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Abstract

Since early 1960s, we have a complete description of all possible [0, 1]-
based logical operations, namely of “and”-operations (t-norms) and of
“or”-operations (t-conorms). In some real-life situations, intervals provide
a more adequate way of describing uncertainty, so we need to describe
interval-based logical operations. Usually, researchers followed a prag-
matic path and simply derived these operations from the [0, 1]-based ones.
From the foundational viewpoint, it is desirable not to a priori restrict
ourselves to such derivative operations but, instead, to get a description
of all interval-based operations which satisfy reasonable properties.

Such description is presented in this paper. It turns out that all such
operations can be described as the result of applying interval computations
to the corresponding [0, 1]-based ones.



1 Introduction

1.1 [0,1]-Based Logical Operations: Reminder

In many areas of expertise, such as medicine, geophysics, etc., human experts are
needed. Usually, there are very few top level experts, and it is not physically
possible for these few experts to solve all numerous related problems. It is
therefore desirable to develop computer-based system which incorporate the
knowledge of the top experts and use this knowledge either to directly solve the
related problems or, at least, to provide high-level advise to people trying to
solve these problems.
xperts can describe their knowledge in terms of statements and rules, but
this formulation often comes with uncertainty and ambiguity experts are often
not 1 con dent in the statements which form their knowledge, and even
when they are, these statements are formulated in terms of words of natural
language such as large which do not have precise meaning. o ade uately
describe the expert knowledge, we must therefore store, in the knowledge base,
not only the statements themselves, but also the indication of the degree to
which the experts are con dent in these statements.
his degree is usually described by a number from the interval ,1. n
expert s degree of con dence in a statement can be determined, if, e.g.,
we ask an expert to estimate his degree of con dence on a scale from to 1 .
If he selects , then we take 1.
uppose now that we know the degrees of con dence and in
statements and , and we know nothing else about and . uppose also
that we are interested in the degree of con dence of the composite statement
ince the only information available consists of the values and ,
we must compute based on these values. e must be able to do that for
arbitrary values and . herefore, we need a that transforms
the values and into an estimate for . uch a function is called
an . If an and -operation 1 1 1 is
xed, then we take as an estimate for
imilarly, to estimate the degree of con dence in , we need an
1 1 1.
he rst and and or operations were proposed by . adeh in 1
min , , max , and
ater, numerous other operations have been proposed e.g.,
in , iles proposed bold and max 1 and bold or
min 1.

It was also shown that we can get new t-norm if we consider di erent scales
on the interval 1 of all possible degrees of certainty. amely, the assignment
of di erent numerical degrees to words expressing uncertainty is rather arbitrary.

et us assume that we assign new values to these words, and let be a new
value assigned to the word to which we originally assigned the value . In this



new scale, to each statement , instead of the original degree of certainty ,

we assign a new degree of certainty . In the new scale, the same
and -operation will look di erently. amely, if we know the degrees
and in the new scale, and we want to nd , then we must

do the following

rst, we compute the degrees and in the old scale as
and where denotes the inverse function

second, we use the known t-norm to compute the degree of cer-

tainty of the composite statement

in the old scale

nally, we transform the degree back into the new scale, resulting in

his three-step procedure is e uivalent to using an operation

his new operation is called to the origi-
nal t-norm . Isomorphic operations provide numerous new of
t-norms and t-conorms.
ater on, natural re uirements for and - and or -operations were
formulated
1 1 1 1
1 1 1 1 1

hese properties are easy to explain. or example, commutativity
comes from the fact that, from a common sense viewpoint, composite
statements and are e uivalent therefore, we expect our and -
operation to lead to the same degree of certainty for both composite statements.
In precise terms, this means that we expect

for every two statements and . If we denote by and by , we
can therefore conclude that for every and
imilarly, associativity comes from the fact

that from the common sense viewpoint, the composite statements
and are e uivalent.

onotonicity, i.e., the fact that and , then
and , comes from the fact that if our degree
of con dence in is smaller than the degree of con dence in , and the

degree of con dence in is smaller than the degree of con dence in , then



our con dence in must be smaller or at least e ual, but not larger
than our con dence in

complete description of operatlons that satisfy these properties has been
given, in e ect, in seealso , ,1 ,1 . It turns out that for every t-norm,
we can subdivide the interval 1 into subintervals on each of which t-norm
is isomorphic either to the algebraic t-norm , or to max 1,
or to min , and min when and belong to two di erent
sub-intervals.

similar description is known for t-conorms.

1. nter al-Based Logical Operations: ro lem

xperts cannot describe their degrees of con dence precisely. t best, they can
give an of possible values. or example, an expert can point to on a
scale from to 1 , but this same expert will hardly be able to pinpoint a value
on a scale from to 1 . s a result, the only thing that we know about the
expert s degree of con dence is that it is closer to than to or to ,i.e., that
it is in the interval .
0, to describe degrees of con dence more ade uately, we must use
instead of real numbers. In this representation, real numbers can
be viewed as particular degenerate cases of intervals . heidea of using
intervals have been originally proposed by adeh himself and further developed
by andler and ohout 1, wurksen 1 , and others for a recent survey, see,
eg., 11.
ince we went from numbers to intervals in our description of degrees of
certainty, we must have and and or operations as functions from intervals
to intervals. raditionally, researchers followed a pragmatic path and simply
derive these operations are derived from the 1 -based ones. amely, when an
expert says that his degree of certainty in a statement belongs to the interval
, we can interpret it as meaning that the unknown actual degree of
con dence can be any number from this interval.  ith this interpretation in
mind, it is natural to de ne, e.g., an interval and -operation as follows

irst, we select a 1-based and -operation t-norm his
operation corresponds to the case when an expert knows the exact values
of his degrees of certainty, i.e., when the intervals and
are degenerate and

ext, when we know the interval degrees and , we interpret these
intervals by saying that can take any value from and can take any
value from . hus, as the degree corresponding to , it is natural
to take the set of all possible values of when and . In
precise terms, we de ne as follows



his formula is a particular case of the so-called s s
1 . ince the function is monotonically increasing and continuous, the
resulting set is easy to describe

e can use a similar pragmatic approach and de ne an interval-based or
operation as

rom the viewpoint, we get a good class of reasonable and - and
or -operations. owever, our experience with 1 -based operations has shown
that it is not su cient to ust list some of them the more operations we can
choose from, the better we can ad ust to di erent speci ¢ problems, and the
better uality results we can get see, e.g., 1 ,thesurveys ,1 and references
therein. rom this viewpoint, it is desirable not to restrict ourselves to
such derivative interval operative but, instead, to get a complete description
of all possible interval-based operations.
he task of obtaining such a description was started in a pioneer paper by
uo 1 who described all interval-based operations which are
in some reasonable sense . In this paper, we extend wuo s results and
nd a description of interval-based logical operations which satisfy
reasonable properties like commutativity and monotonicity .
peci cally, we show that the above interval-computation operations are
the only ones possible. hus, we provide a fundamental usti cation for the
traditional pragmatic approach.

o rd or i tion o t ro
to n onotonicit or Int r r
tion

N s t mportant to e ne onotonicit

n important part of the de nition of t-norm and t-conorm is the re uirement
that these operations are , i.e., that if and , then
and . or 1 -based operations,
these properties are easy to formali e, because the order is well de ned on
the interval 1. or interval degrees, however, the situation is less clear.

If we know the interval degrees and for two
statements and , this means that the actual degree of con dence in
can take any value from the interval , and the actual degree of con dence

in can take any value from the interval . If the intervals and



intersect, then, depending on the selection of the values , we may have
and we may also have

or example, if and 1 , then
on one hand, we may have and 1 , in which case
on the other hand, we may have and , in
which case
. ol tion: Operations ecessaril and ossi 1

e have already mentioned that for interval degrees and , it is sometimes
not clear whether or not. owever, the situation is not hopeless we
have the following two natural order-like relations

It is therefore natural to re uire that the desired interval-based logical operations

be monotonic relative to these operations i.e., that
if and , then
if and , then
. ol tion impli ed

t rst glance, the above solution may seem somewhat complicated. Indeed, if
we try to use the above de nitions to check, e.g., whether  is necessarily
than , then we will have to check ine ualities for all
possible pairs and . uckily, the above de nition can be easily
simpli ed indeed, the following result can be easily proven



. imple to ec Bt ot as to nal e

he above reformulation shows that both relations and are easy to check.
owever, this same result shows that these relations are not easy to analy e,

because they are orders e are thankful to arol and lbert alkers who
attracted our attention to this fact.
Indeed, an order is ie., for every , but the relation

is re exive if , then .

ne might suspect that isa ,i.e., a anti-re exive relation for
which for all , but this is not true either for degenerate intervals, the
relation is re exive .

imilarly, the order  should be if and , then ,
but the relation is transitive e.g., 1 1, 1 1,
but 1 1.

ince these relations are orders, we cannot use standard results about
monotonicity, and we therefore have to prove everything from scratch . his

is what we will do in the next section.

n interesting auxiliary uestion originally formulated by alkers is to
give a complete algebraic characteri ation of these relations. his characteri a-
tion is given in ection

. dditional onotonicit ropert : ncl sion ono-
tonicit
et us show that, in addition to - and -monotonicity, it is natural to

re uire one more monotonicity property for interval operations.

Indeed, suppose that initially, we had and as sets of possible values
of degrees of con dence in and . hen, by applying the interval and -
operation , we can conclude that the degree of con dence in is in

uppose now that we have narrowed down our degrees of con dence to

and . If we apply the same interval and -operation to the new
degrees of con dence, we get a new interval . ince we have narrowed
down our intervals of possible degrees of con dence, it can happen that some
previously possible degrees of con dence in are not possible anymore. ut
it is reasonable to re uire that if a value is now possible, then it was possible
earlier as well when we had even fewer knowledge about degrees of con dence .
In other words, we re uire that every number from should belong to

In other words, we re uire that if and , then
. In mathematical terms, we re uire that the interval and -operation

be monotonic relative to set inclusion | i.e., in short,

ow, we are ready for the main result.



in ut

Ithough our main interest is in binary operations over subintervals of the in-
terval 1, we will formulate this result in the most general terms as a result
about operations of arbitrary arity over subintervals of an arbitrary ordered set.

I
or intervals over an arbitrary ordered set , we can use e nition to de ne
relations and roposition 1 holds for this case as well.
I I I

he second part of this theorem says that

hus, for binary operations over I 1 , we did provide a funda-
mental usti cation for the traditional pragmatic approach to interval-valued
operations.

or the convenience of the readers who are interested in
the results but not in the technical details of the proofs, all the proofs are placed
in the special roofs section located at the end of the paper.

In the second part of heorem 1, we re uired that the
interval operation be both  -and  -monotonic. s one can see from the
proof, it is su cient to re uire that is  -monotonic then  -monotonicity
follows automatically.



uiir ut

ormally, we re uire that the relation  between degrees of certainty is an
order, i.e., a relation which satis es the following three properties

it is

it is and imply and

it is and imply
In the previous section, we mentioned that neither not are orders.  hat
are they

In this section, we give exact algebraic characteri ations of these two rela-
tions.

o describe these results, let us recall the de nition of a restriction of a

relation to a subset. et be an arbitrary set, let  be an arbitrary relation

on this set, and let be a subset of . hen, we de ne a
of to asfollows if then if and only if
I
I
I
I

0, both relations appear naturally if we divide the three properties describing
order into two groups re exivity in one group, and transitivity and antisym-
metry in another group.

If we only keep properties from the rst group, we get
If we only keep properties from the second group, we get

If we keep properties from both groups, we get a normal order relation.



roo

.1 roo o eorem 1

1. he rst part is reasonable straightforward if the interval operation is
obtained by interval computations from some monotonic operation

then from -monotonicity of , one can easily prove that is -, -, and
inclusion-monotonic.

o complete the proof of the theorem, we must therefore prove its second

part that every - -, and inclusion-monotonic interval operation  is
obtained by interval computations.
e will actually prove this result without re uiring that is -monotonic.
hen, from the rst part, it will follow that -monotonicity is automatically
satis ed.
0,let be - and inclusion-monotonic. he result of applying is an
interval. et us denote its lower endpoint by and its upper endpoint by

1 et us rst prove that when all inputs to  are degenerate intervals, then

the output is also degenerate, i.e., for every , we have
Indeed, by de nition of | for every , we have
0, S e , and due to -monotonicity of the

operation , we conclude that
y de nition of , from

and

we can conclude that



n the other hand, since and are endpoints of the interval, we have

hus,

he statement is proven.

et us de ne a function as follows for every
, we de ne

hen, for degenerate intervals, we have

e will complete the proof of the theorem by showing two things
that thus de ned function is monotonic, and

that

for all possible intervals I

et us prove that the function de ned in art . of this proof is
monotonic. In other words, let us prove that if e , then

Indeed, let S ey . yde nition of | we can therefore conclude
that ) e . ueto -monotonicity of the
operation , we conclude that

e already know, from art . of this proof, that

and

hus, the above necessarily relation means that

he statement is proven.

11



et us now prove that

for all possible intervals I ,ie., that for all possible
intervals,

and

1. etus rstprove that

Indeed, from the de nition of | we can easily conclude that for every interval
, we have .

rom the fact that Y ey , and that
is  -monotonic, we conclude that

ccording to roposition 1, this means that

e already know, from art . of this proof, that

hus, the above ine uality is exactly what we want to prove. he statement is
proven.

et us now prove that

Indeed, for each of the input intervals, we have S ey
ince the operation is inclusion-monotonic, we
conclude that



ue to arts .1 and . . of this proof, we have

hus, the above inclusion means that

y de nition of an interval, this means, in particular, that

he statement is proven.
rom arts . .land .. of this proof, we can now conclude that

et us now start proving the second ine uality from art . by rst
proving that

Indeed, from the de nition of | we can easily conclude that for every interval
, we have .

rom the fact that ) ey , and that
is  -monotonic, we conclude that

ccording to roposition 1, this means that

e already know, from art . of this proof, that

hus, the above ine uality is exactly what we want to prove. he statement is
proven.

et us now prove that



Indeed, for each of the input intervals, we have Y eeny
ince the operation is inclusion-monotonic, we
conclude that

ue to arts .1 and . . of this proof, we have

hus, the above inclusion means that

y de nition of an interval, this means, in particular, that

he statement is proven.

rom arts .. and .. of this proof, we can now conclude that

he theorem is proven.

. roo o eorem

he rst part of the theorem easily follows from roposition 1, so it is su cient
to prove the second part.
et be a set with a transitive antisymmetric relation . et

denote the set of all re exive elements of , and let

denote the set of all irre exive elements of . et usde ne as

i.e., as a set consisting of

all re exive element of , and



of pairs and , where ,

and let us de ne the relation on as follows

for every , we have if and only if
for and , we have
if and only if , and

if and only if
for and , we have

if and only if , and
if and only if

for every , , , and
nally, for , , we have
if and only if
if and only if
if and only if
if and only if
ne can easily check that this relation is an order.
et us now assign, to every element ,anintervalfromII . peci cally,
we assign
to every element , a degenerate interval I ,and
to every element , an interval I

ue to roposition 1 and the de nition of the order on , we have the following
e uivalences

when , then if and only if
when and , then if and only if
when and , then if and only if

nally, when , then if and only if

hus, the original relation on is isomorphic to the restriction of to the
set  of all intervals assigned to elements of . he theorem is proven.



. roo oO eorem

he rst part of this theorem easily follows from the de nition of , so it is
su cient to prove the second part.

et be a set with a re exive relation . et us de ne as ,

i.e., as the set of all pairs and , where , and let us de ne the

relation on as follows
for every , , , and
for , we have if and only if
for every and |,

ne can eagily check that this relation is an order.

et us now assign, to every element , an interval
I . ueto roposition 1 and the de nition of the order on , we have
if and only if . hus, the original relation
on is isomorphic to the restriction of to the set of all intervals

he theorem is proven.
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