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Interval Methods for Presenting
Performance of Financial Trading Systems

Guido Deboeck, Karen Villaverde, Vladik Kreinovich

Abstract— Even successful financial funds
do not always grow monotonically; one in a
while small downfalls happen. These down-
falls are perceived badly by potential cus-
tomers. So, it is desirable to present the his-
tory of the fund’s behavior as the sum of a
monotonic trend and of a fluctuating stochas-
tic part. The smaller the stochastic part, the
larger the trend. So, in the best presentation
corresponds to the smallest stochastic part.
In this paper, we describe algorithms that
produce the best presentation.

I. FORMULATION OF THE PROBLEM IN INFORMAL
TERMS

Even successful finanical funds do not always grow
monotonically: once in a while small downfalls hap-
pen. These downfalls (underwater periods) are per-
ceived badly by potential customers. So, it is desir-
able to present the history of the fund’s behavior as
the sum of a monotonic trend and of a fluctuating
(stochastic) part.

The smaller the stochastic part, the larger the
trend. So, the best presentation corresponds to the
smallest stochastic part. The problem of finding the
best presentation was formulated in [1].

In this paper, we describe algorithms that pro-
duce the best presentation.

II. How THIS PROBLEM IS RELATED TO
INTERVAL COMPUTATIONS

Our problem is: given a function, to find the close
monotonic one. A similar problem has been consid-
ered and solved in [4, 3, 5]: Suppose that we have
an unknown physical dependency y(x). We measure
y for x = zq,...,x,, and get measurement results
U1, .-, Un. Measurements are never absolutely accu-
rate. Therefore, from the fact the measured value
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is ¢;, we can conclude that the actual value of y(x;)
belongs to the interval [§; — A, §;+A], where A is the
accuracy of the measuring instrument that is guar-
anteed by the manufacturer of this instrument. The
problem is: given x;, 7;, and A, to check whether it
is possible that the actual dependency is monotonic,
and, if the dependency is definitely not monotonic
(i.e., if it always has local extrema), to find possible
locations of these local extrema.

Our new problem is different from this one: we do
not know A, and we want the resulting monotonic
dependency not only to approximate the process,
but to be always below the actual values. However,
we can modify methods from [4, 3, 5] to solve this
problem as well.

III. FORMULATION OF THE PROBLEM IN
MATHEMATICAL TERMS

Definition.

e By a price sequence, we mean a sequence y of
n real numbers yi, ..., Yn.

e By a presentation of a sequence y, we mean a
sequence z = (21, ..., 2, ) such that:

o z; <y for all ¢, and
e 2; is non-decreasing, i.e., z; < z; for i < j.
e By a stochastic part of the presentation, we

mean

mlax(yi —zi).

e The presentation z of a sequence y is called the

best if its stochastic part is the smallest possi-
ble.

PROBLEM:

Given: a price sequence y.

To find: the best presentation for y (and to esti-
mate its stochastic part).

IV. SOLUTION AND ALGORITHMS

PROPOSITION 1. For every price sequence, its
best presentation is z; = min(Yi, Yit1, s Yn)-

This formula leads to a natural linear-time al-
gorithm (i.e., an algorithm whose running time is
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bounded by the linear function C' - n of the size of
the input):

PROPOSITION 2. There exists a linear-time al-
gorithm that computes both the best presentation and
its stochastic part.

If we have several processors that can work in
parallel, then we can compute the stochastic part
faster:

PROPOSITION 3. There exists an algorithm
that given a price sequence y, returns the stochastic
part of its best presentation. This algorithm uses n
processors and require C -log(n) computation time.

PROPOSITION 4. There exists an algorithm
that, given a price sequence y, returns the best pre-
sentation z fory. This algorithm uses n® processors
and requires C -log(n) computation time.

V. PROOFS
A. Proof of Proposition 1
The sequence z; = min(y;, Yit1,---,Yn) IS a pre-

sentation: its monotonicity is evident, and from
z; = min(y;, ...) < y;, it follows that z; < y;.

Let us show that z is the best presentation. In-
deed, let t; be any other presentation. Then, t; < y;
for all 4. Since t; is non-decreasing, we also have
t; < t; for all j > i. But for these j, we have
t; < y;. Therefore, t; < y; for all j > ¢, ie., all
the values y;, ¥i+1, ..., Yn are bounds for ¢;. Hence,
t; is bounded by the smallest of these bounds, i.e.,
t; < min(y;, Yir1s - Yn) = 2. From t; < z;, we
can conclude that for every i, y; — z; > y; — t; and
therefore, max(y; — z;) < max(y; —t;). So, z indeed
has the smallest stochastic part and is therefore, the
best presentation. Q.E.D.

B. Proof of Proposition 2

To formulate this algorithm, we must slightly refor-
mulate the result of Proposition 1: namely, we can
expres it as z;—1 = min(z;,y;—1). This reformula-
tion enables us to formulate the desired linear-time

algorithm:
To get z;, we process the values y; in the inverse
order: Y, Yn—1, ..., y1. After processing each num-

ber y;, we will have z; and the current estimate sp
for the stochastic part.

e We start with 2z, = y,, and sp = 0.
e If we already have z; and sp, and we read the
next value y;_1, then we compute

zi—1 = min(2;, yi-1),
and update the value of sp as follows:

sp := max(sp, Yi—1 — Zi—1)-

After we have processed all the numbers, sp will
take the desired value. Each processing requires a
constant number of steps, so, the total computation
time is linear. Q.E.D.

C. Proof of Proposition 3

To explain this algorithm, we need a different re-
formulation of the result of Proposition 1. Namely,
the stochastic part sp is defined as the largest of the
numbers y; —z; = y; —min(y;, Yit1, -, Yn ). Inversion
changes the order, so,

*min(ymyiﬂ, 7yn) = maX(*yz‘, “Yid1y ey *yn),
and hence,
Yi — 2i = max(Yi — Yi, Yi — Yit1s - Yi — Yn);

i.e., y; —2; is the largest of 0 and the numbers y; —y;
for i < j. The desired value sp is the largest of
all such maxima, so, it is the largest of 0 and all
differences y; — y; for all i < j:

sp = max[0, max (y; — y;)].
1,7:1<J
So, in order to compute sp, it is sufficient to be able
to compute the value

A = max (y; — y;)-
1,7:1<]
From A, we can compute sp in one computation
step: sp = max(0, A).

This new reformulation enables us to parallelize
the computation of A. Indeed, suppose that we have
divided the time interval P = {1,2,...,n} into two
parts:

e part P, that contains all the moments from 1
to some k, and

e part P, that contains all the moments from k+1
to n.

We can now divide the pairs (7,7) with ¢ < j into
three groups, depending on what part ¢ and j be-
long to (the fourth group with ¢ € P, and j € Py,
contains no pairs, because every element of P; is
smallesr than every element form Ps):

®i,j€ P

e 1€ P,and j € Py;

i jE Py

Therefore, we can represent A as
A:maX(A(Pl),Alg,A(PQ)), (1)
where we have denoted:

A(Py) =

max

i,jePl:i<j(yi ~ )
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Ay = )
12 z-e?f%’épg(yl Yi);
A(P,) = ).
(Po) =, jmax (i =)

In the formula for Ais, we omitted the condition
t < j, because this condition is always true for i €
P; and Jj € Ps.

The formula for A5 can be reformulated as fol-
lows: the largest value of the difference is attained
if the number y; from which we subtract takes the
largest value, and the number y; that is subtracted
takes the smallest possible one. Therefore,

Ajo = maxy; — min y;. 2
iep, ' jep, 7 @)

Substituting (2) into (1), we get the following for-
mula:

A(P) = max(A(Pr), M(P1) —m(P,), A(P)), (3)

where the values

M(P) =m ;
(P) ie%} Yi
and

i = 1 -

can be computed as follows:
M(P) = max(M(Py), M(P,)); (4)

m(P) = max(m(Py), m(P)). (5)

Formulas (3-5) enable us to reduce the problem
of computing A, M, and m for an interval of size
n to computing similar values for the two halves (of
size n/2). Computation of both halves can be done
in parallel. We can therefore use this bisection to
parallelize the computation of A (this bisection is
one of the standard parallelization tricks, see, e.g.,
2)).

The actual parallel algorithm is as follows:

e First, we divide n elements into groups of
two:  (1,2), (3,4), ..., and for each group
G = (i,i + 1), we compute the minimum
m(G) = min(yy, yi+1), the maximum M(G) =
max(y1,Yi+1), and A(G) = y; — yi+1. These
computations are done simultaneously on n/2
processors.

e Then, we group these pairs into groups of four
elements, and use formulas (3-5) to compute
the values of m, M, and A for each group
of four (based on the known values for pairs).
These computations are also done in parallel.

e Then, we group these groups of four into groups
of 22 = 8, etc.

On k—th stage, we get groups of size 2. So, after
~ log,(n) stages, we get the desired A(P) for the
original price sequence y.

Each stage requires a constant time, so, the to-
tal time of this algorithm is bounded by a constant
times the number of stages, i.e., by C-log(n). Q.E.D.

Comment. If we do not have n processors, and we
only have p, then, we can start with p groups of
size n/p, for each of which we compute A, M, and
m, using a linear time algorithm from Proposition
1. For this modification, similarly to [5], we get the
following result:

PROPOSITION 5. Suppose that we have p pro-
cessors working in parallel. Then, there exists an
algorithm that, given a price sequence y of size n,
computes the stochastic part of y. This algorithm
requires C(n/p) + C'log(p) computation time.

D. Proof of Proposition 4

The stochastic part can be computed as in Proposi-
tion 3.

As for the best presentation itself, in [5], we
have described how use n? processors to compute
min(y;, Yit1,...,y;) for all ¢ and j in < C - log(n)
time. In partcular, this algorithm enables us to
compute the desired values z; = min(y;, Yitr1, -, Yn)-
Q.E.D.
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