guar-
antees that f̄(xk) < f̄(xi), and

• the inequality yk ≥ yi − 2ε is equivalent to the
possibility that f̄(xk) ≥ f̄(xi).

So, in principle, in order to find the local maxima,
we do not need to know the actual values of yi: it
is sufficient to know whether yi ≥ yj − 2ε or not
for different i and j. It turns out that if we allow
only this checking, then we do need at least ≈ Cn2

processors:

PROPOSITION 1. There exists an algorithm
that locates all local maxima and all local minima
of a function, and whose only access to the data yi
is a possibility to check, for any pair (i, j), whether
yi < yj − 2ε.

PROPOSITION 2. Every algorithm that locates
all local maxima and all local minima of a function,
and whose only access to the data yi is a possibility
to check, for any pair (i, j), whether yi < yj − 2ε,
requires at least n2/4 total computation steps.

COROLLARY 3. Every algorithm that locates all
local maxima and all local minima of a function in
time ≤ O(logp(n)), and whose only access to the
data yi is a possibility to check, for any pair (i, j),
whether yi < yj−2ε, requires at least C ·n2/ logp(n)
processors.

Comment. If we do not impose this restriction on
the algorithm, then we can locate the local extrema
by using n processors:

THEOREM 4. There exists an algorithm that

uses n processors and locates all local maxima and
all local minima precisely in time ≤ C log2(n) (for
some constant C).

V. Proofs

The proofs will be given in the following order: The-
orems 1, 2, 4, 3, and then, Propositions 1 and 2.

A. Proof of Theorem 1

According to [17], a function interval contains a
monotone non-decreasing function iff for every i <
j, we have yj ≥ yi− 2ε. Since we have p processors,
we can divide the values y1, ..., yn into p groups:
from 1 to r = ⌈n/p⌉, from r + 1 to 2r, ..., from
(p − 1)r + 1 to n. To each group, we can apply
a linear-time algorithm described in [17], and check
(in time ≤ C(n/p)) whether yj ≥ yi−2ε for all i < j
that belong to one of the intervals (1, r), (r+1, 2r),
..., ((p−1)r+1, n). If one of these checks reveals that
there is a non-monotonicity, then the entire function
is not monotonic. If, however, all the checks are pos-
itive, then in order to check whether the given func-
tion interval contains a non-decreasing function, we
must check whether the inequality yj ≥ yi − 2ε is
true for all i < j that belong to different intervals
(1, r), (r + 1, 2r), ..., ((p− 1)r + 1, n).
The inequality yj ≥ yi − 2ε is true for all i ∈ A

and j ∈ B iff it is true for the smallest of yj and for
the largest of yi, i.e., if the inequality

min
j∈B

yj ≥ max
i∈A

yi − 2ε

holds. So, to check this inequality, we must compute
for each interval (1, r), (r+1, 2r), ..., ((p−1)r+1, n),
the maximum and the minimum over this inter-
val. Computing the maximum and minimum re-
quires linear time Cr = C(n/p). Therefore, com-
puting these maxima and minima in parallel will
take ≤ C(n/p) time.
As a result of these computations, we have p min-

ima m1, ...,mp and p maxima M1, ...,Mp. To ver-
ify that a given function interval contains a non-
decreasing function, we must check that whenever
i < j, we have mj ≥ Mi − 2ε. We can perform this
checking as follows:

• First, we divide p values into p/2 pairs: 1 and
2, 3 and 4, ... For each pair (i, i+ 1), we check
whether mi+1 ≥ Mi − 2ε. If all these checks
return “yes”, then we have thus verified the in-
equality yj ≥ yi − 2ε for all i < j from the
double intervals (1, 2r), (2r + 1, 4r), ... As a
result, instead of p intervals, we now have p/2
double intervals, on each of which monotonicity
condition is checked.

• To continue checking for monotonicity, we must
now check that the yj ≥ yi − 2ε is true for i
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and j from different double intervals. This is
equivalent to checking that

min
j∈B

yj ≥ max
i∈A

yi − 2ε

is true for double intervals A and B. To ver-
ify that inequality, we must compute the max-
imum and minimum over each double interval.
This is easy to do: the maximum over a dou-
ble interval is simply the maximum of the two
values: the maximum over the first subinterval,
and the maximum over the second subinterval.
Similarly, it is easy to compute the minimum
over the double subintervals. The time for com-
puting min and max for each double interval is
equal to the time necessary for two elementary
operations (computing one max and one min).

• After that, we have p/2 double intervals. For
each of these double intervals, we have already
computed the maximum M̃a and the minimum
m̃a. Now, we must check that if a < b, then
m̃b ≥ M̃a − 2ε. This problem is similar to the
one that we started with, with the only dif-
ference that we now have p/2 pairs of values
(m̃a, M̃a) instead of p pairs. So, we can ap-
ply a similar approach: grouping the double-
intervals into p/4 double-double intervals. This
doubling will result in p/4 values, to which we
will again apply doubling, etc. After each it-
eration, we will have checked the desired in-
equality yj ≥ yi − 2ε for all i < j that belong
to one merged interval. After ≈ log(p) itera-
tions, we will combine all the intervals into one.
Therefore, after the last iteration, we will have
checked the desired inequality for all i < j.

This procedure requires ≈ log(p) iterations, and
constant time on each iteration. Therefore, the time
required for checking is ≤ C log(p). So, the total
computation time of the algorithm is ≤ C(n/p) +
C log(p). Q.E.D.

B. Proof of Theorem 2

The algorithm is similar, with the only difference
that for i < j, instead of yj ≥ yi − 2ε, we must
check yi ≥ yj − 2ε.

C. Proof of Theorem 4

We will describe an algorithm that locates local
maxima. Local minima can be located similarly.
According to [17], to locate local maxima, it is
sufficient to find the largest values yi that are lo-
cated inside the corresponding local maxima inter-
vals. As we have proved in [17], these values can be
characterized by the following condition: for some
k < i < l, yk < yi − 2ε, yl < yi − 2ε, and for all in-
termediate j (i.e., k < j < l), yi−2ε ≤ yj ≤ yi. The

resulting interval (xk, xl) locates the local maximum
precisely. In our parallel algorithm, we will follow
the similar idea: find i’s and the corresponding k’s
and l’s.
In our algorithm, we will use n processors to han-

dle n values y1, ..., yn (i−th processor will handle
i−th value). Before we start data processing, the
only values xi that we can immediately rule out as
potential locations of the local maxima are the end-
points (x1 and xn). So, we can say that all other
values xi are potential locations of the largest val-
ues inside the local maximum intervals. We will
apply the iterative “sieve” to delete those values xi

that are not, and eventually, we will only have the
desired locations. On each iteration, we will have
some locations marked as desired ones, and some
other locations marked as candidates for the desired
locations. Initially, none are marked as desired, and
all n are marked as candidates. On each iteration,
the number of candidates will decrease at least in
half. Therefore, the required number of iterations
will be ≤ log(n).
Let us describe each iteration. In the beginning

of each iteration, we have some values yi marked
as candidates, and some values marked as desired
(with the corresponding k and l in place). Let us
denote the locations of these candidates, of the de-
sired values, and of the values 1 and n (that will be
used for comparison), by i1 < i2 < ... < ic (here,
c denotes the total number of such locations; so,
i1 = 1, and ic = n). On each iteration, we will
only compare each candidate yip with its immediate
neighbors in this list (i.e., with yip−1 and yip+1), and
with the values that are in between this candidate
and its immediate neighbors in this list. Depending
on the results of these comparisons, we have seven
possibilities:

• If there exist a k such that ip−1 ≤ k < ip and
yk < yip − 2ε, and an l such that ip < l ≤ ip+1

and yl < yip−2ε, then the largest of such k and
the smallest of such l form the desired location
of one of the local maxima. This ip will then
be marked as desired, and the corresponding
interval (xk, xl) outputted.

• If for all k from ip−1 to ip, we have yk ≥ yip−2ε,
ip−1 was a candidate, and yip > yip−1 , then
ip−1 is no longer a candidate (because it must
belong to the same interval of local maximum
as ip, and the value yip is larger than the value
yip−1 for the former candidate ip−1).

• If for all k from ip−1 to ip, we have yk ≥ yip−2ε,
and yip ≤ yip−1 , then ip is no longer a candidate

Indeed, a candidate must be ≥ than all
the values in its vicinity, until we arrive at
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really smaller values (i.e., smaller than the
value of the candidate −2ε). Here, for ip,
none of the points from ip to ip−1 are “re-
ally smaller” in this sense, so ip−1 should
also belong to what we called the “vicin-
ity”. If yip−1 > yip , then we have a vio-
lation of the condition that yip should be
the maximum in its vicinity. If yip−1 = yip ,
then the indices ip−1 and ip describe the
same local maximum (if they describe the
maximum at all), so, we will only keep the
smaller one ip−1 as a candidate.

• If for all k from ip−1 to ip, we have yk ≥ yip−2ε,
and ip−1 = 1 (i.e., p − 1 = 1 and p = 2), then
ip is no longer a candidate (because for a point
ip to be a location of the local maximum, it
must have a preceding point xk in which yk <
yip − 2ε.

• Similarly, if for all l from ip to ip+1, we have
yl ≥ yip −2ε, ip+1 was a candidate, and yip+1 ≤
yip , then ip+1 is no longer a candidate.

• If for all l from ip to ip+1, we have yl ≥ yip −2ε,
and yip+1 > yip , then ip is no longer a candi-
date.

• If for all l from ip to ip+1, we have yl ≥ yip −2ε,
and ip+1 = n (i.e., p + 1 = c and p = c − 1),
then ip is no longer a candidate (because for a
point ip to be a location of the local maximum,
it must have a following point xl in which yl <
yip − 2ε).

On each iteration, out of each pair of neighboring
candidates, either one of them becomes a desired
location (and is thus no longer a candidate), or one
of them stops being a candidate. In both cases,
after each iteration, out of each pair of candidates,
no more than one candidate survives.

If a candidate’s immediate neighbors in the list
i1 < ... < ic are not candidates, then after the itera-
tion, this candidate either becomes a desired value,
or is dropped from this list as a non-candidate. In
both cases, it stops being a candidate.

So, the total number of candidates is decreased at
least in half.

To describe each iteration, we must explain how
this checking of the conditions on k and l is per-
formed. Let us describe checking for k (checking for
l is similar).

• For every k from ip−1 to ip, we set a variable vk
to be equal to k if yk < yip − 2ε, and to 0 oth-
erwise. Then, we compute the maximum of all
these values vk. It is well known how to com-
pute maximum of N numbers on N processors
in ≈ log(N) steps [4]:

• on the first step, we divideN numbers into

N/2 pairs, and compute the maximum of
each pair; thus, we get N/2 results;

• on the next step, we divide these N/2 re-
sults intoN/4 pairs, and for each pair, find
the largest of the corresponding maxima;
this will give us N/4 results, each of them
is the maximum of four consequent values;

• the same “bisection” is to be repeated
again and again, so that we are left with
N/8, N/16, ..., N/2s, ... values. After
s ≈ log(N) steps, we get a single value
that is equal to the desired maximum.

To make this algorithm clear, let us give an
example. Suppose that we start with 8 val-
ues v1, ..., v8. Then, on each step, we will
end up with computing the values Mi,j =
max(vi, vi+1, ..., vj) until we compute the de-
sired maximum.

• First, we divide eight numbers into four
pairs, and compute four values M1,2 =
max(v1, v2), M3,4 = max(v3, v4), M5,6 =
max(v5, v6), M7,8 = max(v7, v8) on 4 dif-
ferent processors in parallel.

• On the second step, we divide the result-
ing four values into two pairs, and com-
pute M1,4 = max(M1,2,M3,4) and M5,8 =
max(M5,6,M7,8) on two processors in par-
allel.

• On a third step, we are left with only one
pair, so, we can compute the desired result
M1,8 = max(M1,4,M5,8).

• If the maximum of vk is equal to 0, this means
that in between ip−1 and ip, there are no k for
which yk < yip − 2ε. If this maximum m is not
zero, this means that such k exist, and m is the
largest of these values.

To check for l, we must compute the minimum of
non-zero values of vk instead of the maximum of all
vk.
By applying this method, we can tell which of the

seven above-described cases we have. On each iter-
ation, processing one candidate requires log(N) ≤
log(n) steps. On each iteration of this algorithm,
each processor i that lies in between ip−1 and ip is
only used twice: for checking k for ip, and for check-
ing l for ip−1. So, the total running time for each
processor on each iteration is ≤ 2 log(n).
Totally, there are ≤ log(n) iterations, and each

(as we have just shown) requires ≤ 2 log(n) steps.
Therefore, the total computation time is ≤ 2 log2(n)
steps on n processors. Q.E.D.

Example. Let us trace this algorithm on a follow-
ing “wave-like” example: n = 11, ε = 1, y1 = −1,
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y2 = 0, y3 = 1, y4 = 2, y5 = 1, y6 = 0, y7 = −1,
y8 = 0, y9 = 1, y10 = 2, y11 = 1.

• Initially, all 11 points are candidates for a max-
imum so, c = 11, i1 = 1, ..., i11 = 11. There are
no intermediate points between ip−1 and ip, so
the only reason for dismissing a candidate ip
would be if yip < yip+1 or yip < yip−1 . These
conditions enable us to delete all the points ex-
cept for i = 4 and i = 10 from the list of can-
didates. So, after the first iteration, only two
candidates remain: i = 4 and i = 10.

• On the second iteration, the list of i1, ... must
contain the desired values (none yet), candi-
dates (only two remain), and the end points.
So, we have c = 4 points: i1 = 1, i2 = 4,
i3 = 10, and i4 = 11, out of which two are
candidates: 4 and 10. For both candidates, we
check for k and for l:

• For i2 = 4, checking for k leads to v1 = 1
(since y1 = −1 < y4 − 2 = 2 − 2 = 0),
v2 = 0 (because y2 = 0 ≥ y4 − 2 = 0),
v3 = v4 = 0. Therefore, max(vk) = 1 ̸= 0.

• For i2 = 4, checking for l leads to v4 =
v5 = v6 = 0, v7 = 7, v8 = v9 = v10 = 0.
Here, the only non-zero value is 7, so, the
smallest of these non-zero values is also
equal to 7. Hence, l = 7, and we have got
one desired value i = 4, and one maximum
interval (x1, x7).

• For i3 = 10, checking for k leads to v7 = 7
and vi = 0 for i ̸= 7 so, max vk = 7.

• For i3 = 10, 1 = y11 ≥ y10−2ε = 2−2 = 0,
so there are no l with the desired property,
and i4 is the endpoint. Hence, i3 is no
longer a candidate.

• No more candidates are left, so, the process
is completed. We have located the only local
maximum interval: (x1, x7).

Similarly, we can locate the only interval for local
minimum: (x4, x10).

D. Proof of Theorem 3

We will describe an algorithm that locates local
maxima. Local minima can be located similarly.

In this algorithm, we will use n2 processors. Each
processor will correspond to a pair (i, j), 1 ≤ i, j ≤
n. This algorithm consists of the following stages:

• On the first stage, for all i < j, we com-
pute Mi,j = max(yi, yi+1, ..., yj) and mi,j =
min(yi, yi+1, ..., yj). Let us explain how the val-
uesMi,j are computed (the valuesmi,j are com-
puted in a similar manner, with min instead of
max). This will be done as follows:

• On the first sub-stage of this stage, we
compute max(y1, ..., yn) using an algo-
rithm described in the proof of Theorem
4. This algorithm requires log(n) time on
n processors. So, we can use processors
(i, i), 1 ≤ i ≤ n. During these computa-
tions, we will compute the values Mi,j for
all pairs i, j for which i = p · 2q + 1 and
j = (p+ 1) · 2q for some integers p and q.

• Then, each processor (i, j) will compute
the value Mi,j as follows: We represent
the interval between i and j as the union
of the intervals for which Mi,j has already
been computed on the first sub-stage, and
compute Mi,j as the maximum of all these
computed values. Suppose that n = 2d (if
n ̸= 2d for any integer d, then we take the
smallest d for which 2d ≥ n). To get the
desired representation as a union, we first
check whether the interval (i, j) contains
the entire interval 1, 2d = n. If it does, the
problem is solved. If it does not, we check
if the desired interval (i, j) contains one
of the intervals of size 2d−1 ((1, 2d−1) and
(2d−1 + 1, 2d)), etc. If it does not, then
we go to the next iteration. If it does,
then on the next iteration, we represent
the remainder. This remainder consists of
at most two intervals; the left one has a
right end divisible by 2d−1, and the right
one has a left end equal to 1 + p · 2d−1 for
some integer p. Therefore, on the next it-
eration, these endpoints will coincide with
the endpoints of pre-computed intervals,
and so, for each of the remaining intervals,
only one remainder will be formed. As a
result, on each iteration, we have at most
2 remaining intervals. The number of it-
erations is d = log(n), therefore, we need
≤ C log(n) steps to compute the values
Mi,j . Similarly, we need ≤ C log(n) steps
to compute the values of mi,j . Hence, this
stage requires time ≤ C log(n).

To clarify this algorithm, let us trace it
on the following example: assume that
n = 16, and we want to compute the
value M2,9. Here, values computed on
the first stage are: Mi,i = yi for all i,
M1,2, M3,4, M5,6, M7,8, M9,10, M11,12,
M13,14, M15,16, M1,4, M5,8, M9,12, M13,16,
M1,8, M9,16, M1,16, and d = 4. On the
first iteration, we check whether the in-
terval (1, 16) is contained in the given in-
terval (2, 9) = {2, 3, 4, ..., 8, 9}. It is not,
so we go to the next iteration, on which
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we check whether intervals (1, 8) or (9, 16)
are contained in (2, 9). Again, the an-
swer is “no”. Next, we check intervals
of length 4, and we find an interval (5, 8)
that is contained in (2, 9). The difference
between (2, 9) and (5, 8) consists of two
disjoint intervals (2, 4) and (9, 9). On the
next step, we check whether any of the re-
maining intervals contains one of the pre-
computed intervals of length 2: it does, we
have (3, 4), and the remainder is (2, 2). As
a result, we represent (2, 9) as the union
(2, 9) = (2, 2)∪(3, 4)∪(5, 8)∪(9, 9). There-
fore, M2,9 = max(M2,2,M3,4,M5,8,M9,9).

• On the second stage, each processor (i, k) with
i > k checks whether the following three condi-
tions are true:

• yk < yi − 2ε,

• yi ≥ yj for all j from k to i, and

• yj ≥ yi − 2ε for all j = k + 1, ..., i− 1.

This checking can be simplified if we take into
consideration the following two facts:

• The second condition is equivalent to

yi ≥ max(yk, yk+1, ..., yi) = Mk,i.

• The third condition is equivalent to

yi − 2ε ≤ min(yk+1, ..., yi−1) = mk+1,i−1.

Since we have already computed the valuesmi,j

andMi,j on the first stage, this checking is done
in two steps:

• checking whether yk < yi − 2ε;

• checking whether yi ≥ Mk,i;

• checking whether yi − 2ε ≤ mk+1,i−1.

If all three conditions are satisfied, then the
value k is sent to the processor (i, i). The only
case when the processor (i, i) gets a number
k > i is when k is the lower bound of the lo-
cal maximum location interval that contains i.
Since there can be only one such interval, each
processor (i, i) can receive only one such num-
ber.
Similarly, each processor (i, l) with i < l checks
whether the following three conditions are true:

• yi − 2ε > yl;

• yi ≥ yj for all j from i to l; and

• yj ≥ yi − 2ε for all j = i+ 1, ..., l − 1.

The second condition is equivalent to

yi ≥ max(yi, yi+1, ..., yl) = Mi,l.

The third condition is equivalent to

yi − 2ε ≤ min(yi+1, ..., yl−1) = mi+1,l−1.

So, since we have already computed the values
mi,j and Mi,j on the first stage, this checking
is done in three steps:

• checking whether yl < yi − 2ε;

• checking whether yi ≥ Mi,l; and

• checking whether yi − 2ε ≤ mi+1,l−1.

If all three conditions are satisfied, then the
value l is sent to the processor (i, i).

• Finally, if a processor (i, i) has received both
values k (< i) and l (> i), this means that the
interval (xk, xl) is the desired (smallest) loca-
tion of the local maximum. So, the pair (k, l) is
sent to the processor (k, l) (the processor (k, l)
may receive several identical pairs (k, l) from
several processors i). The processors (k, l) that
have received such pairs output the intervals
(xk, xl) to the user.

The last two stages require constant number of
steps for each processor; therefore, they require con-
stant time. Hence, the total computation time is
≤ C log(n) for some C. Q.E.D.

E. Proof of Proposition 1

This Proposition is an immediate corollary of the
above-mentioned result from [17]: we can simply
check whether yi > yj − 2ε for all i and j, and then
find all the triples (i, k, l) with the desired (above-
described) property.

F. Proof of Proposition 2

Let us first show that if for the values y1 = ... =
yn = 0, an algorithm U misses (i.e., does not check)
two pairs (k, i) and (l, i) with k < i < l, then this
algorithm does not always locate the local maxima
correctly. Indeed, the correct answer for this partic-
ular set of values is “no local maxima”, because all
comparisons lead to “no” (i.e., to yi ≥ yj−2ε). How-
ever, let us consider another set of values z1, ..., zn
that is defined as follows: zk = zl = −(3/2)ε,
zi = (3/2)ε, and zj = 0 for all other j (j ̸= i,
j ̸= k, and j ̸= l). For any pair (p, q) other than
(k, i) or (l, i), the answer to the check is still “no”
(yp ≥ yq − 2ε). Since the algorithm U only checks
these pairs, it will return the same answer as for the
sequence y1, ..., yn: “no local maxima”. However,
one can easily check that for z1, ..., zn, there is a
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local maximum: its precise location is the interval
(xk, xl).

This argument shows that if an algorithm returns
the precise locations of all local maxima, then it
must check at least one pair ((k, i) or (l, i)) of each
triple k < i < l. Let’s fix an i that is different from
1 and n. If we do not check (l, i) for at least one
l > i, then we have to check (k, i) for all i−1 values
k < i. Therefore, for each i, we have one of the two
possibilities:

• We check (l, i) for all l > i; this means n − i
checks.

• We do not check (l, i) for some l > i. Then,
we have to run i − 1 checks for of (k, i) for all
k < i.

In the first case, we need ≥ n − i checks. In the
second case, we need ≥ i− 1 checks. In both cases,
we need ≥ min(i − 1, n − i) checks. Totally, for all
i, we thus need at least

S =
n−1∑
i=2

min(i− 1, n− i)

checks (and since each check requires at least one
computation step, we need at least as many com-
putation steps). Let us estimate this sum. The in-
equality i− 1 ≤ n− i is equivalent to i ≤ (n+1)/2.
Therefore, this sum can be divided into two partial
sums:

S =
∑

2≤i≤(n+1)/2

(i− 1) +
∑

(n+1)/2<i≤n−1

(n− i).

The first sum is 1 + 2 + ...+ p, where

p = ⌊(n+ 1)/2⌋ − 1.

Therefore, this first sum is equal to p(p+ 1)/2, and
since p ∼ n/2, we have p(p+1)/2 ∼ n2/8. Similarly,
the second sum is equal to ∼ n2/8, so, the original
sum S ∼ n2/4. Hence, we need at least ∼ n2/4 com-
putation steps to locate all local maxima precisely.
Q.E.D.
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