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Abstract

An appiopriate subdivisionof a geophysicahreainto
segmentsenablesus to extrapolatethe resultsobtained
in somdocationswithin thesggmentwhee extensivere-
search wasdone)to otherlocationswithin the samesey-
ment,andthus,geta goodundeistandingof thelocations
which weren't thoroughlyanalyzed.

Often, different evidenceand different experts’ intu-
ition supportdifferent subdivisionsschemes.For exam-
ple, in our area— Rio Granderift zone— there is some
geodemicalevidencethat this zoneis dividedinto three
segmentshut, in the viewpointof manyreseachers, this
evidenceis notyetsuficientlycorvincing

We showthatif weusetopagraphicalinformation(this
information,e.g., comegromsatellitephotos) theninter-
val methoddeadto a reliablejustificationfor thetripar-
tite subdivisionof the Rio Granderift zone

Appropriate subdivision is important in geoptysics.
In geophysicsappropriatesubdvision of an areainto
segmentds extremelyimportant,becausé enablesisto
extrapolatethe resultsobtainedin somelocationswithin
thesggment(whereextensveresearchwvasdone)to other
locationswithin the samesegment,andthus,geta good
understandingf the locationswhich werent that thor-
oughlyanalyzed.

A problem: it is often difficult to producea reliable
subdivision. The subdvision of a geologicalzoneinto
segmentgs oftena controversialissue with differentevi-
denceanddifferentexperts’intuition supportingdifferent
subdvisions.

Forexample,in ourarea— Rio Grandeift zone—there
is somegeochemicakvidencethat this zoneis divided
into threesggmentg5]:

¢ the southernseggment which is located, approxi-
mately betweerthelatitudesy = 29° andy = 34°;

e the centralsggment—fromy = 34.5° toy = 38°;
and

¢ thenorthernsegment-—fromy = 38° toy = 41°.

However, in the viewpoint of mary researcherghis evi-
dences notyet sufficiently corvincing.

It is thereforedesirableto developnew techniquegor
zonesub-dvision,techniquesvhichwouldbein theleast
possibleway dependenbn the (subjectve) expert opin-
ion andwould, thus,be maximallyreliable.

Main idea: using topographic information. Onerea-
sonfor subjectvity is the fact that the existing subdvi-
sionis often basedon the chemicaland physicalanaly-
sisof severalsampleollectedthroughoutthe area,and
often, we do not have a statisticallysufficient amountof
thoroughlyanalyzedyeologicasampledo make thecon-
clusionaboutthe subdvision statisticallycorvincing.

To make this conclusionmorereliable ,we canuse,in-
steadof the moreraregeolagical samplesa moreakun-
dant topographical information (this information, e.g.,
comesfrom satellitephotos). We cancharacterizeesach
partof thedividedzoneby its topography

Preservingonly geophysicallymeaningfultopographic
information: the useof spectralvaluescorrespondindo
long wavelengths. In topographicabknalysis,we facea
new problem: of too muchdata, mostof which is geo-
physicallyirrelevant. To eliminate someof this irrele-
vant data,we can usethe Fourier transform;indeed, it
is known that while (at leastsome)absolutevaluesof
themap(formingaso-calledspectrumpregeophysically
meaningful,the phasesusually are randomand can be
thereforegnored.So,we shouldonly usethe spectrum.



Sincewe areinterestednly in the large-scaleclassi-
fication, it malkessenseo only usethe spectrumvalues
correspondingp relatively largespatialwavelengthsi.e.,
wavelengths for which L > L, for someappropriate
value Ly. In particular for the sub-dvision of the Rio
Granderift, it makes senseto useonly wavelengthsof
Ly = 1000 km or larger.

Also, for the Rio GrandeRift, we areinterestedn the
classificatiorof horizontalzones soit makessenseo do
thefollowing:

e divide the Rio GrandeRift into 1° zones[y , y™]
(with y fromy~ = 30toy* = 31, fromy~ = 31
toyt =32,...,fromy~ = 40toyt = 41);

o for eachof thesezones,take the topographicdata,
i.e.,theheighth(z,y) describedsafunctionof lon-
gitudezx andlatitudey;

o for eachzoneandfor eachy, computethe Fourier
transformH (w, y) with respecto z;

o for eachzone,combineall thespectralvalueswhich
correspondo largewavelength(i.e., for whichw <
1/Ly), andcomputetheresultingspectralvalue

yt 1/Lg
S(y) = / / VH (w0, )? dw dy.
y=y~ Jw=0

We areinterestedn comparingthe spectravaluesS(y)
correspondingpo differentlatitudesy, sowe arenotinter-
estedn theabsolutevaluesof S(y), only in relativeval-
ues. Thus,to simplify the data,we cannormalizethem
by, e.g.,dividing eachvalueS(y~) by thelargestSy,,x of
thesevalues.In particular for the Rio Granderift, there-
sultingvaluesof y= = yy,ys2,... ands; = S(v;)/Smax
areasfollows:

Yi 29 30 | 31 32 33 34

s; | 0.28] 0.24|0.21| 0.16| 0.20| 0.29
35 | 36 37 38 39 | 40 | 41
0.31| 0.35| 0.46| 1.00| 0.80| 0.96 | 0.74

Basedonly onthesespectralvaluess;, wewill try to clas-
sify locationsinto severalclusterg(“segments”).

Traditional clustering techniquesdo not lead to re-
liable classification. Most existing clusteringmethods
(see,e.qg., [2]) assumethat we have someinformation
aboutthe probability distributionsof themeasuremergr-
rors. In real-life topographicahnalysis,we do not have
enoughdatato uniquely determinethesedistributions,
anddifferentpossibladistributionsleadto drasticallydif-
ferentconclusionsaboutthe subdvision of a geological
zone.

Similarly, fuzzyclusteringtechniqueqsee,e.g., [1])
dependon the subjective fuzzy estimatesand different

expertestimate®oftenleadto drasticallydifferentsubdi-
visions.

Therefore,we needa new, lesssubjectve clustering
method.

Segmentsas monotonicity regions.How canwe detect
thesggmentdbasednthesevaluess;? In orderto answer
this question et usfirst plot the dependencef s; ony;
andseeif thereis ary visible featureof this plot which
canbeassociateavith asubdvision of theareainto geo-
physicalsggments.

If we plot the dependencef s; on y;, we will see
thatatfirst, thefunctions(y) is (approximatelydecreas-
ing, thenit is (approximately)increasingandthenit is
(approximately)decreasingagain. Interestingly these
“monotonicity regions” seemto be in good accordance
with the empirical subdvision of therift into segments
[5]. In view of this obsenation, we will identify geo-
physicalseggmentswith the monotonicityregions of the
(unknawn) functions(y).

Let’'suseintervals. The heightsaremeasuregbrettyac-
curately so the only errorsin the valuess; comefrom

discretizationln otherwords,wewouldliketo know the
valuesof the function s(y) = S(y)/Smax for all y, but

we only know thevaluess; = s(y1), ..., 8, = s(yn) Of

this functionfor the pointsy,, . . ., y,. For eachy which

is differentfrom y;, it is reasonabléo estimates(y) as
thevalues; = s(y;) atthe pointy; whichis the closest
to y (and,ideally, which belongsto the sameseggmentas
y;). For eachpointy;, whatis the largestpossibleerror
A; of thecorrespondingpproximation?

Wheny > y;, thepointy; is still the closestuntil we
reachthe midpointymia = (y; + yi+1)/2 betweeny; and
yi+1. It is reasonabléo assumehatthe largestpossible
approximatiorerror|s(y) — s;| for suchpointsis attained
whenthe distancebetweeny andy; is the largest,i.e.,
wheny is this midpoint; in this case the approximation
erroris equalto |s(yYmia) — Si-

If the pointsy; andy;1 belongto the samesegment,
thenthe dependencef s(y) on y shouldbe reasonably
smoothfor y € [y;, yi+1]. Thereforeonanarrav inter-
val [y;, yi+1], we can,with reasonableccurag, ignore
guadratiandhighertermsin theexpansiorof s(y; + Ay)
andthus,approximates(y) by alinearfunction. For alin-
earfunctions(y), thedifferences(ymia) — s(y;) is equal
to thehalf of thedifferences(y;+1) — s(yi) = sit1 — 84
thus,for y > y;, the approximatiorerroris boundecdby
0.5- |Sz'+1 - Sz'l.

If the points y; and y;+1 belongto different seg-
ments, then the dependence(y) should exhibit some
non-smoothnesgndit is reasonabldo expectthat the
differences; 1 — s;| is muchhigherthantheapproxima-
tion error.

In bothcasestheapproximatiorerroris boundeday
0.5- |Si+1 - 8i|.



Similarly, for y < y;, the approximationerror is
boundedby 0.5 - |s; — s;_1]| if the pointsy; andy;
belongto the samesggment,andis muchsmallerif they
don't. In bothcasesthe approximatiorerroris bounded
by 0.5- |$,' — Si_1|.

We have two boundson the approximatiorerror and
we canthereforeconcludethat the approximationerror
cannotexceedthe smallestA; of thesetwo bounds,.e.,
thevalue

A; = 0.5 - min(|s; — 841, [$i+1 — Sil)-

As aresult,insteadof the exactvaluess;, for eachi, we
gettheintervals; = [s;, s]] of possiblevaluesof s(y),
wheres;, = s; — A; ands;r = s; + A;. In particular
for theRio Grandeift, thecorrespondingntervalsareas
follows:

Yi Y1 =29 y2 =30
s; = [s;,s7] | [0.26,0.30]| [0.225,0.255]
ys = 31 Ya = 32 ys = 33
[0.195,0.225]| [0.14,0.18]| [0.18,0.22]
ye = 34 yr =35 yg = 36
[0.28,0.30] | [0.30,0.32]| [0.33,0.37]
Yg = 37 Y10 = 38 Y11 = 39
[0.405,0.515]| [0.80,1.10]| [0.72,0.88]
y12 = 40 y13 =41
[0.88,1.04] | [0.63,0.85]

How to find monotonicity regionsof a function defined
with interval uncertainty: idea. Wewantto find regions
of uncertaintyof afunctions(y), but we do notknow the
exactform of this function;all we know is thatfor every
i, s(y;) € s; for known intenalss;. How canwe find the
monotonicityregionsin the situationwith suchintenal
uncertainty?

Of course sincewe only know the valuesof thefunc-
tion s(y) in finitely mary pointsy;, thisfunctioncanhave
as mary monotonicityregions betweeny; andy;;1 as
possible. What we areinterestedn is funding the sub-
divisioninto monotonicityregionswhich canbededuced
from the data. The first naturalquestionis: canwe ex-
plain the databy assuminghat the dependence(y) is
monotonic? If not, thenwe canaskfor the possibility
of having a function s(y) with exactly two monotonicity
regions:

¢ if suchafunctionis possiblethenwe areinterested
in possibleocationsof suchregions;

¢ if sucha functionis not possible thenwe will try
to find a function s(y) which is consistedwith our
interval dataand which hasthreemonotonicityre-
gions,etc.

This problemwasfirst formalizedandsolvedin [8]. The
correspondinglgorithmis basedn thefollowing idea.

If thefunctions(y) is non-decreasinghen,for i < j,
we have s(y;) < s(y;); therefores;” < s(y;) < s(y;) <
s; ands; < sf. It turnsout that, vice versa,if the
inequalitys;” < sj hold for every i < j, thenthereis
anon-decreasin@unction s(y) for which s(y;) € s; for
all i (e.g.,we cantake s(y;) = max(sy,...,s; ) for all
i anduselinearinterpolationto definethevaluess(y) for
y # y;.) Thus,to checkmonotonicity it is sufficient to
checktheseinequalities.

If we have alreadychecled theseinequalitiesfor the
intenvalssy, . ..,s;, andwe addthe new interval sj41,
then, to confirm that it is still possiblefor a function
s(z) to be non-decreasingt is sufficient to checkthat

s; < sk++1 foralli =1,...,k. Thesek inequalitiesare
equivalentto a singleinequalitym, < s;:_i_l, wherewe
denotedn; = max(sy,...,s; ).

Similarly, in orderto checkthat a function s(y) can
be non-increasingit is sufficientto checkthats} > s;
for all pairsi > j. If we have alreadychecled these
inequalitiesfor the intenvals sy, . .., sg, andwe addthe
new interval sy 1, then, to confirmthatit is still pos-
sible for a function s(z) to be non-increasingit is suf-
ficient to checkthat M;, > Spy1s where we denoted
My = min(sf, ..., sf).

Thevaluesm; and M, neededor thesecomparisons
do not to be re-computedfor every k; if we have al-
readycomputedM_1 = min(s,...,s{ ;), thenwe
cancomputeM; as M, = min(Mk_l,s;c") (andmy as
my, = max(mg—_1, sy ))-

How to find monotonicity regionsof a function de-
fined with interval uncertainty: algorithm. Thus,to
find the monotonicitysegments,we canusethe follow-
ing algorithm. In this algorithm,we procesgheintervals
s1,-.-,S, Onebyone.

When we have the 1-st interval, then the only in-
formation that we have aboutthe function s(y) is that
s(y1) € s1. Thisinformationis consistentvith thefunc-
tion s(y) beinga constantj.e., both non-decreasingnd
non-increasingThus,we arestill consistentvith mono-
tonicity. To startthe processof computingm; and My,
we assignm; := s; andM; := s;.

If the first £ intervals s;, are consistentwith the as-
sumptionthat the function s(y) is non-decreasinghen
whenwe getthe new interval s;41, we checkwhether
mi < sif, . Then:

e If my < s, thenthenew pointyy.; is still within
the samemonotonicityregion. To preparefor the
next interval, we computemy; = min(my, s,;+1).

e If my > s, this meansthatthe new point ;.
cannotbewithin the samemonotonicityregion,and
so the monotonicityregion mustend beforeyy ;1.



The point y; itself belongsto a differentmono-
tonicity region which mayexpandbothto the previ-
ousvaluesyg, yx—1, - - - , andto thefollowing values
Yk+2, - - -; thisnew region canbetracedin thesame
manner

Similarly, if thefirst k£ intenvalssy areconsistentvith
the assumptiorthat the function s(y) is non-increasing,
then when we get the new intenal sgy1, we check
whetherM;, > Syl Then:

o If M, > Spy1s then the new point y;, is still
within the same monotonicity region. To pre-
parefor the next interval, we compute My, =
max(Mp, sif, 1)

o If My < s, thismeansthatthe new pointyy.1
cannotbe within the samemonotonicityregion,and
so the monotonicityregion mustend beforeyy 1.
The point y1 itself belongsto a differentmono-
tonicity region which mayexpandbothto the previ-
ousvaluesyg, yx—1, - - - , andto thefollowing values
Yk+2, - - -; thisnew region canbetracedin thesame
manner

How to find monotonicity regionsof a function defined
with interval uncertainty: example.Letusillustratethe
above algorithmonthe Rio Granderift example.

We startwith the 1-stinterval, for whichm, := s; =
0.26 andM; := s{ = 0.30.

For the 2-nd interval, we check the inequalities
0.225 = s; < M; = 0.30 and0.255 = si > m; =
0.26. Thefirstinequalityholds,but the seconddoesnot
hold,sowearein anon-increasingegion. Thus,wecom-
pute M = min (M, s3) = min(0.30,0.255) = 0.255.

For the 3-rd interval, the inequality0.195 = s; <
M, = 0.255 still holds, so we are still in the non-
increasingregion. To preparefor the next interval, we
computeM; = min(M»,s3) = min(0.255,0.225) =
0.225.

For the 4-th interval, the inequality 0.14 = s; <
Ms; = 0.225 still holds, so we compute M, =
min(Ms, s}) = min(0.225,0.18) = 0.18.

For the 5-th interval, the inequality 0.18 = s;

A

M, = 0.18 still holds, so we compute M5
min(My, s§) = min(0.18,0.22) = 0.18.

For the 6-th interval, the inequality 0.28 = s; <
M5 = 0.18 nolongerholds,sothefirst monotonicityre-
gion cannotcontinuepastys = 34. Thus,thefirst mono-
tonicity region mustbewithin [29, 34].

Thepointyg mustbelongto the newv monotonicityre-
gion, wherethe function s(y) is non-decreasingnstead
of non-increasingBeforewe goforwardandstartcheck-
ing on the pointsyz, etc., we mustgo back and check
which pointsys, y4, ..., canbelongto this new region.

If we have alreadychecledthatys, . . .,y belongto this
region, this meansthats; < sj for all suchi < j. To
checkwhethery,_; belonggo this sameregion, we must
checkwhethers;_, < s} for all suchi, i.e., whether
sp_q < My = min(sg, ..., sf).

We startwith M, = s¢ = 0.30. Sincetheinequal-
ity 0.16 = s; < ﬂﬁ = 0.30 holds, y5 alsobelongs
to this region, so we computeﬁs = min(MG,s;') =
min(0.30,0.22) = 0.22.

For the 4-th value,theinequality0.14 = s, < M5 =
0.22 holds,soy, alsobelonggo thisregion,andwe com-
pute My = min(Ms, s}) = min(0.22,0.18) = 0.18.

For the 3-rd value, the inequality 0.195 = s; <
M, = 0.18 isnottrue,sothenew regionmuststopbefore
ys = 31. Thus,thenew region startat 31.

Now, we canmove forward andcheckwhetherpoints
¥z, - .., belongto the new monotonicityregion.

We startwith mg := s; = 0.28. Onthe next step,
we checkwhether0.32 = s > mg = 0.28, andsince
thisinequalityholds,we computen; = max(ms, s7 ) =
max(0.28,0.30) = 0.30. Similarly, we computemsg =
0.33, mg = 0.405, m19 = 0.80, m11 = 0.80, andm12 =
0.88. For the 13-thinterval, theinequality0.85 = sj; >
my2 = 0.88 is nolongertrue,soy;3 cannotbelongto the
secondnon-decreasingnonotonicityregion. Thus,the
secondregion muststopbeforey,3 = 41, andthe point
y13 mustbelongto thethird monotonicityregion.

To find out which otherpointsbelongto this third re-
gion, we mustgo backandcheckwhich pointsy;s, y11,
..., canbelongto this new region. If we have already
checledthaty s, . . ., y;, belongto thisregion,thismeans
thatsf > s; for all suchi < j. To checkwhether
yr—1 belonggo this sameregion, we mustcheckwhether
si , > s; for all suchi, i.e., whethers} | > iy =
max(syz, ..., 5 )-

We startwith m,3 = s;3 = 0.63. Sincetheinequality
1.04 = sf, > g3 = 0.63 holds,y;» alsobelongsto
this region, so we computem,, = max(my3,s7,) =
max(0.63,0.88) = 0.88.

For the 11-th value, the inequality 0.88 = s, >
mi12 = 0.88 holds, so y;; also belongsto this re-
gion, and we computemy; = max(mi2,57;) =
max(0.88,0.72) = 0.88.

For the 10-th value, the inequality 1.10 = sf, >
m11 = 0.88 holds, so yi0 also belongsto this re-
gion, and we compute mie = max(Mi1,8;,) =
max(0.88,0.80) = 0.88.

For the 9-th value, the inequality 0.515 = s >
m1o = 0.88 is nottrue,sothe new region muststopbe-
foreyy = 37. Thus,thenew region startsat 37.

Thus, we have three monotonicityregions: [29, 34],
[31,41], and[37,41]. Thefactthatwe have discorered
exactly threemonotonicityregionsis in goodaccordance



with the geochemicatiatafrom [5].

Comment: what happenswhen we useshorter wave-

lengths. We ran the samealgorithm for the spectral
datacorrespondingo shortewavelengthsi.e.,for wave-

lengths350-1000km, 150-350km, etc. Intuitively, the

shorterthe wavelength, the more small-sizestructures
(which areirrelevantfor our large-scalesubdvision) in-

fluencethe spectralvalues. In full accordancevith this

expectation: for 350-1000and 150-350km, we got a

similar classificationput with amuchlargeruncertainty;
for even shortedwavelengths,we got a subdvision to

mary more zoneswhich probably reflect some short-
scalestructureshatweignorein oursubdvisioninto seg-

ments.

From intervals to fuzzy. For eachsegmentY; andfor
eachpointy, thealgorithmtells whethera pointy can(in
view of thedata)belongto the segmentY; or not.

Somepoints belongto only one segmentand there-
fore, areguaranteedb belongto this segment.

In the Rio Granderift example,sucharethe points
from theinterval Y1 = [29, 31] for thefirst region,
the points from the intenval Y, = [34,37] for the
seconcegion,andthepointY; = {41} for thethird
region.

Otherpointsmaybelongto two neighboringsegmentsy;
andY;, andthe existing informationis not sufficient to
definitely concludewhetherthe given point y belongsto
thesegmentY; or to thesggmentYs.

In particular for all the pointswhich canbelongto two
neighboringsegmentsY; andY;, theresultof theabove
algorithmis the same. Thus, from the interval compu-
tationsviewpoint, for all pointsy which have not been
uniquely classified,thereis the sameuncertainty In-
tuitively, however, thereis a reasonto assumethat we
aremore uncertaintyaboutthe classificationof someof
thesepointsandlessuncertaintyaboutthe classification
of someotherpoints. B

For example, if a point y is closeto the setY; =
[y7, ;"] of all pointswhich are provento belongto Y7,
andit is distantfrom the setY> = [y, ,37] of all the
pointswhichareprovento belongto Y>, then,intuitively,
it seemgeasonabléo concludethatthe pointy is more
probablyto bein the segmentY;. Similarly, y is closeto
Y, anddistantfrom Y7, then,intuitively, it seemgeason-
ableto concludethatthe point y is moreprobablyto be
in the sgmentYs.

Thisintuitive sensecanbe capturedf, insteadof sim-
ply describingwhich pointsy canbein which segments,
we producefor eachsggmentY; andfor eachy, notonly
thevalues'true” or “false”indicatingthatthepointy can
or cannotbelongto Y;, but alsothe “degree” u;(y) to
which y canbelongto the sgmentY;. For two neigh-
boring segmentsY; and Y3, the degreep; (y) mustbe

equalto 1 fory € ¥; = [y;,y] andto O fory € Y, =
[y5,y4]. It thereforemakessenseo usea linearextrap-
olationto determinethe valuesof the function i (y) for
y € [yi",v5]. Linearextrapolationis widely (andsuc-
cessfully)usedin applicationsof fuzzy techniquegsee,
e.g.,[4, 7]), andit is alsoknown thatlinearextrapolation
is (in somereasonablsensethe mostrobustextrapola-
tion procedurgseee.g.,[6]).

As aresult,for eachsggmenty;, theresultingmem-
bershipfunction p;(y) is trapezoidal w;(y) = 0 for

y—yi
y <y opily) = =5 fory € [tTil,¢7],
Yi — Y1
(y) = 1°f — T i(y) = YL TY
wi(y) ory € [y;,y ] mi(y) & + for
Yir1 — Y

y € [yti,y; ], andui(y) =0fory >y ;.
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