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Abstract

It is often important to check whether the maximum maxp f of a
given function f is smaller than the current lower bound C for the global
maximum. Empirical evidence shows that different instances of this check-
ing problem have different relative complexity: the larger the difference
C — max f, the easier the problem. In general, the fewer global max-
ima, the easier the problem; and finally, the further away global maxima
from each other, the easier the problem. It is difficult to formalize this
empirical difference in complexity in standard complexity theory terms,
because all these cases are NP-hard. In this paper, we use the analysis of
mathematical optimization problems emerging from fuzzy optimization to
propose a new “robust” formalization of relative complexity which takes
into consideration numerical inaccuracy. This new formalization enables
us to theoretically explain the empirical results on relative complexity.



1 Crude Approximate Range Estimation Is a
Crucial Step in Solving Many Important Real-
Life Problems

In many real-life situations, we want to find the best decision, the best control
strategy, etc. The corresponding problems are naturally formalized as ¢
t  problems we ha e a function of se eral ariables, and
we want to find the alues for which this function attains the largest
or the smallest possible alue.
any numerical algorithms ha e been proposed for sol ing optimization
problems.  nfortunately, many of these algorithms often end up in a
ma imum instead of the desired global one.

In some practical situations, e.g., in decision ma ing, the use of local
ma, imum simply degrades the uality of the decision but is not, by itself,
disastrous.

owe er, in some other practical situations, missing a global ma imum or
minimum may be disastrous.

et us gi e two e ample

In e e ee , global minima of the energy function often de-
scribe the stable states of the system. If we miss such a global minimum,
the chemical reactor may go into an une pected state, with possible seri-
ous conse uences.

Inb t s, the actual shape of a protein corresponds to the global
minimum of the energy function. If we find a local minimum instead, we
end up with a wrong protein geometry. s a result, if we use this wrong
geometry as a computer simulation for testing recommendations on the
medical use of chemicals, we may end up with medical recommendations
which harm a patient instead of curing him.

or such applications, it is desirable to use s, t t e e meth-
ods of global optimization, i.e., methods which ne er discard an actual global
ma imum for a sur ey of such methods, see, e.g., . These methods usually

start with a large bo on which a function is defined and on which global
ma ima can be located , and produce a list of small-size bo es with the prop-
erty that e ery global ma imum is guaranteed to be contained in one of these
bo es.

ost of such guaranteed methods use a ersion of te tt s
The main idea of inter al computations is as follows To sol e a gi en numerical
problem e.g., an optimization problem , numerical methods typically generate
better and better estimates for di erent uantities related to the problem such



as the actual global ma imum of the function, the alue of its partial deri ati es
at di erent points, etc.

In ¢t ¢ numerical techni ues, for each appro imated numerical
uantity, an appro imation is a real number, with no guarantees on the
appro imation accuracy.

In te methods, at any gi en moment of time, for each appro imated
uantity , we compute not only the appro imate alue , but also the

e b on the possible appro imation error, i.e., a number  for
which we are guaranteed that . In other words, at any step,
we ha e not only an appro imate alue of the appro imate uantity, we
also ha e an te which is tee to contain

the un nown actual alue of

s we ha e mentioned, rigorous methods of global optimization start with a
large bo as a location of the un nown global ma ima and gradually replace it
will a small finite collection of small bo es. The decrease in a bo size is usually
achie ed by di iding one of the bo es into se eral sub-bo es and eliminating
some of these sub-bo es.

hen can we eliminate a sub-bo t e ery stage of the optimization

algorithm, we ha e already computed se eral alues of the optimized function

, so we now that the global ma imum of the function cannot

be smaller than the largest of these already computed alues. Thus, if we

can guarantee that the ma imum of the function on a bo is smaller than

, we can thus e clude this bo from the list of possible locations of a global
ma imum.

This idea would not wor e ciently if we had to actually compute the e act
range of a function on each subbo this would re uire a lot of computation
time. uc ily, for the desired e clusion of subbo es, we do not need to now the
e trangeof on  i.e.,thee act alues of the ma imum and the minimum

of on for most subbo es, this range is far from the global ma imum, so
it is su cient to chec whether the ma imum is , i.e., to produce crude
te estimates of this range. Thus, te eest t s
ste s t t e e be s This problem is

mentioned as the first ma or problem in the eynote tal of the recent biannual
international conference on inter al computations and alidated numerics 1

There are other cases when a crude range estimation is important. et us
gi e three such e amples

There are many cases when it is relati ely easy to estimate the range
e.g., when a function is monotonic in each of the ariables. ow can we
chec this monotonicity function is, e.g., increasing in if the

partial deri ati e — is positi e for all the alues from a
bo . To chec this property, we must confirm that the minimum of



this deri ati e on  is positi e. gain, we do not need to e aluate the
e act range for this deri ati e, all we need is to chec whether the lower
endpoint for this range is positi e. In other words, all we need is a crude
appro imate estimate for this range.

imilarly, when the algorithm computing the function con-
tains branching o er the sign of some uantity , then we can
often simplify the computations of on a bo if we now that for alues
from , only one of the branches is actually used e.g., if
for all

ptimization is ust one e ample of the importance of crude estimates.
In some real-life problems, we are not yet ready for optimization, e.g.,
because the problem has so many constraints that e en finding s e alues
of the parameters  which satisfy all these constraints is
an e tremely di cult tas . or such problems, we arri e at the problem
of satisfying gi en constraints, e.g., sol ing a gi en system of e uations.
or such problems, we can use similar inter al techni ues to get a small
finite set of small bo es containing solutions, and crude range estimation
is an important part of these techni ues.

Computational Complexity Results asa uid-
ance for Practical Algorit m esign

hec ing whether ma is a crucial step in sol ing real-life problems. It is
therefore important to ha e a good algorithm for sol ing this problem. an we
design a uni ersal e cient algorithm for sol ing it, an algorithm which would
always produce a correct answer in reasonable computation time It loo sli e
we cannot, because it has been shown that this problem is  -hard see, e.g.,
1 . or those readers who are not familiar with the precise definition of -
hardness, we can simply e plain that it means e actly that such a uni ersal
e ecti e algorithm is highly unli ely.
ince we cannot ha e an algorithm which s wor s, we must concentrate
on the ne t best thing on finding the classes of problems for which e cient
algorithms are possible, and on pro iding e cient algorithms for these classes.
sually, such classes are formulated in terms of some appropriate parameters.
In finding appropriate parameters, we are not completely clueless. eople
ha e been sol ing optimization problems for uite some time, so there is an
e perience and intuition which tells us which problems are more di cult and
which problems are easier. or e ample, it is usually true that the larger the
di erence between the desired bound and the actual ma imum ma , the
easier the problem. In general



the comple ity of locating global ma ima of is empirically nown to
depend on the number of these global ma ima the fewer global ma ima,
the easier the problem

also, when we compare problems with the same number of global ma ima,
problems in which these ma ima are well separated are usually easier to
sol e while problems in which these ma ima are close are more di cult.

This intuition seems to be supported by the e perience of numerical computa-
tions, so we would 1i e to use it as a guidance in designing new algorithms. To
ma e this guidance more con incing, it is desirable to confirm this empirical
intuition about the relati e comple ity of di erent problems by some precise
comple ity results.

The need for this confirmation comes not from any e t e feeling of mis-
trust of e perts, no, it comes from a ery st e history of inno ations in
numerical mathematics where many successful inno ations come from ideas
which were originally contrary to the pre ailing intuition this is why they are
called inno ations .

o Can e escribet e esired Complex-
ity e Problem

traditional approach to estimating comple ity of a computational problem is
to see if this problem is  -hard or it can be sol ed by a feasible algorithm.

nfortunately, this traditional approach does not wor here, because the prob-
lem of computing the ma imum ma  on a gi en bo with a gi en accuracy
is  -hard for an arbitrary , large or small 1 . e therefore need a di erent
approach to comparing comple ity of di erent cases of this general problem.

Case Study ic elps s Solve is Prob-
lem Mat ematical ptimi ation Problems
Emerging from u y ptimi ation

In many real-life problems, we now the e act form of the ob ecti e function
, but the set o er which we optimize is fuzzy.
or e ample, when an automobile company designs a lu ury ob ect such as a
ashy sports car, its goal is to ma imize the profit.  ithin a reasonable sales
prediction model, profit is a well-defined function, but  ashiness is clearly a
fuzzy notion.
In general, we ha e a problem of ma imizing a crisp function 0 era
fuzzy set  characterized by a membership function . In their 1 paper
, ellman and adeh proposed to describe the degree to which a gi en



element is a solution to this fuzzy optimization problem as a degree to which

is true ma imizes . There are se eral ways to describe this degree in
terms of and see, e.g., , e.g., as
where is a t-norm, and and  are, correspondingly, the global min-
imum and the global ma imum of the function on the uni erse of dis-
course

If we want to select a single design, then it is natural to select for which
this degree is the largest ma . Thus, the original fuzzy optimiza-

tion problem leads to a crisp mathematical optimization problem with a new
ob ecti e function

t first, we ha e one more e ample of a mathematical crisp optimization
problem. owe er, if we loo at the new ob ecti e function more attenti ely,
we will see that there is a principal di erence between the crisply-formulated
optimization problems and the crisp optimization problems resulting from fuzzy
optimization

In a crisply formulated optimization problem, the ob ecti e function
is fi ed.

n the other hand, in a crisp optimization problems resulting from fuzzy
optimization, the corresponding ob ecti e function isnot that fi ed.

Indeed, for e ery , the numerical alue of this new ob ecti e function depends
on the numerical alue of the membership function . This membership
alue, in its turn, comes from an e pert and cannot be ery precise. If we use a
slightly di erent elicitation techni ue, we may end up with a slightly di erent
alue of and thus, a slightly di erent alue of
Thus, the same real-life fuzzy optimization problem can lead not only to the
ob ecti e function , but also to other ob ecti e functions which are close
to the original function
It is therefore reasonable to re uire that the algorithms not only wor on a
gi en function , but that they wor b st in the sense that they produce a
correct answer not only for the e act gi en function , but for all the functions
which are su ciently close to this
In some cases, the alues do not come directly from elicitation. or
e ample, if we are loo ing for the optimal control of a system described by
fuzzy conditions corresponding to the set , then the set is described by
if-then rules with fuzzy premises and fuzzy conclusions. In this
case, since the premises are also fuzzy, not only the alue of is not
precisely nown, but we are also not sure to which e actly alue of the gi en
alue of refers to it may refer to the gi en , and it may as well refer to
some alue which is close to



In iew of this possibility, in this paper, we will consider algorithms which are
robust in the sense that they are applicable not only to the original function
, but also to close functions , and we will consider two types of closeness

first, a more natural se ess which means that for e ery input , the
- alues, i.e., the alues of and ,are su ciently

close

second, an also needed se ess, which ta es into consideration the

fact that the inputs  to the function are also not presented e actly.

In indsig t is e Approac to Com-
putational Complexity Ma es Perfect Sense
Even it out u y

ne of the main reasons why traditional comple ity approach is not e actly
applicable here is that traditional comple ity theory was originally designed for
s ete problems, for which the answer is either correct or not. In contrast,
we are interested in a t s problem, in which the answer is correct to
a certain . imilarly, the input to the problem i.e., the optimized
function  is not gi en e actly, it is gi en due to rounding errors etc. only
with a certain accuracy. Thus, when we feed a function to the algorithm, the
actual function may be slightly di erent from
Thus, it ma es perfect sense to consider algorithms which are applicable
not only to the original ob ecti e function , but also to all ob ecti e functions
which are su ciently close to

e Main Result e Larger t e 1 erence
t e Easier t e Problem

In order to formulate this result, we must recall some basic definitions of com-
putable constructi e real numbers and computable functions from real num-
bers to real numbers see,e.g., 1, , , ,1

tbe

tes

hen we say that a computable real number is gi en, we mean that we are
gi en an algorithm that computes this real number.



tbe

hen we say that a computable function is gi en, we mean that we are gi en
the corresponding algorithms and

et us start with the analysis of non-robust algorithms for chec ing whether
ma

t e et e ma

ma

ma

In this definition, we did not re uire that always returns yes or no we
allow this algorithm to sometimes return donot now or simply stall without
returning any answer . The reason for this is that no chec ing algorithm can
always return yes or no

t s ssbe e tbe t
tbebd tbe e be e s et e
ma

or the reader s con enience, all the proofs are placed in the special last
roofs section.



If we now the lower bound for the di erence ma ,then such an algorithm
is already possible

et be tbe e be e teee sts
e t s bet t s
ma

The meaning of this proposition is reasonably straightforward

ccording to roposition 1, if we re uire that an algorithm s answer to
the uestion ma is always correct, then this algorithm t
be s applicable, there will always be cases for which this algorithm
fails to produce any answer positi e or negati e .

roposition says that, by an appropriate choice of an algorithm, we can
restrict the cases when an algorithm refuses to answer to situations in
which the di erence ma  is small for situations in which
this di erence is large enough, the abo e-mentioned algorithm produces a
definite and correct answer.

roposition does not distinguish between the classes of problems corresponding
to di erent alues of . To ma e this distinction, we must loo for b st
algorithms instead of simply algorithms which wor for e act data. et us start
with a definition of robustness.

se
ma, b st
be
et be tbe e be et be te
tbe e be e
teee sts e t s b st be
t t s ma
te e t s b st bet
t s ma
This result shows that the larger the di erence ma , the easier it is to
chec that ma . Indeed, let let us ta e

Then, according to Theorem 1



there e ists a chec ing algorithm which is - -robustly applicable to all

functions for which ma, and
no chec ing algorithm is possible which is - -robustly applicable to all
functions for which ma

In other words, if , then the chec ing problem corresponding to is

indeed easier to sol e.

Second Result e e er lobal Maxima
t e Easier t e Problem

In 1 , wepro ided a partial ustification of this intuition. amely, the following
two results are true

, , 1,1 eee sts t S t t
s bet bt tbe t t tt
t s ts tbebd t
e t e t
ee § t te t teste b
t
11,1 ,1,1,1,1,1,1 t s sshes t t
s bet bt tbe t t tt
t s ts tbebd t
e t t ts
ee S t te t tes e te e
s b ts
These results t e plain the abo e intuition because they show that the

problem of locating global ma ima is easier if we ha e a single global ma imum
and more di cult if we ha e se eral global ma ima. These results, howe er,
t ete e plain this intuition because they do not e plain why, say,
a problem with three global ma ima is more comple than a problem with two
global ma ima.
imilar results hold for roots solutions of a system of e uations

t be s ste e t s



, , 1,1 eee sts t S t t

s bet bt t be s ste e t s s
e t es t

ee S s ste e t ste t tes tss t

11,1,1,1,1,1,1,1 t s ssbhes t t

s bet bt t be s ste e t s s
e t t s t s

ee S s ste e t s te t tes e ts
s t s

ird Result e Closer t e Maxima t e

More 1 cult t e Problem

b t t
se te
, ,1,1 et be e tee be tbe e
be e teee sts t t t s s be
t bt tbe t tt s ts
tbebd te t se te ts

This result shows that if we now the lower bound on the distance between the
global ma ima, then the optimization problem becomes easier. This result by
itself, howe er, does not e plain why the closer the ma ima, the more comple
the optimization problem seems to get. To e plain this empirical fact, we will
again use a notion of robustness.

11



se
b st be
et be tbe e be et be te
tbe e be e
t eee sts t t t s b st
bet bt tbe t tt s
ts tbebd te t se te ts
te t t t be b st bet
bt tbe t tt s ts
tbebd te t se te ts
This result shows that the larger the lower bound between the global ma ima,
the easier it is to sol e the optimization problem. Indeed, let let us
ta e . Then, according to Theorem 1

there e ists an optimization algorithm which is - -robustly applicable to

all functions for which global ma ima are -separated and

no optimization algorithm is possible which is - -robustly applicable to
all functions for which global ma ima are -separated.

In other words, if , then the optimization problem corresponding to
is indeed easier to sol e.

imilar results hold for roots solutions of a system of e uations

s ste s
, , 1,1 et be e te e be tbe
e be e teee sts s ste s t ] s
bet bt tbe t bes ste e t s s

e 1 se te s t s



se

1
b st be
et be tbe e be et be te
tbe e be e
teee sts sste s t s b st
bet bt t bes ste e t s se t
se te s t s
te s ste s t be b st be
t bt t be s ste e t s se t
se te s t s
Proofs
It is easy to show that a constant function is a computable
function. or this function, ma . Thus, if we had an algorithm which
chec s, gi en , ,and , whether ma or not, then we will be able
to chec whether for a gi en computable real number . owe er, it is

nown that it is algorithmically impossible to chec whether a gi en computable
real number is positi e ornot 1, , , ;1,1 . Thus, a chec ing algorithm
cannot be always applicable. The proposition is pro en.

1. It is nown that there e ists an algorithm which, gi en a computable function
on a computable bo , and a gi en returns a rational number which is
-close to ma 1, , , ,1 . etusreproduce the main idea of this proof.



1.1. irst, we pro e that there e ists an integer  for which the
-appro imation to e ceeds

Indeed, since ,we ha e for some . Therefore, for the
-appro imation to , we get hence

0, the e istence is pro en for .
This can be algorithmically computed as follows we se uentially try
1 and chec whether when we get the desired
ine uality, we stop.

1. . et us now show that for the integer = computed according to art 1.1 of
this proof, we ha e
Indeed, since and , we can conclude that
o, if we can find a rational number which is -close to ma , this
rational number will thus be also -close to ma
1. . et us now use this to compute the desired -appro imation to ma
1. .1. y using the second algorithm in the definition of a computable func-
tion, we can find a alue such that if for all 1 ,
then
or each dimension of the bo  , we can then ta e finitely many alues
separated by which co er the corresponding inter al. Then, each alue
will be di erent by one of these alues by
1. . . ombining the alues corresponding to di erent dimensions, we get a
finite list of rational- alued ectors with the property that
e ery ector is -close to one of these ectors.
ue to the definition of , this means that each alue is
-close to one of the alues . Therefore, the desired ma
is -close to the ma imum of all the alues
y using the algorithm |, we can compute each of these alues with
the accuracy . Thus, the ma imum of thus computed rational al-
ues . s -close to the ma imum of all the alues
, and hence, -close to ma, . Thus, is indeed
-close to ma . The first part is pro en.



. The desired chec ing algorithm can be therefore composed as follows

irst, since is a computable number, we can use art 1.1 of this
proof to constructi ely find for which

Then, we use art 1 of this proof to compute a rational number for
which
ma

Third, we use the fact that is a computable real number and generate
the rational number for which

inally, we chec the ine uality

If this ine uality holds, we conclude that ma
To complete the proof, we must chec two things

irst, that the abo e chec ing algorithm is correct, i.e., that whene er this
algorithm concludes that ma , it is indeed true that ma

econd, that the abo e chec ing algorithm is indeed applicable to all

functions for which ma,
et us first pro e that the abo e algorithm is correct.
Indeed, if the ine uality holds, then . sing , we
can then conclude that hence
inally, from , we conclude that ma , hence
ma ma

orrectness is pro en.

et us now complete our proof by showing that the abo e algorithm is
applicable to all functions for which ma
Indeed, let ma , i.e., that ma . ue to formula 1, we
ha e hence
ma ma



rom , we can now conclude that

ma ma
rom , we conclude that ma , hence
i.e., the ine uality is indeed satisfied. Thus, for such a function , the
algorithm will indeed return the correct answer.

The proposition is pro en.

1. et us first show that if , then there e ists a chec ing algorithm which
is - -robustly applicable to all functions for which ma, .
Indeed, let us show that in this case, we can compute a computable positi e
real number , and then use the non-robust chec ing algorithm
described in the proof of roposition . et us pro e that this algorithm is
indeed - -robustly applicable to all functions for which ma, .

y definition of robustness, we need to pro e that the algoirithm is

applicable to e ery function which is -close to a function for which

ma
Indeed, when is close to such a function , we ha e ma ma, ,
hence ma ma , and so

ma ma

Thus, by roposition , the algorithm is indeed applicable to the function
. The statement is pro en.

et us now pro e that if , then no chec ing algorithm  is possible
which is - -robustly applicable to all functions for which ma, .

Indeed, if such an algorithm  was possible, we would be able to chec whether
a gi en computable real number is positi e or not, which, as we ha e already
mentioned, is nown to be impossible.

ince , the di erence is a computable negati e real number, and
hence, for e ery , the number

ma

is also a computable real number. It is easy to chec that if and only if
, 80, to chec whether , it is su cient to be able to chec whether
for all real numbers



To chec this au iliary ine uality , we apply the hypothetic algorithm
to the constant- alued function for which ma and to
this number

The algorithm  is applicable to this function because of the following

The function is -close to another constant- alued computable function

or this new function , weha ema . ence, due to the ine uality
, we get
ma —_—
thence due to ma,

The hypothetic algorithm is - -robustly applicable to e ery function
for which ma, , in particular, to the abo e constant function

y definition of robustness, this means that  should be applicable to any
function  which is -close to , in particular, to the constant function

The contradiction is pro en, hence the hypothetic algorithm is indeed impos-
sible.
The theorem is pro en.

This proof is similar to the proof of Theorem 1

hen , then we can compute . Then, whene er the
global ma ima of the function are -separated, and a function is -

-close to , the global ma ima of are -separated. o, as the desired
robust algorithm, we can ta e the nown algorithm corresponding to the
separation

hen , then an arbitrary function with global ma ima is -
close to some -separated function. Thus, if there e isted such a robust
algorithm we would ha e an algorithm which would be applicable to e ery
function with e actly  global ma ima. e ha e already mentioned in
the pre ious section that such an algorithm is impossible.

Theorem follows from Theorem if we ta e into consideration that the prob-
lems of sol ing a system of e uation and of locating global ma ima can be
naturally and computably reduced to each other in such a way that the so-
lutions to the system of e uations become global ma ima and ice ersa and



thus, the be of solutions becomes the be of global ma ima and ice
ersa

If we now how to sol e systems of e uations, then the problem of locat-
ing global ma ima of a function can be reformulated as a
problem of finding all solutions to an e uation , where

ma

ice ersa, if we now how to locate global ma ima, then the problem of
sol ing a system of e uations s e
can be reformulated as a problem of finding all global ma ima of a function
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