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On August 12, 1997, Alexander Danilovich Alexandrov, the well-known ge-
ometer, a member of the Russian Academy of Sciences and of several foreign
academies, will turn 85.

A. D. Alexandrov’s seminal research papers cover areas ranging from quan-
tum mechanics to geometry to philosophy of science. In particular, his inno-
vative approach to foundations of space-time geometry is directly related to
intervals and interval computations. In this short text, we will briefly describe
his interval-related results.

Before Alexandrov: 1-dimensional intervals that correspond to mea-
suring time. Let us first describe a non-relativistic situation. In non-
relativistic (Newtonian) physics, every event is characterized by a single number
t (its moment of time). An event with a larger value of t occurs after the event
with a smaller value of time. (In this sense, in Newtonian physics, temporal
order is 1-dimensional.)

Measurement inaccuracies make this simple picture a little bit more com-
plicated. Indeed, measurement is never 100% accurate, there is usually some
uncertainty associated with it. As a result, if, e.g., we measure time, we do
not get the exact actual value t of the time. Instead, we get an approximate
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measurement result t̃, based on which, we can determine the interval t = [t, t]
of possible values of t, where t = t̃−∆, t = t̃ + ∆, and ∆ is an upper bound on
the measurement error (this upper bound is usually given by a manufacturer of
the time measuring instrument).

From the physical viewpoint, the interval means that the event, whose time
we are measuring, occured after the moment t and before the moment t. In
other words, we have two events that bound the event in whose timing we are
interested.

As a result, to describe the actual information about the events, we must
use intervals t instead of numbers t.

Comments.

• In some cases, in addition to an interval, we also know the probabilities
of different values on this interval, but often, the interval is all we know.

• The use of intervals to describe measurement of time was suggested by
Norbert Wiener [10], who later became famous as the founder of cyber-
netics. Wiener’s paper was one of the first uses of intervals in measurement
theory.

• In 1-dimensional case, simply knowing which of the intervals are after and
which are before is not enough. We need an additional structure, such as:

– addition t → t + t0 that corresponds to the change in the starting
point for measuring time;

– multiplication t → λ · t, that corresponds to replacing the old time
unit by a new unit that is λ times smaller, etc.

Since these operations are usually defined on moments of time, there ar-
rives a necessity to extend these operations to intervals, i.e., to use interval
computations.

Relativistic case. To fully characterize an event, we need to describe not only
its moment of time t, but also its location ~x = (x1, x2, x3).

• In Newtonian mechanics, there is no limit on the communication speed,
so, no matter how far away the two locations ~x and ~x′ are, the event
e = (t, ~x) that occured before the event e′ = (t′, ~x′) (t < t′) can, in
principle, influence e′.

• In special relativity, the speed of every communication, every influence is
bounded by the speed of light c. Thus, an event e = (t, ~x) can influence
the event e′ = (t′, ~x′) (we will denote it by e ¹ e′) only if, in addition to
t < t′, the distance d(~x, ~x′) =

√
(x1 − x′1)2 + (x2 − x′2)2 + (x3 − x′3)2 does

not exceed c · (t′ − t).
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Similarly to the Newtonian case, we can describe the uncertainty of our knowl-
edge about an event e by describing two events: an event e that precedes e,
and an event e that follows e. As a result, we only know that e belongs to a
(space-time) interval e = [e, e] = {e | e ¹ e ¹ e}.
Alexandrov’s result. In 1950, Alexandrov has proven an unexpected result:
that in relativistic case (in contrast to the Newtonian case) the ordering struc-
ture of intervals uniquely determines the linear structure on space-time. This
fact (that a linear structure on space-time is uniquely determined by its ordering
relation) can be formulated in the following precise terms: If f is a 1-1 mapping
from R4 onto R4, and e ∈ [e, e] if and only if f(e) ∈ [f(e), f(e)], then f is a
linear mapping. Moreover, f is a composition of a 3-dimensional rotation, a
3-dimensional (spatial) shift, a 1-dimensional (temporal) shift, and a Lorentz
transformation.

This theorem was first published in [2] (some preliminary results were an-
nounced in [1]). The theorem became widely known after E. C. Zeeman (later
known as one of the authors of catastrophe theory) independently re-discovered
this result in [11] and published it in a physics-oriented journal.

For a rather recent update, see, e.g., the 1992 monograph [7]. Of all re-
sults published after 1992, we would like to mention a paper [4], in which it is
shown that Alexandrov’s theorem holds even if take into consideration that the
causality relation may also be only approximately known.

A follow-up of Alexandrov’s theorem: interval-based foundation of
space-time geometry. Alexandrov’s result has shown that we can describe the
foundations of special relativity in terms of space-time intervals. However, from
a physical viewpoint, special relativity is only approximately true: in reality,
the space-time is more complicated (e.g., it is curved). A natural next step,
therefore, was to describe the foundations of general space-time geometry in
similar interval terms. This task was undertaken, independently, by three groups
of researchers [3, 5, 8].

These and other results formed the basis of a new branch of geometry, which
Alexandrov called chronogeometry. Chronogeometry is an active field: There
have been several conferences (the first organized in 1974 by Alexandrov him-
self), and lots of results.

In particular, I. Segal (see, e.g., [9]) used Alexandrov’s results in the founda-
tions of his Chronometric Theory. This theory follows up on Einstein’s idea of
geometrization of physics, and provides geometry-oriented alternative to tradi-
tional physical models in astrophysics, cosmology, elementary particles theory,
and other areas of theoretical physics. At present, this theory is one of the
few (if not the only) highly developed alternative to the more conventional (less
geometric) approaches to theoretical physics. For a recent survey of the Chrono-
metric Theory, see, e.g., [6].

Our best wishes. On behalf of all the editors and readers, we want to wish
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A. D. Alexandrov further great results in all of his areas of interest, hopefully
including interval-based approach to space-time.

Acknowledgments. We are thankful to V. Kreinovich and to A. Kuz’minykh
for valuable discussions.
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