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Abstract

We extend the main formulas of interval arithmetic 1 ®x» for different
arithmetic operations x; @ x2 to the case when, for each input z;, in
addition to the interval x; = [z,,T;] of possible values, we also know its
mean F; (or an interval E; of possible values of the mean), and we want
to find the corresponding bounds for z; @ z2 and its mean.

1 Error Estimation for Indirect Measurements:
An Important Practical Problem

A practically important class of statistical problems is related to data processing
(indirect measurements). Some physical quantities y — such as the distance to a
star or the amount of oil in a given well — are impossible or difficult to measure
directly. To estimate these quantities, we use indirect measurements, i.e., we

measure some easier-to-measure quantities x1, ..., z, which are related to y by
a known relation y = f(z1,...,2n), and then use the measurement results z;
(1 <4 < n) to compute an estimate y for y as y = f(T1,...,Ty):
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For example, to find the resistance R, we measure current I and voltage V,
and then use the known relation R = V/I to estimate resistance as R = V/I.

Measurement are never 100% accurate, so in reality, the actual value z; of
i-th measured quantity can differ from the measurement result z;. In proba-
bilistic terms, z; is a random variable; its probability distribution describes the

probabilities of different possible value of measurement error Ax; def T; —x;. It
is desirable to describe the error Ay def y — y of the result of data processing:
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Often, we know (or assume) that the measurement error Az; of each direct
measurement is normally distributed with a known standard deviation ¢;, and
that measurement errors corresponding to different measurements are indepen-
dent. These assumptions — justified by the central limit theorem, according to
which sums of independent identically distributed random variables with finite
moments tend quickly toward the Gaussian distribution — underly the tradi-
tional engineering approach to estimating measurement errors.

In some situations, the error distributions are not Gaussian, but we know
their exact shape (e.g., lognormal). In many practical measurement situations,
however, we only have partial information about the probability distributions
[11, 12].

2 The Need for Robust Statistics

Traditional statistical techniques deal (see, e.g., [15]) with the situations when
we know the exact shape of the probability distributions. To deal with practical



situations in which we only have a partial information about the distributions,
special techniques have to be invented. Such techniques are called methods
of robust statistics. They are called robust because they are usually designed
to provide guaranteed estimates, i.e., estimates which are valid for all possible
distributions from a given class [8, 15].

3 Interval Computations as a Particular Case of
Robust Statistics

An important case of partial information about a random variable z is when we
know (with probability 1) that « is within a given interval x = [z, Z], but we have
no information about the probability distribution within this interval. In other
words,  may be uniformly distributed on this interval, it may be deterministic
(i-e., distributed in a single value with probability 1), distributed according to
a truncated Gaussian, bimodal distribution — we do not know.

So, we arrive at the following problem: for each of n random variables
Z1,...,%n, we know that it is located (with probability 1) within a given interval
x; = [z;,%;]. We do not know the distributions within the intervals, and we do
not know whether the random variables z; are independent or not. What can
we then conclude about the probability distribution of y = f(z1,...,2,)?

Since the only information we have about each variable x; consists of its
lower bound z; and upper bound Z;, it is natural to ask for similar bounds
y = [y,%] for y. As a result, we arrive at the following problem:

GIVEN: an algorithm computing a function f(z1,...,z,) from R™ to R and
n intervals x1,...,Xp,

TAKE: all possible joint probability distributions on R™ for which, for each
i, ; € x; with probability 1;

FIND: the set Y of all possible values of a random variable y = f(z1,...,z,)
for all such distributions.

One can easily prove that Y is equal to the range f(x1,...,X,) of the given
function f on given intervals, i.e., to {f(21,...,%n) |21 € X1,...,Zpn € Xp }:
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Indeed:

o If z; € x; with probability 1, then y belongs to the range with probabil-
ity 1.

e Vice versa, any point y from the range can be represented as f(x1,...,Z,)
for some x; € x;, so to show that y € Y, we can take degenerate distribu-
tions located at x; with probability 1.

Q.E.D.

The problem of computing the range of a given function f(z1,...,z,) on
given intervals x; is exactly the problem solved by interval computations. The
main interval computations approach to solving this problem is to take into
consideration that inside the computer, every algorithm consists of elementary
operations (arithmetic operations, min, max, etc.). For each elementary opera-
tion f(z,y), if we know the intervals x and y for z and y, we can compute the
exact range f(x,y):

[z),T1] + [z, T1] = [Ty + 25,71 + Ta;

[Z1,%1] = [29,T1] = [21 — T2, T1 — 2,];

etc.; the corresponding formulas form the so-called interval arithmetic; see, e.g.,
[9, 10]. We can therefore repeat the computations forming the program f step-
by-step, replacing each operation with real numbers by the corresponding op-
eration of interval arithmetic. It is known that, as a result, we get an enclosure
for the desired range.

4 Comment About Correlation

In the above proof, we considered the case when we have no information about
the correlation between the random variables. One can easily see that the same
proof shows that if we assume independence, we still get the same range.

For functions of two variables, we can consider two additional cases:

e when z7 and z»2 are highly positively correlated, i.e., when there exists a
random variable ¢ such that both z; and z» are non-decreasing functions
of ¢ (crudely speaking, z; is (non-strictly) increasing in z5), and

e when z; is highly negatively correlated, i.e., when there exists a random
variable ¢ such that both z; and z» are non-decreasing functions of ¢
(crudely speaking, when x; is decreasing in x5).

The above simple proof shows that in both cases, we get the same range Y as
in the above case of no information about the correlation.



5 New Problem

In some practical situations, in addition to the lower and upper bounds on each
random variable z;, we know the bounds E; = [E;, E;] on its mean E;. In such
situations, we arrive at the following problem:

GIVEN: an algorithm computing a function f(z1,...,2,) from R™ to R; n
intervals x1,...,X,, and n intervals E1,...,E,,

TAKE: all possible joint probability distributions on R™ for which, for each
i, ¢; € x; with probability 1 and the mean E; belongs to E;;
FIND: the set Y of all possible values of a random variable y = f(x1,...,%5)

and the set E of all possible values of E % Ely] for all such distri-
butions:
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A similar problem can be formulated for the case when z; are known to
be independent, and for the cases when n = 2 and the values z; are highly
positively or highly negatively correlated.

One can easily show that the interval part [y,7] of the result is the same as
for interval arithmetic, so what we really need to compute is the range E for E.

Similarly to interval computations, our main idea is to find the corresponding
formulas for the cases when n = 2 and f = @ is one of the basic arithmetic
operations (+, —, -, 1/z, min, max): if we know two tuples (z;, E;, E;,;),
(i = 1,2), what tuple describes possible values of y = z; - z2?
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In other words, to find these formulas, we want to solve the following prob-
lem:
GIVEN: values z,, T1, Z,, Z2, B, E1, E,, Es, and an operation @,
FIND: the values

E def min{E(z; ® z2) | all distributions of (x,z2) for which

1 € [glafl]er S [&27E2]7E[m1] € [E17E1]7E[x2] € [E27E2]}
and

EY max{E(z; ® z2) | all distributions of (z1,z2) for which

T € [Elafl]aa:? € [EQ,EQ],E[QH] € [Elaﬁl]aE[a:Q] € [E%EQ]}
(plus restrictions on the correlation).

In this paper, we provide the formulas for E and E.

6 Main Results for the Case When We Know
the Exact Values of F; and E,

In this section, we describe the formulas for the interval E of possible values of
E = EJy] for the case when the intervals E; and E, are degenerate: E; = [E;, E;]
— i.e., when we know the exact values of F4y and E». In the following section,
we show how to extend these formulas to the general case of non-degenerate
intervals E;.

For addition, the answer is simple. Since E[zq1 + z2] = E[x1] + E[x2], if y =
x1 + %2, there is only one possible value for E = E[y]: the value E = E; + E».
This value does not depend on whether we have correlation or nor, and whether
we have any information about the correlation.

Similarly, the answer is simple for subtraction: if y = x1 — x2, there is only one
possible value for E = E[y]: the value E = E; — E».

For multiplication, if the variables z; and z» are independent, then E[z; - z2] =
E[z1]- E[z2]. Hence, if y = 21 - 23 and z; and z are independent, there is only
one possible value for E = E[y]: the value E = E; - E».

The first non-trivial case is the case of multiplication in the presence of possible
correlation:



Theorem 1. For multiplication y = x1 -2, when we have no information about
the correlation,

E = max(p; +p2—1,0)- Ty -To +min(py, 1 —p2) - T1 - 2o +min(1 — py, p2) -, - To+

max(1 — p1 — p2,0) - zy - Ty;

and
E = min(pl,p2) - Ty - To +max(p1 —pg,O) - T Xy +max(p2 _plao) “Zy - Tt

min(l —p1,1 —p2) - 24 - o,
where p; def (Bi —z;)/ (@i — z;)-
For readers’ convenience, proofs are placed in the special Appendix.

Comment. Formulas for multiplication may sound very technical, but in reality,
they make intuitive sense:

e The probability p; can be interpreted as follows: if we only allow values
z; and T;, then there is only one probability distribution on z; for which
the average is exactly F;. In this probability distribution, the probability
p[Z;] of T; is equal to p;, and the probability p[z;] of z; is equal to 1 — p;.

e In general, when we have two events A and B with known probabilities

p(A) and p(B), then the probability of A & B can take any value from the
interval [p(A & B),p(A & B)], where p(A & B) ' max(p(A4) + p(B) —1,0)

and 5(A & B) & min(p(A), p(B)) (see, e.g., [16]). Indeed:

— the largest possible intersection is the smallest of the two sets, and

— the smallest possible intersection is when they are as far apart as
possible:

x if p(A) + p(B) < 1, they can be completely disjoint hence
p(A& B) =0,

* else we spread them as much as possible, so that p(A vV B) =1
hence p(A& B) = p(A) + p(B) — p(A& B) = p(A) + p(B) — 1.

From this viewpoint, since p1 = p[Zi] and p» = p[T2], we can interpret
min(p;,p2) as P[T; & Tz]. Similarly, we can interpret all other terms in the
above formulas, so we can rewrite the formulas for £ and E as follows:

E =p[Z1 &2 - T1 - T2 + P[T1 & 5] - T1 - 25 + D[zy & T2] - 2 - Tt

plz, & zy] - 21 - o3



EZﬁ[fl &fg] “T1 - To +B[f1 &£2] ‘T Xy +£[£1 &fg] “Zy - Tot

plzy & 3,] - 3y - 2.

Theorem 2. For multiplication y = z1-x2, when x1 and x2 are highly positively
correlated, we have:
E=FE -E,

and
E = min(py,p2) - T1 - T2 + max(p1 — pa,0) - T1 - T, + max(ps — p1,0) - 2, - Tot

min(l —p1,1—po) - 2y - .

Theorem 3. For multiplication y = x1-x2, when x1 and x4 are highly negatively
correlated, we have:

E = max(p1 +p2—1,0) Ty -T2 +min(p1, 1 —p2) -T1 - 2o+ min(l —py,p2) -z, -T2+
max(l —p1 — p2,0) - 2y - Tp;

and o
E=EFE -E,.

Comment. One can easily see that the only difference between these formulas
(corresponding to high correlation) and the formulas from Theorem 1 (cor-
responding to all possible values of correlation) is that one of the bounds is
replaced by the value E; - E». From the common sense viewpoint, it is very
natural that the value F; - E5 corresponding to the absence of correlation sep-
arates cases with positive correlation (for which E[z; - 2] is higher) and cases
with negative correlation (for which E[z; - 23] is lower).

For the inverse y = 1/, the finite range is possible only when 0 ¢ x;. Without
losing generality, we can consider the case when 0 < z,. In this case, methods
presented in [14] lead to the following bound:

Theorem 4. For the inverse y = 1/x1, the range of possible values of E is

1 p1+1—p1

E= | 2
E’'m T,

(Here p; denotes the same value as in Theorems 1-3).

For z1 ® 3 = min(zy,z2) and z1 @ z2 = max(z1,z2), there is an easy case: if
all the points from one of the intervals are not larger than all the points from
another interval:



o If 7; < z,, then 27 € x; and z2 € X2 imply 1 < z2. In this case,
min(z1,22) = 1 and max(z1,22) = 2, hence E[min(z1,22)] = E[z1] =
E, and E[max(x1,22)] = E[z2] = E».

e Similarly, if 3 < z;, then 21 € x; and 23 € X2 imply 22 < z1. In this
case, min(z1,z3) = 22 and max(zi,z2) = 1, hence E[min(z1,22)] =
E[.’L‘Q] = EQ and E[max(wl,mg)] = E[ml] = El.

What happens in all the other possible cases, i.e., when the intervals x; and x»
have a non-degenerate intersection?
For min and max in case of independence, the results are as follows:

Theorerg 5. For minimum y = min(x;,x2), when x1 and x2 are independent,
we have E = min(E;, E») and
E = p; - pa-min(T1,T2) +p1 - (1 —p2) - min(Z1,25) + (1 —p1) - p2 - min(z;, 7o)+

(1—=p1) - (1 = p2) - min(z;, z,).

One can check that when T; < z, (corr., when Ty < z;), these formulas return
the correct value Ey (corr., Es). The same is true for all the following theorems
about min and max.

Theorem 6. For mazimum y = max(z1,z2), when x1 and x2 are independent,
we have E = max(E;, E») and

E = py -po-max(Z1,T2) +p1 - (1 —p2) - max(T1, z,) + (1 —p1) - p2 - max(z,;, T2)+

(1—p1) - (1 —p2) - max(zy,z,).

Comment. Both formulas have a natural probabilistic interpretation similar to
the formulas from Theorem 1: indeed, e.g., p; - p2 is the probability p[Z; & Z]
under the condition that z; and z» are independent random variables.

For the case when we have no information about the correlation between z; and
T2, we have the following results:

Theorem 7. For minimum y = min(x,x2), when we have no information
about the correlation between 1 and x2, we have E = min(E;, E3) and

E = max(p; + p2 — 1,0) - min(Z1,T2) + min(p1, 1 — p2) - min(T1, 2,)+

min(l — p1, p2) - min(z;, Ta) + max(l — p1 = p2,0) - min(z,, z,).



Theorem 8. For mazimum y = max(x1,x2), when we have no information
about the correlation between 1 and x2, we have E = max(E;, Es) and

E = min(p1,p2) - max(T1,T2) + max(p; — p2,0) - max(T1, z,)+

max(pe — p1,0) - max(z,,Z2) + min(1 — p1,1 — p3) - max(z,, z,).

What if we have high correlation? Let us first describe two easier cases:

Theorem 9. For minimum y = mi£($1,$2), when x1 and o are highly nega-
tively correlated, the bounds E and E are the same as in Theorem 7.

Theorem 10. For mazimum y = mgl(xl,.m), when x1 and o are highly
positively correlated, the bounds E and E are the same as in Theorem 8.

The other two cases are somewhat more complex:

Theorem 11. For minimum y = min(z1,22), when x1 and x5 are highly
positively correlated, E = min(E, FEs), and E is the smallest of the following
values:

e the value min(E, E») that corresponds to a I-point distribution;

o the values p1 - min(Zy, Es) + (1 — p1) - min(z,, E2) and py - min(Ey,Ta) +
(1 = p2) - min(E1,z,) that correspond to 2-point distributions;

o the solutions to the problems

POz 4@ 2D 4 p® o L min

under the conditions
z; < .Z'gl) < x§2) < Ta; wgz) <T1; 2, < mgl);
pD 4+ p® 4 pB® = 1.
pV .z, + (@ +p®) -x§2) - E;
0 +p) -2 + ) -7 = By;

and

PO 2y +p@ 2D 4 p® o S min

under the conditions
(

zy < 3:11) < a:g2) < T1; mgz) <Ty; xz; < xgl);
p(l) +p(2) +p(3) =1;
0" +9p%) - 23+ T = By

PV -z + (0P + @) 2l = B,

10



Comment. The corresponding optimization problems are not difficult to solve.
Indeed, e.g., in the first problem:

p(l) . &1 +p(2) . wgl) +p(3) . mgz) — min

under the conditions

z, <) <aP) <@ 2P <7 @, <2l

o 4 p® 4 p® — 1,
Pz + (0P +pP) - 2l? = By
B +p@) 2 1 p® .7, = By
once we fix p® and p®®, we can describe p(Da s 1—p3 —p(3)  and then explicitly
describe mgl) and m?) from the equations containing these values:
(2) _ E1 —p.(l)gl ‘ m(l) _ E2 —p(3) - To
= p(2) +p(3) ’ 2 1 —p(3)

Substituting these expressions into the optimized function, we get an explicit
expression for it in terms of p(® and p®:

2 B2 —p® -7 +p® B - Vg,

_p(2) _ 3)y. - w——
(1-p pY) -z +p 1—p0® p p2) + p(3)

The minimum is attained either at the endpoints of the corresponding intervals,
or at a stationary point, where both partial derivatives are 0. Differentiating
with respect to p® and p®), we get simple equations relating p(2) and p®).

Theorem 12. For marimum y = max(zi,r2), when z1 and x5 are highly
positively correlated, E = max(FE1, E3), and E is the largest of the following
values:

o the value max(E, Ey) that corresponds to a 1-point distribution;

o the values p; - max(Ty, E») + (1 — p1) - max(z,, Es) and ps - max(E;,Ts) +
(1 — po) - max(E1,z,) that correspond to 2-point distributions;

e the solutions to the problems
p(l) - T1 +p(2) -mgl) +p(3) -x?) — max

under the conditions

11



(1)

Ty > Ty (2)

> & o

> Zy; w§2) > Zy; Ta2 2Ty
oD 4 p® 4 p® = 1.

7+ (@ 4+ p®) .2 = By

(™ +p@) -2 +p® - 3, = By;

and

p T +p® - al) 4 p®) 2l o max

under the conditions

(1)

Ty > 2 (2)

> of (2) M

>Zy; Ty 2Ty T1 2T
PV +p@ 4 p® =1,

(P +p) - 2f + p) 3 = By

PV T + @ +p®) - 2P = B

General Case: When Intervals E; Are Non-
Degenerate

In the previous section, we showed the bounds E and E for the moment E =
E[z; & z2] for the case when we know the moments E; = E[z;]. We described
these bounds for each of four correlation situations:

i

u:

p:

n:

: when the variables x; and z» are independent;

when the correlation between z; and xj is uknown;
when we know that x; and x5 are highly positively correlated;

when we know that z; and x5 are highly negatively correlated.

Namely, for each arithmetic operation & and for each correlation situation c,
we described these bounds as explicit functions of E; and Es:

E=f; (B, Ea); E= fo(EL, Bs).

If we only know the intervals E; = [E,, E1] and E; = [E,, E5] of possible
values of E; and E», then the set of possible values for E is a union of the sets
of possible bounds for all E; € E; and for all E» € E,y. Thus, the resulting
bounds E and E can be described by the following formulas:

= inf ¢ (E,,E5); E= su Fo (B, Ey).
E1€E1,E2€E2i@( L 2)7 E1€E1,IE)'2€E2f@( 1, 2)

12



Let us show that for the elementary arithmetic operations, these formulas can
be simplified into explicit analytical expressions.

For addition ® = +, f (E1, E) = f(Ey, E>) = E; + Es, therefore, the result-

ing bounds E a,nd_F can be obtained by simply applying interval arithmetic:
E=FE +E,and E=E + E.

For subtraction ® = —, f (Ey,E2) = f_(Ey, Ey) = E; — E», so we can also use
interval arithmetic: E = E, — Es and E = E; — E,.

For multiplication & = X, for the case of independent variables (¢ = 1),
[ (B, By) = [, (B, By) = By - B,
so we can use interval arithmetic as well: E = E; - Es, i.e.,
E=min(E, - Ey, E, - B2, By - By, Eq - E»);

EZ max(ﬂl 'EZJEI 'EQ,El 'EQ;EI Eg)

For multiplication under no information about dependence (¢ = u), the formulas
for f% (E1, E») and f* (E1, E») are given (by Theorem 1) in terms of the related
probabilities p; = (E; —z,)/(T; — x;), so it is reasonable to replace the intervals
E; by the corresponding intervals for probabilities:

p’l - Ez _zii
ie., p;= [Qi,]_)i], where:
E.—&. _ E—£
b, = =—"; b= ="
E; —z; E; —z;

In terms of probability intervals, we get the following results:

Proposition 1. For multiplication under no information about dependence, to
find E, it is sufficient to consider the following combinations of p1 and ps:

e p1=p andps =p,; p1 =p, and p; =Dy; p1 =Py and p2 = p,;
p1 =Dy and pa = Dy;

e pr =max(p,,1—=P,) and po =1 —p1 (if 1 € p1 +p2); and
e pr =min(py,1 —p,) and p> =1 —p; (if1 € p1 +Pp2).

The smallest value off:< (p1,p2) for all these cases is the desired lower bound E.

13



ProE)sition 2. For multiplication under no information about dependence, to
find E, it is sufficient to consider the following combinations of p1 and po:

® p1=p, andps =p,; p1 =p, and p; =Dy; p1 =Py and p2 = p,;
p1 =Py and p2 = Py;
e p1 =pr =max(p ,p,) (if p1 NP2 #0); and
e p1 = py = min(p;,P,) (if p1 NP2 # 0).
The largest value of T; (p1,p2) for all these cases is the desired upper bound E.

Comment. The fact that we need to consider several cases, and then take the
maximum for find E and the minimum to find E, is not surprising: a similar
procedure is used in interval arithmetic to compute the range for the product
of two intervals.

For multiplication in the case of high positive correlation, we have
i’;(ElaEZ) = El ° E27

hence the smallest possible value E of £ when E; € E; and Ey € E, can be
computed as o L

E= min(ﬁ1 “Ey,E,-E3,Ey-Ey, Ey - EZ)-
The upper bound ff( (E1, E») is the same as for the case ¢ = u, so to compute
E, we can use the algorithm presented in Proposition 2.

For multiplication in the case of high negative correlation, we have
TI:( (ElaEZ) = El ° E27

hence the largest possible value E of E when E; € E; and E> € E; can be
computed as

E= maX(E1 By, B - EQ;El : EQ;EI : EZ)
The lower bound f? (Ey, E») is the same as for the case ¢ = u, so to compute
E, we can use the algorithm presented in Proposition 1.

Proposition 3. When 0 < z,, for the inverse y = 1/x1, the range of possible

values of E is
1 p  1-p
J— + [

E=|= [R—
E{' 7 Zy

14



Proposition 4. For minimum y = min(z1,z2), when x1 and z2 are indepen-
dent, we have:

E=p -p, -min(T1,72) +p, - (1—p,) -min(Z1,z,) + (1 —p,) - p, - min(zy, T2)+

(1-p,) (1 —p,) min(z;,,);

and . o
FE = min(El,Eg).

Proposition 5. For mazimum y = max(z1,Ts), when x1 and x> are indepen-

dent, we have:
E = maX(EIaEZ)

and

E =P, - Py - max(F1,T2) + Py - (1 —Py) - max(T1, zy) + (1 — Py ) - Pp - max(z;, Ta)+

(1=p1) - (1 = Py) - max(zy, z,).

Proposition 6. For minimum under no information about dependence, E =
min(E;, E,); to find E, we must consider all combinations of p1 and ps from
Proposition 1 and take the smallest possible value of f*. (p1,p2) for all these
combinations.

Proposition 7. For mazimum under no information about dependence, E =
max(E,, E,); to find E, we must consider all combinations of p1 and p2 from
Proposition 2 and take the largest possible value of ffnax(pl, p2) for all these
combinations.

Proposition 8. For minimum y = min(z1,z2), when z1 and z2 are highly
negatively correlated, the bounds E and E are the same as in Proposition 6.

Proposition 9. For mazimum y = min(z1,2), when z1 and z2 are highly
positively correlated, the bounds E and E are the same as in Proposition 7.

For the other two cases, we only have explicit formulas for one of the bounds:

Proposition 10. For minimum wunder highly positive correlation, E =
min(El,Ez).

Proposition 11. For mazimum under highly negative correlation, E =
max(E,, E,).

15



8 From Elementary Arithmetic Operations to
General Algorithms

So far, we have discussed how to find the intervals of possible values for E[y]
for the case when y = f(z1,...,2,) is an elementary arithmetic operation.
In practice, of course, we are interested largely in the situations when f is a
complex algorithm. How can we find the set of possible values of E for this
more complex case?

One possibility, as we have mentioned, is to follow the example of straight-
forward interval computations: represent the algorithm f as a “code list” (a
sequence of elementary arithmetic operation), and replace each operation by
the corresponding operation with the pairs (x;, E;). Similarly to the case of in-
terval computations, we can prove that the resulting interval E is an enclosure
for the desired interval E.

Sometimes we get the exact interval, but often we get a proper superset of
the desired interval E. How can we find the actual range of E = E[y]? At
first glance, the exact formulation of this problem requires that we use infinitely
many variables, because we must describe all possible probability distributions
on the box x; X...Xx, (or, in the independent case, all possible tuples consisting
of distributions on all n intervals x1, .. .,x,). It turns out, however, that we can
reformulate these problems in equivalent forms that require only finitely many
variables:

Proposition 12. Let n be an integer, X1,...,X,,E1 C x1,...,E, C x, be
intervals, and let f(z1,...,2,) be a continuous function of n real variables.

Then, the range E = [E, E] of possible values of E[y], where y = f(x1,...,%n),
over all possible distributions on the box x1 X ... X X, for which x; € x; and
E[z;] € E;, can be determined as follows:

o FE is a solution to the following constraint optimization problem:
n 3
me . f(mgj), ..., z)) - min
j=0

under the conditions .
Z p(j) =1;
j=0

p9) >0, for all j;

z; < xgj) <z; for all i,y;

n
E, < Zp(j) -mgj) < E; for all i.
=0
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o E is a solution to the constraint optimization problem:
n 3 : 3
me @ 20)) 5 max
=0

under the same constraints.

Proposition 13. Let n be an integer, x1,...,%x,,E; C x1,...,E, C x, be
intervals, and let f(x1,...,2,) be a continuous function of n real variables.

Then, the range E = [E, E] of possible values of Ely|, where y = f(x1,...,%n),
over all possible independent distributions Xi,...,X, for which x; € x; and
E[z;] € E;, can be determined as follows:

e FE is a solution to the following constraint optimization problem:
Z Z Pyt o f(af, ..., 25r) = min
e1€{—,+} en€{—,+}

under the conditions
p; +pf =1 for all i;

p; >0 and pi >0, for all 4
z; <z; <zl <7 forall i
E,<p -x; +pf -zf <E; foralli.
o E is a solution to the constraint optimization problem:
Z Z pitopir s f(25h, .., 2r) — max
e1€{—+} en€{—,+}

under the same constraints.

For convex and concave functions, these results can be further simplified:

Proposition 14. Let n be an integer, xX1,...,%Xp, E1 C x1,...,E, C x,, be
intervals, and let f(z1,...,z,) be a convex function of n real variables. Then,
the range E = [E, E] of possible values of Ely], wherey = f(x1,...,T,), over all
possible distributions on the box x1 X ... X X, for which z; € x; and E[x;] € E;,
is as follows:

E=f(Ey,...,E,),

and E is a solution to the following constraint optimization problem:

Zp(j) -f(ng),...,xg)) — max
3=0

17



under the conditions .
Z p(j) =1;
§=0

p¥) >0, for all j;
(

mij) =g, or xl@ =1z; for all ,;
n
E; <Y pW -2 <E; foralli.

=0

Proposition 15. Let n be an integer, X1,...,%Xp, E1 C x1,...,E, C x,, be
intervals, and let f(x1,...,T,) be a concave function of n real variables. Then,
the range E = [E, E] of possible values of Ely], wherey = f(x1,...,Ty), over all
possible distributions on the box x1 X ... X Xy, for which z; € x; and E[z;] € E;,
is as follows:

E=f(E,...,E,),

and E is a solution to the following constraint optimization problem:
n 3
Zp(]) @, 29)) 5 min
=0

under the conditions .

3 =1

7=0
p¥) >0, for all j;

n
E, < Zp(j) -mgj) < E; for alli.
3=0

Proposition 16. Let n be an integer, X1,...,Xp, E1 C x1,...,E, C x, be
intervals, and let f(zq,...,T,) be a convex function of n real variables. Then,
the range E = [E, E|] of possible values of E[y], wherey = f(zy,...,,), over all
possible independent distributions x1,...,X, for which x; € x; and E[z;] € E;,
is as follows:

E = f(Ey,...,E,);
E = Z Z pit o 2l 2,
e1€{—,+} en€{—+}

+def o def
where pj” = pi, p; = 1—p;, x;

def def _
=z, and z} = 7.
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Proposition 17. Let n be an integer, X1,...,%Xp, E1 C x1,...,E, C x,, be
intervals, and let f(x1,...,z,) be a concave function of n real variables. Then,

the range E = [E, E] of possible values of E[y], wherey = f(z1,...,2,), over all
possible independent distributions X1, ...,X, for which z; € x; and E[z;] € E;,
is as follows:

E: Z Z pil""'pfzn'f(xila---axin);
e1€{—,+} en€{—+}
E=f(E,....E,),

_ def _ def + def _
. = 1—p;, z; =2; and ] = Z;.

def
where pj = p;, P i

Similar results can be proven for the case when n = 2 and z; and x5 are highly
correlated:

Proposition 18. Let x1,%2,E1 C x1,Eo C x5 be intervals, and let f(z1,x2)
be a continuous function of two real variables. Then, the range E = [E, E] of
possible values of E[y], where y = f(x1,22), over all possible distributions highly
positively correlated distributions on the box x1 X ... X X, for which z; € x; and
E[z;] € E;, can be determined as follows:

o E is a solution to the following constraint optimization problem:
2 .
309 £, 242 - min
=0
under the conditions

ip(j) =1,
j=0

p(j) >0, forall j;

z; < xgj) <z; for all i, j;

n
E < Zp(j) -:Ugj) < E; for all i;
=0

j j+1 .
.Z‘g]) < mgj ) for all i,].
o E is a solution to the constraint optimization problem:
2 . .
S0 1, 28 - mas
Jj=0

under the same constraints.
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Proposition 19. Let x1,%3,E; C x1,Eo C x2 be intervals, and let f(z1,x2)

be a continuous function of two real variables. Then, the range E = [E, E] of
possible values of E[y], where y = f(x1,22), over all possible distributions highly
negatively correlated distributions on the box X1 X ... X X, for which z; € x; and
El[z;] € E;, can be determined as follows:

e E is a solution to the following constraint optimization problem:

2
Yo p - fal?,2)) —» min
=0

under the conditions R
Z p(j) =1;
=0

p9) >0, for all j;

z; < xgj) <z; for all i,y;

n
E < Zp(j) -xgj) < E; for all i;
=0

.'Egj) < x§j+1) and ng) > g;gﬁ'l) for all j.

o E is a solution to the constraint optimization problem:

2
S5 - 1, 2) —» max
7=0

under the same constraints.

9 From Intervals and First-Order Moments to
Higher-Order Moments

So far, we have provided explicit formulas for the elementary arithmetic opera-
tions f(z1,-..,2y) for the case when we know the first order moments. What
if, in addition to that, we have some information about second order (and/or
higher order) moments of x;? What will we be then able to conclude about
the moments of y? Partial answers to this question are given in [5, 14]; it is
desirable to find a general answer.

Similarly to the case of first moments, we can reduce the corresponding
problems to the constraint optimization problems with finitely many variables
(the proof is similar). For example, when, in addition to intervals E; that
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contain the first moments E[z;], we know the intervals E;; that contain the
second moments E[z; - z], then the corresponding bounds E and E on Ely]
can be computed by solving the following problems:

N
S @, 1) - min(ma)
=0

under the conditions N
Z p(j) =1;
j=0

p(j) >0, for all j;

z; < a:z(j) <m; forall i,j;

E, < Zp(j) -xgj) < E; for all 3;
=0

n
E,; < Zp(j) -mgj) -mij) < E;, for all ik,
7=0

where N = n(n +1)/2.
Bounds on E[y?] can be obtained in a similar way if instead of the original
function f(z1,...,z,) that describes y in terms of z;, we consider a new function

flat, ... o) © f2(a1, ..., 2,) that describes y2 in terms of ;.
If we know that the variables x; are highly correlated, then (similarly to Propo-
sitions 18 and 19) we can add the constraints
xgj) < x§j+1) for all 4, j
(for positive correlation) or

azgj) < :Ung) and ;cgj) > :Ung) for all j

(for negative correlation).

If we know that the variables z; are independent, and we know the bounds E;
on E[z;] and M; on E[z?], then the corresponding bounds E and E on E[y]
can be computed by solving the following problems:

3 3
Z Z pgjl) o plin) -f(wyl),...,mg")) — min(max)

1=l ja=1
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under the conditions ;
Zpgj) =1 for all

j=1
P >0, for all i, j;

z; < :cgj) <z; for all i,7;

3
M, < sz(j) . (a:gj))Q < M; for all 4.
j=1

Conclusions

In addition to intervals, we sometimes know the means E; or intervals [E;, E;]
that contain the corresponding means. In this paper, we have described how to
generalize interval arithmetic to this new case.
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Appendix: Proofs

Proof of Theorem 1. To get the desired bounds E and E, we must consider
the values E[z; - z5] for all possible probability distributions on the box x; x
xy for which E[z;] = E; and E[zs] = z2. To describe a general probability
distribution, we must use infinitely many parameters, and hence, this problem
is difficult to solve directly.

To make the problem simpler, we will show that a general distribution with
Elz;] = E; can be simplified without changing the values E[z;] and E[z1 - z2].
Thus, to describe possible values of E[z; - 23], we do not need to consider all
possible distributions, it is sufficient to consider only the simplified ones.

We will describe the simplification for discrete distributions that concentrate
on finitely many points z() = (xgj),ng )), 1 < j < N. An arbitrary probabil-
ity distribution can be approximated by such distributions, so we do not lose
anything by this restriction.

So, we have a probability distribution in which the point z(!) appears with
the probability p(1), the point () appears with the probability p(?), etc. Let us
modify this distribution as follows: pick a point 2() = (xgj ),xgj)) that occurs
with probability p¢), and replace it with two points: () = (El,xgj)) with

probability p@ - p%) and 2 = (gl,mgj)) with probability p'9) - p(9), where

S det 3 =2
1 — Iy

€
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Here, the values ') and Q(j) = 1—pY are chosen in such a way that

P9 7 +p¥) -z = 2. Due to this choice,

P9 P9 3y 4@ p) gy = p . 2P,

hence for the new distribution, the mathematical expectation E[z;] is the same
as for the old one. Similarly, we can prove that the values E[z2] and E[z; - z3]
do not change.

We started with a general discrete distribution with N points for each of
which mgj ) could be inside the interval x;, and we have a new distribution for
which < N — 1 points have the value z; inside this interval. We can perform a
similar replacement for all N points and get a distribution with the same values
of E[z1], E[z2], and E[z; - z2] as the original one but for which, for every point,
z is equal either to z,, or to .

For the new distribution, we can perform a similar transformation relative
to 1 and end up — without changing the values x; — with the distribution for
which always either o = x; or o2 = Ta:

7)

Thus, instead of considering all possible distributions, it is sufficient to con-
sider only distributions for which z; € {z,,7:1} and 25 € {z,,Z>}. In other
words, it is sufficient to consider only distributions which are located in the four
corner points (z,,z,), (;,%2), (T1,Z,), and (T1,T2) of the box x; X xa:
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Such distribution can be characterized by the probabilities of these four
points; we will denote these probabilities by p(z, & z,), p(z; & T2), p(T1 & z5),
and p(T1 & T2). So, we have a finite-parametric family of distributions.

These four probabilities cannot be given arbitrarily, they must satisfy three
equations: their sum must be equal to 1:

p(zy & zy) + p(z) &T2) + p(T1 & 23) +p(T1 &Ta) = 1;

and we must have the given values of E[z1] and E[z2].
Since z; takes only two possible values z; and Z;, the condition E[z;] = E;
can be described as
p(z1) -z +p(F1) 71 = Fy,

where et
p(T1) = p(F1 & z,) + p(T1 & T2)

is the total probability of 1, and p(z;) = 1 — p(Z1) is the total probability of
z,. From the condition that

(1-p(@1)) -2, +p(T1) - 71 = B,

we conclude that
3

_ E;—z;
p(wl) - 7 -z, ’

i.e., that the probability p(Z1) coincides with the quantity p; defined in Theorem
1. Thus, we must have p(Z1 & z,) + p(T1 & T2) = p1.

Similarly, we can conclude that the probability p(Z2) (that z2 = T3) coin-
cides with the quantity p» defined in Theorem 1, and thus, that p(z, & Z2) +
p(T1 & Ta) = pa.

We have three conditions on four probabilities. Thus, we have, in effect,
a 1-dimensional family of distributions, for which it is much easier to find the
smallest and the largest possible values of E[z; - z2].

Reduction to a 4-corner distribution is a general fact, true for both desired
bounds E and E. Now, depending on which bound we want to estimate, we
will perform different transformations. Since we are interested not only in the
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general case, but also in the cases of “co-monotonicity” (highly positive and
highly negative correlation), it makes sense to ask a natural question: when
does “co-monotonicity” increase E[z1 - 22]? when does it decrease it?

To answer this question, we will also consider discrete distributions, this
time — distributions in which N points z(/) = (a:§J ),ng )) all have equal prob-
abilities. It is also well known that every probability distribution on the box
can be approximated by such distributions (in such a way that moments are

approximated as well). For such distributions:

e highly positive correlation means that we can order the points () in such
a way that when i < j, we have 2\” < 2" and z{? < 2{");

e highly negative correlation means that we can order the points z¥) in such
a way that when i < j, we have 2\” < 2\ and z{? > 2§

Let us first consider the case of highly positive correlation. Reformulating the
above property, we can see that a distribution is not highly positively correlated
if and only if there exist points ¢ and j for which x@ < xgj ) and :cgi) > a:éj ).
We can “correct” this obstacle to highly positive correlation by “swapping” the
second components of these points, i.e., by replacing z(9 and () with two new
points 24, = (:cgi),:cgj)) and 2, = (:cgj),a:gi)). Tt is easy to see that this swap
N N
does not change E[z;] = (1/N) - ngk) and E[zs] = (1/N) - ngk) How
k=1 k=1

N

does it affect E[zy - 22] = (1/N) - ngk) -mgk)? The only two terms that are
k=1

changed are terms corresponding to k =i and k = j:

e For the original points, the sum of these two terms is equal to a:gi) -wgi) +
xgj) . xgj).

e For the new points, the corresponding sum is equal to a:gi) -xgj ) +m§j ) xé’)

o Therefore, the difference between the new and the old values of E[z; - 23]
is equal to:

N-(ﬂfﬁ”-$§J’+w§”-wg’)—(x§’)-w§’)+x§”-xgﬂ))).

One can easily see that this difference is equal to

1 i j j i
5 - @) =2y - @) — i),

Thus, when we have a distribution which is not highly positively correlated, i.e.,

for which :cgi) < a:gj ) and xgi) > xgj ) for some i and 7, the above swap not only
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deletes this violation of highly positive correlation, it also increases the value
E[Z‘l . .’L'Q].

So, if we are interested in the maximum of E[z; - z3], we can perform these
swaps until no further swaps are possible (since there are only finitely many
rearrangement of the original second components, and each swap increases the
value of E[z; - z3], this process has to stop). So, we arrive at the following
conclusion: when we are looking for the maximum of E[z; - 2], we only need
to consider highly positively correlated distributions.

Similarly, a distribution is not highly negatively correlated if and only if there
exist points ¢ and j for which wgi) < mgj ) and mg) < mgj). In this case, a similar
swap leaves E[z1] and E[z;] unchanged but decreases the value E[z; -z2]. Thus,
when we are looking for the minimum of E[z; - x2], we only need to consider
highly negatively correlated distributions.

We have already proven that it is sufficient to consider only distributions
located at the four corners of the box x; X x3. Now, we know something extra:

e If we look for the maximum of E[z; - z»], then it is sufficient to consider
the case of highly positive correlation. For a 4-corner distribution this
means that we cannot have both points (z,,Z2) and (Z1,2,) — for one of
these points, the probability should be equal to 0:

o If we look for the minimum of E[z; - 2], then it is sufficient to consider
the case of highly negative correlation. For a 4-corner distribution this
means that we cannot have both points (z,,z,) and (Z1,Z2) — for one of
these points, the probability should be equal to 0:
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Let us first consider the case of E.

o If p(z1 & z,) = 0, then p(Z1 & T2) = p1. So, from p(z; &T2)+p(T1 & T2) =
D2, we can conclude that ps > p1, and p(z, & ZT2) = p2 —p1. The remaining
probability p(z, & z,) can be determined from the condition that the sum
of all three probabilities is 1, and is, therefore, equal to 1 — ps.

e If p(z; &T3) = 0, then p(T1 & T2) = pa. So, from p(F1 & z,)+p(T1 & T2) =
p1, we can conclude that p; > po, and p(Z; & z,) = p1 —p». The remaining
probability p(z, & z,) can be determined from the condition that the sum
of all three probabilities is 1, and is, therefore, equal to 1 — p;.

One can see that in both cases,
p(F1 &T2) = min(py, p2), p(F1 & z,) = max(p; — p2,0),

p(z; &T2) = max(p2 — p1,0),p(z; & z5) = min(1 —p;,1 — p2).

Therefore, the mathematical expectation E[z; - 2] of 21 - 23 is equal exactly to
the expression from Theorem 1.

For E, the situation is similar:

o If p(z; & z,) = 0, then p(z; &72) = p(z;) = 1 — p1 and p(T1 &zy) =
p(z;) = 1 — pa. The remaining probability p(Z; & ZT2) can be determined
from the condition that the sum of all three probabilities is 1, and is,
therefore, equal to 1 — (1 —p;) — (1 —p2) = p1 + p2 — 1. Since probabilities
are non-negative, this is only possible when p; + p» > 1.

o If p(%1 & T2) = 0, then p(Z1 & z,) = p1 and p(T1 & z,) = p2. The remain-
ing probability p(z; & z,) can be determined from the condition that the
sum of all three probabilities is 1, and is, therefore, equal to 1 — p; — ps.
Since probabilities are non-negative, this is only possible when p; +py < 1.

One can see that in both cases, p(ZT; & T2) = max(p1 + p2 — 1,0), p(T1 & z,) =
min(p1,1-p2), p(z; & T2) = min(1—p1, p2), and p(z; & z,) = max(1—p; —p2,0).
Therefore, the mathematical expectation E[z; - 2] of 21 - 25 is equal exactly to
the expression from Theorem 1.
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The theorem is proven.

Proof of Theorem 2. In the proof of Theorem 1, we have shown that the
maximum of E[z - z2] is attained at a highly positively correlated distribution;
therefore, the maximum E of E[z; - 2] over all possible distributions should
be equal to the maximum of E[z; - 22] over all highly positively correlated
distributions.

To complete the proof of the theorem, it is therefore sufficient to prove that
the lower bound E is equal to E; - E5. The value E; - E» can be attained by a
degenerate distribution concentrated on the point (FE;, E2) with probability 1.
So, to complete the proof of the theorem, we will show that by replacing the
original distribution by the degenerate distribution concentrated on its average
(E1, E2), we decrease E[x; - Z3].

Similar to Theorem 1, we can, without loss of generality, consider discrete
distributions that concentrate on finitely many points z(¥) = (mgj),xgj)), 1<
j < N. So, we have a probability distribution in which the point z(!) appears
with the probability p{V), the point z(2) appears with the probability p(®), etc.
As we have mentioned in the proof of Theorem 1, the fact that the distribution
is highly positively correlated means that we can order the points (/) in such
a way that when i < j, we have 2\” < 27 and 2 < 2. Let us therefore
assume that the points are ordered this way.

We will show that when we replace, in our distribution, the two neighboring
points z() and z(*Y by their average z = a - (D) + (1 — @) - () (where
a = ptit) /(p() 4 p(i+D)) with probability p(® + p(i+D | then:

(1) we preserve E[z1] and E[zs];
(2) we preserve the highly positive correlation property, and

(3) the value E[z - 2] either decreases or stays the same.

Once this is proven, we will have a new highly positively correlated distribu-
tion with N — 1 points and smaller (or same) value of E[z; - z3]. We can apply
the same reduction to the new distribution, etc., until we have only a single
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point £ = (z1, z2) left. Since our transformation preserves the values E[z;] and
E[z3], we have z; = E; and z2 = E» and hence, E[z; - 22] = E; - E». Since
the value E[z; - 23] cannot increase under our transformations, we can therefore
conclude that the original value of E[z; - z2] was larger or equal to Ey - Ez —
i.e., that Fy - FE» is indeed the lower bound.

Let us proceed with proof of the three properties of the above transformation.

(1) Let us first prove that the above transformation preserves E[z;] (for E[zs]
the proof is the same). Indeed, after the transformation, the only change in the

N
original expression E[z;] = Z pk) -xgk) is that we replace the sum p(¥) -:cgz) +
k=1

P+ - 2D of i th and (i + 1)-th terms by the new term (p® + p(i+D) . 3y,
i.e., by definition of z, by the term

P +p) - (a- argi—’_l) +(1-a)- mgz))

By definition of «, this expression is exactly equal to the original sum (this is
why we chose the above a). So, the values E[z;] are indeed unchanged.

(2) It is also easy to show that the distribution continues to be strictly positively
correlated. To prove it, we must show two things:

(2a) that if k < 4, then xgk) <z, and xgk) < x9; and
(2b) that if < k, then z; < wgk) and zy < mgk).

Let us prove the first property (2a) (the second property (2b) is proven in the
same way). Since the original distribution was highly positively correlated, we
have :cgk) < mgk) and mgk) < x§’+1). Multiplying the first inequality by a > 0
and the second one by 1 — a > 0, we conclude that xgck) < z; (the proof is the
same for the second component).

(3) Finally, let us prove that the above transformation decreases E[z1 - z2]. In-
N
deed, originally, we had E[z;-z2] = Z pk). ,q;gk) .g;gk)_ After the transformation,
k=1
the only change is that we replace the sum p(? xﬁ” a8 plitD) g (D g (D) o
i-th and (i+1)-th terms by the new term (p( +p(*t1)).z; -z5. By definition of a,
we have p(it1) = (p(i+D) 4 p(D).q and plit+D) = (p(i+D) 4 p(»). (1 —a). Thus, the
first sum can be represented as (p@ +p(+D)-(1—=a)-2{) -2l + -2+ .2,
Thus, to prove that the change cannot increase E[z - 22], it is sufficient to prove
that
(1-0a) -xgz) -mgz) +a- a:gH_l) -xéH_l) —x1 -2 > 0.
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By definition of z, this is equivalent to:
(1-a) .xgi) _mgi) ta- mgz’+1) _xgi+1)_

(a- wgiﬂ) +(1-0a) xgl)) - (a- :UgiH) +(1-0a) a:g)) > 0.

If we actually multiply the terms in the left-hand side and then combine together
similar terms, we will conclude that the left-hand side is equal to:

a-(1—a)- (@ —2) - (@ — 2.

Since the original distribution is highly positively correlated and i < i + 1, we
have :1:§i+1) - xgi) > 0 and xgiH) - xgi) > 0, so the left-hand side is indeed
non-negative.

The theorem is proven.

Proof of Theorem 3 is similar to the proof of Theorem 2, with the same
transformation:

o)
X
.

T
N gt
X

Proof of Theorem 4. For z; > 0, the function f(z1) def 1/z; is convex: for
every z1, z}, and « € [0, 1], we have

flarzr+(1=a)-21) <o f(z) + (1 - a) - f(21).

Hence, if we are looking for a minimum of E[1/z1], we can replace every two
points from the probability distribution with their average, and the resulting
value of E[1/z,] will only decrease:

X X X

So, the minimum is attained when the probability distribution is concentrated
on a single value — which has to be E;. Thus, the smallest possible value of
E[l/l’l] is 1/E1

Due to the same convexity, if we want maximum of E[1/z1], we should
replace every value z; € [z,,%1] by a probabilistic combination of the values
glafl:
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S XX

So, the maximum is attained when the probability distribution is concentrated
on these two endpoints z; and Z;. Since the average of z; should be equal to Fy,
we can, similarly to the proof of Theorem 1, conclude that in this distribution,
T1 occurs with probability p;, and z; occurs with probability 1 — p;. For this
distribution, the value E[1/z;] is exactly the upper bound from the formulation
of Theorem 4. The theorem is proven.

Proof of Theorem 5. Since min(z1,z2) < z1, we have E[min(z1,z2)] <
El[z,] = E;. Similarly, E[min(z1,22)] < E2, hence, E[min(z1,22)] <
min(Ey, E3). The value min(E, Es) is possible when z; = E; with proba-
bility 1 and 22 = E» with probability 1. Thus, min(E,, E») is the exact upper
bound for E[min(z1, z2)].

For each x2, the function z; — min(zy,z2) is concave; therefore, similarly
to the proof of Theorem 4, if we replace each point z() = (mgj ),:cgj)) by the
corresponding probabilistic combination of the points (gl,mgj)) and (El,xgj))
(as in the proof of Theorem 1), we preserve E[z;] and E[z2] and decrease the
value E[min(z1,z2)]. Thus, when we are looking for the smallest possible value
of E[min(z1,x2)], it is sufficient to consider only the distributions for which z;
is located at one of the endpoints z; or Z;1. Similarly to the proof of Theorem 1,
the probability of z; is equal to p;.

Similarly, we can conclude that to find the largest possible value of
E[min(z1,2)], it is sufficient to consider only distributions in which z, can
take only two values: z, and T». To get the desired value of E», we must have
Ty with probability p; and z, with probability 1 — ps.

Since we consider the case when z; and z» are independent, and each of
them takes two possible values, we can conclude that = (z1, z2) can take four
possible values (z,,%,), (z,,T2), (T1,2,), and (F1,T2), and the probability of
each of these values is equal to the product of the probabilities corresponding to
z1 and z5. For this distribution, E[min(z;, z2)] is exactly the expression from
the formulation of Theorem 4. Q.E.D.

Proof of Theorem 6 is similar to the proof of Theorem 5, with z; <
max(z1,x2) to prove the lower bound and convexity of max(z1,z2) to prove
the upper bound.

Proof of Theorem 7. Similarly to the proof of Theorem 5, we can conclude
that min(E, E2) is the attainable upper bound for E[min(z1, z2)], and that to
find the lower bound for E[min(z1,2)], it is sufficient to consider distributions
located at the four corners of the box x; X x5.

Similarly to the proof of Theorem 1, we will show that to find the desired
minimum of E[min(xz,z2)], it is sufficient to consider distributions with highly
negative correlation. The proof of this statement is based on the same idea as in
the proof of Theorem 1: that if we have two points (9 and () that contradict
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the assumption of highly negative correlation, i.e., a:gi) < a,'gj ) and a:g) < wé’ ),

then by swapping the second components, we can decrease E[min(z,22)].
In other words, we claim that if 2.? < 2% and 2{? < 2{| then

mln(a:gz),:cgz)) + min(mgj),:cgj)) > min(:z:gi) (])) + min(z gj),mgi)).

This claim can be easily proven case-by-case by considering all possible orders
between the four numbers z\”, 27| 27 and 2§

Thus, as in the proof of Theorem 1, we conclude that the smallest possible
value for E[min(z;,z2)] is attained when we have a highly negatively correlated
distribution on the corner points. In Theorem 1, we have already found the
probabilities corresponding to this distribution and thus, we can compute the

corresponding mathematical expectation E[min(z;,22)]. Q.E.D.

Proof of Theorem 8 is similar to the proof of Theorem 7; the only difference
is that for max, instead of a highly negative correlation, we need a distribution
with a highly positive correlation.

Proof of Theorem 9. In general, since not every distribution is highly neg-
atively correlated, the interval of possible values E™ corresponding to highly
negative distributions is a subset of the interval E* = [E*, E“] corresponding
to all possible distributions. In Theorem 7, however, both the distribution for
which E* is attained and the distribution for which E" is attained are highly
negatively correlated. Thus, both E* and E" belong to the desired interval E™,
so the intervals E™ and E% coincide. Q.E.D.

Proof of Theorem 10 is similar to the proof of Theorem 9.

Proof of Theorem 11. Similarly to the proof of Theorem 1, let us consider
a discrete N-point highly positively correlated distribution in which each point
z\) = (xgj ),:cg] )) occurs with probability p'¥), and the points are sorted: :cgl) <

2P < (N) and :17(1) < x(2) <...< a:(N). Let us temporarily fix the
points m(f) and allow the probablhtles p(J) to change the probabilities p(¥) > 0
must satisfy three conditions:

PV + ™) =1
p(l) -xgl) + ...—}—p(N) -mgN) = FEi;

Under these conditions, we want to minimize the mean E[min(z1,z2)], i.e., the
expression

pl . mln(mgl), (1 )) +. 4 pI min(ng),a:gN)).

With respect to the values p), we are minimizing a linear function under linear
constraints (equalities and inequalities). Geometrically, the set of all points that
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satisfy several linear constraints is a polytope. It is well known that to find the
minimum of a linear function on a polytope, it is sufficient to consider its vertices
(this idea is behind linear programming). In algebraic terms, a vertex can be
characterized by the fact that for NV variables, N of the original constrains are
equalities. Thus, in our case, all but three probabilities p¥) must be equal to 0.

So, to find the smallest possible value of E[z1 - z2], it is sufficient to consider
probability distributions that are located on N < 3 points z(7). We will prove
that these points and the corresponding probabilities p) are the ones that lead
to the formulas from the formulation of the theorem.

N = 1. If we have a probability distribution that is located on a single point
z, then, since we know E[z;] = E; and E[zs] = E», this point has to be
z = (Ey, E»). For this point, min(z1,z2) = min(E, Es).

N > 1. Let us now consider the case when the probability distribution is located
on at least two points.

We start with the first point (). For this first point, the minimum
min(wgl),xgl)) is equal either to a:gl) or to xgl). We will consider the case when
the minimum is equal to xgl), i.e., when :vgl) < xgl) (the proof for the second

case is similar).

Let us now consider the second point. If for the second point z(2), we also
have xf) < xéQ), then we can replace both points z(") and z(® with a single
point

IR L S )
p(l) + p(z) p(l) + p(z)
One can easily check that after this replacement, we have the same value of
E[z] and the same value of E[z2].

Also, from :vgl) < ;vgl) and x§2) < mg2), we can conclude that z; < z2, so
min(zy,xs) = x1. Therefore, after this replacement, we have the same value of
E[min(zy,z2)]- In this case, we get a probability distribution with fewer points.
If necessary, we can apply this replacement again and again until we arrive at
the situation when this replacement is no longer possible, i.e., when either we
are left with only one point (") (which will then be equal to (FE;, Es)), or we will
have xgl) < xél) and m§2) > wg). Thus, to find the smallest possible value E, it
is sufficient to consider cases for which the order between z; and x, alternates:
:vg) < wgl) and :1:%2) > ng). Similarly, if we have the third point, it is sufficient
to consider only cases when a:f) < wé3).

These inequalities allow us to simplify the situation even further. Indeed,

we know (since the distribution is highly positively correlated) that wgl) < a:gz).

(1) (2)
2

Let us show that strict inequality is impossible. Indeed, if x5’ < x5, we can
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replace both values a:gl) < 5052) by their average

(1) (2)
def P (D p (2
2= O T T @ T
In this replacement, we increase mgl) and decrease mg).
After this replacement, the value E[z] remains the same. The value E[z]
does not change — since we did not change the first components at all. The
value E[min(z;,z2)] actually decreases:

e since we increased xél), and we had xgl) < wgl), the new value of

min(a:g),:c?)) remains the same — equal to xgl);

e since we decreased ng), and we had x§2) > x§2), the new value of

min(a:?),:cg)) is equal to the new value of ng) — i.e., smaller than be-

fore;

e finally, the value of min(xgs),xf)) does not change, because we did not
change $§3) or xg?’).
So, two terms in the sum Y p(¥) -min(a:gj ) , mgj )) remain the same, one decreases
— hence the entire sum decreases too.

Thus, if we are looking for the smallest possible value of E, it is sufficient to

consider only cases when xgl) = xgz). Let us consider separately the two cases:
when the distribution is located on two points (i.e., when N = 2), and when
the distribution is located on three points (i.e., N = 3).
N = 2. If we have only two points, the equality xgl) = a:g) means the value x5 is
the same for both points. Therefore, the mathematical expectation E[zz] = Es
coincides with this value, hence, this value must be equal to E;. Hence, for
this case, E[min(z,z2)] = E[min(z;, E3)]. Now, from the fact that minimum
is a concave function, we can conclude that the smallest possible value of this
expectation is when z; is located at the endpoints of the interval x;. Thus, we
get an expression presented in the formulation of Theorem 11.

N = 3. Let us now consider the case when we have three points. In this case,

not only we have wgl) = mg), but, similarly, we can prove that it is sufficient to

consider only cases when a:gQ) = x§3).

In this case, the alternating inequalities take the form wgl) < a:gl)

mg3), and the problem becomes as follows:

< <

p(l) -a:gl) +p(2) -:cgl) +p(3) -x?) — min

under the conditions
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p(l) . $§1) + p(2) . $§2) +p(3) . $g2) f— El;
P g g0 ) O gy
The last two conditions can be reformulated as follows:

P2l + (0P +p) - 2f? = By

(p(l) +p(2)) _mgl) +p(3) _$g3) = E,.
The minimized expression differs from the expression for F; in only one term,
so this expression can be represented as E; — p(? - (x?’ - mgl)). Therefore, the
values p(9) and z¥) minimize the desired expression if and only if they maximize
the expression
p? . (:cgz) — xgl)) — max.

Let us use this representation to prove that mgl) = z;. Specifically, we will

show that if xgl) > z,, then we can further decrease E[min(z;,z2)]. Indeed,
if a:gl) > z;, this means that a:gl) is strictly inside the interval x;, and thus,
when a real number Az is sufficiently small, the value ;vgl) + Az is still within
this interval. Let us show that by appropriately changing p(*) and p(®» and
leaving all other variables intact, we can preserve E[z1] and E[z3] and decrease
E[min(zy,z2)].

Indeed, if we change p{") to a new value p{") + Ap, then, to preserve the
sum of the probabilities, we must change p(® to p{®») — Ap. In this case, the
sum p™) + p® remains the same, hence the equality containing Fs remains
valid. For the equality containing E; to remain valid, we must choose Ap
in such a way that the difference between the new and the old combinations
pM -mgl) + (@@ + p®)y. mgz) is 0, i.e., that

pD Az + Ap-2tY — Ap-2l? + o(Az) = 0.

In other words, we must have

P (Az)
—_— (o] X).
.'L'g2) _ l’gl)

Ap = Ax -

For this value, the change in p(® - (x?) - xgl)) is equal to —Ap - (mgz) - wgl)),
i.e., to:

(1)
P () _ wél)) + o(Az).

—Ar-———— - (z
RO OR

For small Az < 0, this value is positive, thus we further increase p(2)- (m?) —mgl)),
hence decrease E[min(z;,z2)]. This proves that the minimum of E[min(z1,z3)]

. . 1
is attained when z7’ = z;.
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Similarly, the minimum is attained when :ch) = T5. So, the problem becomes

as follows:
p(l) -z, +p(2) . wél) +p(3) . 1.%2) — min

under the conditions

z; < a:gl) < a;?’

oD 4 p® 4 p® 1.
Pz + (P +p®) -2 = By
Y +p@) .2 4 p® .7, = By,

This is exactly the problem described in the formulation of Theorem 11 (the
second problem from the formulation of Theorem 11 corresponds to the case
when min(mgl),mgl)) = mgl)). The theorem is proven.

<§2a

Proof of Theorem 12 is similar to the proof of Theorem 11.

Proof of Propositions 1 and 2. Let us first prove the result (Proposition 2)
for the upper bound E. The formula for E given in Theorem 1 can be simplified
if we consider two cases: p; < ps and p; > po. Indeed:

e in the first case, when p; < ps, we have:

fe=p1-T1 To+(p2—p1) 21 To+ (1 —p2) -z - @y;
e in the second case, when p; > po, we have:

Fa=p T Tt (o1 —p2) F1 -2y + (1—p1) - z; - Ty

To find the largest possible value E of E, it is sufficient to consider the largest
possible values for each of these cases, and then take the largest of the resulting
two numbers.

In each case, for a fixed p,, the formula is linear in p;. To find the maximum
of a linear function on an interval, it is sufficient to consider this interval’s
endpoints. Thus, the maximum in p; is attained when either p; attains its
smallest possible value p,, or when p; attains the largest possible value within
this case; depending on pa, this value is either p; = p; or p; = pa.

Thus, to find the maximum for each cases, it is sufficient to consider only
the following cases: p1 = p,, p1 = Py, and p; = po. Similarly, it is sufficient to
consider only the following cases for ps: ps = Py, P2 =P,, and p1 = pa.

When p; # ps, we therefore have one of the first four cases described in
Proposition 2. The case p; = p, is possible only when the intervals p; and p2
of possible values of p; and ps have a common point: p; Np2 # @ (i.e., when
max(p ,p,) < min(p;,P,)). In this case, the probability p1 = p» can take all
possible values from the intersection

pP1Np2 = [max(21,22),min(p1,1_)2)]
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of the intervals p; and ps. In case p; = ps, the formula for T; can be further
simplified:

fe=p T T+ (1—p1) -z, 2,
This formula is linear in p;, so to find its maximum, it is sufficient to consider
the endpoints of the interval p; N py, i.e., the values p; = p» = max(p,,p,) and

p1 = p» = min(p;,P,) — the remaining cases from Proposition 1. For E, the
statement is proven.

Let us now prove Proposition 1 — for the lower bound E. The formula for £
given in Theorem 1 can be simplified if we consider two cases: p; + p2 < 1 and
p1+p2 2> 1L

e in the first case, when p; + ps < 1, we have:
[ =p1- T zo+ -z T+ (1—p1—p2) - 2y - Lo;
e in the second case, when p; + p2 > 1, we have:
[o=Ei+p—1) T To+ (1 —p2) T1 -2+ (1 —p1) -2y - T

To find the smallest possible value E of E, it is sufficient to consider the smallest
possible values for each of these cases, and then take the smallest of the resulting
two numbers.

In each case, for a fixed p,, the formula is linear in p;. To find the maximum
of a linear function on an interval, it is sufficient to consider this interval’s
endpoints. Thus, the maximum in p; is attained when either p; attains its
smallest possible value p , or when p; attains the largest possible value within
this case; depending on p, this value is either p; =p; or p1 =1 — pa.

Thus, to find the minimum for each cases, it is sufficient to consider only
the following cases: p; =p 1 PL=D1, and p; = 1 — py. Similarly, it is sufficient
to consider only the following cases for ps: p» = p,, p2 =Py, and p» =1 —p;
(the last case is equivalent to p; =1 — po).

When p; # 1 — ps, we therefore have one of the first four cases described in
Proposition 1. The case p; = 1 — pa (i.e., p1 + p2 = 1) is possible only when
the number 1 belongs to the sum p; + p2 of the intervals p; and po, i.e., when
p, +p, <1 <P, +P,. In this case, the probability pi = 1 — p, can take all
possible values from the intersection

P1 N (1 - p2) = [ma‘x(j_)la 1 _ﬁ2)7min@17 1 _EQ)]

of the intervals p; and 1 — p;. For p; = 1 — po, the formula for fj( is linear
in p1, so to find its minimum, it is sufficient to consider the endpoints of the
interval p1 N (1 — p2), i.e., the values p1 = 1 — p» = max(p,,1 — P,) and
p1 = 1—p; = min(p,,1 — p,) — the remaining two cases from Proposition 1.
Proposition 1 is proven as well. Q.E.D.
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Proof of Proposition 3. For each value E;, € [E,, E;], possible values of
E[1/x] are described by Theorem 4.

In particular, for each E, the lower bound is equal to 1/E;. To find the
lower bound E among all E; € E;, we must therefore find the smallest of the
lower bounds 1/E; when E; € E;. This smallest value is clearly attained when
FE; is the largest possible E; = FE1, so the desired lower bound is equal to 1 /El.

Similarly, for each Ej, the upper bound is equal to

1- 1 1 1
P lom, (1o1), 1
Iy gl .Z'l

To find the upper bound E among all E; € E;, we must therefore find the largest
of the upper bounds when E; € E;. Since the coefficient at p; is negative, this
largest value is clearly attained when p; is the smallest possible p; = p,, 80 the
desired upper bound is exactly as in the formulation of Proposition 3. Q.E.D.

Proof of Proposition 4. According to Theorem 5, for each E; € E; and
E, € E5, we have _:nin(El, E5) = min(FE;, E»). This function is non-decreasing
in each of the variables hence its largest possible value is attained when F; = E
and E, = E,. The resulting value min(E;, E») is exactly the bound described
in the formulation of Proposition 4.

For each E; € E;, the corresponding lower bound is described by Theorem 5.
To find the smallest possible value of this bound for all p; € p;, let us simplify
the above expression by gathering together terms proportional to p;. As a
result, we get the following expression:

p1 - P2 - [Min(Zq, To) — min(z,, Ta)]+

p1 - (1 = p2) - [min(Zy, z,) — min(z,, z,)]+
p2 - min(z;,Ty) + (1 — pa) - min(zy, z,).

From Z; > z,, we conclude that min(Z,,Z2) > min(z,,72) and therefore, the
coefficient at p; -ps is non-negative. Similarly, the coefficient at p; -(1—p2) is non-
negative. Thus, when we fix pa, the above expression becomes a non-decreasing
linear function of p;. Since this expression is non-decreasing, its minimum is
attained when p; takes the smallest possible value p; = p,. Similarly, we can
prove that the minimum is attained when p, takes the smallest possible value
D2 =P, Thus, the minimum is attained when p; = P, and ps = Dy- For these
p1 and ps, the resulting bound is exactly what we formulated in Proposition 4.
Q.E.D.

Proof of Proposition 5 is similar to the proof of Proposition 4.

Proof of Propositions 6 and 7. In both cases, one bound is the simple mini-
mum or maximum of E;, and other bound is described by a complex expression.
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e For the easy min (max) bound, the proof is similar to the proof of Propo-
sitions 4 and 5.

e For the more complex bound, the dependence on p; and p- is similar to
the dependence that we used in the proof of Propositions 1 and 2, so our
result that it is sufficient to consider six possible pairs (p1, p2) to find the
minimum (maximum) is true here as well.

Proof of Propositions 811 is similar to the proof of Theorem 9.

Proof of Proposition 12. For fixed E; € E;, the fact that it is sufficient
to consider only distributions concentrated on < (n + 1) points can be proven
similarly to the proof of Theorem 11. The range of E corresponding to non-
degenerate E; is the union of the ranges corresponding to different E; € E;,
so both the upper and the lower endpoints for this range correspond to some
E; € E; and thus, to some distributions concentrated on < (n + 1) points.

Proof of Proposition 13 is similar to the proof of Proposition 12:

e The optimized function is linear with respect to each of n probability
distributions.

e For each of these distributions, there are only two constraints: that the
sum of probabilities is 1, and that the mathematical expectation is E;.

e So, similarly to the proof of Theorem 11, it is sufficient to consider only
distributions concentrated on no more than 2 points.

Let us denote the smallest of these two points by z; and the largest by xf
The corresponding probabilities will be denoted by p;” and pz.+ =1-—p; . Then,
we get the desired formulas.

Proof of Propositions 14—-17 is similar to the proofs of Theorems 4 and 5.

Proof of Propositions 18 and 19 is similar to the proof of Proposition 12.
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