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1. INTRODUCTION
1.1. WHY UNIVERSAL APPROXIMATION

In some cases, fuzzy rule based model needs tuning. If we have
applied some version of fuzzy rule based modeling, and the resulting model
is satisfactory, great. But sometimes, the resulting model is not of very high
quality:

— we may have misinterpreted some of the expert’s rules;
— we may have missed some of the important rules.

So, to improve the quality of the resulting model, we must either:

— re-interpret the existing rules, or
— ask the experts for extra rules.
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Before we start tuning, we want to make sure that tuning will
help. In order to make sure that this “tuning” will always help, we must
guarantee that by appropriate tuning, we will be able to change the initial
(not very successful) model into a successful one.

To guarantee that the fuzzy rule based modeling methodology will work
in all possible situations, we must make sure that every possible system
can be obtained by applying the fuzzy rule based modeling methodology
to appropriate rules.

Measurements are never 100% accurate, hence, it is sufficient to
approximate the desired system. Realistically, measurements are never
absolutely precise, hence, we do not need to model the system ezactly; it is
quite sufficient to be able to approrimate the system, within the measure-
ment accuracy €, by using appropriate if-then rules.

Mathematical reformulation of the desired property: universal
approximation. In more mathematical terms, we want to guarantee that,
given an arbitrary function u(z1,...,z,), and an arbitrary positive real
number ¢ > 0, we will be able to find a function @(z1,...,z,) generated by
fuzzy rule based modeling methodology that is e-close to the original func-
tion u(z1, ..., z,). In mathematics, this ability of approximate an arbitrary
function with an arbitrary accuracy is called a universal approzimation
property.

In this chapter, we will briefly review the universal approximation re-
sults for fuzzy rule based modeling methodology. This chapter is not in-
tended as an exhaustive survey of different universal approximation results;
our (slightly less ambitious) goal was to overview all possible approaches.
Because of this, our bibliography is far from being complete.

Also, this chapter is intended to be more an exposition of ideas, rather
than technical details; the readers who are interested in technical details
should refer to the papers that we cite in this survey.

The paper is structured as follows: we start with the main universal
approximation results. Then, we describe auxiliary approximation results;
in particular, we analyze when it can be guaranteed that the approximating
model has the desired properties (such as smoothness). Other auxiliary
universal approximation results include:

— systems that use additional expert information (e.g., if-then rules that
describe the system and if-then rules that describe the control);
— systems that use unusual logical connectives; and
— approximation results that take the learning process into consideration
(i.e., mainly, for fuzzy neural networks).
These universal approximation results are theoretically valid, but these
results do not always lead to a practical fuzzy model:
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— they do not take into consideration inevitable inaccuracy in the input
data, and, besides,
— they may require unrealistically many rules.

So, next, we describe the known method of making the approximation re-
sults more realistic.

In this chapter, we describe many different variants of fuzzy rule based
modeling methodology. The natural question is: which of these variants
should we use? One natural requirements is that the chosen variant must
have a universal approximation property. However, since practically all vari-
ants have this property, this requirement need to be supplemented by the
comparison of the quality of the corresponding approximations. We can also
go one step back and ask: when should we use fuzzy rule based modeling
methodology at all, and when are other intelligent modeling methodologies
(such as neural network modeling) better? The answers to these comparison
questions is given in the last two sections of this chapter.

2. MAIN UNIVERSAL APPROXIMATION RESULTS

2.1. UNIVERSAL APPROXIMATION PROPERTY FOR THE ORIGINAL
MAMDANI APPROACH

Before we describe the universal approximation results, let us briefly recall
the main formulas of fuzzy rule based modeling methodology (see Chapter
1 for the detailed description).

Rules. Fuzzy rule-based modeling methodology starts with expert “if-
then” rules, i.e., with rules of the following type:

If 21 is A{ and z9 is Ag and ... and z, is A{;, then u is B,
where z; are parameters that characterize the system’s input, u is the out-

put, and A7, BJ are the natural language terms that are used to describe
the 5" rule (e.g., “small”, “medium”, etc).

Comment. One of the main applications of fuzzy rule based modeling
methodology is fuzzy control, when we want to simulate the control ap-
plied by expert human controllers. In such control applications, the output
u describes applied control.

Mamdani’s transformation. The value u is a proper value for the output
if and only if one of these rules is applicable.

Thus, the property “u is a proper output” (which we will denote by
C(u)), can be, therefore, described as follows:
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C(u) = (Af(z1) & Ad(z2) & ... & Al (z,,) & B (u))V
(A2(z1) & A2 (x2) & ... & A2 (z,,) & B%(u))V

(AK(z1) & AR (20) & ... & AK (z,,) & BE (u))

“And” and “or” operations. The natural language terms are described
by membership functions, i.e., we describe A} (z) as p!(z) € [0, 1], and B’ (u)
as pj(u).

The logical connectives & and V are interpreted, in this context, as
operations fg and fy on truth values. The most frequent choices of these
operations are min(a, b) and a-b for fg(a,b), and max(a,b) and a+b—a-b
for fy(a,b)!.

After these interpretations, we can form the membership function for
the output:

UC(u) = .fV(pla' .- 7pK)a

where
pj = fepin (1), pj2(w2), - - - pgn(@n), pj(w)))-

Defuzzification. The model must return a single output value u. An op-
eration that transforms a membership function into a single value is called
a defuzzification. To complete the fuzzy rule based modeling methodology,
therefore, we must apply some defuzzification operator F' to the member-
ship function pc(u) and thus obtain the crisp output value o = fo(x)
that corresponds to = (z1,...,zy). The most widely used defuzzification
procedure is centroid defuzzification

Ju-pc(u)du
S po(u)du

The above formulas can be further simplified if we only allow fuzziness
in the inputs, and require the outputs of each rule to be crisp (i.e., to be
numbers). In other words, we only allow rules of the type:

u =

If 2 is A] and z5 is A} and ... and =, is A7, then u = u;.

For such rules, the above methodology leads to

- T Us
0= 2T U ’

2T

!Sometimes, the term “Mamdani approach” is used only for the case when fz (a,b) =
min(a,b). The use of fg(a,b) = a-b is called Larsen approach, after the author of the
paper [1] that described the first successful applications of this “and” operation.
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where
i = fe(pg,1(21), i 2(22)s - - o s fijn(2n))-

Who was the first. As successful fuzzy models and fuzzy controls were
found for more and more systems, the belief grew that fuzzy rule based
modeling methodology is indeed a universal approximation tool.

This belief was explicitly formulated, e.g., by the authors of [18] who
showed experimentally that an arbitrary function serving as a control strat-
egy can be well approximated by fuzzy controllers.

Several different universal approximation results expressing this belief
were formulated and proved, almost simultaneously, in 1990-92 papers by
J. Buckley, Z. Cao, E. Czogala, D. Dubois, M. Grabisch, J. Han, Y. Hayashi,
C.-C. Jou, A. Kandel, B. Kosko, J. Mendel, H. Prade, and L.-X. Wang?. In
the following text, we will describe what each of these authors proved.

Universal approximation result for arbitrary inputs. Bart Kosko,
in [20], analyzed the most general case of fuzzy rule based modeling, in
which the input z is not necessarily a finite sequence of real numbers (i.e.,
not necessarily z € R™), but an element of an arbitrary compact set X.
He has shown (see also [19], [21], [22], [23], [24], [26], [25]) that for an
appropriate choice of an aggregation (V) operation (namely, for f, = +),
and for fg(a,b) = a-b, an arbitrary continuous function f : X — R defined
on an arbitrary compact X can be approximated by functions that result
from fuzzy if-then rules of the type “if A(z) then B(u)”, where z € X,
A(z) is a fuzzy property (fuzzy subset) of a compact X, and B(u) is a
fuzzy property of real numbers.

The choice of + as “or” and - as “and” makes computations simpler:
Indeed, since pc is the sum and p; is the product (p; = pj1(x) - pj(u))),
the integrals in Mamdani’s approach are simplified into

/u - po(u) du = /U Y (i) - pi(w) du =Y ;- Uj,

where 7; = p;1(z) and U; = [ - pj(u) du, and similarly,

[uctwdu= [ ¥uia(e) - niw)du=Yr;-V;

where V; = [ pj(u) du. Therefore, the Mamdani approach formula is sim-
plified into
Z L Uj

xri-Vi

u =

2The authors of these papers are listed in alphabetic, not in chronological order.
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Towards a more realistic universal approximation result. For the
practical case of several inputs z1,...,z,, the compact X is a subset of an
n-dimensional space. In this case, Kosko’s original theorem requires rules “if
A then B” with arbitrary fuzzy properties A(z1,...,2,). In the standard
fuzzy rule based modeling technique, however, the conditions of the rules
are usually of the type A1 (z)& ... &A,(zy,). Are rules with such conditions
sufficient?

In [31], [29], [32], [33], [30], it was shown that if we use Gaussian mem-
bership functions, product fuzzy conjunction, and center of average defuzzi-
fication, we get a universal approximation?.

In [27], [28], it was shown that this universal approximation property
holds for an arbitrary shape of membership functions and for arbitrary
“and” and “or” operations, and for an arbitrary defuzzification procedure
(see also [86], [213]).

Different universal approximation results were also proven in [2], [9],
(14}, [15), (16], [17], [3], [4], (8], [10], [3), 7], [6], [34], [35], [36], [13], [37).
(Most of these results will be described in some detail in the following text.)

2.2. GENERALIZATIONS OF THE STANDARD FUZZY RULE BASED
MODELING METHODOLOGY HAVE A UNIVERSAL APPROXIMATION
PROPERTY

General idea. Since the standard fuzzy rule based modeling methodology
has a universal approximation property, any generalization of this method-
ology also has this property.

Several generalizations of the standard methodology have been pro-
posed:

— with more complicated conclusions of if-then rules;

— with more complicated conditions of if-then rules;

— with more complicated implication;

— that take into consideration that experts may assign different degrees
of truth to different rules;

— that take into consideration that different groups of experts may for-
mulate inconsistent sets of rules.

Fuzzy rule based modeling with more complicated conclusions of
if-then rules: Takagi-Sugeno models are universal approximation
tools. In the above approaches, we assumed that for each rule, the output
is fized (i.e., does not explicitly depend on the input). In some real-life
situations, however, an expert can not only explain that, say, for small z;
the output should be small, but this expert can also explicitly describe

3The result is actually proven not only for Gaussian functions, but also for functions
from any class F that is closed under shift and multiplication.
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a reasonable dependency of uw on x; for the case when z; is small. This
dependency u = fj(x1,...,2,) is usually described by a linear function,
but more complicated dependencies are also possible. In these situations,
expert rules are of the type:

If z; is A} and z9 is A} and ... and z, is A}, then u = f;(z1,...,z,),
and lead to the model of the form

Y- filzr,...,zn)
2Ty ’

u =

where
i = fe (@), mja(w2), - o s phjn(Tn)).

This idea is called Takagi-Sugeno approach, after its authors [45] (see Chap-
ters 2 and 7 for more detail). For this approach, the universal approximation
property was proven in [38], [39], [40], [41], [44].

A natural further generalization of this approach was proposed in [42],
[43]. in which in the conclusion of each rule, the desired output u is given
not by an explicit formula, but by a (crisp) dynamical system, i.e., by a
system of differential equations that determine the time derivative of the
output variable (i.e., its change in time) as a function of the inputs and of
the previous values of the output. This generalization also has a universal
approximation property [42], [43].

Fuzzy if-then rules with more complicated conditions: ellipsoid
approach. In traditional fuzzy rule based modeling, the condition of each
rule is a conjunction of several conditions related to different inputs, i.e.,
each condition is of the type A;(z1)&...&A,(z,). Crudely speaking, we
can say that in these conditions, different inputs are independent in the
sense that the degree with which each input z; satisfies the condition does
not depend on the values of the other inputs. In particular, when each
condition A;(z;) is described by a Gaussian membership function, and we
use product as “and”, the resulting membership function for the condition
p(x) = p1(z1) - - .. - pn(xy) is also Gaussian, and its a-cut (i.e., the set of
all values ¢ = (z1,...,x,) for which u(z) > «a) is an ellipsoid with axes
coinciding with the coordinate axes.

In some real-life cases, however, there is a dependency. As a result, some
conditions A? in some expert rules may describe not a single input, but a
combination of such inputs. The simplest case is when we have a linear
combination. In this case, each expert rule has the form

1f 217 is Al and 2 is A and ... and /) is A7, then u is BJ,
where :I:Z(J ) = wz({) T+ . .+w§fl) -y, is a linear combination of the (measured)
inputs z;. If we use Gaussian membership functions and a-b as “and”, then



8 V. KREINOVICH ET AL.

the resulting membership function is still Gaussian, and its a-cut is an
arbitrarily oriented ellipsoid. For rules with such ellipsoid-based conditions,
a universal approximation property is proven in [46], [47], [50], [51], [52],
[48], [49], [53]-

Fuzzy if-then rules with a more complicated implication. When an
expert pronounces the rule “if x is A, then u is B”, e.g., “if an obstacle is
close, break”, she means not only that if A(z) is true, then B(u) should
be true: it also means that if A(z) is somewhat true (i.e., if an obstacle
is close), then B(u) should also be somewhat true (i.e., we should break
some), and the closer the obstacle, the more intensely we need to break. In
other words, in addition to the original rule, must we have a “gradual” rule
“the more z is A, the more u is B”.

Mamdani’s approach, in which if-then rules are interpreted by using
“and”, does not always capture these (implicitly assumed) additional “grad-
ual rule”. To capture these meanings, the authors of [54], [55], [56] propose
to use a fuzzy implication operation f_,(a,b) instead of “or”. In other words,
the degree p; with which j-th rule “if A%(z) then B’(u)” is true is calcu-
lated as p; = f—(rj,j(w)) (where r; is the grade to which the condition
AJ(z) is true), and the grade to which all K rules from the rule base are
true is calculated as fg(p1,...,PK)-

In particular, if we use the simplest possible fuzzy implication f_,(a,b),
that is equal to 1 is a > b and to 0 else, then the membership function
pc(u) describes a crisp set of possible output values v for which p;(u) > r;
for all j.

It may happen that rules are inconsistent, and there will be no such wu;
to handle this situation, special interpolation rules are designed. For the
resulting methodology, the universal approximation property is proven.

Different grade of truth assigned to different rules. Another gener-
alization of the standard fuzzy rule based methodology is analyzed in [60],
[57], [58], [62], [59], [61]: In standard fuzzy rule based modeling methodol-
ogy, all rules are considered to be equally valid. In reality, however, experts
may have more confidence in some if-then rules and less confidence in the
others. In the spirit of fuzzy approach, the “degree of confidence” (truth
value) of each j-th rule can be described by a number w; from the interval
[0,1]. This number w; determines, crudely speaking, how much “weight”
we assign to each rule; therefore, this number is also called the weight of
j-th rule.

How can we take these weights into consideration when producing a
fuzzy rule based model? In traditional fuzzy rule based modeling method-
ology, we are 100% confident in each rule. As a result, we consider a rule
“If z is A7, then u is BY” to be applicable if both its condition A7(x) and
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its conclusion B7(u) hold, i.e., we take the rule’s truth value to be equal
to p; = f&(rj, 1j(u)), where r; is the grade with which the fuzzy property
A7 holds for the given input z. In the new approach, we have some doubts
in this rule; as a result, the rule is applicable when not only its conditions
and conclusions hold, but also when the rule itself is valid. Thus, the de-
gree of applicability p; of j-th rule can be obtained by applying the “and”
operation to three statements instead of two: p; = fe(wj, 7, uj(u)). The
resulting formulas for fuzzy rule based modeling becomes correspondingly
more complicated.

In particular, when fg (a,b) = a - b, we have p; = w; - fe(rj, pj(w)); in
other words, taking the weights into consideration means that we multiply
each rule’s degree of applicability by this weight. If, in addition, we use +
as “or”, we get the following formula @ = (3 wj-r; - U;) /(3 wj - Vj). Even
this particular case of “weighted” fuzzy rule based modeling has a universal
approximation property.

Several different (inconsistent) sets of rules. Yet another generaliza-
tion of the standard fuzzy rule based modeling methodology was proposed
and analyzed by J. Buckley, B. Kosko, et al. Fuzzy rule based modeling
methodology starts with a single set of expert rules. In some situations,
however, experts cannot agree on the rules. In such situations, we have sev-
eral different sets of rules; these sets of rules are incompatible and there-
fore, cannot be easily merged together. Hence, we have to apply fuzzy rule
based modeling methodology to each set of rules. As a result, we get several
different models () (z1,...,2,),a® (z1,...,2,),.... A (more traditional)
approach would be to choose one of these sets of rules, based on the quality
of the resulting models, and simply disregard all the other sets of rules, i.e.,
to choose @ = @*¥0)  where kg is the best model. However, other sets of rules
were also proposed by ezperts; this means that they may not be the best
always, but they definitely describe some expert knowledge that we would
want to use in our model. So, it is desirable to take these other models
into consideration: e.g., instead of selecting the “best” of the models that
correspond to different sets of rules (i.e., instead of choosing @ = u(%0)), we
can combine the values @®) produced by the different models, e.g., into a
linear combination @ = 3> w®) . 4(*), In this combination, the weight w(*)
of a given model is proportional to the relative quality of corresponding the
set of if-then rules: the better the rules, the larger the weight. Such “hierar-
chical” models are described and analyzed in [65], [68], [69], [63], [64], [66],
[70], [67]. Since the resulting model is a generalization of the standard fuzzy
rule-based models (namely, the standard rule-based model corresponds to
the case when we have only one set of rules), these models also have the
universal approximation property.

The resulting combined model is, still, not always of the ideal qual-
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ity. Ideally, to handle this situation, we should go back all the way to the
rules, ask the experts to reconcile their rules, and then process the result-
ing consistent combined set of rules. Since this reconciliation is not always
possible, the paper [71] proposes the second best thing: go back one step,
and, instead of combining the values u*) that come from different sets of
rules, combine the corresponding membership functions u(clf)(u), and then
apply defuzzification to the combined membership function pc(u). Such a
combination often leads (not surprisingly) to a better quality model than
the combination of values from different models.

2.3. SIMPLIFIED VERSIONS OF THE STANDARD FUZZY RULE BASED
MODELING METHODOLOGY ALSO HAVE A UNIVERSAL
APPROXIMATION PROPERTY

In the original Mamdani approach, all the stages before defuzzification in-
volve the explicit application of functions, while defuzzification includes in-
tegration and is, therefore, the most computationally complicated (and thus,
time-consuming) stage. For general membership functions, we have to use
the general method of computing the integrals: numerical differentiation.
For time-sensitive applications such as on-line control, the implementation
of this formula can take too much time.

We can, of course, pre-compute the values of the model for all pos-
sible combinations of inputs. In this case, to find the desired value, we
simply need to look up the value of % in the corresponding place of the pre-
computed look-up table. Look-up tables save some time, but require lots of
computer memory to store, and, besides, if a table is large, looking up can
still take too much time.

For the most widely used membership functions — triangular and trape-
zoidal — we can find explicit analytical formulas for the integral, and use
these formulas instead of the numerical integration [74], [75]. The use of
these analytical formulas saves time, but in some practical situations, the
resulting formulas may still take too long to compute.

The simplified Mamdani approach is easier to compute, but for some
problems, it can still take too much time. For such problems, it is therefore
desirable to further simplify this formula. There have been two simplifica-
tion proposals:

— The simplified Mamdani’s defuzzification formula contains several mul-
tiplications, additions, and a division. The most time-consuming of
them is division. So, to maximally save time, we can eliminate division.
As a result, we get a formula u = ) r; - u; (for Mamdani approach) or
a =y rj fjlz1,...,2,) (for Takagi-Sugeno approach). These formu-
las were proposed in [72], [73], [76], [77]. For Takagi-Sugeno version,
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with polynomial f;, the universal approximation property was proven
in [72]. In [76], [77], it is shown that we still get the universal approxi-
mation property even if we use Mamdani approach (i.e., use constants
u; instead of arbitrary functions f;(z1,...,z,)).

— With or without division, the simplified Mamdani approach returns the

value u that is a linear combination of the values u; corresponding to
different rules. When we use division, we normalize this linear combi-
nation and thus, make sure that the resulting value u is in between the
smallest and the largest of the values u;. Eliminating division makes
the result fast to compute, but the downside is that since we elimi-
nated the normalization, the resulting value # can be way off, i.e., it
can be much larger (or much smaller) than any of the values u; recom-
mended by the expert rules. So, if we want to value u to stay within
the reasonable bounds, we must keep a normalization step, and thus,
keep division.
In this case, the only way to save computation time is to save on two
other operations: multiplication and addition. The only computer op-
erations with real numbers that are faster than the basic arithmetic
operations (addition and multiplication) are minimum and maximum.
Therefore, the authors of [78] recommend using max using min in-
stead of multiplication and max instead of addition (from the view-
point of fuzzy logic, this is a very natural choice, because both max
and + are the major examples of “or” operations, and min and prod-
uct are the main examples of “and” operations). In other words, in-
stead of u = (3 7 - u;)/(37;), the authors of [78] suggest using
u = (max min(rj, u;))/(maxr;); they show that fuzzy rule based mod-
eling with thus simplified defuzzification rule also has a universal ap-
proximation property.

— Another possibility to avoid division is to use Mean of Mazimum de-
fuzzification, i.e., take as the desired value u either the value for which
pe(u) — max, or, if there are several such values, the midpoint of the
interval of such values u. The universal approximation property for
this defuzzification is proven in [79].

2.4. FUZZY RULE-BASED SYSTEMS ARE UNIVERSAL APPROXIMATION
TOOLS FOR DISTRIBUTED SYSTEMS

Distributed systems. In the previous section, we explained that fuzzy
rule-based systems are universal approximation tools for systems that can
be describe by finitely many parameters x1,...,z,. However, not all real-
life systems can be described by finitely many parameters. For example,
an appropriate description of a chemical reaction requires knowledge of
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the temperature 7', density p, and other characteristics at all the points 4
inside the reactor. In this case, to describe a state of the plant, we must
know the functions T'(i), p(i), etc. If we are describing (and/or controlling)
a plant which consists of several reactors, we need to know the functions
T(w), p(@), . . ., for the first reactor Uy, and also similar functions to describe
other reactors Us, . ... In general, to describe a state of the system, we need
several functions fi(x), ..., fn(z) instead of several numbers. Such systems
are called systems with distributed parameters, or distributed systems.

Rule based description of distributed systems. How can we formulate
expert rules for such systems? In reality, during a finite period of time, we
can only measure the values of a function in finitely many points. Therefore,
e.g., the actual simulator or controller can only use finitely many values
fi(z}), ..., fi(xl) of each function f;. Thus, reasonable expert rules describe
what to do if we know finitely many values, i.e., they are the rules of the

type

It fl(w{l) is A{la fl(xjm) is AJ1.27 7f1(${m) is A{mz f2($%1) is A%l? Tt

and f(z,,) is Al,,, then u is B,

where f;(z) are functions that characterize the state of the system, z}, are
the values in which these functions f;(z) are measured, u is the output,
and A7, BJ are the natural language terms that are used to describe the
3% rule (e.g., “small”, “medium”, etc). For these rules, the standard fuzzy
rule-based methodology leads to

- Ju- po(u)du
[ e (u) du
where
UC(U) = fV(pl, v apK)a
and

pi = fe({uly (Fe(@h) oy 15 (W)

A natural question is: do fuzzy rule-based systems of this type universally
approximate arbitrary functions u(f1,..., fn)? The positive answer to this
question is given in [81], [82], [80], [83].

Auxiliary result: approximation of universal controllers. The pre-
vious results show that the fuzzy rule based methodology is a universal
approximation tool. In particular, for control applications, this means that
an arbitrary control strategy can be approximated, within an arbitrary
accuracy, by an approximate fuzzy controller.

The previous universal approximation results address control of a single
plant under one specific control objective. In real life, however, we may have
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different plants and different control objectives. Therefore, the objective
of control theory is not only to provide optimal control of specific plants
under specific criteria, but also to develop general methods that would
help to control an arbitrary plant under an arbitrary objective. We would,
therefore, like fuzzy methodology to provide us with a universal controller
in the following sense: we supply it with the description of the system and
with an objective (i.e., an optimality criterion), and it will generate the
optimal control for this very system under this very criterion.

In [81], [82], [83], it is shown that fuzzy control is a universal tool for
such universal controllers as well, i.e., that for every universal controller s of
this type, and for every given accuracy € > 0, we can formulate expert rules
that fuzzy control methodology will transform into a universal controller
strategy § that is e-close to s.

2.5. FUZZY RULE-BASED SYSTEMS ARE UNIVERSAL APPROXIMATION
TOOLS FOR DISCRETE SYSTEMS: APPLICATION TO EXPERT SYSTEM
DESIGN

Fuzzy control methods can be used to control computer processes.
In the above example, we considered continuous systems, i.e., systems de-
scribed by one or several continuous parameters. It turns out that the
same fuzzy rule based modeling and fuzzy control methodology is useful
for discrete systems, i.e., systems in which state variables only take discrete
values.

Computers are a natural example of such discrete systems. So, in this
section, we will describe how fuzzy control can be used to control computer
processes.

Expert systems. As an example of such a computer process, we can take
the process of answering queries in expert systems. An ezpert system, for
a certain area of expertize, is a computer system that tries to simulate ex-
perts’ answers to different questions (queries) about this area; e.g., a med-
ical expert system must, given symptoms of a patient, return the possible
diagnoses and a reasonable treatment. To be able to do this, an expert sys-
tem must contain the expert’s knowledge; this computer-stored knowledge
is called a knowledge base.

In addition to the knowledge base, the system must contain a program
for answering queries; such a program is called an inference engine.

Expert systems are “universal” tools. Designing an inference engine
is a very difficult problem: Even when we have crisp knowledge, and the
knowledge base contains only propositional statements F; — i.e., statements
obtained from the elementary statements Si,...,S, (like “a patient has
a flu”) by using “and” (&), “or” (V), and “not” (=) — the question of
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whether a given query follows from the knowledge F1, ..., Fy, is, in general,
computationally intractable (NP-hard) [84].

NP-hard means that this problem is universal in the following sense: any
other problem from a very reasonable class (called NP) can be reduced to
a particular case of this query-answering problem. This universality means
that this problem is indeed very difficult to solve: if we could have an al-
gorithm that solves all particular cases of this problem in reasonable time,
then we would be thus be able to solve not only this problem, but also all
reasonable problems. So, this query-answering problem is as computation-
ally difficult as the most complicated of these (realistic) problems.

Heuristic methods are needed. NP-hard means, crudely speaking, that
no algorithm can solve all particular cases of this problem in reasonable
time; thus, heuristic methods are needed. In other words, we not only need
expert’s knowledge about the domain to which this expert system is applied,
but we also need expert knowledge about the way experts answer queries.

It is natural to use fuzzy values (between 0 and 1) to describe
heuristic methods. If we ask an expert about a certain query, this expert
will often come up with a crisp answer (“yes” or “no”). Producing this
answer takes some time. If we ask for an expert’s opinion before this time,
we will get his preliminary opinion; in this preliminary opinion, she is not
yet sure whether the answer will be “yes” or “no”, but she will probably
have some degree of belief either in a “yes” answer, or in a “no” answer,
or maybe in both. If we ask an expert for the reasons for this degree of
belief, she will probably describe some beliefs in the elementary statements
S1,...,Sy and/or their negations.

Therefore, it is natural to simulate this expert reasoning as a step-by-
step procedure, in which we start with no beliefs at all (except for the
knowledge contained in the knowledge base) and then modify our degrees
of belief d(S;) and d(—S;) in the basic statements S; and their negations
-S;.

The use of fuzzy rule based modeling methodology. In order to apply
fuzzy rule based modeling methodology, we must describe this change in
degrees of belief by if-then rules.

A natural way to do this comes from the fact that our knowledge consists
of propositional formulas, and it is known that every propositional formula
can be reformulated in Conjunctive Normal Form (CNF), i.e., in the form
D& ... &Dy, where each of the formulas D; (called disjunctions) is of the
type a VbV ¢, and a, b, and c are literals (i.e., elementary statements S; or
their negations —5;). Each disjunction Dj, in its turn, can be reformulated
as three implications: “if —a and —b, then ¢”; “if —b and —¢, then a”; and
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“if =g and —c, then b”. Thus, the entire knowledge can be represented as a
set of such if-then rules.

These rules describing knowledge naturally lead to the rules describing
change in degrees of belief- e.g., the knowledge rule “if —a and —b, then
¢’ leads to the update rule “if —a and —b, then increase the degree of
belief in ¢”. Thus, we can apply the standard fuzzy rule based modeling
methodology to these rules: at any given moment of time, we know the
degree of belief d(—a) in —a and the degree of belief d(—b) in —b. Therefore,
we can compute the degree of belief p; that this particular rule is applicable
as fg(d(—b),d(—c)), and we can compute the degree of belief i(c) that we
should increase d(c) as fv(pj,...,PK), i.e., as an aggregation for all the
rules whose conclusion is this particular increase. Then, for every literal c,
we have two conclusions: “update” with degree of belief i(c), and “do not
update” with the remaining degree of belief 1 — i(c).

If we interpret “update” as adding a constant « to the previous degree
of belief, then the standard defuzzification leads to the change from d(c) to
the updated value d(c) + « - i(c).

By applying this update procedure again and again, we will get an
answer to a query.

This method is successful and related to neural networks. The re-
sulting algorithm coincides with a heuristic method proposed by S. Maslov
in [89], [90], [91] (see also [85], [87], [92], [86], [88]). Computer experiments
has shown that this is indeed a very successful heuristic for expert systems.

This method was originally proposed based on the idea of simulating
biological neurons, but it later turned out that exactly these same formulas
follow from fuzzy logic heuristics, from the ideas of chemical computing (i.e.,
simulating chemical reactions), from heuristics of numerical optimization
approach, from the ideas of freedom of choice, etc. (for a survey and latest
results, see [86], [88].

3. CAN WE GUARANTEE

THAT THE APPROXIMATING FUNCTION

HAS THE DESIRED PROPERTIES

(such as smoothness, simplicity, stability of the resulting control,
etc.)?

For a model to be good, it must not only approximate the modeled
system, but it must also preserve some properties of the modeled
system. In the previous sections, we have shown that an arbitrary system
can be approximated by a model that originate from the fuzzy if-then rules.
To be more precise, an arbitrary function u(z1,...,z,) that describes the
dependence of the system’s output w on the inputs z; can be approximated
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by a function @(z1,...,z,) that originate from the fuzzy if-then rules. In
these sections, to answer the question how good is this approximation, we
simply compared the numerical values of the desired and actual output: if
these two numerical values are e-close (where € is the desired accuracy),
then we consider the approximation to be good.

If our only goal is to describe how the system reacts to different inputs,
then predicting the system’s reaction is all we need. In such applications,
all we need is that the simulated output should be e-close to the actual one.
However, in many cases, the model is used to make decisions, e.g., to make
control decisions. From this control viewpoint, a better way of comparing
the approximate control and the desired control is not only by their values
per se, but by the resulting behavior of the controlled system. It is therefore
desirable to analyze whether we can always approximate a control strategy
that has a certain property by a fuzzy control which has the same property.
To answer this question, we will first enumerate the basic properties that
we can require of the control, and then cite the corresponding universal
approximation results.

Most of these results are applicable not only to control, but to the more
general case of fuzzy rule based modeling as well.

What properties do we require from control? It is therefore desirable
to see if fuzzy control can always approximate the desired control in this
(more realistic) sense as well. To answer this question, let us first enumerate
the basic properties that we can require of the control.

First property: stability (control must control). The main objective
of the control is that it should control. For example, if we control a car on
the road, then, for the largest part of the trip, one of the main objectives of
this control is to make sure that it stays in its lane with the desired speed,
i.e., that whenever it will accidentally deviate from the straight course, the
steering control will return it back on course, and when the speed would
deviate, the acceleration or deceleration would bring it back to the optimal
cruise speed.

In the general case, we want a control that, after an initial deviation,
will bring the controlled system back “on track”. This property is called
stability of the control (and of the controlled system).

Stability is a matter of closed loop analysis: one and the same control
strategy can be stable for one controlled system (described by a certain
set of differential equations), but become unstable for a slightly different
system.

Even for a fixed system, stability is a generic term. There are many
different particular notions of stability, depending on how big initial devi-
ations we allow (usually, only small ones), whether we want the system to
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be stabilized for a potentially infinite amount of time or only for a given
finite interval, etc.

Second property: smoothness. Stability is not all we expect from a
control.

For example, when driving a car, stability means, in particular, that
once the car swerved, it should return to the original trajectory. The faster
it returns, the more stable is the system. Therefore, from the viewpoint
of stability only, the ideal (optimal) control would be the one that brings
the car back on track in the shortest possible time (i.e., with the largest
possible acceleration). The resulting driving with sudden accelerations may
be good on a racetrack or for a car chase, but it is very uncomfortable for
passengers. From the passenger viewpoint, we prefer the resulting trajectory
to be smooth.

The non-smoothness of the optimal control is not a peculiar feature of
the car example: in control theory, there are general theorems that show
that under certain (reasonably general) conditions, the optimal control is
indeed of the above-described “bang-bang” type (see, e.g., [102]; not in-
cidentally, the word “bang-bang” is an “official”, well-defined and widely
used term in control theory).

Just like stability, smoothness is a generic notion; there are several dif-
ferent understandings (and formalizations) of what “smooth” means. In
mathematical terms, smoothness is typically formalized as the existence of
first, second, or higher order derivatives.

Third property: computational simplicity. Stability and smoothness
are typical examples of the idealized goals. When, in mathematical control
theory, we look for the optimal control strategy, we look for the optimal
mathematical function, without taking into consideration how exactly we
are going to implement this function.

In real life, however, the computational ability of the processor that ac-
tually computes the desired control is limited, so some very good control
strategies may be too complicated for it. Moreover, in many control situa-
tions, we need the control fast (e.g., for a car control, if we spend too much
time on the computation of the optimal control, the car may, by then, have
already wrecked).

In principle, we can always replace the existing processor with a faster
one, add extra memory, add an additional processor, etc., but this addition
is not always physically possible:

— For example, in controlling a space mission, we are usually very much
limited both in terms of the weight and the space required for a pro-
cessor, and especially, in terms of the power feed; every increase in the
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computational ability of the controlling processor can only come at the
(undesirable) expense of the decrease in the useful payload.

— In commercial applications, e.g., in controlling an appliance (which
one of the main areas of application for fuzzy control), one of the ma-
jor considerations is cost. Every increase in the computational ability
of the processor increases the cost of the simple appliance, and this
cost increase is only reasonable if it leads to even better savings in

performance?.

In view of all this, we would like our control to be computationally simple®.

These properties are not exactly consistent: a trade-off is needed.
At first glance, it may seem that we should require all three properties of our
control. However, as we have mentioned, these properties are not exactly
consistent:

— the most stable control is often not smooth at all;
— the most stable and the smoothest controls can be computationally
complicated.

Therefore, in real life, we must either choose one of these properties that
we desire the most, or, even better, look for some trade-off between these
three properties.

Can the approximating control preserve the desired property?
We know that control strategies that result from applying fuzzy control
methodology can be as close to the desired control as possible. For each of
the three properties described above, we can ask whether the approximating
control can have the desired property:

— If we are interested in the stable control, then it is natural to ask
whether, for a given controlled system and for a given control u that
stabilizes this system, the approximating control @ can also be chosen
to be stable (it is known in control theory that the very fact that @ is
close to the stable control u does not necessarily imply that @ is stable
as well).

— If we are interested in the smooth control, then it is natural to ask
whether, for an arbitrary smooth function u, the approximating con-
trol @ can also be chosen to be smooth. For smoothness, it is well known
that a function that is close to the smooth one can be not smooth: e.g.,
the well-known Stone-Weierstrass theorem says that an arbitrary con-
tinuous function (not necessarily smooth one) can be, with an arbitrary

“We are greatly thankful to Piero Bonissone who attracted out attention to this
example.

SComputational simplicity is what sometimes makes engineers use fuzzy control even
in the situations when the system is well defined, and the optimal control is known.
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accuracy, approximated by a polynomial (i.e., by a function that has
derivatives of all orders and is thus maximally smooth).

— If we are interested in the computationally simple control, then it is
natural to ask whether, for a given computationally simple function w,
the approximating control % can also be chosen to be computationally
simple (this question is not trivial, because it is easy to construct a
very complicated function that is close to 0 or to any given simple one).

The answers to these three questions will be given in the following subsec-
tions.

3.1. IS FUZZY CONTROL A UNIVERSAL APPROXIMATION TOOL FOR
STABLE CONTROLS?

Stability is one of the most important properties of a control strategy.
Therefore, if we want to approximate a stable control strategy u(z1,...,Z,),
we would like to be sure that the approximating strategy u(zy,...,z,) is
not only close to u, but that this approximating strategy u is also stable.

The results described above only show that we can always find control
rules for which the control strategy @ resulting from fuzzy control method-
ology is close to u, but this closeness does not automatically guarantee that
the system controlled by # is also stable.

In [111], [113], [114], [116], it is shown, for Takagi-Sugeno controllers,
that, for each controlled system, for each control strategy which is stabi-
lizing for this system, and for each € > 0, we can find if-then rules for
which the resulting fuzzy control strategy is e-close to the given one and
still stabilizing the given system. In these papers, stability is understood in
some reasonable practical sense. For Mamdani-type control, the possibility
of approximation by stable fuzzy controllers is proven in [113], [114], [119]
(see also [112], [118]).

In [115], conditions are given under which the approximating control
can be chosen as stable in a more theoretical sense (i.e, for an unlimited
amount of time). In [117], a similar result is proven for adaptive fuzzy
controllers.

3.2. IS FUZZY RULE BASED MODELING METHODOLOGY A
UNIVERSAL APPROXIMATION TOOL FOR SMOOTH SYSTEMS?

Smoothness is often important. In many applications, we want the
control to be smooth. Smoothness is important, e.g., in the following situ-
ations:

— In aerospace engineering, if we want to dock a spaceship to the space
station, then, if we unnecessarily speed up, we’ll crash into a space sta-
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tion instead of smoothly approaching it. So here a reasonable criterion
is mazimal smoothness.

— For public transportation, we want a smooth control, because abrupt
changes make the passengers feel very uncomfortable.

— For robotic control: For its movement, the robot is relying on its sensors
whose outputs are used to constantly update the robot’s image of the
environment. For this update to be efficient, the robot must be able to
identify obstacles and objects from his previous pictures on the new
reading. If a robot moves smoothly, the change is gradual, and it is
easier to trace the objects; if a robot make abrupt turns, then the new
images are radically different from the old ones, and identification is
much more difficult.

Smoothness is often useful not only in control applications, but in general
modeling applications as well: if we know that a system is smooth, i.e., that
the dependence on its output w on its inputs z1, . . . , z, is differentiable, then
we want the model to be smooth too.

Idea: how can we achieve smoothness? According to the fuzzy rule
based modeling methodology, the fuzzy model is obtained from the original
membership functions (and, for Takagi-Sugeno approach, from the original
models) by using:
— first, &-operations, to form the degree of firing of a rule;
— then, aggregation (V-)operations, to form the membership function for
the output pc(u);
— and, finally, defuzzification, to extract a single output value u from the
membership function pc(u).

In mathematical terms, the resulting fuzzy model is a composition of the
corresponding functions and operations.

Therefore, to guarantee the smoothness of the resulting fuzzy model,
all these functions and operations must be smooth: we must take smooth
membership functions (and, in Takagi-Sugeno approach, smooth models),
smooth &- and V-operations, and a smooth defuzzification procedure.

Splines are optimal. The defuzzification procedure is usually smooth, so
we only have to worry about the smoothness of the membership functions
and &- and V-operations. This problem was considered in [100], where it was
shown, in particular, that the smoothest control (in some reasonable sense)
or, in a more general case, the smoothest fuzzy model, are provided when
the membership functions are splines, i.e., smooth piece-wise polynomial
functions.

How to make a smooth fuzzy model computationally simpler?
(Mamdani approach). Smoothness is only one of the desired properties of
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the fuzzy model (and of fuzzy control), another is computational simplicity.
So, it is desirable, within all possible methods that guarantee a certain
level of smoothness, to find fuzzy rule based modeling methods that are
computationally the simplest possible.

For that purpose, the authors of [109], [108] propose to use the so-called
B-splines that have an additional advantages of being easy to compute.

If we choose fg (a,b) = a-b as an &-operation, and, as input membership
functions, we choose the splines 41,1 (z) that form the partition of unity (i.e.,
for which, for every z, 3°; pj1(z) = 1), then the formula

T Uj
4= 2T i
2T
where 7 = pj1(z), turns into a linear formula u(z) = > 7; - u; and thus,
becomes computationally easy.

Universal approximation results for these easy-to-compute
smooth controls (Mamdani approach). For B-splines, the possibility to
approximate (and easily approximate) an arbitrary function f(z1,...,z,)
by linear combinations of basic spline functions is well known; it is used,
e.g., in computer graphics and computer-aided design (see, e.g., [95]).

How to make a smooth fuzzy model computationally simpler?
(Takagi-Sugeno approach). To make the computations simpler, the au-
thors of [104] use rules in which the right-hand side models are the simplest
non-constant splines (i.e., linear functions), and the membership functions
are also the simplest splines, i.e., piecewise-linear functions. To be more pre-
cise, they use Takagi-Sugeno model, with rules of the type “if z is A7, then

u = aj - ¢+ b;” and triangular membership functions for fuzzy properties
Al ().

Universal approximation results for these easy-to-compute
smooth fuzzy models (Takagi-Sugeno approach). In [104], it is proven
that for Takagi-Sugeno model, with rules of the type “if z is A’ then
u = a;-+b;”, the resulting model 4(z) = (3 (a;-x+bj)-p;1(x)) /(X pj1(x))
with triangular membership functions ;1 () can approximate an arbitrary
twice differentiable SISO (single input single output) functions u(z) in the
sense that not only @(z) is close to u(x), but the first and second derivatives
@'(z) and @"(z) are close to the corresponding derivatives u'(z) and u"(z)
of the approximated control.

If we only allow homogeneous Takagi model, with b; = 0 (i.e., if we
allow only models that are typically used in traditional control), then we
can only get universal approximation for the first derivatives [93].
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Smooth easy-to-compute fuzzy models has been successfully ap-
plied to real-life problems. The resulting smooth fuzzy models have
been successfully applied in control problems, e.g., in robotics [108], [110].

3.3. IS FUZZY RULE BASED MODELING A UNIVERSAL
APPROXIMATION TOOL FOR COMPUTATIONALLY SIMPLE SYSTEMS?

Computational simplicity is important. In many real-life situations,
especially in on-line control, it is important to compute the output as fast
as possible.

A fuzzy model is usually computationally simple, but sometimes,
an even simpler model is needed. The input-output relation produced
by the fuzzy rule based modeling methodology is usually reasonably fast to
compute (this is one of the major advantages of fuzzy rule based modeling),
but in some situations, the resulting computation time is still too high (see,
e.g., [107]). In such situations, it is desirable to approximate the function
w(z1, ... ,Zy) resulting from the fuzzy rule based modeling methodology by
a still simpler function 4(z1,...,z,) that will be even easier to compute.

Idea: second interpolation. To make a fuzzy model computationally
simpler, in [98], [94], [103], [101], [99], [96], it is suggested to use piece-wise
linear or piece-wise quadratic functions @(z1,...,z,) to approximate the
dependence between the inputs 1, ..., z, and the output u. The author of
[96] calls this approximation second interpolation.

In this case, the resulting fuzzy model is simply a piece-wise linear (or
a piece-wise quadratic) function.

Piece-wise functions are a particular case of splines. Therefore, if piece-
wise linear functions do not lead to the desired fuzzy model, we can consider
splines (in particular, B-splines) of arbitrary order ([105], [106]).

MUniversal approximation results for computationally simple
fuzzy models. The question of universality of a computationally simple
fuzzy rule based modeling can be reformulated as follows: can we, with a
given accuracy, approximate an arbitrary function u(z1,...,z,) by a piece-
wise linear function?

The possibility of such an approximation follows from known mathe-
matical results (for details, see [96], [97]; since piece-wise functions are a
particular case of splines, this result is a particular case of the general result
of approximability by splines.)
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4. AUXILIARY APPROXIMATION RESULTS
4.1. AN OVERVIEW

In the above description of fuzzy rule based modeling methodology, we
assumed the following:

— first, that the only expert knowledge that we can use consists of expert
rules;

— second, that these rules have the simple “if-then” form (“if (something)
and (something), then (something)”);

— and finally, that we are only interested in the result of the tuning, but
not in the very process of tuning.

In real life, of course, these assumptions may turn out to be false:

— first, in addition to expert rules, we may have additional expert infor-
mation about the modeled system;

— second, the expert information can be formulated in a more compli-
cated way than simply “if-then” rules;

— finally, we are definitely interested not only in the result of the tuning,
but also in the process of tuning.

For these situations, it is also possible to formulate and prove universal
approximation results. There results will be described in the following sec-
tions.

4.2. USING ADDITIONAL EXPERT INFORMATION (FUZZY MODELS
AND FUZZY CONTROL RULES)

In the above text, we showed that the fuzzy rule based modeling method-
ology has the universal approximation property. The main applications of
fuzzy rule based modeling methodology can be divided into two groups:

— designing the model of a system, i.e., a function y(z1,...,z,) that
simulates the way the modeled system functions;

— designing the control strategy for a given system, i.e., a function
u(z1,...,2,) which simulates the way an expert controller controls
the system.

In the applications from the first group, the fuzzy rule based modeling
methodology transforms the if-then rules that describe how the inputs af-
fect the output of the system, into a system’s model. In fuzzy control appli-
cations, this methodology transforms the if-then control rules into a control
strategy.

In some control situations, however, in addition (or instead of) fuzzy
control if-then rules, we have if-then rules that constitute a fuzzy model
of the controlled system. For example, an expert in driving, in addition to
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the rules that say how to best control a car, can also predict how the car
will react to different (not necessarily best) controls; this prediction will be
formulated in terms of rules like “if you break hard on a slippery road, the
car will most probably swerve”. How can we use this additional information
(i.e., fuzzy model) in designing fuzzy control?

In [123], the universal approximation theorem is used to show that, in
principle, it is possible to formulate a “universal fuzzy controller”, i.e., a
device that, given the description of the system and the control objective,
describes the optimal control strategy. This proof, however, does not pro-
vide us with a feasible algorithm for actually constructing such a system.
Moreover, as shown in [120], the problem of finding the optimal control
strategy is, in general, computationally intractable (NP-hard). Feasible con-
structions are known for simple fuzzy models ([124], [122]); it is desirable to
extend these constructions to more complicated (and thus, more realistic)
fuzzy models [121].

4.3. EXPERT RULES THAT USE UNUSUAL LOGICAL CONNECTIVES

Fuzzy rule based modeling methodology translates the expert’s knowledge
about the system, that is formulated in “fuzzy” terms of natural language,
into a precise model. In many real-life situations, this knowledge is already
formulated in terms of if-then fuzzy rules; in fuzzy rule-based modeling
methodology, these rules are then, usually, transformed into statements
that only use connectives “and”, “or”, and “not”.

However, in many other real-life cases, the fuzzy knowledge about the
system can be of much more general type than if-then rules. In these cases,
a question appears: can we approximation an arbitrary fuzzy knowledge,
that uses arbitrary logical connectives (including, e.g., different versions of
fuzzy implication), by a knowledge described in terms of “and”, “or”, and
“not” fuzzy connectives? In other word, can we approximate an arbitrary
fuzzy logical connective by a combination of these three basic ones?

It may seem, at first glance, that different unusual connectives are purely
mathematical constructions, but, as shown, e.g., in [128], even those con-
nectives that may appear this way actually result from very natural axioms.
In view of this result, it is desirable to consider the approximability of ar-
bitrary logical connectives.

It turned out ([127], [126]) that in general, such an approximation of
an arbitrary connective is possible, but only when we, in addition to these
three basic connectives, allow modifiers such as “very”, “slightly”, etc. (that
without the modifiers, such an approximation is impossible, is also shown
in [125]).
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4.4. TAKING THE LEARNING PROCESS INTO CONSIDERATION (FUZZY
NEURAL NETWORKS)

How can we tune? Traditional universal approximation results only show
that in principle, we can always approximate any given system by a fuzzy
model that is obtained by applying fuzzy rule based modeling methodol-
ogy to appropriate if-then rules. These results does not show how to find
these rules, i.e., how to tune the original model into the desired one. So, in
addition to the universal approximation results, it is desirable to show the
universality of some of these tuning methods.

Where can these universal tuning methods come from? To answer this
question, let us recall that we are talking about tuning methods for fuzzy
rule based modeling. By definition, fuzzy control is a methodology for sim-
ulating the expert’s knowledge in the computer. Therefore, in order to tune
the fuzzy control, it is natural to simulate the way we humans “tune” our
knowledge.

Neural networks: simulating human brain. At first glance, it may
seem that we can use the same fuzzy rule based modeling methodology to
tuning as well: just ask the experts how they tune their rules, and then use
this methodology to translate these rules into an actual tuning strategy.
The main problem with this idea is that fine-tuning of the knowledge is
even harder to explain in words than the knowledge itself. This fine-tuning
is done mainly on an intuitive level.

Therefore, in order to simulate how this fine-tuning is done, we cannot
reply on the experts’ statements, we have to actually simulate how this
fine-tuning is done in the human brain.

The main “processing units” of human brain are neurons. Therefore, in
order to simulate this “brain processing”, we must simulate the neurons.
Each biological neuron has several inputs (up to 10*), and a single output.
Neural processing starts with sensors sending signals to the neurons. The
intensity of the original signal is represented by the frequency of the pulses
generated by the sensor. Signals z1, . . ., z, coming from different inputs are
“weighted” differently, dependent on the thickness of the connection. As a
result, the total number of pulses per time unit that get into the neuron is
approximately equal to the weighted sum x = w; - 21 + ... + wy, - 5, where
w1, . .., wy, are weights of different inputs. The output of a neuron depends
on its threshold level wy:

— if the total weighted number of input pulses z is much larger than
wp, the neuron gets maximally excited and emits the largest possible
number of pulses;

— if the total weighted number of input pulses = is much smaller than
the threshold level wy, the neuron does not get excited at all, and does



26 V. KREINOVICH ET AL.

not emit any pulses at all;
— if the total weighted number of input pulses x is approximately equal
to the threshold value wg, the neuron gets excited only partly.

Crudely speaking, the output signal y depends on the difference z = x —wy
between the weighted sum z of inputs and the threshold value wy: y =
so(z — wy); if the difference z is > 0, then so(z) =~ 1; if z < 0, then
s0(z) =~ 0, and in general, so(z) monotonically increases. So, y = sg(z) =
so(z —wp) = so(wy - z1 + - .. + Wy + Ty — wp).

Experimentally, the input-output relation for biological neurons is best
represented by the so-called logistic function so(z) = 1/(1+exp(—z)). (This
choice turns out to be optimal in some reasonable sense, see, e.g., [142],
[144])).

Signals coming from the neuron enter other neurons, etc., until we get
the final processing results. Artificial (simulated) neurons try to simulate
the same structure. In the most widely spread artificial neurons, the output
signal y is connected with the input signals z1,...,z, by the same formula
y=3so(wy-z1+ ...+ wy -z, — wo).

It is known that neural networks are universal approzimation tools (see,
e.g., [135], [131], [132], [133], [136], [130], [129], [137], [138], [141], [145],
[150], [139], [140], [146], [147], [133], [143], [148], [149], [151], [134]), i.e.,
that an arbitrary continuous function can be, with an arbitrary accuracy,
approximated by a function computed by a neural network®.

Fuzzy neural networks. Neural networks input well-defined (numeri-
cal) inputs and return numerical outputs. They are therefore good in ap-
proximating (crisp) functions f(a1,...,ay) from real numbers to real num-
bers. In other words, if we have crisp if-then rules of the type “if 1 =
agl),...,xn = a$" then u = f(agl), e ,a,(ll))”, “if £ = agz),...,xn = a{?
then u = f(agz), .. ,a%z))”, ..., then we can use a standard neural network.

Fuzzy rule based modeling is dealing with the situations in which both
conditions and conclusions of the if-then rules are not crisp numbers, but
fuzzy sets. Thus, to tune fuzzy rules, we must modify neural networks so
that they will be able to process fuzzy sets instead of numbers.

5The paper [152] raises an important concern: Most of the universal approximation
results do not take into consideration the precision with which computers represent and
process real numbers. The authors of this paper show that in order to get an approxima-
tion of arbitrary accuracy, we must have operations with real numbers performed with
a much larger precision than in the standard computers. There is, therefore, a need to
develop more realistic universal approximation results in which the computer precision
is also taken into consideration. Such results are given, e.g., in [149].

A mathematician reader should be warned that the paper [152] is written by non-
mathematicians, and is, therefore, somewhat terminologically confusing: e.g., when talk-
ing about polynomials, the authors of this paper also mean infinite Taylor series, etc.
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This can be easily done if we allow fuzzy sets in the main formula that
defines a neuron, i.e., if we consider a neuron as a device that transforms
fuzzy inputs Xi,..., X, into the fuzzy output

YZS()(W1'X1+...+Wn-Xn—W0),

For the resulting fuzzy neural networks, we can formulate a similar question:
are they universal approximation tools? Can they approximate arbitrary
functions from fuzzy sets to fuzzy sets?

This question was first analyzed in [153], [155], with a somewhat un-
expected result: fuzzy neural networks are not universal approximations
tools for functions from fuzzy sets to fuzzy sets. The reason for this neg-
ative result is rather intuitively clear: each neuron of the above type (and
thus, each neural network formed by such neurons) is monotonic in the
sense that if we “widen” the inputs, the output fuzzy sets grows “wider”,
while an arbitrary function from fuzzy sets to fuzzy sets need not necessar-
ily be monotonic. For certain classes of monotonic functions (e.g., for all
functions generated by number-to-number ones) fuzzy neural networks are
indeed universal approximation tools [155].

To get approximation property in the most general case, it is necessary
to replace, in the formulas for a fuzzy neuron, standard fuzzy arithmetic
by a more general one; with this replacement, the universal approximation
property becomes true [154], [156].

A detailed description of fuzzy neural networks is given in Chapters
8 (“Leaning and tuning”), 9 (“Neuro fuzzy systems”), and 10 (“Neural
networks and fuzzy logic”).

5. HOW TO MAKE THE APPROXIMATION RESULTS
MORE REALISTIC

5.1. A GENERAL OVERVIEW

The existing universal approximation results are of theoretical
nature. The universal approximation results that we have described are
of great fundamental importance. These results show that, in principle, for
every function u(zi,...,z,), and for every accuracy € > 0, there exists
a set of rules for which the application of the fuzzy rule based modeling
methodology leads to an output u(z1,...,z,) that is e-close to w.

How can we make these results more practical? It is desirable to use
the theoretical universal approximation results to actually construct the
fuzzy models and use them, e.g., in real-life control. This is, however, not
always possible.

Since the universal approximation theorems were mainly motivated by
fundamental, methodological questions, the authors of these theorems were
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mainly interested in showing that some rules existed, and not so much in
looking for realistic sets of rules. As a result, the sets of rules presented by
these theorems are not always very realistic:

— First, these results often solve a somewhat oversimplified problem. To
be more precise, the main universal approximation results are based
on the assumption that we start with the exact values of the input

variables z1,...,z,. In reality, sensors are never 100% accurate. In
practical applications, this inaccuracy must be taken into considera-
tion.

— Second, the solution provided by the major universal approximation
results is often too complicated. To be more precise, there are often
unrealistically many rules in the rule base. This abundance of rules
makes the resulting fuzzy model (in particular, fuzzy control) compu-
tationally non-realistic.

In the following two sections, we will show how we can solve these two
problems and thus, how to make the universal approximation results more
realistic (and hence, more practically useful).

5.2. INACCURACIES IN THE INPUT DATA

Two possible types of inaccuracy: fuzzy and interval. Traditional
fuzzy rule based modeling methodology is based on the assumption that we
know the exact values of the input quantities z1,...,Z,. In real life, these
values either come from measurements, or from expert estimates. In both
cases, the values are not 100% precise:

— Measurements are never 100% accurate, there always is a possibility
of a measurement inaccuracy; the best measurements are the ones for
which this inaccuracy is the smallest possible. The manufacturer of the
measuring instrument usually supplies it with a guaranteed accuracy,
i.e., with an upper bound A on the possible error values. As a result,
if, as a result of measuring a certain quantity x, we get the value Z,
the only thing that we can now conclude about the actual value z is
that this actual value differs from z by at most A, i.e., that = belongs
to the interval [z — A,z 4+ A]. In other words, instead of the precise
value of z;, we have a (crisp) set X; of possible values of z;.

— If the values z; come from ezpert estimates, then these expert esti-
mates also never absolutely accurate. At best, an expert may estimate
the actual value of the quantity by saying something like “it is ap-
proximately equal to 1”. Since we are talking about fuzzy rule based
modeling, in fuzzy modeling, such statements are naturally formalized
in terms of fuzzy sets. Thus, instead of a precise value z;, we get a
(fuzzy) set X; of possible values of ;.
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In both cases, we have a set X; (in general, a fuzzy set) of possible values
of z;. Based on these sets, we must select the output values.

Fuzzy inaccuracy. In case all inputs were supposed to be precisely known,
the desired fuzzy model was a function that maps each tuple of real num-
bers (z1,...,zy) (i.e., possible values of the inputs) into a real number
(corresponding output).

If we take into consideration that inputs have fuzzy uncertainty, then,
in mathematical terms, we need, instead of a mapping from tuples of real
numbers into real numbers, we need a mapping that maps each tuple of
fuzzy sets (X1,...,X,) (representing the input) into a real number (the
output value). (If we are interested not in the automated control, but in the
recommendations for the human controller, then it is sufficient to produce
a fuzzy set.)

A methodology that uses fuzzy rules to generate such mappings is pro-
posed and used in [157], [158], [162], [163], [164], [165], [166], [167].

Interval inaccuracy. An important particular case of fuzzy inaccuracy is
interval inaccuracy. This type of uncertainty occurs if we take measurement
inaccuracy into consideration. If we take it into consideration, then the
resulting fuzzy model becomes more smooth and the resulting fuzzy control
becomes more stable and more smooth (see, e.g., [159], [171], [161], [172],
and references therein). Let us illustrate this phenomenon on the example
of fuzzy control.

— Traditional fuzzy control techniques, if used appropriately, lead to a
control that is stable. However, if we use only a single value Z; from
the interval [Z; — A;, Z; + A;] of possible input values, we will get a
control that is stable for this particular value, and may not be stable
at all for the (unknown) actual value. The only way to guarantee that
the control is stable for the actual (unknown) value is to guarantee
that it is stable for all values from this interval. This requires, at least,
that the algorithm that computes the control values should have this
interval at its disposal.

— A measured value Z; is, in general, unpredictably (“randomly”) dif-
ferent from the actual value x;. As a result, the control @ based on
the measured value will “wobble” around the control that correspond
to the actual (unknown) z;. The random wobbling around a smooth
process usually makes it less smooth. Thus, the way to avoid this wob-
bling (and to make control smoother) is to take into consideration
that the actual values are within the intervals, and then, to choose the
smoothest possible control within these intervals.

Is the set-valued fuzzy rule based modeling methodology a uni-
versal approximation tool? It is interesting to check whether this set-
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valued fuzzy control methodology is still a universal approximation tool,
i.e., whether an arbitrary function from tuples of fuzzy sets into real num-
bers (or into fuzzy sets) can be approximated by functions stemming from
some rule bases.

The universal approximation property was first proven in [158] for the
following special type of fuzzy-input situation: When rules are of the type
“if r1 is A7, ..., and z,, is A}, then B’(u)”, and the inputs are not known
exactly, but represented instead by fuzzy sets Xi,..., X, then the output
pe(u) is defined as a fuzzy set
(B (u) + ...+ B¥)/t, where ji, 1 < k < t, are all the rules j for which
d(X;, Al)) > « for some “set distance” d and for some threshold a > 0.

A general result, that “non-singleton” (i.e., set-valued) systems can ap-
proximate an arbitrary continuous function from compact sets to real num-
bers with an arbitrary accuracy, was proven in [167].

The universal approximation property for fuzzy inputs is somewhat clar-
ified by results presented in [168], [160], [169], [170]. Namely, in these pa-
pers, it is shown that there are functions from fuzzy sets to fuzzy sets (and
even from intervals to intervals) that cannot be approximated not only
by compositions of membership functions and “and” and “or” operations,
but also by any compositions of functions of one and two variables. How-
ever, if we add functions of three or more variables, e.g., the “dot” product
(> u- pe(u) or Yo7 - uj) of the type used in centroid defuzzification, then
we can approximate arbitrary smooth functions with a reasonable accuracy.

5.3. CAN WE HAVE FEWER RULES?

Too many rules. We have already mentioned that the fuzzy if-then rule
base provided by the major universal approximation results is often too
complicated and contains unrealistically many rules. Indeed, to make the
model better, we must take into consideration all inputs.

The more inputs we have, the more rules we need to describe: if we
have v variables and we only consider 3 possible values of each variable
(e.g., negative, negligible, and positive; or small, medium, and large), then
we must consider 3V rules that describe the output for all 3V combinations.
Even for a toy robot, the number of inputs v can be in the dozens. In this
case, 3V becomes unrealistically large.

So, in theory, fuzzy rule based modeling is possible, but in practice, we
are often still far from the actual model design or controller design (see,
e.g., [180], [181], [182], [185], [179], [184], [197]).

The estimates for an accuracy of an approximation with a given number
of rules are given also in [194], [195], [196].
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In general, we cannot approximate by using fewer rules. One con-
solation is that this abundance of the rules is not a drawback of fuzzy rule
based modeling: it is caused simply by the fact that there are too many
functions. Whether we consider arbitrary continuous functions, or smooth
(differentiable) functions with a bound on the derivative, or any other rea-
sonable class of functions that we want to approximate, there are simply
too many functions in each class.

In precise mathematical terms, if we want to approximate these func-
tions with an accuracy € > 0, and we are given two functions f # f’ whose
distance is greater than 2e: d(f, f') > 2¢, then these two functions can-
not be approximated by the same functions F': otherwise, we would have
d(f,F) < &, d(f',F) < &, and d(f, ') < d(f, F) + d(F, ') < 2. Hence,
we need two different functions to approximate f and f’ with the desired
accuracy.

Similarly, if we have N different functions such that every two of them
are more than 2¢ apart, we will need N different approximating functions.
How many bits do we need to represent this information? If we use k bits,
then by using all 2¥ combinations of k£ 0’s and 1’s, we can represent 2F
different objects. Thus, to represent N different objects, we need at least
logy (V) bits. For a given class F of functions, the value of this logarithm for
the largest possible N is called an e-capacity of this class ([191], [186]). By
explicitly constructing the sets of functions with large N, researchers have
shown that the e-capacity of different classes of functions f(z1,...,z,) of
n variables grows at least exponentially (i.e., as ¢™) with the number of
inputs n (see, e.g., Chapter 10 of [191] or [175]).

Thus, in general, there is no way to approximate all the functions from
one of these classes without having to spend an unrealistic (exponential)
amount of memory just to store the approximating functions.

There is hope. At first glance, the impossibility to approximate an ar-
bitrary function by an appropriate fuzzy rule based model with a realistic
number of rules sounds like a negative result. But in many real-life situa-
tions, we do have successful fuzzy models and successful fuzzy controllers. It
is, therefore, desirable to formulate a reasonable class of function for which
an approximating fuzzy model with a few rules is possible.

An approximation with fewer rules was proposed, for 1-D case, in [189],
[190], and for a general case, in [174]: Whereas in the previous approxi-
mations, the number of rules increases when we need a better accuracy, in
this new approximation scheme, the number of rules remains fixed as the
accuracy increases, and in principle, we can get a precise description of the
original input-output function, not just an approximation. Moreover, if we
allow non-convex membership functions, then we can approximate an arbi-
trary function by using only two rules ([177], [192], [174], [193], [184]). The
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downside of these results is that while the standard approximation results
use, say, triangular membership functions that are easy to store and to pro-
cess, this new scheme uses special membership functions that, in essence,
code the desired input-output function. So, while we get fewer rules, we do
not automatically decrease the total amount of information that needs to
be stored.

An idea of actually decreasing this amount of information is described
in [180], [181], [182], [185], [176], [184]: it consists of building the rules
around the extrema of the input-output function. In these papers, it is
shown that if we fix the number of rules, then (under a certain reasonable
criterion) locating the membership functions around the extrema indeed
leads to the best approximation. Clustering, neural learning, and other
learning techniques can then be used to fine-tune the resulting rule bases.
An (empirically supported) conjecture is that if an input-output function
has few extrema, we will be able to approximate this function with much
fewer rules than in the general case.

In [183], another idea is proposed: The expert if-then rules, with which
the traditional fuzzy rule based modeling methodology starts, determine
the control u based on the current values of the inputs z1,...,%,. In real
life, when experts predict the output of a system, they use not only the
information about the current state of the modeled system (i.e., about the
inputs z1,...,%,), but also about the previous output: e.g., a rule can be
“if the inputs did not change much, the output will be almost the same
as before”. The corresponding expert if-then rules may, therefore, include
not only conditions on the current inputs z;(¢), but also conditions on
the previous value of the output u(t — 1). If we apply the standard fuzzy
rule based modeling methodology to these rules, we get an input-output
relation of the type u(t) = u(z1(t),...,zn(t),u(t — 1)). The possibility of
such a feedback can, often, drastically decrease the number of rules required
for an approximation with a given accuracy. The main drawback of feedback
systems is that the resulting controls are often unstable, so a special care
needs to be taken to guarantee the system’s stability.

That the hope (of finding reasonable classes of functions for which fewer
rules are sufficient) is realistic can be shown on the example of another ap-
proximation scheme: neural networks. The negative result formulated above
is not only about fuzzy rule based modeling approximations, it is applicable
to other means of approximation such as neural networks, wavelet, etc. For
neural network, this negative result shows that for some functions, we need
exponentially many neurons to approximate. However, in practice, often
reasonably few neurons are sufficient for a good approximation. Recently,
this empirical fact has been theoretically explained: a reasonable class of
functions has been described for which the necessary number of neurons
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remains quite feasible [178], [173], [187], [188].

6. FROM ALL FUZZY RULE BASED MODELING METHOD-
OLOGIES THAT ARE UNIVERSAL APPROXIMATION
TOOLS, WHICH METHODOLOGY SHOULD WE CHOOSE?

At first, there was hope that universal approximation results can
help to choose a fuzzy rule based modeling methodology. We have
already mentioned that the universal approximation property is an im-
portant feature of fuzzy rule based modeling methodology. In view of this
importance, when several different variants of this methodology were pro-
posed, variants that use different membership functions, different “and”
and “or” operations, and different defuzzification procedures, the hope was
that only few of these variants will have the universal approximation prop-
erty, and that this property will thus help us to select the appropriate
methodology.

For example, when Bart Kosko proved his first universal approximation
result, that a methodology based on + as aggregation (“or”) operation is a
universal approximation tool, and proved in a manner that essentially used
the properties of 4, he naturally conjectured that this result may show the
advantage of + over other aggregation rules (such as max).

It turned out that the universal approximation property itself is
not a good choice criterion; so, how can we choose? As we have seen
in the previous sections, most variants of the fuzzy rule based modeling
methodology have the universal approximation property. Thus, the very
fact that a variant possesses this property does not make it much better
than many other variants.

This does not mean, of course, that some variants are not better than
the others. Indeed, as we have mentioned, a fuzzy model is not always
perfect:

— it can have too many rules, making it computationally non-realistic;
or

— the resulting model can be not of very good quality (depending on
what we want from the model, it can mean not very smooth, or, in
control applications, not very stable, etc.)

So, out of all variants of fuzzy rule based modeling methodology that have
the universal approximation properties, it is natural to select the best vari-
ant, i.e., the variant for which:

— either the smallest number of rules is needed, on average, to approxi-
mate the given control with a given accuracy; or,
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— the resulting model is the best according to the chosen criterion (i.e.,
is the most smooth, or, in case of control, the resulting control is the
most stable, etc.).

In this section, we will briefly describe the situations in which the best
choice is known.

6.1. MAIN RESULTS. PART I. BEST APPROXIMATION

Choice of membership functions. The authors of [206], [207], compared
the quality of the approximation achieved by using different shapes of mem-
bership functions. Their numerical experiments have shown that in almost
all test situations, the best approximation if we use the “sinc” membership
function sin(z)/z.

The paper [199], contains a partial explanation of this result: namely, it
is proven that in linear approximation, the function sin(z)/z is indeed the
best (in some reasonable sense). It is desirable to extend this explanation
to the general (non-linear) case.

Choice of “and” and “or” operations. In [218], is is shown that the
choice of the product a - b as an “and” operation leads to a better approxi-
mation than the choice of the minimum min(a, b).

Choice of defuzzification. In [218], is is shown that the choice of the
centroid defuzzification leads to a better approximation than the Mean of
Mazimum defuzzification.

6.2. MAIN RESULTS. PART II. BEST MODEL

Choice of membership functions. The most robust membership func-
tions (i.e., the least sensitive to the inaccuracy of the input data) are
piecewise-linear ones [208], [210].

This result explains why the piecewise-linear membership functions are,
at present, most frequently used.

Choice of “and” and “or” operations. (These results are (mainly)
summarized in [203], [204], [208], [210], [217], [198].)

— If we are looking for the smoothest model, then the best choice is to
use fg(a,b) =a-band fy(a,b) = min(a,b) [203], [204], [217].

— If we are looking for the model that is most robust (i.e., least sensitive
to the inaccuracy with which we measure the membership functions),
then, depending on what exactly we are looking for, we can get two
different results:
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e if we are looking for the model that is the most robust in the the
worst case, then the best choice is to use fg(a,b) = min(a,b) and
fv(a,b) = max(a,b) [209], [211], [208], [210], [213];

e if we are looking for the model that is the most robust in the
average, then the best choice is to use fg (a,b) = a-band f\(a,b) =
a+b—a-b[212], [208], [210], [213];

e instead of minimizing the average error, we can try to minimize
the corresponding entropy [214], [215], [216], [201], [202], [200]:

* if we use the average entropy (in some reasonable sense), we
get the same pair of optimal functions as for average error;

x for an appropriately defined worst-case entropy the optimal

operations are fg(a,b) = min(a,b) and fy(a,b) = a+b—a-b.

— If we are looking for the model that is the fastest to compute, then

the best choice is to use fg(a,b) = min(a,b) and fy(a,b) = max(a,b)
[205].

— Finally, if, in control applications, we are looking for the most stable

control for a given system, then the best choice is to use fg(a,b) =
min(a, b) and fy(a,b) =a+ b—a-b [203], [204], [217], [202].

Choice of defuzzification. In [203], [204], [202], [200], we show that the
optimal defuzzification is given by the centroid formula.

Comment. These optimization results are in good accordance with the gen-
eral group-theoretic approach that enables us to classify techniques that are
optimal relative to arbitrary reasonable criteria [203], [204], [217], [198].

7. A NATURAL NEXT QUESTION: WHEN SHOULD WE
CHOOSE FUZZY RULE BASED MODELING IN THE FIRST
PLACE? AND WHEN IS, SAY, NEURAL MODELING BET-
TER?

In the previous section, we mentioned that initially, there was hope that
only a few variants of the fuzzy rule based modeling methodology would
have a universal approximation property and that therefore, this property
would be help us select the right variants. Alas, it turns out that most
of the variants are universal approximation tools, and thus, we still face
the problem of how to choose the best variant. In the previous section, we
showed how this problem (of choosing the best fuzzy rule based modeling
methodology) can be solved.

Within the scope of this book, it is natural to restrict ourselves to the
fuzzy rule based modeling methodology. However, from the practical view-
point, there is no reason why we should restrict ourselves to this method-
ology only and not consider other intelligent modeling methodologies that
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are also known to be universal approximation tools. If we do consider these
other methodologies, then we face a similar question: which of the intel-
ligent modeling methodologies should we choose? Fuzzy? neural? or some
new (yet to be developed) methodology?

There are two ways to compare these two intelligent modeling method-
ologies:

— First, we can compare the time and effort that it takes to generate the
output of a model.
— Second, we can compare the quality of the resulting model.

For the first way, the answer is easy: neural networks, usually, require lots
of time to tune, while fuzzy rule based methodology immediately leads to
a reasonable model. So, from the viewpoint of time and effort necessary to
generate a model, fuzzy rule based modeling wins hands down.

If, however, we want to compare the quality of the resulting models, then
the comparison is not so straightforward. The answer depends on which
of three quality criteria we use for comparison: smoothness, computational
simplicity, or (for control applications) stability. Let us analyze this problem
for these three criteria.

7.1. SMOOTHNESS AND STABILITY

Smoothness is the easiest to analyze:

— For each neuron, the dependency on the output y on the inputs
Z1,..., T, described by the formula y = so(w1 -1 + ... +wy - T —wp)
with a smooth function so(z) = 1/(1+exp(—=z)). Thus, the dependence
between the inputs and the output is smooth. The transformation from
the sensor inputs z1,...,z, into the output value u that is performed
by a neural network is a composition of (smooth) transformations per-
formed by individual neurons, and is, therefore, smooth. Hence, the
model generated by a neural network is always smooth.

— The model generated by fuzzy rule based methodology is a composition
of the membership functions, “and” and “or” operations, and of the
defuzzification procedure. The membership functions used in fuzzy rule
based modeling are often non-smooth (e.g., triangular); often, non-
smooth “and” and “or” operations are also used, such as min for “and”
and max for “or”. As a result, the model @(x1,...,u,) generated by
the fuzzy rule based methodology is often non-smooth.

We have shown (in the above text) how we can gain some smoothness
by using smooth membership functions and smooth “and” and “or”
operations, but typically, the resulting model is not infinitely differen-
tiable, and thus, the neural network model is smoother.
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Thus, we can conclude that the neural network modeling leads to a
smoother model.

This analysis of smoothness can help us to analyze stability of control
applications. We have already mentioned that, crudely speaking, stability
and smoothness are opposites: the maximally stable control is the least
smooth, and vice versa. If we take into consideration that the more stable
the control, the less smooth it is, we can then also conclude that the neural
network control is the least stable one.

7.2. COMPUTATIONAL COMPLEXITY

Often, a model must allow fast output computations. One of the
main objectives of modeling is to predict how a modeled system will evolve
and how it will react to different changes in the environment. In many real-
life applications of modeling (e.g., in many control applications) the system
evolves pretty fast, so we need the modeling results fast. In other words, we
must be able, given the values z1,. .., z, of the input variables, to compute
the system’s simulated output w in the shortest possible time.

The model’s output depends on the values of the system’s inputs. So, to
get a high quality model, we must take into consideration as many param-
eters that affect the actual system’s output as possible. The more inputs
we take into consideration, the more numbers we have to process, so, the
more computation steps we must perform. So, in many real-life problems,
high-quality modeling is a real-time computation problem with a serious
time pressure.

Parallel computing is an answer. A natural way to increase the speed

of the computations is to perform computations in parallel on several pro-

cessors. To make the computations really fast, we must divide the algorithm

into parallelizable steps, each of which requires a small amount of time.
What are these steps?

The fewer variables, the faster. As we have already mentioned, the
main reason why modeling algorithms are computationally complicated is
that we must process many inputs. For example, modeling or controlling a
car is easier than controlling a plane, because the plane (as a 3-D object)
has more characteristics to take care of, more characteristics to measure
and hence, more characteristics to process. Modeling or controlling a space
shuttle, especially during the lift-off and landing, is even a more compli-
cated task, usually performed by several groups of people who control the
trajectory, temperature, rotation, etc. In short, the more numbers we need
to process, the more complicated the algorithm. Therefore, if we want to
decompose our algorithm into fastest possible modules, we must make each
module to process as few numbers as possible.
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Functions of one variable are not sufficient. Ideally, we should only
use the modules that compute functions of one variable. However, if we
only have functions of one variables (i.e., procedures with one input and
one output), then, no matter how we combine them, we will always end
up with functions of one variable. Since our ultimate goal is to compute
the modeling function u = f(z1,...,z,) that depends on many variables
T1,...,Iy, we must therefore enable our processors to compute at least one
function of two variables.

What functions of two variables should we choose?

Choosing functions of two variables. Inside the computer, each func-
tion is represented as a sequence of hardware implemented operations. The
fastest functions are those that are computed by a single hardware opera-
tion. The basic hardware supported operations are: arithmetic operations
a+b,a—b, a-b, a/b, and min(a, b) and max(a,b). The time required for each
operation, crudely speaking, corresponds to the number of bits operations
that have to be performed:

e Division is done by successive multiplication, comparison and subtrac-
tion (basically, in the same way as we do it manually), so, it is a much
slower operation than —.

e Multiplication is implemented as a sequence of additions (again, basi-
cally in the same manner as we do it manually), so it is much slower
than +.

e — and + are usually implemented in the same way. To add two n-bit
binary numbers, we need n bit additions, and also potentially, n bit
additions for carries. Totally, we need about 2n bit operations.

e Computing the minimum min(a, b) of two n-bit binary numbers a and
b can be done in n binary operations: we compare the bits from the
highest to the lowest, and as soon as they differ, the number that has 0
as opposed to 1 is the desired minimum: e.g., the minimum of 0.10101
and 0.10011 is 0.10011, because in the third bit, this number has 0 as
opposed to 1.

e Similarly, max(a,b) is an n-bit operation.

So, the fastest possible functions of two variables are min and max. Similarly
fast is computing the minimum and maximum of several (more than two)
real numbers. Therefore, we will choose these functions for our modeling-
oriented computer.

Summarizing the above-given analysis, we can conclude that our com-
puter will contain modules of two type:

— modules that compute functions of one variable;
— modules that compute min and max of two or several numbers.
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How to combine these modules? We want to combine these modules in
such a way that the resulting computations are as fast as possible. How can
we estimate the computation time? This time is combined from the times
of modules on different layers. In principle, different elementary modules
take somewhat different time to perform: e.g., minimum is usually com-
puted faster than, say, a square of a number. However, in most computers,
all directly hardware supported operations usually take approximately the
same time (the largest difference is in the order of 4). Therefore, to get an
order-of-magnitude approximation of the computation time, we can assume
that all elementary modules require the same computation time.

In this first, crude approximation, the total time required for an algo-
rithm to be performed on a parallel machine is proportional to the number
of sequential steps that it takes. We can describe this number of steps in
clear geometric terms:

— at the beginning, the input numbers are processed by some processors;
these processors form the first layer of computations;

the results of this processing may then go into different processors,
that form the second layer;

— the results of the second layer of processing go into the third layer,

— etc.

In these terms, the fewer layers the computer has, the faster it is:

— functions that can be computed by a single-layer computer require the
smallest possible computation time, namely, the time At which is equal
to the computation time of each processing module;

— functions which can be compare by 2-layer computers (with layers
counsisting of the above-described standard modules) require the com-
putation time 2 - At;

— functions which can be compare by 3-layer computers (with layers
consisting of the above-described standard modules) require the com-
putation time 3 - At, etc.

So, in the above-described first approximation, looking for the fastest model
means looking for a combination of processors into the smallest possible
number of layers.

First result: in the first approximation, fuzzy rule based method-
ology is the fastest [220]. It turns out that if we restrict ourselves to
computers with one or two layers, then there exist functions that cannot be
approximated. Actually, these non-approximable functions are not exotic
at all: e.g. the function f(z1,72) = z1 + z2 on the domain [—1,1]? cannot
be approximated by 2-layer computers even with accuracy € = 0.4.

For three layers, we already get a universal approximation tool. The cor-
responding universal approximation result shows that for every real num-
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bers T > 0 and ¢ > 0, and for every continuous function f : [-T,T]" — R,
there exists a function f that is e-close to f on [T, T]" and that is com-
putable on a 3-layer computer, or, more precisely, a function f of the type
max(Ai,...,Ag), where A; = min(fj1(z1),..., fin(zn))-
These functions can be explicitly described as the results of applying
fuzzy rule based modeling methodology: Indeed, let us define
U=l | fji(@a)l,
and
i) = fiilzi) — (-U)
U-—(-U)
Let us now assume that the experts’ rules base consists of exactly two rules:
e “if one of the conditions C is true, then u = U”;
o “else, u = -U",
where each condition C; means that the following n conditions are satisfied:
e z; satisfies the property Cj; (described by a membership function

pi1(71));
e 15 satisfies the property Cjo (described by a membership function

pj2(z2));
o ...
e z,, satisfies the property Cj, (described by a membership function
jn(Tn))-
In logical terms, the condition C for v = U has the form

(Cll& ... &Cln) V...V (Ckl& e &Ckn)

If we use min for &, and max for V (these are the simplest choices in intel-
ligent modeling methodology), then the degree uc with which we believe
in a condition C = C; V...V C} can be expressed as:

po = maxmin(pa1 (1), - .. Bn), - - - MIN(pg1, - - -, fhgn)]-

Correspondingly, the truth value of a condition for u = —U is 1 — puc.
According to fuzzy rule based modeling methodology, we must use a de-
fuzzification to determine the actual output, which in this case leads to the

choice of

g Yot (ZU)-(1 - pc)

pe + (1 —pe)
Because of our choice of pj;, one can easily see that this expres-
sion coincides exactly with the function max(Aj,...,A;), where A4; =
min(fj1(z1),- .., fin(zn)). So, we get exactly the expressions that stem from
the fuzzy rule based modeling methodology.
Let us summarize our logic:
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— we are interested in the modeling methodologies that allow the fastest
possible computations of the output u from the given inputs z1,. .., z,;

— the fastest computations are on a parallel computer with simple mod-
ules (which are explicitly described in the text);

— in the first approximation, each of the standard modules requires ex-
actly the same computation time;

— in this approximation, the time to perform an algorithm is exactly
proportional to the number of layers; so, minimizing computation time
means exactly minimizing the total number of layers;

— it turns out that parallel computers with 1 or 2 layers are not enough to
get the universal approximation property, and that 3 layers are already

enough;

— we also show that functions u(z1,...,z,) computed by 3-layer com-
puters are exactly the ones produced by the fuzzy rule based modeling
methodology.

So (in the above approximation), for modeling problems, the fastest pos-
sible universal computation scheme corresponds to using fuzzy rule based
modeling methodology.

Second result: neural network modeling methodology is the
fastest. We have considered digital parallel computers. If we use analog
processors instead, then min and max stop being the simplest functions.
Instead, the sum is the simplest: if we just join the two wires together, then
the resulting current is equal to the sum of the two input currents.

In this case, if we use a sum (and more general, linear combination)
instead of min and max, 3—layer computers are also universal approximation
tools; the corresponding computers correspond to neural networks (see, e.g.,
[219]).

7.3. CONCLUSIONS

The analysis given above leads us to the following qualitative conclusion:

— If our main objective is to design a model as fast as possible, then we
should use fuzzy rule based modeling.

— If our main objective is smoothness of a model, then neural network
modeling is preferable.

— If our main objective is computational simplicity, then:

o for software implementations, fuzzy rule based modeling is better;
and

e for hardware implementations, neural network modeling is better.

— In control applications, if our main objective is stability of the resulting
control, then fuzzy rule based modeling is preferable.
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Caution: These conclusions are based on comparing the potentials of these
two methods, without taking into consideration the imperfection of their
implementations. Therefore, these conclusions should be taken as “fuzzy”
guidelines rather than “crisp” preferences.

For example, the fact that fuzzy rule based modeling has a better poten-
tial in achieving stability than neural network modeling does not necessarily
mean that the use of the actual fuzzy controller will always lead to more
stability than the use of the actual neural network controller.

7.4. COLLABORATE, NOT COMPETE

We have just seen that each of the two intelligent modeling methodologies
(fuzzy rule based modeling and neural network modeling) has its own ad-
vantages. It is therefore desirable to combine these two methodologies into
a single methodology that would use the advantages of both.

Depending on which of the methodologies we start with, we end up with
two possible ways of combining these two methodologies:

— we can start with fuzzy rule based modeling methodology, and use a
neural network to tune the rules and their parameters; such combined
systems, called neural fuzzy models, have been described above;

— we can also start with the neural networks; then, the fuzzy inputs and
fuzzy tuning rules will enhance the modeling capability of conventional
neural networks.

These combined systems are a path to follow.
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