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ABSTRACT metric. In particular, here we propose to use almost the
same Mixed Model (MM) as in [3], [4] as a good approxi-

This paper proposes a strategy to deal with bit rate aIIoca—mation to 2 MAE rate distortion curve.

tion for the optimization of Maximum Absolute Error (MAE) To solve the problem of bit rate allocation for the decor-

or l-infinity distortion metric in 3-D data compression using . :
JPEG2000. Part 2 of this standard has the capability to Com_related 3-D data, we propose to use a derived theoretical up-

press 3-D data by treating data as separate 2-D slices; thesBe" bound for the total MAE error. Using a Lagrgnge_ ml.”'
. . tipliers approach, we solve the corresponding minimization
slices could be taken directly from the data or from the data . ) .
. . . problem and briefly illustrate with actual Met data.
after it has undergone a decorrelation transform (KLT) in
one direction. To perform bit rate allocation we use a Mixed
Model approximation to the MAE rate-distortion curve, that 2. OPTIMIZATION IN DATA DOMAIN (NO
is used in an optimization algorithm. To solve the problem DECORRELATION)
of MAE-related bit rate allocation in the KLT domain, we
theoretically derive an upper bound for MAE based on the In thedirectoptimization problem, we are given a target av-
basis vectors of the KLT; we also develop an algorithm for erage bit rate for the collection of N slices Bs= 1/N -
optimizing this upper bound, and we illustrate how the min- Zi\]:l R, and we want to find, among possible feasible bit

imization of this upper bound can decrease the actual MAE. rate combination§ R, ..., Ry} a specific choice (alloca-
tion) for which the Maximum Absolute Error (MAE) dis-
1. INTRODUCTION tortion attains the smallest possible value. In theerse

optimization problem, we want to find, among all bit rate al-

In many application areas such as meteorological (Met) datalocations that guarantee a given MAE bound, the allocation
processing, itis important to guarantee the same compressia?L: - - - » v } for which the average bit rate is the smallest.
decompression accuracy for all data points, i.e., in mathe- Let us first consider the simplest case, when no decorre-
matical terms, it is important to control or minimize MAE. lation is performed. For both direct and indirect optimiza-
In this paper, we deal with optimal bit rate allocation for 3- tion we assume that we know points on each slice’s Rate
D data compression using JPEG200 [1] by treating data asPistortion Curve (RDC). These are valuesfAE. (R.)
separate 2-D slices that could be taken directly from the datafor various ratesz, = R(t) for ¢ from 1 to T (we either
or from the data that has undergone a decorrelation trans@ather this information through actual compression experi-
formation in one direction [2]. Usually th& arhunen — ments or by using a model). We propose (and justify) the
Loéve Transform (KLT) is used. following simple idea. The solution to the inverse problem,
Recently, in [3] and [4] we proposed several approachesWhereMAEO is the given bOL_md, is obpamed by solving for
for this problem when the distortion metric is Mean Squared €achfz- in each of the following equations/ AE. (R.) =

Error (MSE). In this paper, we use MAE as the distortion MAEy. ) ) )

Let us assume that/ AE, is an upper bound in an in-
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rates R, produce larger distortions, to attain the smallest The right part describes the assumed functional relationship,
possible average bit rate, each slice’s bit r&teis cho- with unknown parameterd, anda,. For convenience, let
sen to produce the maximum allowed valueMfAE,. A us denotdog, (M AE,(Ry,)) by y;, logs(A,) by a, a, by
similar argument can help us solve the direct optimization b, andlog,(Ry,) by ;.

problem. The solution in this case is the set of bit rates Then for eachi, the expression + b - ; describes the
that has the prescribed average and for exetlge equation  predicted value by the model, apdis actual experimental
MAE,(R,) = M AE, is satisfied. In this casé/AE, is value. We will use the least-squares method to minimize the
obtained by searching through various values and checkingmeasure of the misfit/error between the model and the data.

that the constraint is satisfied. Thus, we solve:
K
3. RATE DISTORTION CURVES: THE MIXED S (yi—a—b-2;)* - min (4)
MODEL APPROXIMATION i=1 @b

tby setting the derivatives with respecta@ndb to zero.
By setting the derivative with respectado zero, divid-
ing it by K and using notations

To generate experimental rate distortion curves, we selec
for each slice: several different increasing bit ratés (1),
R.(2),...,R.(T,) in the acceptable range (froRM N,
to RM AX.) and obtain the corresponding AE,(R,) at

each point using a JPEG2000 coder and decoder. 7 def Y1+ ...+ YK 5 def 71 + ...+ 2K )
To solve the direct and inverse optimization problems K ’ K ’
with re_spect to MAE we use both fully experimental RDCs e obtain
(gxper_lmentally acquired palst_Z, MAE.(R,)))and rate-. T=a+b T (6)
distortion curves generated with the use of the following o ) o .
Mixed Model (MM) (see [3], [4], [6] for motivation): Similarly, by setting the derivative with respectido
zero we can obtain
1 ) ~
MAE(R):{ 4 (R — Ro)” 'ngﬁ’ ) Ty=a-T+b- a2 @)
B.2° R if R > R. ) ) ,
Solving fora andb, we obtain the following closed form
The use of the MM requires for each slicéhe determi-  expressions for. andA...
nation of parametersd,, Ry, o, B,, andR,. The param- .
eter B is computed af3, = MAE.(Rg) - 2% for some b=oa, = %, (8)
high bit rateRy > R. z? = (@)
To determineA, and «,, we consider the low-bitrate hence
part of the curve. For reasonable accuracy, we need to con- o T (FG—7-7) 1
siderK > 2 small ratesRy,,, ..., Ry, , for which we ex- @y — ﬁ’"
perimentally determind/ AE(Ry,), ..., MAE(Ry,.). For A, =2 72— (@) : ©)

meteorological dat&” = 3 works fine, however, for other OnceA. ande. are determined. we can use the maxi-
types of data we may need to consider bigger valuek of z %z | ’
mum value of the slicé, to computeR,, as

We have devised a general approach corresponding to an ar-

bitrary K, which e_ssential_ly corresponds to a ca_lreful fitting R, = (Az/max(lz))l/"‘z '
of this model to fixed points on the curve (using a least-
squares method). The remaining parametet. can normally be determined
If we choose low bitrate®;,, , ..., Ry, suchthatthey by finding the intersection point between the first and sec-
are significantly greater thafi,., then we can use the sim- ond formulas in (1) (see Figure 1). However, in some cases
plified approximation we may not have intersection at all ( this means that the
curves coincide and we can use the first expression for all
MAE.(R) = A, - L7 2) bit rates).
R We can perform data domain bit rate allocation using ei-
Taking logarithm of both parts of (2), we obtain ther fully experimental RDCs or MM RDCs by finding the

points wherelM A Ey is achieved for all slices. The experi-
logy(MAE,(R)) = logy(A.) — o, -logy(R),  (3) mental RDCs are pre-processed to eliminate the experimen-
tal points that violate the monotonicity assumption. An ac-
For eachR;, the corresponding equation (3) must hold. In tual MAE RDC is shown in Fig 1. The actual search utilizes
the left part of these equations we have experimental datathe bisection algorithm to find the solution.



4. BIT RATE ALLOCATION AFTER KLT

- = Model (low br)

048N Model (high br) | PRE-PROCESSING

— Real MAE

The presence of KLT-based pre-processing makes it more
difficult to minimize MAE than MSE: indeed, while MSE
is preserved under the KLT transform (due to Parseval’s the-
orem), MAE is not preserved. It is therefore necessary, be-
fore we start minimizing MAE, to derive the explicit expres-
sions for the guaranteed upper bound on MAE.

The use of KLT-based pre-processing means that we use
the following representation of the original data:

MAE (slice 30)

I(a,y) =ITo+ai(z,y) - & +... +an(z,y) - E; (10)

—

wherel(z,y) is the N-component vertical vector contain-
ing the values of the quantity at different heights at the
fixed point(z, y), I, is the average of all the vertical vec-
tors, andey, ..., €y are the eigenvectors of the covariance
matrix characterizing the family aV —vector.

After cgmpression/decompression, we get a degraded

00 0.50 1.00 1.50 2.00 2.50 3.00
Bit rates (0.07 to 3)

Fig. 1. T variable: experimental MAE rate distortion curves
and MM components

For MM RDCs we can actually solve the correspond- data vectot (z, y) of the form
ing equations and find two possible bit rates for eacBy = .
analyzing the relative position of those rates w.iR, we I(z,y) =Io+ai(z,y) - €1+ ... +an(z,y) - en, (11)
select one bit rate as the one fitting the overall model. The
search (algorithmic implementation) for the direct optimiza-

tion problem is also done using the bisection algorithm.

where, in general, for every (1 < z < N), a,(z,y) #
a(x,y). We want to estimate the Maximum Absolute Error
corresponding to compression and decompression, i.e., the

value B
v : : ~ [---0BR max | (z,y) — L.(z,y)| .
18f v MBR (Model) H T.Y.2
ol \‘ — MBR (Exper) | Our objective is to provide a guaranteed upper bound for
B this MAE. Subtracting (11) from (10), we obtain
ST o T,y) ~ I(z.y) = (r(w,y) ~@i(z.9) -1 + ...
g : ] +an(z,y) — @y () - En. (12)

Therefore, for each slice, we have

Iz(xay) - Iz(xvy) = (al(x,y) - al(xvy)) "€z +...

021 1 +(CLN(£U7y) _aN(xay)) *EN,z- (13)
ok - — - : - = S As a result, for the absolute value of this difference, we can
Bit rates conclude that
Fig. 2. U variable, direct problem, MAE for the different bit L(z,y) — L(z,y)| <

rate allocation approaches. _ _
lar(z, y)—ar(z, y)llerz |+ . Hlan (@, y)—an (@, y)l-len,s].

, . (14)
Figure 2 shows that the MM approach .ach|eves .results For each slice: and for each horizontal locatidi, y), the
that are very close to those obtained using experimental .
; . difference
RDCs, therefore in the future sections we use only MM as ~
|a2(xay) 7&Z(£E,y)| (15)

rate distortion curves. Note that we achieve improvement ' _
on the order of 3 times smaller MAE in comparison to one iS bounded by the Maximum Absolute Error corresponding
bit rate for all slices (OBR approach). An MAE below 1% to slicez, i.e., by the value

is considered to be a good result for Meteorological appli- def _
cations. MAE, = max|a.(z,y) - 6.(z,y)l; (16)



similarly, the absolute valug, ;| of each component, ; In the inverse optimization problem, we want to minimize
of the vectore, is bounded by the largest of these absolute the average bit rate (22) under the condition that the upper
values, i.e., in mathematical terms, by e norm of this bound on the MAE does not exceed the given valiid F.
vector: Clearly, the resulting MAE will be guaranteed to be below
18- llco < max(le. 1], ..., |esn])- (17) this target upper bound.
] We use the Lagrange multiplier method to solve these
If we use bounds (16) and (17), then, for any skand for  5r5pjlems. For the above constrained optimization prob-
any location(z, y), we conclude that lems, the Lagrange multiplier method leads to the following
. unconstrained problem:
L(z,y) — L(x,y)| < MAE:1||€1|lcct. . .+ MAEN-||EN]|co-
(18)
Therefore, for its MAE, i.e., for the largest value of this ab-
solute error for everyzx, y) andz, we get a similar inequal-
ity: where\ is the Lagrange multiplier.
As shown in [5], also used in [4], minimization ¢f can
MAE < MAE; - ||€1]|oc + .-+ MAEN - ||EN]0o- (19) be accomplished through individual minimization of each
entry(f. (R.)-||€z]loc + A - R,) of the sum (23). Differ-
The right-hand side of the inequality (19) is the desired entiating and setting to zero, the desired valtfe can be
guaranteed upper bound for the MAE of the compression obtained as a solution ¢f. (R°.) - ||€.]/cc + A = 0. Thus,
distortion for the 3-D data set. the optimal valuesz°., are such points where all the slopes
of the functionsf, (R.) - ||€:|l. are equal.

5. FORMULATION OF THE MINIMIZATION The dependencg (R.) is described by the formula (20).

PROBLEM USING THE UPPER BOUND t[:]iffterentiating this formula with respect t8,, we conclude
at:

In general, the guaranteed upper bound may exceed the ac- {

N

N
AN o .
Q= ;fz(Rz) NElloe + A Y R — pmin  (23)

=1 Lyeees

—A, - a, - if R, <R,

1
tual value of MAE. Our numerical experiments show that, f/(R.) = (R. — Ro.)™" N
depending on the data, this upper bound can be up to 5 times —B.-In2.27 1 if R, >R,
larger than the actual value of the MAE. However, it is rea- _ (24)
sonable to expect that in general, if the upper bound canlf R. < R., then the equation
be made smaller, the actual MAE will also become smaller,

and that larger upper bounds allow larger actual MAESs to Fo(Be) - [|Ez oo = =A (25)
be obtained. leads to
To formulate the corresponding optimization problem,
we will use, for each slice, the mixed model fol/ AE, R R A, ay - lex]so 1/(e=t1) 26
For convenience, let us denote the dependenclkf dff, = = Fo. Y ) (26)
onR. by f.(R,): _
. If R, > R,, then the equation (25) leads to
Ry = MAB. = | R Ry S Be R. = logy(In2/3) + logy (|- B.).  (27)
B, -2 E- if R, > R,. .
(20) For eachz we want to choose one of the two solutions for

R, from equations (26) or (27) as the optimal choice for bit
rate R.. Our choice, however, will depend on the value of
A we are using to computg,. By combining two models
together we are introducing the point of slope discontinu-
ity (R.), that means that we have a small interval of slope
N N values(Ar, Ar), (AL > Ag) that are not achievable.
ZMAEZ e = Zfz(Rz) ez llso, (21) If A\ > Ap (this is true for the low bit rate part of the
P MM), then we return this value as the desigl If A < \g
(this is true for the the high bit rate part of the MM), then we
under the condition that the average bit rat&js.e., that return this value as the desir&d. If \ is between the slopes
Az andAg, then itis in the unachievable interval associated
with the unique bit rate?, and therefore we returR? =
R. as the desired bit rate.

In the direct optimization problem, we want to minimize
overall MAE, and thus, (in view of the above empirical
fact), we want to minimize the upper bound derived in the
previous subsection. In other words, we want to minimize

z=1

N
ZRZ:R-N. (22)



Once we know the value of the Lagrange multiplier
we can determine the optimal values of the bit rates by us-
ing the above explicit formulas and applying the bisection
method.

6. RESULTS AND CONCLUSIONS

The Battlescale Forecast Model [7] (BFM) data set available
for use in this study consists of a cube of data for each of
six physical variables (potential temperatliepressureP,
water vapor mixing ratidVv and theU, V, andW com-
ponents of the wind speed vector). For a specific variable
Met, the cubeM et (z, x,y) is of dimensions 64x129x129.
The first dimension is the vertical height and the other
two arex andy for the two horizontal spatial variables.

N — WNBR (MAE min)
\ 111 MBR (MSE min)
‘=1 OBR

15
Bit Rate

Fig. 4. T variable, using KLT pre-processing, MAE for

All the results are shown in percentages of the total am- Suboptima| solution (MAE minimized, MSE m|n|m|zed) VS.
plitude range of the specific data cube. The results in the OBR.

KLT domain are shown in Figure 3. As we can see, wher-
ever the upper bound is smaller, the MAE is also smaller.
Also, the resulting MAE is, on average, half as small as for
the case when the same bit rate is used for all KLT slices.

Figure 4 shows the MAE results for all three strategies in
more detail. The dashed line corresponds to the case where
the same bit rate is used for all slices (OBR), the solid line
corresponds to the solution obtained using the minimization
of the upper bound on MAE. The parameter T is known
to be the worst case in our experiments, however, even in
this case we see some improvement in the achieved MAE.
The dotted line corresponds to suboptimal solution obtained
using the minimization of MSE. It clearly shows that even
though this strategy allows us to achieve significant MSE
reduction (see [3], [4]), this strategy is not the best for MAE.

MAE
N
T
I

UPPER BOUND
(optimal)

T~

I
11

Bit Rate

12 13 14 15

Fig. 3. T variable, using KLT pre-processing, MAE vs. up-
per bound (OBR vs. optimal solution)
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