HOW STABLE IS A FUZZY LINEAR SYSTEM?
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Abstract. One of the main problems to which control is applied is stabilizing a plant. In this
case, it is sufficient to consider only small deviations from the ideal state (if the deviations become
large, this means that we are not in control anymore). For small deviations, the dynamics of the
plant can be described (with great accuracy) by linear differential equations. For this same reason,
for such problems, an arbitrary control strategy can be approximated by a control that is a linear
function of the state.

If we know ezactly the coefficients of the linear equations that describe the plant’s dynamics,
then we can use the standard methods of control theory to check whether the control makes the
plant stable or not. In many real-life cases, however, we do not know the exact values of the
coefficients that describe the plant’s dynamics. Instead, we have expert estimates for these values
that can be represented as fuzzy numbers. Since we do not know the exact value, we cannot be
100% sure that the plant is stable. What is the degree of belief that it is stable?

In the present paper, we:
e describe the relevant mathematical problem;
e (briefly) describe the standard stability techniques of control theory (this part can be skipped
by those who know these techniques); and then
e present an algorithm that estimates the desired degree of belief.

In other words, this algorithm describes how stable is a given fuzzy linear system.

1. INTRODUCTION TO THE PROBLEM

Why are linear systems important? One of the main problems to which control is applied is
stabilizing a plant. In this case, it is sufficient to consider only small deviations from the ideal state
(if the deviations become large, this means that we are no longer in control). For the same reason,
it is sufficient to consider only small values of control. These restrictions are known to simplify the
resulting mathematics.

Indeed, assume that a state s is described by n numbers: s = (s1,...,8,). Let’s denote the

ideal state by (s§°), ...,5%0)). Instead of s;, we can use new variables z; = s; — 81(0) to describe a
state. The advantage of using new variables is that now, a stable state is described as (0,0...,0).

In general, the evolution of a state x under a control u is described by a differential equation
x = E(x,u), where E is a smooth function (in general, non-linear). Since we are considering states
that are close to the equilibrium (0,...,0) (i.e., we are considering small values of z;), and small
values of control, we can expand the function E into Taylor series, and leave only the main (linear)
terms. As a result, we get a linear system of differential equations: x = Ax + Bu, where A and
B are matrices (these matrices are called constant because they depend neither on the state x, nor
on time t).

Whether a plant is stable or not depends on the control. So, to formulate the question of
stability, we must fix some control strategy u = U(x) (in other words, we must describe for every
possible state x, what control u to apply). Since we consider only states with small z;, we can
retain only linear terms in the expansion of U, and thus approximate the control strategy by a
linear formula u = Kx (for some matrix K).



Substituting this expression for control into the equations that describe the plant’s dynamics,
we get the following system of linear differential equations: x = Cx, where C = A + BK (this
system is called a closed-loop system.) Stability means that if we start with a state that is not an
equilibrium, then eventually, the plant will return to an equilibrium state (0, ..., 0).

Ideal case: we know the coefficients precisely; how to check whether the plant is stable
or not? If we know exactly the coefficients of the system of linear equations that describe the
plant’s dynamics, then we can use the standard methods of control theory (see, e.g., [1,7]) to check
whether the chosen control makes the plant stable or not. These methods are based on the fact
that a general solution of a linear system of differential equations with constant coefficients is well
known: it is a linear combination of functions of the type t* exp(At), where )\ is an eigenvector of
the matrix C, and k is a non-negative integer (k # 0 only if this is a degenerate eigenvalue). For
a plant to be stable, we need all these functions to tend to 0 for ¢ —+ +00. From the well-known
behavior of an exponential function, we can easily conclude that this occurs if and only if the real
parts of all eigenvalues of C are negative: Re()) < 0.

Eigenvalues are known to be the roots of the polynomial det ||C — sI|| (this polynomial is
usually denoted by p(s) = po + p1s + ... + pps™ [1]). The coefficients p; of this polynomial can be
easily computed if we know C. So, in order to check stability of the plant, it is sufficient to find
these roots s1, ..., 8, and check whether Re(s;) < 0 for all 7. Polynomials whose roots satisfy these
n inequalities are called stable [1].

Interval case: what if we know only the intervals of possible values of coefficients? In
real life, we rarely know the exact values of the coefficients that describe the plant’s dynamics. In
many cases, the plant have been measured, and from these measurements, we can deduce the values
of these coefficients. Measurements are never absolutely accurate, there is always some inaccuracy
involved. Every measuring device has a guaranteed accuracy (guaranteed by the manufacturer; see,
e.g., [3,6]). If we use a device with a guaranteed accuracy A to measure a physical quantity z, and
the result of this measurement is Z, this means that the actual value of this quantity x can be any
number from the interval [z~,zT], where 2= =% — A and zT =7 + A.

So, in these cases, after the measurement, we have intervals of possible values of the components
of C. Using these intervals, we can compute the intervals [p;, p;"] of possible values of p;. Based
on this information, we would like to know whether we can guarantee the stability of the plant.

One possibility of checking stability is to try all possible values p; € [p~,p*], and for each of
the resulting polynomials, to check whether it is stable. If they are all stable, then the plant is
guaranteed to be stable. If one of these polynomials is unstable, then we cannot guarantee stability.
This “algorithm” is too time-consuming. A much better method has been proposed in [5] (see also
[1]), where it has been proven that it is sufficient to check stability of only 4 polynomials:

Ki(s) =py +p7s+pss®+p5s®+prst+ps5s®+pdst+..
Ko(s) =pf +pTs+p5s2+p3s3+pfst+pFs®+pgs+...
Ks(s) =pg +p7s+p5s2+p3s®+pfst+p5s®+pgs+..
Ki(s) =py +p7s+p3s?+p;sd+p;st+pds®+pds®+..
Comment. This method is related to the techniques originally described in [7].

Fuzzy case: what if we only have expert information? In many cases, we do not even have
the measurement results. Instead, we have experts’ description of the plant. In our terms, we have
expert estimates of the coefficients of the matrix C that describes the plant’s dynamics. An “expert
estimate” means a statement like “approximately 0.3”. Fuzzy methodology provides us with a way
to represent such statements in a form understandable by a computer: namely, we represent an
expert’s statement by a function (called membership function) that assigns to every real number z
a degree of belief that x satisfies this (informal) statement. For the majority of statements, there is
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one “most possible” value (e.g., 0.3 for the above statement), and the degree of belief monotonically
(and continuously) decreases if we go further away from that value. In other words, we represent
each value as a fuzzy number (see, e.g., [2,4,8]).

From the expert estimates for the components of C, we can derive the expert estimates for the
coeflicients p; of the polynomial. So, we have a polynomial whose coefficients are fuzzy numbers P;
characterized by membership functions u;. Is this polynomial stable?

If all the fuzzy numbers are located in some intervals, then we can apply the above-described
interval-case algorithm, and check whether the stability of the plant can be guaranteed. If it can
be, great. But what if it cannot? This does not necessarily mean that the control strategy that
we are using is bad: although it is possible that the plant is unstable, our degree of belief that the
plant is unstable can be very small. To make a meaningful decision about the quality of the chosen
control, we must be able to estimate this degree of belief. But first, we must define it.

2. MOTIVATIONS OF THE FOLLOWING DEFINITIONS

How to define the degree of belief that the linear system is stable? We need two steps
to explain our future definition:

Step 1. A plant is stable if and only if it is not true that it can go unstable. So, following fuzzy
interpretation of negation [2,4,8], we define the desired degree of belief S (that a plant is stable) as
1 — C, where C is a degree of belief that a plant can go unstable.

Hence, in order to define S, we must define C.

Step 2. Definiting C. A plant can go unstable if and only if it is unstable for some possible values
Do, ---» P, Of the coefficients. In other words, a plant can be unstable if an only for one of the vectors
P = (po,--,Pn), all p; are possible and the corresponding polynomial p(s) is unstable. In other
words,
A plant can go unstable <>
V(po is a possible value of Py & ... & p,, is a possible value of P, & p(s) is unstable),

where V means “or” extended to all combinations (py, ..., p,) of real (crisp) numbers.

Let’s use this formula to describe the degree of belief C that a plant can go unstable.
e The degree of belief that p; is a possible value of P; is described by the membership function
i (pi)-
e For given (crisp) numbers p;, the stability of a polynomial p(s) is a crisp statement, so its
degree of belief is either 1 (=true) or 0 (=false).
e Following standard fuzzy methodology, we interpret & as min, and V as sup [2,4,8].
As a result, we arrive at the following formula:
C = sup[min(po(po), -+ fn (Pn), 8(Pos -, Pn))],
where s(p) is equal to 1 if the polynomial is unstable and to 0 if it is stable, and sup is taken over
all possible vectors p.
The fact that s is a crisp function enables us to simplifyy this formula. Indeed:
e When s = 0, then min = 0, so we do not need to consider these values when we compute sup.
e When s = 1, then (due to the fact that min(d, 1) = d for every degree of belief d € [0,1]) we
do not need to consider this term in the min.
So, we can simplify the above formula into the following one:
C= SUP[min(NO(PO), ooy fn (pn))]a
where sup is taken over all p for which the polynomial p(s) is unstable.

3. DEFINITIONS AND THE DESCRIPTION OF AN ALGORITHM

Definitions. By a fuzzy number, we mean a continuous function p : R — [0,1] that attains
its maximum at some value ¢ (called its center), and is mononotically decreasing for z > ¢ and
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monotonically increasing for z < c¢. By a fuzzy polynomial, we mean a tuple (P, Py, ..., P,) of
fuzzy numbers. Corresponding centers will be denoted by ci,...,c,. A fuzzy polynomial will also
be denoted by Py + Pys + Pys? + ...+ P,s™. By a degree of stability of a fuzzy polynomial we mean
a number S =1 — C, where

C = sup[min(o(po), ---; n (Pn))];
and sup is taken over all vectors p = (py, ..., pn) for which the polynomial p(s) is unstable.
THEOREM. Let a non-negative integer k be given. The following algorithm computes S with an
accuracy 2%

Algorithm. This algorithm is of binary search type. It consists of k iterations. On j—th iteration,
we have an interval [a™,a™] of length 277 that contains C. After k iterations, we can take any
endpoint of the resulting interval as the desired estimate for C, and compute S =1 — C.

Initially, we set a~ = 0, a* = 1. On each step j, we do the following:
e compute a = 1/2(a” +at);
e for every 4, find the values p; and p] for which y;(a;) = pi(a)) = g;
e check whether an “interval” polynomial with intervals [p;, p:'] is stable. If it is stable, we take
a as a new value of a™. Else, we take a as a new value of a™.

Comment. The most time-consuming part of this algorithm is checking whether an interval poly-
nomial is stable. On every iteration, we check stability of one interval polynomial; that means that
we check stability of 4 crisp polynomials. Totally, we have 4k polynomials to check. To determine
the degree of belief S with accuracy 0.1, we need k£ = 4 and 16 polynomials. To determine S with
an accuracy 0.01, we need k£ = 7 and 28 polynomials.

Idea of the proof. Because of the definition of C as the supremum, for every real number a, we
have:
C > a <> 3po, e, o (min(po(po), ---s in (Prn)) > a & p(s) is unstable).
Minimum of several numbers is greater than q iff each of them is > a. So,
C > a <+ Ipoy -y Pn(1(po) > a & ... & pin (prn) > a & p(s) is unstable).
Since the two statements (one of them C' > a) are equivalent, their negations are also equivalent,
hence:
C <a+Vpg,.yPn((po(po) > a & ... & pn(pn) > a) — p(s) is stable).
So we reduced checking whether C' < a is true to checking whether it is true that
VDos -y P (0 (P0) > a & ... & pin (pn) > a) — p(s) is stable).
This is (almost) what we check using the interval-case algorithm. The only difference is that the
interval-case algorithm actually checks whether the following is true:
VD0, ey P ((0(p0) > a & ... & pin (pr) > a) — p(s) is stable).
The difference (> a instead of > a) can be taken care of because of the assumptions that the
functions u; are continuous and monotonic.

As soon as we are able to check, for any given real number a, whether C' < a or not, we can

use binary search to find C (actualy, to find C' with k binary digits in k steps). And from C, we
get Sas1—C. QE.D.
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