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Abstract

Anappropriatesubdivisionof a geophysicalareainto
segmentsenablesus to extrapolatethe resultsobtained
in somelocationswithin thesegment(whereextensivere-
search wasdone)to otherlocationswithin thesameseg-
ment,andthus,geta goodunderstandingof thelocations
which weren’t thoroughlyanalyzed.

Often, different evidenceand different experts’ intu-
ition supportdifferent subdivisionsschemes.For exam-
ple, in our area – Rio Granderift zone– there is some
geochemicalevidencethat this zoneis dividedinto three
segments,but, in theviewpointof manyresearchers, this
evidenceis notyetsufficientlyconvincing.

Weshowthatif weusetopographicalinformation(this
information,e.g., comesfromsatellitephotos),theninter-
val methodsleadto a reliablejustificationfor thetripar-
tite subdivisionof theRioGranderift zone.

Appropriate subdivision is important in geophysics.
In geophysics,appropriatesubdivision of an areainto
segmentsis extremelyimportant,becauseit enablesusto
extrapolatetheresultsobtainedin somelocationswithin
thesegment(whereextensiveresearchwasdone)to other
locationswithin thesamesegment,andthus,geta good
understandingof the locationswhich weren’t that thor-
oughlyanalyzed.

A problem: it is often difficult to producea reliable
subdivision. The subdivision of a geologicalzoneinto
segmentsis oftenacontroversialissue,with differentevi-
denceanddifferentexperts’intuition supportingdifferent
subdivisions.

For example,in ourarea– Rio Granderift zone– there
is somegeochemicalevidencethat this zoneis divided
into threesegments[5]:

� the southernsegment which is located, approxi-
mately, betweenthelatitudes���
	���
 and ��������
 ;

� thecentralsegment– from ����������� 
 to ������� 
 ;
and

� thenorthernsegment– from ��������
 to ������� 
 .
However, in theviewpointof many researchers,this evi-
denceis notyet sufficiently convincing.

It is thereforedesirableto developnew techniquesfor
zonesub-division,techniqueswhichwouldbein theleast
possibleway dependenton the (subjective) expert opin-
ion andwould, thus,bemaximallyreliable.

Main idea: using topographic information. Onerea-
sonfor subjectivity is the fact that the existing subdivi-
sion is often basedon the chemicalandphysicalanaly-
sisof severalsamplescollectedthroughoutthearea,and
often,we do not have a statisticallysufficient amountof
thoroughlyanalyzedgeologicalsamplesto makethecon-
clusionaboutthesubdivisionstatisticallyconvincing.

To makethisconclusionmorereliable,wecanuse,in-
steadof themoreraregeological samples,a moreabun-
dant topographical information (this information, e.g.,
comesfrom satellitephotos). We cancharacterizeeach
partof thedividedzoneby its topography.

Preservingonly geophysicallymeaningful topographic
information: theuseof spectralvaluescorrespondingto
long wavelengths. In topographicalanalysis,we facea
new problem: of too muchdata,mostof which is geo-
physically irrelevant. To eliminatesomeof this irrele-
vant data,we can usethe Fourier transform;indeed,it
is known that while (at leastsome)absolutevaluesof
themap(formingaso-calledspectrum)aregeophysically
meaningful,the phasesusually are randomand can be
thereforeignored.So,weshouldonly usethespectrum.



Sincewe areinterestedonly in the large-scaleclassi-
fication, it makessenseto only usethe spectrumvalues
correspondingto relatively largespatialwavelengths,i.e.,
wavelengths! for which !�"�!$# for someappropriate
value !$# . In particular, for the sub-division of the Rio
Granderift, it makessenseto useonly wavelengthsof!$#%�&�('�'�' km or larger.

Also, for theRio GrandeRift, weareinterestedin the
classificationof horizontalzones,soit makessenseto do
thefollowing:

� divide the Rio GrandeRift into 1
 zones ) �+*-,.�0/21
(with � from �+*��3��' to �4/5�3��� , from �+*6�7���
to �4/8�9��	 , . . . , from �+*:�9��' to �0/8�9��� );

� for eachof thesezones,take the topographicdata,
i.e.,theheight;=<?>=,@�BA describedasafunctionof lon-
gitude > andlatitude � ;

� for eachzoneandfor each � , computethe Fourier
transformCD<?EF,@�BA with respectto > ;

� for eachzone,combineall thespectralvalueswhich
correspondto largewavelength(i.e., for which E�G�IHI!$# ), andcomputetheresultingspectralvalue
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We areinterestedin comparingthespectralvalues
J <a�BA

correspondingto differentlatitudes� , sowearenot inter-
estedin theabsolutevaluesof

J <?�BA , only in relativeval-
ues. Thus,to simplify the data,we cannormalizethem
by, e.g.,dividingeachvalue

J <?�+*2A by thelargest
Jcbed.f

of
thesevalues.In particular, for theRio Granderift, there-
sultingvaluesof �+*g�h� U ,.� _ ,(�O�(� and i(jk� J <?��jlA.H Jcbed@f
areasfollows:��j 29 30 31 32 33 34i j 0.28 0.24 0.21 0.16 0.20 0.29

35 36 37 38 39 40 41
0.31 0.35 0.46 1.00 0.80 0.96 0.74

Basedonly onthesespectralvaluesi j , wewill try to clas-
sify locationsinto severalclusters(“segments”).

Traditional clustering techniquesdo not lead to re-
liable classification. Most existing clusteringmethods
(see,e.g., [2]) assumethat we have someinformation
abouttheprobabilitydistributionsof themeasurementer-
rors. In real-life topographicalanalysis,we do not have
enoughdata to uniquely determinethesedistributions,
anddifferentpossibledistributionsleadto drasticallydif-
ferentconclusionsaboutthe subdivision of a geological
zone.

Similarly, fuzzyclusteringtechniques(see,e.g., [1])
dependon the subjective fuzzy estimates,anddifferent

expertestimatesoftenleadto drasticallydifferentsubdi-
visions.

Therefore,we needa new, lesssubjective clustering
method.

Segmentsasmonotonicity regions.How canwe detect
thesegmentsbasedonthesevaluesi j ? In orderto answer
this question,let usfirst plot thedependenceof i j on � j
andseeif thereis any visible featureof this plot which
canbeassociatedwith asubdivisionof theareainto geo-
physicalsegments.

If we plot the dependenceof i j on � j , we will see
thatatfirst, thefunction i�<?�BA is (approximately)decreas-
ing, thenit is (approximately)increasing,andthenit is
(approximately)decreasingagain. Interestingly, these
“monotonicity regions” seemto be in good accordance
with the empiricalsubdivision of the rift into segments
[5]. In view of this observation, we will identify geo-
physicalsegmentswith the monotonicityregionsof the
(unknown) function i�<?�BA .
Let’ s useintervals. Theheightsaremeasuredprettyac-
curately, so the only errorsin the values i j comefrom
discretization.In otherwords,wewould like to know the
valuesof the function i�<?�BA�� J <?�BA.H Jcbed.f for all � , but
we only know thevaluesi U �mi�<?� U A , . . . , i no�mi�<?��nBA of
this functionfor thepoints � U ,O�O�(�O,.��n . For each� which
is differentfrom � j , it is reasonableto estimatei�<?�BA as
thevalue i j �pi�<?� j A at the point � j which is theclosest
to � (and,ideally, which belongsto thesamesegmentas� j ). For eachpoint � j , what is the largestpossibleerrorq j of thecorrespondingapproximation?

When ��rm� j , thepoint � j is still theclosestuntil we
reachthemidpoint � bes t �&<?� j�u � j / U AYH�	 between� j and� j / U . It is reasonableto assumethat the largestpossible
approximationerror \ i�<?�BABvwi(j \ for suchpointsis attained
when the distancebetween� and ��j is the largest,i.e.,
when � is this midpoint; in this case,theapproximation
erroris equalto \ i�<a� bes t Axvyi j \ .If thepoints ��j and ��j / U belongto thesamesegment,
thenthe dependenceof i�<a�4A on � shouldbe reasonably
smoothfor �yz
) � j ,.� j / U 1 . Therefore,on a narrow inter-
val ) � j ,@� j / U 1 , we can,with reasonableaccuracy, ignore
quadraticandhighertermsin theexpansionof i�<a� jYu q �BA
andthus,approximatei�<?�BA by alinearfunction.For alin-
earfunction i�<?�BA , thedifferencei�<?� bes t A2v�i�<a� j A is equal
to thehalf of thedifferencei�<?� j / U A{v�i�<a� j A$�5i j / U v|i j ;
thus,for �8r}� j , theapproximationerror is boundedby'B����~ \ i j / U vyi j \ .If the points ��j and ��j / U belong to different seg-
ments, then the dependencei�<?�BA should exhibit some
non-smoothness,and it is reasonableto expect that the
difference\ i j / U vwi j \ is muchhigherthantheapproxima-
tion error.

In bothcases,theapproximationerroris boundedby'B����~ \ i j / U vyi j \ .



Similarly, for ����� j , the approximationerror is
boundedby 'B����~ \ i j v�i j * U \ if the points � j and � j * U
belongto thesamesegment,andis muchsmallerif they
don’t. In bothcases,theapproximationerror is bounded
by 'B���%~ \ i(jRvyi j * U \ .We have two boundson the approximationerror and
we can thereforeconcludethat the approximationerror
cannotexceedthesmallest

q j of thesetwo bounds,i.e.,
thevalueq j2��'B����~Q�����=< \ i j{v8i(j^� \ , \ i j / U vyi j \ AQ�
As a result,insteadof theexactvaluesi j , for each� , we
getthe interval � j-��) i *j ,Yi /j 1 of possiblevaluesof i�<a�4A ,
where i *j ��i j v q j and i /j ��i j�u q j . In particular,
for theRio Granderift, thecorrespondingintervalsareas
follows: � j � U �5	�� � _ �
��'� j �&) i *j ,Yi /j 1 [0.26,0.30] [0.225,0.255]�����9��� ���%�
��	 �����
���

[0.195,0.225] [0.14,0.18] [0.18,0.22]�����9��� �����
��� �����
���
[0.28,0.30] [0.30,0.32] [0.33,0.37]�����9�0� � U # ����� � U.U �9���

[0.405,0.515] [0.80,1.10] [0.72,0.88]� U _ �9��' � U � �6���
[0.88,1.04] [0.63,0.85]

How to find monotonicity regionsof a function defined
with interval uncertainty: idea. Wewanttofind regions
of uncertaintyof a function i�<?�BA , but wedonotknow the
exactform of this function;all we know is thatfor every� , i�<?��j�Akz��(j for known intervals � j . How canwefind the
monotonicityregionsin the situationwith suchinterval
uncertainty?

Of course,sinceweonly know thevaluesof thefunc-
tion i�<?�BA in finitely many points ��j , thisfunctioncanhave
as many monotonicityregions between� j and � j / U as
possible. What we are interestedin is funding the sub-
divisioninto monotonicityregionswhichcanbededuced
from the data. The first naturalquestionis: canwe ex-
plain the databy assumingthat the dependencei�<a�BA is
monotonic? If not, then we can ask for the possibility
of having a function i�<?�BA with exactly two monotonicity
regions:� if sucha functionis possible,thenweareinterested

in possiblelocationsof suchregions;� if sucha function is not possible,thenwe will try
to find a function i�<a�4A which is consistedwith our
interval dataandwhich hasthreemonotonicityre-
gions,etc.

Thisproblemwasfirst formalizedandsolvedin [8]. The
correspondingalgorithmis basedon thefollowing idea.

If thefunction i�<?�BA is non-decreasing,then,for ����� ,
wehave i�<?� j A�Ggi�<a�T� A ; therefore,i *j G6i�<?� j AkG6i�<a�T� A�Gi /� and i *j G�i /� . It turns out that, vice versa,if the
inequality i *j G�i /� hold for every � �}� , thenthereis
a non-decreasingfunction i�<?�BA for which i�<?��j¡A¢zD�(j for
all � (e.g.,we cantake i�<?��jlA��}��£I¤{<¡i *U ,O�(�O�(,Yi *j A for all� anduselinearinterpolationto definethevaluesi�<a�4A for��¥��� j .) Thus,to checkmonotonicity, it is sufficient to
checktheseinequalities.

If we have alreadychecked theseinequalitiesfor the
intervals � U ,O�O�(�O,Y� ¦ , andwe add the new interval �T¦ / U ,
then, to confirm that it is still possiblefor a functioni�<a§0A to be non-decreasing,it is sufficient to checkthati *j G5i /¦ / U for all ���7��,(�O�(�Q,Y¨ . Thesë inequalitiesare
equivalentto a singleinequality © ¦ Gªi /¦ / U , wherewe
denoted©�¦«�9��£�¤R<¡i *U ,O�(�O�Q,¬i *¦ A .

Similarly, in order to checkthat a function i�<a�BA can
benon-increasing,it is sufficient to checkthat i /j "hi *�
for all pairs ��r­� . If we have alreadychecked these
inequalitiesfor the intervals � U ,O�O�(�O,Y� ¦ , andwe addthe
new interval � ¦ / U , then, to confirm that it is still pos-
sible for a function i�<¡§�A to be non-increasing,it is suf-
ficient to check that ® ¦ "¯i *¦ / U , where we denoted®D¦«��������<¡i / U ,(�O�(�Q,Yi /¦ A .

Thevalues©°¦ and ®D¦ neededfor thesecomparisons
do not to be re-computedfor every ¨ ; if we have al-
readycomputed®D¦ * U �±������<¡i / U ,(�O�O�(,Yi /¦ * U A , thenwe
cancompute®M¦ as ®D¦o�ª������<�®D¦ * U ,Yi / ¦ A (and ©°¦ as©°¦«����£I¤R<?©°¦ * U ,Yi *¦ A ).
How to find monotonicity regionsof a function de-
fined with interval uncertainty: algorithm. Thus, to
find the monotonicitysegments,we canusethe follow-
ing algorithm.In thisalgorithm,weprocesstheintervals� U ,O�(�O�(,.� n oneby one.

When we have the 1-st interval, then the only in-
formation that we have aboutthe function i�<a�4A is thati�<?� U A²z:� U . This informationis consistentwith thefunc-
tion i�<?�BA beinga constant,i.e., bothnon-decreasingand
non-increasing.Thus,we arestill consistentwith mono-
tonicity. To starttheprocessof computing©�¦ and ®D¦ ,
weassign© U%³ �5i *U and ® U%³ �5i /U .

If the first ¨ intervals � ¦ are consistentwith the as-
sumptionthat the function i�<a�BA is non-decreasing,then
when we get the new interval � ¦ / U , we checkwhether©°¦¢G6i /¦ / U . Then:

� If © ¦ Ggi /¦ / U , thenthenew point � ¦ / U is still within
the samemonotonicityregion. To preparefor the
next interval,wecompute© ¦ / U ��������<?© ¦ ,¬i *¦ / U A .� If © ¦ r7i /¦ / U , this meansthat thenew point � ¦ / U
cannotbewithin thesamemonotonicityregion,and
so the monotonicityregion mustend before ��¦ / U .



The point ��¦ / U itself belongsto a differentmono-
tonicity regionwhichmayexpandbothto theprevi-
ousvalues� ¦ , � ¦ * U , . . . , andto thefollowing values� ¦ / _ , . . . ; this new regioncanbetracedin thesame
manner.

Similarly, if thefirst ¨ intervals � ¦ areconsistentwith
the assumptionthat the function i�<?�BA is non-increasing,
then when we get the new interval �T¦ / U , we check
whether®D¦ "gi *¦ / U . Then:

� If ® ¦ "´i *¦ / U , then the new point � ¦ / U is still
within the same monotonicity region. To pre-
pare for the next interval, we compute ®M¦ / U ���£I¤R<�®D¦�,Yi /¦ / U A .� If ® ¦ �3i *¦ / U , this meansthat thenew point � ¦ / U
cannotbewithin thesamemonotonicityregion,and
so the monotonicityregion mustend before � ¦ / U .
The point ��¦ / U itself belongsto a differentmono-
tonicity regionwhichmayexpandbothto theprevi-
ousvalues��¦ , ��¦ * U , . . . , andto thefollowing values��¦ / _ , . . . ; this new regioncanbetracedin thesame
manner.

How to find monotonicity regionsof a function defined
with interval uncertainty: example.Letusillustratethe
abovealgorithmon theRio Granderift example.

We startwith the1-stinterval, for which © U�³ �9i *U �'B��	�� and ® U%³ �
i /U ��'B� ��' .
For the 2-nd interval, we check the inequalities'B��	�	��:�µi *_ Gp® U �¶'�� ��' and 'B��	����:�µi /_ "ª© U �'B��	�� . Thefirst inequalityholds,but theseconddoesnot

hold,sowearein anon-increasingregion.Thus,wecom-
pute ® _ �6�����=<�® U ,¬i /_ A$�9���·�=<a'B� ��'�,.'�� 	�����A2�9'�� 	���� .

For the 3-rd interval, the inequality 'B���(���g�¸i *� G® _ �¹'B��	���� still holds, so we are still in the non-
increasingregion. To preparefor the next interval, we
compute® � �º���·�=<¡® _ ,Yi /� Aw�»���·��<¡'B��	����4,.'�� 	�	���A �'B��	�	�� .

For the 4-th interval, the inequality 'B���O�3�´i *� G® � � '�� 	�	�� still holds, so we compute ® � ����·�=<¡® � ,Yi /� A-�6�����=<¡'B��	�	��B,.'��·� ��A=�
'B���(� .
For the 5-th interval, the inequality 'B���(�}�´i *� G® � � 'B���(� still holds, so we compute ® � ����·�=<¡® � ,Yi /� A-�6�����=<¡'B���(�B,Y'B��	�	�A=�
'B���(� .
For the 6-th interval, the inequality 'B��	��}�´i *� G® � �
'��·� � no longerholds,sothefirst monotonicityre-

gioncannotcontinuepast�����9��� . Thus,thefirst mono-
tonicity regionmustbewithin ) 	��B,Y����1 .

Thepoint ��� mustbelongto thenew monotonicityre-
gion, wherethe function i�<a�4A is non-decreasinginstead
of non-increasing.Beforewegoforwardandstartcheck-
ing on the points � � , etc., we mustgo back and check
which points ��� , ��� , . . . , canbelongto this new region.

If wehavealreadycheckedthat � � ,O�(�O�(,@��¦ belongto this
region, this meansthat i *j G7i /� for all such �¼�m� . To
checkwhether� ¦ * U belongsto thissameregion,wemust
checkwhether i *¦ * U G±i /j for all such � , i.e., whetheri *¦ * U Gh½®D¦¾�9������<�i /� ,(�O�(�O,Yi /¦ A .

We startwith ½® � �µi /� �¶'B� ��' . Sincethe inequal-
ity 'B���(�
��i *� G¿½® � �À'B� ��' holds, ��� also belongs
to this region, so we compute ½® � �Á������<¬½®8��,Yi /� A:����·�=<a'B� ��'�,.'�� 	�	�Ax�9'�� 	�	 .

For the4-thvalue,theinequality '��·�(� ��i *� G7½®8�%�'B��	�	 holds,so ��� alsobelongsto thisregion,andwecom-
pute ½®y�%�6�����=<�½®8��,¬i /� A$�9���·�=<a'B��	�	B,.'��·� ��Ax��'B���(� .

For the 3-rd value, the inequality 'B���(�����Âi *� G½®y�%�9'B���(� is nottrue,sothenew regionmuststopbefore�����
�B� . Thus,thenew regionstartat 31.
Now, wecanmove forwardandcheckwhetherpoints� � , . . . , belongto thenew monotonicityregion.
We startwith © � ³ �ºi *� �µ'B��	�� . On the next step,

we checkwhether'�� ��	Ã��i /� "7© � �p'B��	�� , andsince
thisinequalityholds,wecompute© � �6��£I¤R<a© � ,Yi *� A$���£I¤R<a'�� 	��B,Y'B� ��'�A«��'B� ��' . Similarly, we compute© � �'B� ��� , ©Ã���9'B� ��'�� , © U # ��'�� ��' , © UYU �
'B� ��' , and © U _ �'B� ��� . For the13-thinterval, theinequality '�� ��� �mi /U � "© U _ �
'B� ��� is no longertrue,so � U � cannotbelongto the
second(non-decreasing)monotonicityregion. Thus,the
secondregion muststopbefore � U � �ª��� , andthepoint� U � mustbelongto thethird monotonicityregion.

To find out which otherpointsbelongto this third re-
gion, we mustgo backandcheckwhich points � U _ , � U.U ,. . . , canbelongto this new region. If we have already
checkedthat � U � ,(�O�(�O,@� ¦ belongto thisregion,thismeans
that i /j "Ài *� for all such �y�±� . To checkwhether��¦ * U belongsto thissameregion,wemustcheckwhetheri / ¦ * U "¶i *j for all such � , i.e., whether i / ¦ * U "�Ä©°¦����£I¤R<¡i *U � ,(�O�O�(,Yi *¦ A .

We startwith Ä© U � �
i *U � �9'�� ��� . Sincetheinequality��� '��M�Åi /U _ "ÆÄ© U � �º'�� ��� holds, � U _ alsobelongsto
this region, so we compute Ä© U _ �À��£�¤c<(Ä© U � ,¬i *U _ A����£I¤R<a'�� ���B,Y'B� ����A2�9'�� ��� .

For the 11-th value, the inequality '�� �����Âi /U.U "Ä© U _ � '�� ��� holds, so � UYU also belongs to this re-
gion, and we compute Ä© UYU � ��£I¤{<(Ä© U _ ,Yi *UYU AÇ���£I¤R<a'�� ���B,Y'B�È��	�A2�9'�� ��� .

For the 10-th value, the inequality ���·� '��Âi /U # "Ä© U.U � '�� ��� holds, so � U # also belongs to this re-
gion, and we compute Ä© U # � ��£I¤{<(Ä© U.U ,Yi *U # AÇ���£I¤R<a'�� ���B,Y'B� ��'�A2�9'�� ��� .

For the 9-th value, the inequality 'B���4� �p�Éi /� "Ä© U # �}'B� ��� is not true,so thenew region muststopbe-
fore �����
��� . Thus,thenew regionstartsat37.

Thus, we have threemonotonicityregions: ) 	��B,Y����1 ,) �B��,.���O1 , and ) �0�0,@���Q1 . The fact that we have discovered
exactly threemonotonicityregionsis in goodaccordance



with thegeochemicaldatafrom [5].

Comment: what happenswhen we useshorter wave-
lengths. We ran the samealgorithm for the spectral
datacorrespondingto shorterwavelengths,i.e.,for wave-
lengths350-1000km, 150-350km, etc. Intuitively, the
shorter the wavelength, the more small-sizestructures
(which areirrelevant for our large-scalesubdivision) in-
fluencethe spectralvalues. In full accordancewith this
expectation: for 350-1000and 150-350km, we got a
similarclassification,but with amuchlargeruncertainty;
for even shortedwavelengths,we got a subdivision to
many more zoneswhich probably reflect someshort-
scalestructuresthatweignorein oursubdivisionintoseg-
ments.

From intervals to fuzzy. For eachsegment Ê+j andfor
eachpoint � , thealgorithmtellswhetherapoint � can(in
view of thedata)belongto thesegmentÊ�j or not.

Somepoints belongto only one segmentand there-
fore,areguaranteedto belongto thissegment.

In theRio Granderift example,sucharethepoints
from the interval ÄÊ U �º) 	���,.�B�O1 for the first region,
the points from the interval ÄÊ _ �Ë) ����,Y��� 1 for the
secondregion,andthepoint ÄÊ+���mÌ ����Í for thethird
region.

Otherpointsmaybelongto two neighboringsegmentsÊ U
and Ê _ , andthe existing informationis not sufficient to
definitelyconcludewhetherthegivenpoint � belongsto
thesegmentÊ U or to thesegmentÊ _ .In particular, for all thepointswhichcanbelongto two
neighboringsegmentsÊ U and Ê _ , theresultof theabove
algorithmis the same. Thus, from the interval compu-
tationsviewpoint, for all points � which have not been
uniquely classified,there is the sameuncertainty. In-
tuitively, however, thereis a reasonto assumethat we
aremoreuncertaintyaboutthe classificationof someof
thesepointsandlessuncertaintyabouttheclassification
of someotherpoints.

For example, if a point � is close to the set ÄÊ U �) � *U ,@� /U 1 of all pointswhich areprovento belongto Ê U ,
and it is distant from the set ÄÊ _ �]) � *_ ,.� /_ 1 of all the
pointswhichareprovento belongto Ê _ , then,intuitively,
it seemsreasonableto concludethat thepoint � is more
probablyto bein thesegmentÊ U . Similarly, � is closetoÄÊ _ anddistantfrom ÄÊ U , then,intuitively, it seemsreason-
ableto concludethat thepoint � is moreprobablyto be
in thesegmentÊ _ .This intuitivesensecanbecapturedif, insteadof sim-
ply describingwhich points � canbein which segments,
weproduce,for eachsegmentÊ�j andfor each� , notonly
thevalues“true” or “f alse”indicatingthatthepoint � can
or cannotbelongto Ê+j , but also the “degree” ÎRjY<?�BA to
which � canbelongto the segment Ê j . For two neigh-
boring segments Ê U and Ê _ , the degree Î U <a�BA must be

equalto 1 for ��z ÄÊ U ��) � *U ,@� /U 1 andto 0 for ��z ÄÊ _ �) � *_ ,@� /_ 1 . It thereforemakessenseto usea linearextrap-
olationto determinethevaluesof thefunction Î U <a�4A for�9zª) � /U ,.� *_ 1 . Linear extrapolationis widely (andsuc-
cessfully)usedin applicationsof fuzzy techniques(see,
e.g.,[4, 7]), andit is alsoknown thatlinearextrapolation
is (in somereasonablesense)themostrobustextrapola-
tion procedure(see,e.g.,[6]).

As a result, for eachsegment Ê j , the resultingmem-
bershipfunction Î j <a�4A is trapezoidal: Î j <?�BA��´' for

�»GÏ� /j * U ; ÎRj.<?�BA
� � v�� /j * U� *j v�� /j * U for �»zÇ) ÐÑ/x�Y��,@Ð¬*R1 ,
ÎRjY<?�BA°��� for �&z�) � *j ,@� /j 1 ; ÎRjY<?�BA°� � *j / U v��� *j / U v�� /j for

�wzy) �0/x�¬,.� *j / U 1 , and Î j <?�BA$�9' for �w"V� *j / U .
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