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Case study: inspection of surface mounted devices. Modern electronics
manufacturing requires fast and efficient production. As a result, the assembly
of printed circuit boards (PCB) with surface mounted devices (SMD) is usually
This manufacturing and assembly process is usually at the
edge of the current manufacturing abilities, with a reasonable amount of PCB
produced with defects. Therefore, it is extremely important to inspect and test

done by robots.
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Abstract

In computer and electronic manufacturing, it is very important to be
able to automatically check whether the surface mounted devices (SMD)
are correctly placed on the printed circuit boards. The inspection of these
boards has to be done on a shop floor, where statistical characteristics of
the noise vary so much that, in essence, we only have interval estimates
for this noise.

We show that under this interval uncertainty, the optimal image pro-
cessing technique consists of using Haar wavelets. Wavelets indeed lead
to much better results than previously used Fourier transform techniques.

On a more fundamental level, our result is a step towards solving
an important problem related to wavelets: that wavelet transforms often
empirically work much better than other methods, but there are very
few theoretical explanations of this efficiency. Our results shows that,
probably, such a theoretical explanation can be obtained if we take interval
uncertainty into consideration.

Introduction to the problem

the devices in order to weed out the defective ones.



Most SMD devices are so small that it is very difficult and very time-
consuming for a human inspector to check whether the device is mounted at
all, and whether it is mounted correctly. This problem is further complicated
by the fact that many PCB have hundreds of SMD. Therefore, we need an au-
tomatic inspection. For that, we take a photo of the board, and we process the
resulting image; see, e.g., [13, 4, 6, 7] and references therein.

It is necessary to compress the image. The image that we need to process
is a photo. The camera produces an array of electronic signals f(z) that describe
the brightnesses f(z) at different pixels z. The values f(x) corresponding to
different pixels = are fed into the computer.

In the manufacturing environment, we need to process lots of images, and
for each image, we need to process all these values fast, ideally, on a reasonably
cheap PC-type computer. If we were to apply complicated processing techniques
to all the pixel values, this would require lots of computer processing time: a
good image consists of about 1 million pixels, and even the most crude images
that we have been processing still consist of 53 x27 ~ 1,400 pixels. It is therefore
desirable to compress this data to a few numbers, and then base our decisions
on the compressed data only.

How can we compress the image? How is data compressed in general? For
example, how do physicists represent a dependency y = f(x) between the two
quantities?

Usually, this dependency is smooth (and even analytical), and therefore, the
corresponding function f(z) can be represented (at least for small x) as a sum
of its Taylor series:

F(z) = f(0) + F/(0) -z + %-f”(o) DR

Since measurements are usually imprecise, we do not need all these terms to
represent the measurement results; it is sufficient to take only a few first terms
in this expansion:

e To describe the most crude measurements, it may be possible to keep only
the first (constant) term and take f(z) = ¢; for some constant c;.

e To describe better measurements, we may need linear terms as well. In
other words, we take f(z) =~ ¢; + ¢o - « and use the coefficients ¢; and ¢y
to make decisions about the analyzed dependence.

e To get an even better approximation, we may want to retain quadratic
terms as well, and take f(z) ~ c; + co -1 + c3 - 22, ete.

In this case, we start with a basis consisting of the functions e; (z) = 1, es(x) =
z, e3(x) = 22, etc., a basis in which every function (at least every function that
is smooth enough) can be represented as an infinite series

f@=c-e(z)+ea-ea(x)+...+ep-ep(x)+..., (1)



and then we take several first coefficients cq,...,cn as the desired compressed
representation of the function f(z).

In most physical cases, the monomials 1, z, 22, etc., form a physically rea-
sonable basis; in other cases, sines or other functions may be a better first
approximation than linear or quadratic ones. But in general, the idea of us-
ing the first few coefficients of the expansion seems to be a reasonable data
compression method.

This approach is used in imaging as well. In this paper, therefore, we will
consider data compression methods based on this idea.

It is important to mention that in imaging problems, usually, the image is
2-dimensional. The corresponding function f(x) is a function of two variables
(i.e., z = (x1,x2)), and therefore, we must consider infinite series (1) in which
the basis functions e;(z) = e;(x1, x2) are also functions of two variables.

Comments.

e From the mathematical viewpoint, this compression of a function f(x) is
the same as taking a projection of this function f(x) onto a suitable finite-
dimensional function space, a space that is defined by finitely many basis
elements.

e In real life, observations are limited to a bounded 1D or 2D area. There-
fore, from the mathematical viewpoint, these images are represented by
functions defined on an interval (in a 1D case) or on a bounded area (in
2D case), i.e., functions that are equal to 0 outside this area. Some im-
age processing methods only use functions defined on this same interval
(bounded area); however, there are many other image efficient processing
techniques, e.g., methods based on Fourier transform, that use functions
different from 0 outside this interval (bounded area) as well. In view of
this possibility, we will not restrict ourselves a priori only to functions
that are equal to 0 outside the given area. (Not surprisingly, however,
this restriction will automatically appear when we find the optimal image
processing technique for our problem.)

It is reasonable to use orthonormal bases. Some of the known bases (e.g.,
sines and cosines) are orthonormal in the sense that

/ei(a:) -e;j(z)dr =0 when ¢ # j; (2)
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/ez(x) dx =1 for all i. (3)

In principle, a physical basis need not be orthonormal; e.g., the monomials do
not have this property. However, it is always possible to transform each basis
{e1(x),e2(x),...} of functions into a new orthonormal basis {&;(z), €2(x),...}:



in essence, this transformation can be performed by using the known orthonor-
malization procedure:
e1(z) = g1 - e1(x);
e2(x) = go1 - e1(x) + go2 - e2(x);
etc., for appropriate coefficients g;;; e.g., g11 = 1/4/ [ €3 (y) dy.

Comment. To be more precise, there may be problems with this procedure for
an infinite-dimensional function space, but when we represent data inside the
computer, we always restrict the number N of coefficients that we can store;
thus, in effect, we always consider a finite-dimensional space of functions of the
type ¢1 - e1(z) + ...+ cn - ex(x). For bases in such finite-dimensional spaces,
the above procedure works perfectly well.

When we move to an orthonormal base, we, in general, do not seem to lose
anything, and we do not change the actual compression: indeed, for all N, the
class of all functions of the type ¢ - e1(z) + ... + en - en(z) is exactly the
same as the class of all functions of the type ¢1 - €;1(x) + ...+ cn - en(z). On
the other hand, we do gain in computation time when we turn to orthonormal
bases (and computational time is what we try to minimize in the first place):
Indeed, for orthonormal bases, the computation of the coefficients becomes much
computationally simpler than for the general bases:

¢ = / f(y) - &(y)dy. (4)

In view of this important advantage of orthonormal bases (and also in view of
the absence of any disadvantages), it makes perfect sense to use such bases.

In the following text, we will therefore assume that the basis e;(z) is or-
thonormal, i.e., that the conditions (2)—(3) are satisfied.

Comment. The fact that by an orthonormalization, we do not seem to lose
anything in general does not mean that in specific cases, using non-orthonormal
bases is always worse than using their orthonormalizations. Sometimes the
original functions e;(x) are easy-to-compute, while the functions €;(x) from the
orthonormalized basis require more computations.

In this case, i.e., when the orthonormal basis is computationally complicated,
it may be better to go back to the original non-orthonormal basis. By going
back to that original basis:

e we lose some computation time on computing the coefficients, but
e we also gain computation time on computing the values of the basis func-
tions.

This going back has indeed been shown to be very beneficial in different areas
of data processing, including image processing (see, e.g., the success of a special
non-orthonormal basis called bi-orthogonal wavelets, [12], Section 4.7).

So:



e Jf the orthonormal basis turns out to be computationally complicated, it
makes sense to consider possible non-orthonormal alternatives.

e In our problem, however, we will see that the optimal orthonormal basis
consists of the functions that are extremely simple to compute. Therefore,
for our problem, there seems to be no reason to consider non-orthonormal
bases.

Taking measurement errors into consideration. Brightness values are
measured with a non-negligible inaccuracy. In general, in image processing, we
use statistical methods of processing data that are based on the assumption
that we know the probabilities of different imaging errors. It is often possible to
collect these probabilities: we measure the frequencies of different errors and we
see that as the number of experiments grow, these frequencies tend to a certain
limit which is the desired probability.

However, in our case, we are dealing with images taken on the shop floor.
The situation on the shop floor changes so frequently and so unpredictably
that there are no stable frequencies of errors. Therefore, we do not know the
probabilities of different value of noise; the only information that we have about
the noise is the upper bound A on its value: For every point z, the difference
Af(z) = f(z) — f(z) between the actual (unknown) brightness f(z) and its

measured value f(z) is bounded by A:
|Af(z)] < A.

In other words, after measuring brightness, we only know, for each point x, the
interval [f(xz)— A, f(x)+ A] of possible values of brightness f(z) at this point x.

This measurement inaccuracy leads to inaccuracy in the coefficients ¢;, i.e.,
to the difference Ac; = ¢; — ¢; between the ideal values (4) of these coefficients
(the values that we would have gotten if we had the ideal image) and the actually

computed values
&= [ ) el i 5)

If this inaccuracy is huge, then the resulting values of the coefficients ¢; are very
unreliable and cannot be used to make any conclusions about the actual image.
So, we must make this difference as small as possible.

How can we express this idea numerically? If we reconstruct the image from
the compressed data, we get the following formula:

free(®) = My (x) + ... + My (2),

where we denoted



If we used the precise image instead, we would have gotten a similar (but more
accurate) representation

frec(®) =my(z) + ... + my(z),

where we denoted
mi(x) = ¢ - e;(x). (7)

It makes sense, therefore, to estimate the relative quality of choosing a function
e;(x) as the largest possible value of the difference

Am;(x) = my(x) — my(z). (8)

So, we arrive at the following definitions.

2 Mathematical formulation of the problem

Let X be a space with a measure u (e.g., a line R or a plane R? equipped
with a standard (Lebesgue) measure p). We will consider real-valued functions
f : X — R that are defined on the entire space X (in other words, we consider
point-wise defined function).

As usual, we say that a function f : X — R is square integrable if it is
measurable with respect to measure p and if the integral of its square is finite,
ie, [ f(z)?dz < 4+o0.

Comment. To prevent possible misunderstanding, we want to emphasize the
following.

The set of all square integrable functions is closely related to the well-known
function space L?(X): namely, L?(X) is formed by equivalence classes of square
integrable functions with respect to equivalent relation f ~ ¢ if and only if
f(z) = g(x) for almost all x € X (i.e., for all x € X except maybe for a set of
measure 0). Usually, people speak interchangingly about the pointwise defined
functions and the corresponding equivalent classes from L2, and it causes no
confusion as long as we talk about the properties that change a function to an
equivalent one.

Some of the properties in which we are interested are just like that: e.g.,
the property that two functions fi(z) and fo(z) are orthogonal to each other
(J fi(z) - fa(x) dz = 0) does not change if we replace fi(z) and fo(x) by equiv-
alent functions g1 ~ f1 and go ~ fs.

However, other characteristics in which we are interested, such as the supre-
mum sup f(z) of the function, may change drastically if we replace the original
function f by an equivalent function g ~ f. In this case, it is important to
consider pointwise defined functions rather than their equivalent classes (i.e.,
elements of L?(X)).!

1We are thankful to the anonymous referee who attracted our attention to this important
potential source of confusion.



By an orthonormal basis, we mean a sequence of square integrable func-
tions e; : X — R that satisfy the properties (2)—(3), and which generates the
entire space L?(X) (i.e., for which every function from the set L?(X) can be
represented as a L2-limit of linear combinations of functions from this basis).

Definition 1. By a compression scheme, we mean a pair ({e1(x), ea(x), ...}, N),
in which:

e {ei(x),ez(x),...} is an orthonormal basis, and
e N is an integer.

Definition 2. Let ({e;(x)}, N) be a compression scheme, and let A > 0 be a
positive real number. This number A will be called measurement inaccuracy.
By the reconstruction inaccuracy q; of i-th term of this basis e;(x), we mean the
largest possible value ¢; of the difference |Am;(x)|:

q; = sup  |Am;(z)],
z,f(z),Af(2)
where Am;(z) is determined by the formulas (4)— (8) with f(z) = f(z)—Af(z),
and supremum is taken over:

e all points z € X,
e all square integrable functions f,

e all square integrable functions Af for which |Af(z)| < A for all x € X.

Comment. In general, the supremum (least upper bound) if defined for an
arbitrary set of real numbers; for some sets (e.g., for the entire set of real
numbers R) it can be infinite. Therefore, the supremum ¢; of all the values
|Am;(z)| for all possible z € X, and f and Af as described in Definition 2
is defined for all possible compression schemes; for some compression schemes,
this supremum is finite; for some other schemes, it may be infinite.

Our goal is to find, for each N, the basis for which the reconstruction in-
accuracy is the smallest possible. We want to minimize N different numbers
q1,---,qn- In general, if we minimize one objective function, it is difficult
to expect that any other objective function will be simultaneously minimized.
However, in our case, we are lucky: for the cases of X = R and X = R? that cor-
respond to imaging, there is a basis for which all the reconstruction inaccuracies
q; take the smallest possible value.

Comment. As we have mentioned, for some compression schemes, some of the
values ¢; can be infinite. Since we are looking for a compression scheme with
the smallest possible values of ¢;, we, thus, are interested in the compression
schemes for which all the reconstruction inaccuracies g; are finite.



Definition 3. Let ¢(z) be a function that is equal to 1 for 0 < x < 1 and to 0
otherwise. Then, the function w(z) = ¢(2-x) — (2 -z — 1) is equal:

e tolfor0<axz<1/2
o to—1forl/2 <z <1, and
e to O for all other x.

By a 1D Haar basis, we mean the basis that consists of the function ¢(x) and of
the functions w;x(x) = 27/2 - w(27 - & — k), where j and k are arbitrary integers.

Comments. In general, if we have a function w(x) that tends to 0 as |z| — oo,
and for which the functions w(2’ - z — k) are orthogonal to each other, so that
after normalization, we get an orthonormal basis ¢y, - w(2? - — k), then this
basis is called an (orthonormal) wavelet basis. We need to add one or several
additional functions ¢, (x) (their number and type differ for different functions
w(z)) to it to make it a (complete) basis for the entire space L?(R); see, e.g.,
(2, 8, 12, 15].

The reason why we need an extra function (or functions) ¢4(z) can be easily
illustrated on the example of the Haar wavelet basis: as one can easily show,
for the corresponding function w(z) (from Definition 3), we have [ w(z)dz =0
and therefore f wjk(x)dr = 0 for all j and k. Hence, for an arbitrary linear
combination f(z) =Y aji - w;r(z) of these functions, we also have [ f(z)dz =
0. This means, in particular, that we cannot represent a function f(z) with
[ f(z)dx # 0 as the desired linear combination, i.e., that the functions wj(x)
do not form a complete basis. It turns out that this basis can be completed if
we add the function ¢(z) as described in Definition 3 (see, e.g., [12], Sections
2.2. and 2.10).

Definition 4. By a 2D Haar basis, we mean the basis consisting of the functions
fij(x1,22) = ei(x1) - ej(x2), where e; and e; are functions from the 1D Haar
basis.

THEOREM. For every i, the imaging inaccuracy of the Haar wavelet basis is
the smallest possible.

Comments.
e The proof of this theorem is given in the following section.

e For SMD, wavelets, in particular, Haar wavelets, indeed lead to much
better results than more traditional Fourier transform techniques [9, 10,
6,1, 7).

e On a more fundamental level, our result is a step towards solving the
following important problem related to wavelets:



— wavelet transforms often empirically work much better than other
methods, but

— there are very few theoretical explanations of this efficiency.

Our result shows that, at least on some cases, such a theoretical explana-
tion can be obtained if we take interval uncertainty into consideration.

e A related problem is: Which wavelet is the best? This problem is raised,
e.g., in [12].

— In [11] and [3], this problem is analyzed under the assumption that
the measurement errors are random, Gaussian, and independent. In
this case, the best approximation corresponds to minimizing the sum
of the squares of these errors. Special wavelets are presented that
minimize this sum.

— In our paper, we consider a similar problem, but under the assump-
tion that the measurement errors belong to the corresponding inter-
vals. The optimization of the corresponding worst-case error leads to
Haar wavelets.

3 Proof

1. Let us first show that for an arbitrary basis {e;(x),e2(x),...}, we have

=A. Suplez /\ez ) dy.

Indeed, for each function f(z), we have

Amz( mz(x) mz(x> =G el ) — G e’b(x) =

@[ 10— Tt

ei(x) - / ei(y) - Af(y)dy

Hence, |Am;(z)| = 1] - |e;(x)|, where we denoted I = [e;(y) - Af(y) dy. Since
the function |Am,(x)| is proportional to |e;(x)|, the supremum of |Am;(x)]| is
proportional to the supremum of |e;(z)], i.e.,

sup [Am;(z)| = |I] - sup [e;(z)].
The larger ||, the larger sup,, |Am;(x). Therefore, the supremum g; of the value
sup,, |Am;(z)| is equal to

qi = sup |Am;(z)| =sup|I|-sup |e;(x)],
z,f,Af Af z



where the supremum of |I] is taken over all square integrable functions Af for
which |Af(z)| < A for all z € X. So, to compute ¢;, we must compute the
supremum of |I|.

To compute this supremum, let us first find the upper estimate for |I|. Since
I=[e(y) - Af(y)dy, we would like to use the inequality

)= \ [ew-asw) dy| < [l S5y

However, this inequality only holds when its right-hand side is defined. Both
functions e;(y) and Af(y) are square integrable and therefore, measurable.
Therefore, their product e;(y) - Af(y) is also a measurable function, and hence,
so is the absolute value |e;(y) - Af(y)| of this product. This absolute value is,
therefore, a non-negative measurable function, and it is known that every such
function has an integral (although this integral may be infinite). Thus, we can
use the above inequality.
Similarly, we conclude that

)= ‘ [ew as) dy‘ < [leit) 85y <

[ty = [ ety

(The existence of the integral [ |e;(y)|dy also follows from the fact that |e;(y)]
is a non-negative measurable function; in general, this integral can be infinite.)

On the other hand, for arbitrary B, we can take Af(y) = A -sign(e;(y)) for
ly| < B and Af(y) = 0 otherwise. For this choice of Af(y), we have

I= / W) Af@dy=A- [ |ey)ldy.

ly|<B

The larger B, the closer this value to A - [ |e;(y)| dy; in more precise terms,

/Iei(y)\ dy = sup /y|gB lei(y)] dy.

Therefore, the supremum of possible values of |I| is indeed A - [ |e;(y)| dy, and
therefore, the supremum value g; of values |[Am;(z)| is indeed equal to

A sup ei(@)] / lea(y)] d.

The formula is proven.
2. Let us now show that for an arbitrary basis, we have ¢; > A.
Indeed, clearly, for all y,

suples(@)] = e ).
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Therefore,

% —suplei(o)] - [ lestw)ldy =

_ / supes(o)| - es(y)l dy / le:(w)] - lex(w)] dy.

Since {e;(z)} is an orthonormal basis, the right-hand side is equal to 1 and
therefore, ¢;/A > 1 and ¢; > A.

Comment. In essence, in this part of the proof, we are proving and using,
for f(z) = e;(z), the known Holder’s inequality ||f||3. < [|f|lrr - [[f]lL (see,

e.g., [5]), where ||fllz2 = \/[[f(2)Pdx, |fller = [|f(z)|dz, and [|f]L~ =
sup{[f(z)|}-

3. To complete the proof, we must show that for Haar basis, ¢; = A.

Indeed, for each of the functions from this basis, there exists a non-zero real
number C such that for every x, either e;(x) =0, or |e;(z)| = C. Therefore,

& —swlea)l [lewldy=c [latldy= [ € leit) v

We know that for every y, either e;(y) = 0, or |e;(y)| = C. Therefore:
e When ¢;(y) = 0, we have C - |e;(y)] = 0 = €2(y).
o When [e;(y)| = C, then C - [e;(y)| = €} (y).

In both cases, C - |e;(y)| = |ei(y)|* and therefore, ¢;/A = [C - |e;(y)|dy =
[ lei(y)|? dy. Since {e;(y)} is an orthonormal basis, we have ¢;/A = 1 and
¢ = A.

Comment. In essence, we have shown that the functions e;(z) from the Haar
basis satisfy the equality [le;||2. = ||les||z1 - [|es | poe-

The statement is proven, and so is the theorem.
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