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1. Introduction

1.1. IN ENGINEERING APPLICATIONS, IT IS IMPORTANT TO
PrROCESS UNCERTAINTY

Two types of uncertainty. Typically, in engineering applications, we
need to make decisions under uncertainty. This uncertainty can be of
two different types (see, e.g., [1, 5, 8, 23, 24]):

— We may have uncertainty due to lack of knowledge (epistemic un-
certainty). An example of such uncertainty is measurement-related
uncertainty: there exists a single actual value z of the measured
quantity; because of the measurement inaccuracy, we only know
the approximate value T of the measured quantity. If we know the
upper bound A on the absolute value |Az| of the measurement

error Az & 7 x, then the only information that we have about
the actual (unknown) value x is that this value belongs to the
interval [z — A, T + A.

— We may also have uncertainty due to variability (aleatoric uncer-
tainty). For example, we have limits L; on the loads l; in different



rooms i, but we do not know how exactly these loads will be
distributed — and we want to make sure that our design is safe
for all possible I; < Lj;.

Comment. It is important to emphasize that while epistemic and
aleatoric uncertainty are very different concepts, the problems related
to these two types of uncertainty are closely related and often, described
by similar mathematical formulas. For example, one the traditional
ways to characterize the epistemic uncertainty related to a measure-
ments is to describe the probability distribution on the set of all possible
values of the measurement error Ax; = T; — x;.

— From the viewpoint of the quantity x;, there is only one (unknown)
actual value of z;, so we are in the situation of epistemic uncer-
tainty. In this sense, the probability distribution of Ax; describes
the epistemic uncertainty.

— On the other hand, where does this distribution of Ax; come from?
It usually comes from the process of calibration of the measuring
instrument. For example, to find this distribution, we repeatedly
measure some quantity by using this instrument and by using
a standard measuring instrument (whose measurement error is

negligible). We then view the differences Az; def T; — x; between
the results of these two measurements as the sample values from
the desired distribution. From this viewpoint, this distribution is
aleatoric because it represents variability of measurement errors
produced by the used measuring instrument.

Similarly, in the case of the upper bound A on the measurement
error, the value A is a characteristic of an epistemic uncertainty,
but this value comes from the variability of the measurement
errors produced by the given measuring instrument and from
the variability of different measuring instruments from the same
manufacturer.

1.2. STATISTICAL METHODS FOR PROCESSING UNCERTAINTY

Traditionally, statistical methods are used to process uncertainty. Tra-
ditionally, in engineering, statistical methods are used, methods assum-
ing that we know the probability distribution of different uncertain
parameters.
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Sensitivity analysis: main idea, limitations. Usually, we can safely
linearize the dependence of the desired quantities y (e.g., stress at dif-
ferent structural points) on the uncertain parameters x; — thus enabling
sensitivity analysis; see, e.g., [13, 25, 26, 27]. The main idea behind the
use of sensitivity analysis in processing uncertainty is that for each
of n uncertain parameters x;, we determine the rate with which the
desired quantity changes with the change in x;, and then we use these
rates to estimate the resulting change; see Section 3 for a more detailed
description.

What are the limitations of sensitivity analysis? Due to the very
nature of this method, a limitation is that the dependence of y on x;
may be highly non-linear. In this case, even when we know how exactly
y changes when we change just one of parameters z;, it is difficult
to predict how y will change if we change the values of all uncertain
parameters ;.

This limitation is crucial in many scientific applications. In these
applications, we often know the values of the unknown parameters with
such a low accuracy, that within the corresponding range, we cannot
ignore quadratic and higher order terms in the dependence of y on
x;. Thus, linear approximation does not work well and the results of
sensitivity analysis are not correct.

In engineering applications, usually, the dependence can be safely
linearized. In this case, the sensitivity analysis method always produces
correct results. However, it may take too long to produce these results.

Indeed, to use sensitivity analysis, we must call the model as many
times as there are uncertain parameters. Often, the number n of un-
certain parameters is huge — e.g., in ultrasonic testing, we record (=
measure) signal values at thousands moments of time. To use sensitivity
analysis, we must call the model n times. Thus, if we denote by T’ the
time needed to call a model, then to use sensitivity analysis, we need
computation time n - T. If the model is complex, i.e., if n is large and
T} is large, this leads to a lot of computation time.

Monte-Carlo simulations: another way of handling probabilistic un-
certainty. To speed up the processing of uncertainty, we can use
Monte-Carlo simulations. Their main advantage is that for Monte-Carlo
techniques, the required number of calls to a model depends only on
the desired accuracy € and not on n. As we will see, usually, we need
c¢/e? calls, so the overall computation time of a Monte-Carlo method
is (c¢/e?) - Ty. Hence, for large n, when n > c/e%, the Monte-Carlo
methods are much faster than methods of sensitivity analysis.
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1.3. INTERVAL METHODS FOR PROCESSING UNCERTAINTY

Sometimes, we only know the parameters with interval uncertainty.
The above methods are applicable when we know the exact probability
distribution of the corresponding parameters. In real life, we often do
not know the exact probability distribution of the parameters.

For example, in many practical situations, we do not know the prob-

e . def ~
ability of different values of the measurement errors Ax; =7 — Ti, wWe

only know the upper bound A; on the (absolute value of) the measure-
ment error. In this case, the only information we have about the actual
(unknown) value z; is that x; belongs to the interval [Z; — A;, T; + A;].

In case of aleatoric uncertainty, often, we also do not know, e.g.,
the distribution of user loads. In such cases, usually, all we know is the
intervals of possible values of the corresponding parameters: e.g., we
know that the load [; is in [0, L;].

Comment. For aleatoric uncertainty, even if we knew the correspond-
ing probability distributions, it would be a disaster to, e.g., design a
building that is stable against random loads, but could fall down with
a rare (but allowable) combination of loads.

Known techniques for processing interval uncertainty. In case of in-
terval uncertainty, we can also use sensitivity analysis; see details in
Section 3. The limitation to this technique is that it requires too much
computation time for large n.

An alternative idea is to use interval techniques; see, e.g., [16, 17,
18, 20] and references therein; however, for large n, these techniques
also take too long.

To speed up, we developed a new Monte-Carlo-type technique for
processing interval uncertainty [13, 27].

1.4. WHAT WE Do IN THIS PAPER: ROADMAP
In this paper, we:

— describe a new Monte-Carlo type techniques for processing interval
uncertainty,

— discuss potential applications of this technique to engineering
problems,

— describe the limitations of this technique, and

— explain how these limitations can be overcome.
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We start with a detailed formulation of the problem of processing
different types of uncertainty (Section 2). In Section 3, we describe
sensitivity analysis, a possible way to solve the problem of processing
probabilistic and interval uncertainty. In this section, we also describe
the main limitation of sensitivity analysis — that it often requires too
much computation time. To overcome this limitation, for probabilistic
uncertainty, we can use Monte-Carlo techniques. In Section 4, we show
how these techniques can be modified to handle interval uncertainty
as well. The corresponding Cauchy deviates technique is based on the
following assumptions:

— that the measurement errors are small, so we can safely linearize
the problem;

— that we only have interval information about the uncertainty, and

— that we can actually call the program f the required number of
times (= 200).

In real-life engineering problems, these assumptions may not be sat-
isfied. In the following sections, we describe how we can modify the
Cauchy deviate technique so as to overcome these limitations:

— in Section 5, we describe how to modify the Cauchy deviate
technique if we cannot perform many iterations;

— in Sections 6 and 7, we show how this technique can be extended to
different types of uncertainty: namely, to Dempster-Shafer knowl-
edge bases and p-boxes (interval-valued cumulative distribution
functions);

— finally, in Section 8, we show how the Cauchy deviates method can
be extended to strongly non-linear data processing functions.

Comment. For readers’ convenience, the list of notations used in this
paper is given in the Appendix.

2. Formulation of the Problem

2.1. CASE OF EPISTEMIC UNCERTAINTY

In many real-life situations, we are interested in the value of a quantity y
that is difficult (or even impossible) to measure directly. In these cases,
a natural idea is to measure easier-to-measure quantities x1, . . ., z, that
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are related to the desired quantity y, and try to estimate y based on the
results 21, . . ., Ty of these measurements. To be able to produce such an
estimate, we need to have an algorithm f(x1,...,x,) that, based on the
values z1,...,x, of the directly measured quantities, reconstructs the
value y of the desired quantity as y = f(z1,...,x,). Once we have such
an algorithm, we plug in the measured values T; of the quantities x; into
this algorithm f, and get the following estimate for y: y = f(Z1,...,Ty).

Measurements are never 100% accurate; as a result, the actual (un-
known) values z; of the measured quantities may somewhat differ from
the measured values z;. In other words, we know the inputs to the al-
gorithm f only with some (measurement-related) uncertainty. Because
of this input uncertainty z; # z;, our estimate y = f(Z1,...,Z,) is, in
general, different from the actual (unknown) value y = f(z1,...,z,) of
the desired quantity. In other words, uncertainty Ax; = Z; — x; in the
inputs leads to the uncertainty Ay = y — y in the output as well.

It is therefore desirable to “estimate” this output uncertainty, i.e., to
use the known information about the (unknown) values Az; to deduce
as much information as possible about Ay.

Comment. Insome practical situations, we only know an approximate
dependence y ~ f(x1,...,x,) between the actual values of the quan-
tities x; and y. In such situations, even if we knew the actual values
of x;, we still would not be able to reconstruct the exact value of y
— there is an additional source of uncertainty caused by the difference
between the actual (unknown) dependence f(z1,...,z,) and the known
approximate dependence f(wl, ceeyTp).

In this paper, we only consider the case where we know the exact
dependence; the additional error bound caused by the difference be-
tween f and f can be usually simply added to the error bound caused
by the uncertainty of the input data.

2.2. CASE OF ALEATORIC UNCERTAINTY

A similar problem occurs in the case of aleatoric uncertainty. In this
case, we are interested in a certain characteristic y of the engineering
design. We know how the desired quantity y depends on the parameters

Z1,...,ZTyn which describe the design, i.e., we know the algorithm y =
f(x1,...,x,) that, based on the values of these parameters, predicts
the value y of the desired characteristic as y = f(x1,...,2y).

We also know the approximate values Z; of the parameters z;: e.g.,
nominal values for the parameters which describe the actual design
(such as the length of a certain beam) and the approximate value of
the parameters which describe the medium (e.g., the temperature).
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We can plug in the approximate values Z; of the parameters z;
into the known algorithm f, and get the following estimate for y:
§ = f(@, . Fn).

Since the actual (unknown) values z; of the parameters may
somewhat differ from the approximate values z;, our estimate y =
f(Z1,...,%y,) is, in general, different from the actual (unknown) value
y = f(x1,...,2,) of the desired characteristic y. So, here too, uncer-
tainty in the inputs leads to the uncertainty in the output as well. It is
therefore desirable to estimate this output uncertainty.

2.3. FORMULATION OF THE PRACTICAL PROBLEM: GENERAL CASE

In both cases, we arrive at the following problem:
—  We know:

e the algorithm f(z1,...,2,);
e the approximate values Z1,...,Z,; and

e some information about the (unknown) uncertainty Az; of
each input.

— We must: provide information about the uncertainty Ay of the
algorithm’s output.

Comment. It is worth repeating that we do not know the actual value
x; of the i-th input and we therefore, do not know the actual value
of the difference Axz; = Z; — x;. However, since there is a relation
y = f(x1,...,2,) between the (unknown) actual values of the inputs
x; and the (unknown) actual value of the desired characteristic y, any
partial information that we have about z; — e.g., the bounds on Az; —
can be transformed into the (partial) information about y. The main
objective of this paper is to describe methods that transform partial
information about x; into the (partial) information about y.

In order to solve this problem, we must know what are the possible
types of information that we can have about the uncertainty of each
input x;.

2.4. TyYPES OF UNCERTAINTY

We do not know the exact values of the inputs x;. For example, in
the case of measurements, we do not know the exact values of the
measurement errors Ax;; thus, while we know the measurement result
Z;, we do not know the actual value z; of the corresponding quantity.



As a result, in real life, we may have (and often we do have) several
situations in which we get exactly the same (known) approximate values
Z1,...,Zpn, but the (unknown) actual values z1,...,z, of the inputs
are different. Thus, to describe the uncertainty, we need to have some
information about z;, namely:

— some information about which values of x; are possible and which
are not, and

— (if possible) some information about the frequencies with which
different values can occur:

e in case of aleatoric uncertainty, some information about how
often different possible values occur,

e in case of epistemic uncertainty, how often different deviations
between the (known) approximate value and the (unknown)
actual value occur.

We usually know the interval of possible values. In most real-life sit-
uations, we do not know the ezxact value of x;, but we usually know the
set of possible values of z;, i.e., the set which is guaranteed to contain
the (unknown) actual value x;. For example, the manufacturer of the
measuring instrument usually provides us with the upper bound A; on
the possible values of the measurement error |Ax;|, where Az; = &;—x;.
In this case, after we get the measurement result Z;, we can conclude
that the actual (unknown) value of x; is guaranteed to be in the interval
[Z; — A;, Z; + A;]. This interval is thus the set of possible values of ;.

On the other hand, if we do not know any upper bound on |Az;|, this
means that the difference between the actual (unknown) value x; and
the result z; of the measurement can be arbitrarily large. For example,
we may get the measurement result 1.2, but the actual value can be in
the millions or can be in the negative billions. This situation is possible,
but in this case, engineers and scientists would not call the value z; a
measurement result, it is, at best, an expert estimate.

Traditional data processing techniques assume that we also know proba-
bilities. Most traditional methods of processing uncertainty in science
and engineering (see, e.g., [29]) are based on the assumption that we
know the exact frequency (probability) of all possible combinations
(1, ...,xy,). In other words, we know the exact probability distribution
of the set of all n-dimensional vectors z = (z1,...,Zy).

— In the case of aleatoric uncertainty, it is usually assumed that we
know the probability distribution of the values x.
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— In the case of epistemic uncertainty, usually, what we assume is
a probability distribution on the set of all n-dimensional vectors
Az = (Axy,...,Axy), ie., the distribution of the measurement
errors. Since we know the measurement results z1,...Z,, we can
take into account that x; = Z; — Ax; and thus find the corre-
sponding probability distribution of the set of all possible values
of x1,...,xy,.

Often, the measurement errors corresponding to different measure-
ments are independent, so it is sufficient to know the distribution of

each variable x;. Fach of these distributions can be described, e.g., by

a cumulative distribution function (cdf) Fj(t) & Prob(z; <t).

Comment. In many real-life situations, there is correlation between
the variables. However, while considerable work has gone into de-
veloping practicable methods for incorporating correlations between
variables (see, e.g., [11, 12]), in engineering practice, most frequently,
the variables are usually assumed to be independent.

Case of interval uncertainty. In real life, we often do not have the
complete information about the probabilities of different possible values
x;. In some real-life situations, we do not have any information about
the frequency of different values x; or about the frequency of different
measurement errors Ax; = T; — x;. In situation, all we know is the
corresponding range:

— In the case of aleatoric uncertainty, we know the range [z;, ;] of
possible values of x;.

— In case of epistemic uncertainty, we know the range [A;, Af] of
possible values of the measurement error (or, in case of expert
estimates, the range of the possible expert estimation error Ax; =
Z; — x;). In this case, the only information that we have about

the actual value x; = T; — Ax; of i-th quantity is that z; must

be in the interval [z;,7;], where we denoted z; def 7 — A and

__ def ~ _
l’i:l'i—Ai.

The corresponding uncertainty is called interval uncertainty; see, e.g.,
[16, 17, 18, 20].

Additional cases. So far, we have described two extreme situations:

— the case where we have a complete information on which values x;
(or Ax;) are possible, and what the frequencies of different possible
values are; in this text, we call this case probabilistic uncertainty;
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— the case where we only know the range of possible values of z; (or
Az;), and we do not have any information about the frequencies
at all; we call this case interval uncertainty.

In many real-life cases, we have an intermediate situation: we have some
(partial) information about the frequencies (probabilities) of different
values of z; (or Az;), but we do not have the complete information
about these frequencies.

p-bores. To describe the complete information about the probabilities
of different values of z; (or Az;), we must describe, for every real num-
ber ¢, the value Fj(t) of the corresponding cdf. Thus, when we have a
partial information about these probabilities, it means that, instead of
the exact value F;(t), we only have the range [F;(t), Fi(t)] of possible
values of Fj(t). Thus, to describe such an intermediate situation, we
must describe the bounds F;(t) and F;(t) for the cdf. These bounds are
called probability boxes (or p-bozes, for short) [4].

Both probability distributions and intervals can be described as a
particular case of p-boxes:

— a probability distribution Fj(¢) can be described as a degenerate
p-box [F;(t), F5(t)]; and

— an interval [a~,a™"] can be described as a p-box [F,(t), F;(t)] in
which:

o F(t)=0fort<at and F;(t)=1fort>at;
o Fi(t)y=0fort<a and Fi(t)=1fort>a".

So, p-boxes are a general way of representing both probabilistic and
interval uncertainty.

Comment. Of course, intervals and probabilities are not the only tools
for modelling uncertainty. For example, we may have linguistic infor-
mation also, e.g., “x; is low”. The extension of the current techniques
to such information is one of the important directions of future work.
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Dempster-Shafer approach. Another way to describe partial informa-
tion about the uncertainty is by using the Dempster-Shafer approach.
In this approach, for each variable z;, instead of a single interval [z;, T;],

we have several (NV;) intervals [%(1)’@(1)]’ ey [gENi),@(»Ni)] (called focal

elements) with masses (also known as Basic Probability Assignments
(BPAs) pgs), s =1,...,N;, attached to each such interval (so that for
every 1, p(l) —i—p(2) +...+ pl(-Ni) =1).

i i
For example, we may have several (IN.) experts who provide us with

intervals. Some experts provide the same interval, some experts provide

different intervals. Here, [£(3)7T(s)]7 1 < s < ne < N, are different

1 K3
intervals, and the mass pz(»s) attached to s-th interval can be evaluated,

e.g., as the proportion of experts who provide us with this interval, i.e.,
as the ratio Ne(s) /Ne, where Ne(s) is the overall number of experts whose
interval estimate is exactly [@Z(-S),TZ(-S)].

The collection of intervals with masses attached to different intervals
constitutes a D-S body of evidence, also called D-S knowledge base.

The implied interpretation of a D-S knowledge base is that in the
(s)

,~ of the cases, the actual (unknown) value of the estimated
quantity x; belongs to the s-th interval [@Es),@(s)].

portion p

Comment. To avoid confusion, it is worth mentioning that the mass
pz(»s) associated with the expert’s interval may be different from the
probability that the s-th expert is right. Let us consider an example
in which we have two experts (N = 2), the first expert provides an
interval [0, 1], and the second expert provides a wider interval [0, 2]. In
this case, the mass attached to the wider interval [0, 2] is exactly 1/2.
On the other hand, for such situation, the implied interpretation of the

D-S knowledge base is that:

— in half of such situations, the actual (unknown) value z; is in the
interval [0, 1], and

— in the other half of the situations, the only information that we
have about the unknown value z; is that it is somewhere in the
interval [0, 2].

Since [0,1] C [0,2], in all the cases, x; € [0,2], so the probability that
the second expert is right is 1 (hence different from 1/2).

Summary of possible cases. Thus, depending on the information
that we have about the uncertainty in x;, we can have five different
formulations of the above problem:
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— we know the probability distribution Fj(t) for each variable z;, we
know that these distributions are independent, and we must find
the distribution F(t) for y = f(z1,...,2y);

— we know the interval [z;, T;] of possible values of each variable z;,
and we must find the interval [y, 7] of possible values of y;

— we know the p-boxes [F;(t), F;(t)] that characterize the distribu-
tion of each variable z;, we know that the corresponding distrib-
utions are independent, and we must find the p-box [F(t), F(t)]
that describe the variable y;

— for each input ¢, we have the D-S body of evidence consisting of

the focal elements [gl(-s),fl(-s)], 1 < s < N, and their masses pz(S)

<[£z('1)7f1(1)]7p1('1)>7 <[$(2)7T(2)]7p§2)>7 oo

=49 %

that characterize the distribution of each variable x;, we know that
the corresponding distributions are independent, and we must find
the D-S knowledge base that describe the variable y;

— we may also have different types of uncertainty for different vari-
ables z;: e.g., we may have probabilistic uncertainty or x; and
interval uncertainty for xs.

It is also important to consider the formulations in which the corre-
sponding distributions may be dependent.

2.5. KNOWN METHODS FOR PROCESSING UNCERTAINTY, WITH AN
EMPHASIS ON INTERVAL-TYPE METHODS

General situation. There exist numerous methods that efficiently
solve several important practical classes of such problems; see, e.g.,
[4] and references therein (in particular, for interval uncertainty, see
[20, 17, 18, 16]). In spite of these successes, there are still many open
problems: for example, there is no presently known efficient method
that would allow us to propagate a non-probabilistic uncertainty
through a generic computationally demanding model, e.g., practice-
motivated models that involve the numerical solution of large systems
of nonlinear partial differential equations.

Main idea behind interval-type methods. Many of the existing methods
are based on the fact that we know the algorithm f; so, instead of ap-
plying this algorithm step-by-step to the measured values =1, ..., T,, we
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apply this same algorithm step-by-step to the corresponding “uncertain
numbers”: probability distributions, intervals, and/or p-boxes.

Example: interval uncertainty. For example, in the case of interval
uncertainty, for arithmetic operations f(z1,x2), we have explicit for-
mulas for the interval range of f(z1,z2) when z; and z — 2 belong
to the corresponding intervals. Namely, when z; € x; = [z;,T1] and
T2 € Xg = [&2752}7 then:

— The range x1 + xo for x1 + x9 is [2] + X9, T1 + T2
— The range x1 — xg for x1 — x9 is [x] — T2, T1 — Z9].
— The range x; - x3 for x; - 3 is [y,7], where

= min(gl “ZTo, Xy " T2, X1 * Lo, T1 'TQ);

<

Y = max(z; - Lo,y - To, T1 - Lo, T - T2)-

The range 1/x; for 1/z; is [1/Z1,1/z¢] (if 0 & x1).
We can apply these interval arithmetic operations step-by-step to
find enclosures for the ranges of more general functions.

Interval uncertainty: numerical example. Let us illustrate this idea on
the example of estimating the range of the function f(z1) = (z1 —2) -
(x1 + 2) when z; € [1,2]. Based on this expression, the compiler will
produce the following algorithm for computing the value of y = f(z1)
(here r; denote intermediate computation results):

e 11 :=x] — 2
o 19:=2x1+2;
® Y:I=T71" TI2.

To get an interval range, we perform the same operations (in the same
order), but with intervals instead of numbers:

o r:=[1,2]-1[2,2] =[-1,0];
o ro:=[1,2]+[2,2] =[3,4];

o y:=[-1,0]-[3,4] =[—4,0].

Comments.
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— It is worth mentioning that here, the actual range is f(x1) =
[—3,0], so our estimate is indeed a valid enclosure for this range:
[_47 0] 2 [_37 0}

— This is just a toy example, there are more efficient ways of
computing enclosures.

Limitations. Such methods, that rely on tracking uncertainty through
individual algebraic operations, work well for simple models but they
are not practically workable for general computationally demanding
models. Moreover, in several practical situations, we cannot use such
methods at all because the algorithm is given as a black box: we do not
know the sequence of steps forming this algorithm; we can only plug in
different values into this algorithm and see the results. This situation
is reasonably frequent:

— with commercial software, where the software’s owners try to
prevent competitors from using their algorithms, and

— with classified security-related software, where efficient security-
related algorithms are kept classified to prevent the adversary from
using them.

In some practical cases, the situation is made even more difficult by
the fact that the software f(z1,...,x,) is so complex and requires so
much time to run that it is only possible to run it a few times. This
complex black-box situation is what we will analyze in this text.

Comment. FEven for a black-box function, it may be possible to run
more simulations if we do the following:

— first, we wuse the actual black-box function f(z1,...,x,)
to provide an approximating easier-to-compute “meta’-model

flx1, ... xn) = f(x1,...,2,), and

— then, we use this approximate “meta”’-model to estimate the
uncertainty of the results.

So, if our preliminary computations show that we need more simula-
tions that the black-box function can give us, it does not necessarily
mean that the corresponding uncertainty estimation method cannot be
applied to our case: we may still be able to apply it to the approximate
function f.

It is worth mentioning that while the development of an approxi-
mate (e.g., response surface) model is sometimes possible, many real-life
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situations involve dozens and hundreds of inputs z; (corresponding to
values of different quantities at different locations at different moments
of time). In such situations, it is often not easy — and even impracticable
— to develop an approximate model.

3. Sensitivity Analysis: A Possible Way to Solve the
Problem of Processing Probabilistic and Interval
Uncertainty

3.1. LINEARIZATION

Possibility of linearization. As we have mentioned, in many practical
situations, the dependence y = f(x1,...,zy) of the desired quantities
y on the uncertain parameters x; is reasonably smooth, and the uncer-
tainty in x; is relatively small. In such cases, we can safely linearize the
dependence of y on x;.

Specifically, the smallness of uncertainty means that for each i, we

know the approximate value z°P*"°* of i-th input x;, and the difference

i
5, gy — ;PP between the the actual (unknown) value z; and

the (known) approximate value and of the i-th input quantity is small.
Since the function f(z1,...,z,) is reasonably smooth, and the inputs
x; = PPN 4 §y; differ only slightly from the known value z{PP™, we
can thus ignore quadratic and higher order terms in the expansion of
f and approximate the function f, in the vicinity of the approximate

values (27", ... x@PPIoX) " hy its linear terms:
o approx "

fz1,...,2n) = f(2] +0xq, ..., PPN 4 by, R yPPIOY 4 Gy,

h ) def ) ) approx def approx approx
where 0y = ¢ -0x1+ ... +cp - 0xp, Y = f(x] yeney T ),

def af
and ¢; = —.
axi

Linearization makes it possible to use special sensitivity analysis
techniques to estimate the uncertainty of y; see, e.g., [13, 25, 26, 27].
Let us show how this can be done on the examples of probabilistic and
interval uncertainty.

3.2. SENSITIVITY ANALYSIS FOR PROBABILISTIC UNCERTAINTY

Probabilistic uncertainty: case of independent measurement errors. In
many engineering applications, it is often assumed:
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— that the systematic errors have been corrected, i.e., the mean value
of each measurement error Ax; = ; — x; is 0;

— that we know the standard deviation o; of each measurement error,
and distributed with 0 mean and

— that the measurement errors Az; and Az; corresponding to
different measurements i # j are statistically independent.

(It is also often assumed that each measurement errors is normally
distributed.)

In this case, we can take the measurement results x; as the desired
approximate values z:"*"** of the inputs. The differences dz; = x; —
PP thus take the form dx; = —Auz;, and similarly, 6y = —Ay. The
desired quantity dy = ¢1 - dx1 + ... 4+ ¢, - dx, is a linear combination
of n independent random variables with 0 mean and known standard
deviations. Thus, the mean value of the variable dy is also equal to 0,

and the standard deviation o of dy is equal to

J:\/c%-a%+...+c%-a%.

Probabilistic case: towards sensitivity analysis. We know the standard
deviations o;, but we often do not know the values ¢; of the partial
derivatives, especially when the function f(xi,...,z,) is given as a
black box.

To estimate the values of the partial derivatives, we can use
numerical differentiation. By definition, a partial derivative is a limit

ﬁ_ lim f(fla"'7§i7175i+hi7§i+17"'7fn)_37
dri  hi—0 hi ’
where y = f(Z1,...,%—1, %, Ti+1,...,Ty). This means that when the

value h; is small, the ratio in the right-hand side is close to the desired
derivative — and that the smaller h; we take, the closer is the resulting
ratio to the actual partial derivative.

In the linear approximation, the ratio is exactly equal to the desired
derivative, so we can take any value h; for which we can still ignore
the quadratic terms in the expansion of f. Thus, we can estimate ¢; as

Ay .
¢; = ——, where
7 hz
Ay® ¢z 5T = > ~
Yy _f(xla”'7xz—17xl+h17‘rl+17"‘7xn)_y‘
For these values of ¢;, the expression for ¢ takes the form
(Aym)? -, (Aym)?
0=y OF Ao
\/ hi b3

os.
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For all choices of h;, we need n additional calls to f (to compute the
values Ay(i), 1 < i < n). After these calls, the smallest number of
arithmetic operations is when we take h; = o;, because for this choice
of h;, there is no need to multiply by ¢; and divide by h;.

Probabilistic case: algorithm of sensitivity analysis. Thus, we are
arrive at the following algorithm:

— First, we apply f to the approximate values x1,...,Z,, resulting
in the value y = f(Z1,...,Zy).

— Then, for each of n inputs x;, we modify this input to =} = Z; + o;
and, leaving other inputs intact, apply f again, resulting in y® def

F(@1, e Ty @ g1y .o, Tp).

— Finally, we get the desired value as follows:

o=y — P2 4.+ (y) - 2.

3.3. INTERVAL CASE: SENSITIVITY ANALYSIS

Interval case: towards sensitivity analysis. When the function
f(z1,...,x,) is reasonably smooth and the box [z, T1] X ... X [z,,, Tn]
is reasonably small, then on this box, we can reasonably approximate

the function f by its linear terms. Let us denote x4 o (z; +7;)/2

and dx; df T; —:U;-nid. Then, linearization leads to the following formula:
F@md p oz, 2™ 4 5, & g™ 4 Gy,
where dy N T A Sy, y™id def fepid o pmid) and
def Of

Cc; =

8.%'Z'
possible values from the interval [—A;, A;], then the largest possible
value of the linear combination &y is

A:‘Cl‘-Al—l-...—l—’Cn‘-An, (1)

. One can easily show that when each of the variables dz; takes

and the smallest possible value of dy is —A. Thus, in this approxima-
tion, the interval of possible values of dy is [-A, A], and the desired
interval of possible values of y is [y™d — A, y™id + A].
Similarly to the probabilistic case, we can estimate ¢; by using
numerical differentiation and thus get the following expression for A:
LY [Ay™)|

I - A N
hy Lt R,
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Again, similarly to the probabilistic case, to minimize the number of
computational steps, we can take h; = A,.

Interval case: algorithm of sensitivity analysis. Thus, we are arrive at
the following algorithm:

— First, we apply f to the midpoints qrrlnid, e ,a;?id of input intervals,
resulting in the value y™id = f(ppid  gmid),

— Then, for each of n inputs z;, we modify this input to z} = ar:;nid—l—Ai
and, leaving other inputs intact, apply f again, resulting in

i) def mid mid ./ ,.mid mid
() :f(ﬂfl ,...,xiil,xi7$i+17...,$n )

— Finally, we get the desired interval as [y™4 — A, y™d 1+ A], where:

A=y — ™ gy — i),

Interval uncertainty: algorithm of sensitivity analysis for the more gen-
eral case of a monotonic function f. For interval uncertainty, the
above algorithm can be generalized to the case where the function f is
not necessarily linearizable on the box [z;,7;] X ... X [z, Ty], but we
are sure that on this box, the data processing function f(x1,...,x,) is
monotonic (increasing or decreasing) in each of its variables z;. In this
case, we can use the following natural algorithm:

— First, we apply f to the estimate 71, ..., T, of the inputs, resulting
in the value y = f(Z1,...,Ty).

— Then, for each of n inputs z;, we modify this input to z, # ;
and, leaving other inputs, apply f again. By comparing the val-
ues f(Z1,..., 34,2, Tiy1,...,2Tn) and y = f(Z1,...,T,), we decide
whether f in increasing or decreasing in x;.

— Finally, we apply f two more times to get the desired bounds for
y as follows: y = f(z1,...,2,) and §j = flzf, ... zh), where:

e for the variables x; for which f increases with z;, we take

z; =z; and x;” =7;, and

e for the variables x; for which f decreases with x;, we take

I + _
z; =7; and x; = z;.
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Main limitation of sensitivity analysis. The main limitation of this
method is that it requires n calls to the program f. Often, the num-
ber n of uncertain parameters is huge — e.g., in ultrasonic testing, we
record (= measure) signal values at thousands moments of time. To use
sensitivity analysis, we must call the model n times — and if the model
f is complex, this leads to a lot of computation time.

The problem is even worse for situations mentioned earlier, situa-
tions that involve dozens and hundreds of inputs x;, where it is often
not easy — and even impracticable — to develop an approximate model;
see, e.g., analysis reported in [2, 9].

It is therefore desirable to decrease the number of calls to the model
f. Let us describe how we can do it.

4. From Traditional Monte-Carlo Techniques for
Probabilistic Uncertainty to Monte-Carlo-Type
Techniques for Interval Uncertainty: What Was

Previously Known

4.1. PROBABILISTIC UNCERTAINTY: MONTE-CARLO TECHNIQUES

Let us first consider the traditional case of the probabilistic uncertainty,
when we know that the values Ax; are distributed according to the cdf
F;(t), and that the corresponding random variables Az; are indepen-
dent. In this case, we are interested to know the distribution F'(¢) of
Ay.

In this traditional probabilistic case, a natural idea is to use Monte-
Carlo simulations. Specifically, on each iteration k:

k)

— for each input variable x;, we simulate the values xg distributed

according to the known distribution Fj(t);
— then, we plug the simulated values xz(k) the algorithm f, and thus
get the value y*) = f(xgk), . ,x%k)).

After N iterations, we get N values y*).
(k)
i

corresponding input distributions Fj(t), the outputs y*) are distributed
according to the desired distribution F(t). Thus, the N values y*) are
a sample from the unknown distribution F'(t). It is therefore necessary

to extract information about F'(¢) from this sample.

Since the inputs z; are independently distributed according to the

Comment. It is worth mentioning that Latin hypercube sampling is
often used to improve the computational efficiency of the analysis; see,
e.g., [6, 10, 19].
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4.2. A NATURAL IDEA: MONTE-CARLO METHOD FOR INTERVAL
UNCERTAINTY

In the case of probabilistic uncertainty (when we know the exact prob-
ability distribution for each input z;), we can speed up computations
by using a Monte-Carlo approach. Let us analyze whether a similar
approach can work in interval case as well.

In the probabilistic case, we know the probability distribution for
each input z;, and this is exactly the distribution that we use to sim-
ulate the difference between the (unknown) actual value z; and the
(known) approximate value ;.

In the interval case, we do not know the exact probability distribu-
tion of x;, we only know that this distribution is located on the interval
[zmid — A 24 + AJ]. In order to apply Monte-Carlo techniques, we
must select a single distribution for each input z;.

It is sufficient to be able to simulate the variable dx; = x; — :U?li
which is located on the interval [—A;, A;]; then, the sum z; = x4+ §z;
will be located in the desired interval.

If a variable x is located on the interval [—1, 1], then for each A; > 0,
the product A;-y is located on the interval [—A;, A;]. Thus, to produce
a Monte-Carlo type method for interval uncertainty, it is sufficient to
select a probability distribution d corresponding to the variable located
in the interval [—1,1]. Once this distribution is selected, we can do the
following:

d

gﬁd) .

I

— Apply f to the midpoint values: y™9 := f(zPd ...z
— For k=1,2,..., N, repeat the following:

e use the random number generator to compute n numbers
(k)
Y

r; 1 = 1,2,...,n, that are distributed according to the

distribution d;

e compute the simulated approximation errors 5x£k) = Ai-rgk);

e compute the simulated “actual values”
:cz(»k) = gmid 4 5xz(~k);

e apply the program f to the simulated measurement results
and compute the simulated error of the indirect measurement:

sy = f (xgk)7 o 7x£lk)) _ymid,

— Hopefully, the resulting sample sy, ..., dyY) of simulated value
oy will be distributed according to the distribution d multiplied by



21

A. Thus, we will be able to use statistical techniques to find the
desired parameter A.

The only remaining question is how to select the sampling distribu-
tion d.

4.3. MONTE-CARLO METHOD FOR INTERVAL UNCERTAINTY: FROM
IDEA TO IMPLEMENTATION

First (seemingly natural) try: a distribution d located on the interval
[-1,1]. Since our objective is to provide a distribution that corre-
sponds to a variable located on the interval [—1,1], a natural idea is
to select a probability distribution d which is located on this interval
(with probability 1).

However, as we will show, this seemingly natural choice does not
allow us to compute the desired quantity (1) — even when the function
function f(x1,...,x,) is reasonably smooth and the box [z,Z1] X ... x
[Z,,, Tn] is reasonably small, so that on this box, we can reasonably

n
approximate the function f by its linear terms dy = > ¢; - dx;.
i=1

Analysis of the first try. Due to our selection of dx; = A - r;, we have
n

oy = > ¢+ A; -1y, ie., 0y is a linear combination of n independent
i=1

i=
identically distributed random variables r;. These variables are located
on an interval [—1, 1] and thus, have finite mean E[r] and finite variance

V[r]. Thus, for dy, we get E[dy] = <i ¢ Ai> - Elr] and Vi]dy] =
i=1

n
(£a-87) v
' \}Vhen n is large and all the values ¢; are of the same order of mag-
nitude, then the Central Limit Theorem applies, according to which
dy is (approximately) normally distributed. A normal distribution is
uniquely determined by its mean and variance; thus, the only informa-
tion we can extract from observing the simulated values ¢%) of y are
the sums > ¢; - A; and 3 c? - A2,
If this is the only information we know, we cannot reconstruct the
desired sum Y |¢;| - A;.

Concluston. So, by using a distribution d which is located on the
interval [—1, 1], we cannot estimate the interval uncertainty.

Cauchy deviates method. It turns out that it is possible to estimate
the interval uncertainty if we use a distribution d which is not located
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on the interval [—1,1] — namely, the basic Cauchy distribution with
1

(22 4+1)
Cauchy deviate method works in the linearized case — when the function
f(x1,...,x,) is reasonably smooth and the box [z1,%1] X ... X [z,,, Ty]
is reasonably small, so that on this box, we can reasonably approximate
the function f by its linear terms.

If we multiply a random variable distributed according to the above
basic Cauchy distribution d by a value A, then we get a Cauchy distrib-
ution with a parameter A, i.e., a distribution described by the following

the probability density function p(z) = . The resulting

density function: p(x) = . It is known that if &, ..., &, are

- (22 + A2)
independent variables distributed according to Cauchy distributions
with parameters A;, then, for every n real numbers ci,...,c,, the

corresponding linear combination c¢1 - & + ... + ¢, - &, is also Cauchy
distributed, with the parameter A described by the formula (1).

Thus, if for some number of iterations N, we simulate 5x§k> (1<

k < N) as Cauchy distributed with parameter A;, then, in the linear
approximation, the corresponding differences

Sy famid 4 galM L i g )y i

are distributed according to the Cauchy distribution with the parame-
ter A. The resulting values sy, ..., 5yY) are therefore a sample from
the Cauchy distribution with the unknown parameter A. Based on this
sample, we can estimate the value A.

Cauchy deviates method: technical details. In order to estimate A,
we can apply the Maximum Likelihood Method which leads to the
following equation:

1 1 N

_ /= —
sy’ sy 2
1+ (%) 1+ (%)

The left-hand side of this equation is an increasing function that is equal
to 0(< N/2) for A =0 and > N/2 for A = max ‘5y(k)’; therefore the
solution to this equation can be found by applying a bisection method
to the interval [O, max ’6y(k)H.

Simulation of Cauchy distribution with parameter A; can be based
on the functional transformation of uniformly distributed sample val-
ues: 53:§k) = A;-tan(m - (r; — 0.5)), where r; is uniformly distributed on
the interval [0, 1].
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Finding the number of iterations for given required accuracy. In [27,
13], we found the number of iterations N that would provide the desired
(relative) accuracy € in estimating A, i.e., the number of iterations that
are needed to guarantee that (1 —¢)- A < A < (1+¢)- A with a
given certainty. In practice, it is reasonable to get a certainty 95% and
accuracy € = 0.2 (20%).

The desired number of iterations can be computed from the fact
that the difference between the actual value A and its estimate A is
normally distributed, for large IV, with 0 mean and standard deviation

= A -4/2/N. The certainty 95% corresponds to 20@7 i.e., with this
certamty, we can guarantee that A —25, < A < A+ 20,. Thus, for
a given € > 0, to get an accuracy € with 95% certainty, we must pick
n for which ¢ - A = 20, = 2A - \/2/N. Since A ~ A, this means that
e~2-+/2/N, hence N = 8/A2.

In particular, to get a 20% accuracy (0.2-A) with 95% certainty, i.e.,
to guarantee that 0.8- A < A <1.2-A, we need N = 8/(0.2)2 = 200
runs. N N

After 200 runs, we can thus conclude that 0.8-A < A < 1.2-A with
certainty 95%.

In general, the required number of calls to a model depends only on
the desired accuracy € and not on n — so for large n, these methods are
much faster.

Comment. It is important to mention that we assumed that the
function f is reasonably linear within the box

[ mid A xm1d+A ] Y [ mid An,xmld—l-A ]

However, the simulated values §; may be outside the box. When we get
such values, we do not use the function f for them, we use a normalized
function that is equal to f within the box, and that is extended linearly
for all other values (we will see, in the description of an algorithm, how
this is done).

As a result, we arrive at the following algorithm [27, 13].

4.4. CAUcCHY DEVIATES ALGORITHM: DESCRIPTION

— Apply f to the midpoints: y™9 := f(zid, ... zmid);

n
— For k=1,2,..., N, repeat the following:

e use the standard random number generator to compute n

numbers rl(k), 1 =1,2,...,n, that are uniformly distributed
on the interval [0, 1];
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e compute Cauchy distributed values cgk) = tan(7- (r§k) —0.5));

e compute the largest value of |c£-k)| so that we will be able
to normalize the simulated approximation errors and apply
f to the values that are within the box of possible values:
K := max; \cgk)\;
e compute the simulated approximation errors
5xl(k) = A c(»k)/K;

(]

e compute the simulated “actual values”

:L'l(»k) = gmid 4 5:E§-k);
e apply the program f to the simulated measurement results
and compute the simulated approximation error for y:

Ay® = K- (f (2D, a®) - i)

— Compute A by applying the bisection method to solve the equation

1 1 N
st .t =

) (MN\2 2
1+<AZ> 1+(A%>

4.5. WHY CAUCHY DISTRIBUTION

As we have mentioned, if, instead of the Cauchy distribution, we use
a different sampling distribution d, e.g., a distribution located on an
interval [—1, 1], then by running a similar Monte-Carlo simulations, we
will not get the correct value A. Let us show that, moreover, Cauchy
distribution is the only distribution d with the desired property.

Indeed, the above Monte-Carlo method is based on the fact that if
&1,..., &, are independent variables distributed according to the distri-
bution d, then, for every 2n real numbers ¢, ..., ¢y, A1,..., Ay, the
corresponding linear combination ¢1 - Ay - &1 + ... +¢p - Ay - &, is also
distributed as A - £, where the parameter A = |c1|- A+ ...+ |en| - Ay
is described by the formula (1), and ¢ is distributed according to the
same distribution d.

It is sufficient to use this result forn =1,2 and A1 =... = A, =1,
in which case A = |¢1] and A = |c1| + |c2|. To prove the result, let
us describe the desired property in terms of the characteristic function

X (w) def Elexp(i-w-£)] = [exp(i-w-t)-p(t) dt of the distribution d, where
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p(t) is the corresponding probability density function. By definition,
X(w) is the Fourier transform of p(t); thus, if we know y(w), we can
uniquely reconstruct p(t) by applying the inverse Fourier transform.

On the one hand, the characteristic function for the sum > ¢; - &;
should be equal to x(A-w). On the other hand, it is easy to check that
the characteristic function of the sum of several independent variables
is equal top the product of their characteristic functions. Thus, the
characteristic function for the sum >’ ¢; - §; is equal to

x(e1-w) ... x(en - w).

For n = 1, the equality between these two expressions means that
x(c1-w) = x(Je1| -w). For w =1 and ¢; < 0, we conclude that x(c1) =
x(le1]) = x(—c1), i.e., that x(w) is an even function.

For n = 2, w =1, and ¢; > 0, we have x(c1 + c2) = x(c1) - x(c2),
i.e., that x(w) is a multiplicative function; thus, its logarithm L(w) def
In(x(w)) is an additive function: L(c1 +c2) = L(c1)+ L(cg). It is known
that every Lebesgue measurable additive function is linear, i.e., L(c) =
k- ¢, hence x(w) = exp(—k - |w|). The inverse Fourier transform of this
expression leads to a Cauchy distribution. Thus, we have proven that
Cauchy distribution is the only one for which the above Monte-Carlo
method produces correct values of A.

4.6. APPLICATIONS: BRIEF OVERVIEW

We have applied the Cauchy deviate techniques to the several engineer-
ing examples. For example, petroleum and geotechnical engineering, we
estimated the uncertainty of the solution to the inverse problem caused
by the measurement errors [3]. In this example, x1, ..., z, are the trav-
eltimes of the seismic signals between the source and the sensor (and
possibly other measurement results). The program f(x1,...,x,) solves
the inverse problem, i.e., uses the traveltimes x; to estimate the density
y at different locations and at different depths. To be more accurate, the
program reconstructs the speed of sound at different locations and at
different depths, and then uses the known (approximate) relationship
between the speed of sound and the density to reconstruct the desired
density. As a result, the dependence of the accuracy on the location
and depth fits much better with the geophysicists’ understanding than
the previous accuracy results obtained under the assumption that all
the measurement errors are independent and normally distributed.
Another application is to environmental and power engineering:
namely, to the safety analysis of complex systems [13]. In this example,
T1i,...,T, are the parameters of the system that are only known with
interval uncertainty such as the thickness of the wall of the drum
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that contains radioactive waste. The program f(x1,...,x,) (usually
given as a black box) describes how the desired parameters such as the
radioactivity level at different places depend on x;.

We also applied this technique to simplified building safety models
(similar to the models considered in [21, 22] and references therein).
In this example, x1,...,x, are the loads on a structure for each of
which we only know the tolerance intervals, and the elastic parameters
of this structure which are only known with interval uncertainty. The
program f(z1,...,x,) (often commercial and thus, given as a black
box) is a finite-element model that describes how the stresses in the cor-
responding structure (e.g., building) depend on z;. By using the Cauchy
deviates technique, we got the same results as sensitivity analysis, but
much faster.

Other simplified application-related examples are given in [13].

4.7. LIMITATIONS OF THE EXISTING CAUCHY DEVIATE
TECHNIQUES

Cauchy deviate technique is based on the following assumptions:

— that the measurement errors are small, so we can safely linearize
the problem;

— that we only have interval information about the uncertainty, and
— that we can actually call the program f 200 times.

In real-life engineering problems, these assumptions may not be sat-
isfied. In the following sections, we describe how we can modify the
Cauchy deviate technique so as to overcome these limitations.

5. What If We Cannot Perform Many Iterations

Problem. In many real-life engineering problems, we do not have the
possibility to run the program f 200 times. In this case, we can still
use the Cauchy deviates estimates with the available amount of N
iterations, but we need to come up with new formulas that translate
the numerical estimate into the enclosure for A.

Case where N 1is large enough. In this case, the difference A-—A

~ 2
is still Gaussian, we can conclude that A - <1 — ko - ”N) < A

IN
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~ 2 ~ 2
A'<1+k’0'\/N> hence A <A'<1—|—]€Q'HN> (where kg = 2), with

certainty 95%. (If we want, e.g., 99.9% certainty, which corresponds to
3 sigma, then we should take kg = 3.)

Thus, e.g., for N = 50, we conclude that A < 1.4 - A. This is not
such a bad estimate.

Case of very small number of iterations: idea. When the number of
iterations is even smaller, then we can no longer assume that the distri-
bution of the error A— A is Gaussian. In this case, to find the bounds on
A with, e.g., 95% certainty, we must perform numerical experiments.

As we have mentioned in the above description of the Cauchy de-
viates method, the distribution of the results 6y*) always follows the
Cauchy distribution, no matter how small N is.

So, to find out the confidence bounds on the Cauchy deviate esti-
mates, it is sufficient to make experiments with the Cauchy distribution.
The Cauchy distribution with a parameter A can be obtained by mul-
tiplying the basic Cauchy-distributed random variable (with parameter
Ap = 1) by the number A. Thus, it is sufficient to test the method on
basic Cauchy deviates, with parameter 1. N

For each N and «, we want to find k(V, ) for which A < k(N,a)-A
with certainty 1—a, i.e., for which A > (1/k(N, «))-A with probability
1 — a. Since we will be using Cauchy distribution with A =1, we must
thus find k£(N, ) for which A > 1/k(N, ) with probability 1 — «.

To find such value, we do the following. We pick a large number of
iterations M (the relative accuracy of our estimate of k(NV,«) will be

~ 1/vM). Then:
— For each m from 1 to M:
e we simulate Cauchy distribution (with parameter Ag = 1) N
times, producing N numbers

5y§m) = tan(7- (rgm) —0.5)),... ,5y](\7,n) = tan(7 - (r%n) —0.5));

e we then apply the above Maximum Likelihood Method to find
A, as the solution to the following equation:

1 1 N

— 4 — =
2 2
1 =l 1 2N

we solve this equation by applying a bisection method to the

interval [O, max ‘5y§m) H .

)
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— After that, we sort the values A,, into an increasing sequence

Agy < ... < Ay,

— We take the value A(Q.M) for which the probability to be
greater than this number is exactly 1 — «, and estimate k(N, «)
as 1/ A o)

Simulation results. We wrote a C program that implements this
algorithm. For o = 0.05, the results of applying this program are:

— For N = 20, we get k ~ 1.7, which fits very well with the above
Gaussian-based formula kporm ~ 1+ 2-4/2/20 =~ 1.7.

— For N = 10, we get k = 2.1, which is slightly higher than the
Gaussian-based formula kyorm =~ 1+ 2-4/2/10 =~ 1.9.

— For N =5, we get k ~ 5, which is already much higher than the
Gaussian-based value kporm ~ 1+ 2-/2/5 ~ 2.3.

6. Dempster-Shafer Knowledge Bases

6.1. FORMULATION OF THE PROBLEM

Formulation of the problem. In the previous sections, we described
and analyzed different methods for estimating uncertainty in the cases
when we have probabilistic or interval uncertainty in the inputs. What if
the uncertainty in each input x; is characterized, e.g., by the Dempster-
Shafer knowledge bases?

Example. Let us consider a simple example, where f is a simple linear
function of two variables f(z1,z2) = x1 + x2, the measured values are
T1=T9 = 1.5 —so that y = 71 + 2 = 3 — and the uncertainty in each
of the two variables is characterized by the Dempster-Shafer knowledge
base:

— for 1, we have two intervals [ggl) fgl)] = [0,2] and [ggz),§§2)] =
[1, 3], with masses mgl) = mgl) = 0.5;

— for x5, we have two intervals [ggl),fgl)] = [0,3] and [Qg) ,TéQ)] =
[1,2], with masses m§2) = 0.7 and mg) =0.5;
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D-S approach: general case. A D-S knowledge base for each input
variable z; means that we may have different intervals [@l(-si),@(si)],
(si)

with different masses p;

[ggsl),fgsl)]  |zn (sn) Flon )] we can use the known techniques to find

the correspondlng interval [y(slv'"’s"),y(sl """ sn)] for the output. Since we

For each combination of intervals,

PRI

know the mass (BPA) pgsi) of each interval [@Esi),@(si)], and we assume
that the corresponding probability distributions are independent, we
can compute the BPA p(s1--51) of the corresponding output interval as
the product p(s1:-5n) = pgsl) e -pq(f").

Example. In particular, for the above simple example, the D-S knowl-
edge base corresponding to y consists of the following 2 x 2 = 4
intervals:

— combining [ggl),fgl)] = [0,2] and [:cgl),fg )] = [0,3], we get an

interval [y(b1), A1) 51D = [0,2] + [0, 3] = [0, 5] with the mass p(b1) =
R ()_05 0.7 = 0.35;

— combining [:vgl),xgl)] [0,2] and [:ng), ()] = [1,2], we get an
interval [y(l 2) 71 2)] [0,2] + [1,2] = [1, 4] with the mass p(12) =

PV pP = 0503 =0.15;

— combining [:U fg ] = [1,3] and [:Eg),fg )] = [0,3], we get an

interval [y* D) ?J(Q D] = [1,3] +[0,3] = [1,6] with the mass p>!) =
P pi = 0.5-0.7 = 0.35;

— combining [z g ,fg ] = [1,3] and [wg),fé )] = [0, 3], we get an
interval [y . 2), 73] = [1,3] 4 [1,2] = [2, 5] with the mass p(22) =

P2 pP =05-0.3=0.15.

Why this problem is difficult. One reason why this problem is diffi-
cult is that while, in principle, it is clear how we can represent the
D-S knowledge base corresponding to the output, the corresponding
representation may not always be practically possible; see, e.g., [7].
Indeed, at first glance, the above method may sound like a reason-
able solution to our problem, but in reality, this solution is not always
practical: even in the simplest case, when for each variable, we have
two possible intervals, for n = 50 inputs, we will have an astronomical
number of 2°9 ~ 10'® output intervals [y(515n) G(s1+5)] Thus,

— in principle, the resulting uncertainty in y is still a D-S uncertainty,
in the sense that there exists a list of intervals with corresponding
basic probability assignments (BPAs),
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— however, in practice, we can no longer represent it as we repre-
sented the uncertainty for each input: by listing all the intervals
and the corresponding masses.

6.2. MAIN IDEA

Our main idea: instead of listing all the output intervals and their
BPAs, it is sufficient to describe the BPA distribution on the set of
all possible intervals. As we have just mentioned, there are so many
output intervals that it is physically impossible to describe the set of
all such intervals by listing these intervals one by one. The situation is
similar to numerous other practical situations when we need to describe
a large collection of objects with different properties; e.g.:

— we cannot describe all the atoms in a gas by listing all their
locations and velocities;

— we cannot easily describe the world population of mice by listing
individual height and weight and color of each individual mouse.

Since we are not interested in individual atoms, all we want to know
is what are the velocities v of different atoms. This desired knowledge
can be described as a discrete probability distribution describing the
probability that a randomly selected atom has a given velocity. For
velocities that actually occur within a given gas, the probability is
equal to 1/N, where N is the overall number of atoms. For all other
velocities, the probability is 0.

The resulting discrete probability distribution is located on a large
number of values. Theoretically, it is possible to sort the velocities
and get an explicit description of this discrete probability distribution.
In practice, when N is large, the difference between the neighboring
velocities is so small that it is below the measurement accuracy. As a
result, for each measured value of velocity v, we have a large number
of atoms whose actual velocity values are (within the measurement
accuracy) equal to v. In effect, we now have a continuous probability
distribution on the set of all possible velocity values, a distribution
which accurately describes the empirical distribution of atoms’ veloc-
ities. According to statistical physics, the velocity distribution follows

. ’U2
2k-T
T is the gas’ temperature, m is the atom’s mass, k is the Boltzmann’s
constant, and c is the normalization constant (which makes the overall
probability equal to 1).

2

Maxwell’s law with probability density c - v° - exp | — , Where
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Once we know this distribution, we can determine, with a very good
accuracy, how many atoms have a velocity above or below a given
threshold — and many other characteristics of the gas.

Similarly, in the case of propagating D-S uncertainty, we have a large
number N > 250 of output intervals with different BPAs. In other
words, we have a discrete BPA distribution in which the overall mass
1 is distributed between N output intervals. Different output intervals
[y, 7] can be characterized by different values of y and .
~ In practice, we can only determine the endpoints of the original
intervals (focal elements) with a certain accuracy; as a result, we only
know the endpoints y and § with a certain accuracy. If we take this
accuracy into account, then for each pair of numbers y < 7, we will,
in general, have many output intervals which (within this accuracy)
coincide with [y, 7]. Since these intervals are — within this accuracy —
indistinguishable, it does not make any practical sense to list individual
BPAs of all these intervals, it is sufficient to know the overall BPA of
all these (practically coinciding) intervals.

In other words, to describe all the output intervals and their BPAs,
we need a continuous BPA distribution on the set of all possible
intervals.

This is how we will describe the propagation of a D-S structure:

— by explicitly describing the corresponding BPA distribution on the
set of all intervals, and

— by using this PBA distribution (on the set of all focal elements)
as a description of the uncertainty in y.

Let us analyze how we can do it.

In many practical problems, the contributions of different inputs are
of the same order of magnitude. In many practical situations, the
uncertainties which we know different inputs is approximately of the
same size (or at least the same order of magnitude); as a result, in such
situations, the contributions of different inputs to the resulting output
uncertainty are of the same order of magnitude.

Examples of such situation include the inverse problems in geo-
sciences (see, e.g., [3]), where the uncertain inputs are the measured
traveltimes t; of a seismic signal from the source to the sensor. These
traveltimes are measured with approximately the same uncertainty, and
their effect on the output is of the same order of magnitude. As a result,
the influences of different inputs on the output uncertainty are also of
the same order of magnitude.
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These are the situations for which we will be developing a new
algorithm.

Comment: the new algorithm will also be useful when we have a small
number of dominating inputs among a large total number of uncertain
inputs, and when expert provide us with a list of such inputs. In prac-
tice, the resulting output uncertainty is often dominated by only a few
uncertain inputs. In many such situations, experts can tell us which of
the inputs are dominant.

We will show that in such situations, the description of the resulting
D-S uncertainty can be reduced to the above case — of inputs with
approximately equal influence.

6.3. FROM INTERVAL TO DEMPSTER-SHAFER UNCERTAINTY

Can we use the fact that D-S uncertainty is a generalization of interval
uncertainty? Our idea comes from the fact that the Dempster-Shafer
uncertainty is a generalization of interval uncertainty, a generalization
in which, for each inputs z;, instead of a single interval [z;,T;], we
have several (IV;) possible intervals [gl(-s),fz(-s)] (s = 1,...,N;), with
different masses pgs). For the interval uncertainty, in a realistic case
where the black-box function is linearizable, we can use the Cauchy
deviates method to estimate the interval uncertainty of the output.
Let us see whether it is possible — at least, under some reasonable
assumptions — to extend the Cauchy deviates method to the more
general Dempster-Shafer case.

Analysis of the problem. The fact that the black-box function is lin-

n

earizable means that we have f(z1,...,2,) =9+ > ¢;-(z;—;), where
i=1

0 e f(Zn,...,%,) and for every i, ¢; denotes the (unknown) value of

the partial derivative 0f/dx; of the black-box function f(z1,...,xy)
with respect to i-th input x;.

As we have mentioned (when we described the drawbacks of sen-
sitivity analysis), in many real-life situations, obtaining the indicated
partial derivatives can be difficult (i.e., computationally expensive). It
is therefore desirable to come up with an algorithm that would not
require that we actually compute these values. Let us analyze how we
can come up with such an algorithm.

If we knew the exact values z1,...,x, of all the inputs, then we
could simply plug in the values x; and get the desired value — but, of
course, the whole problem is that we do not know the exact values x;.
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If for each i, we know the interval [z — A; 24 + A/]) then, in
the linearized case described above, the corresponding range of y can
be described by the interval [y™d — A, y™d + Al where:

Yy =543 e (@M - 3); (2)
=1
=1

In the Dempster-Shafer case, for each ¢, instead of a single pair
(i A;), we have different pairs with different BPAs.

In the above simple example, for x1, we have two possible intervals
[0,2] and [1,3] with BPA 0.5 for both. Computing the midpoint and
half-width of each of these intervals, we conclude that:

— we have (27" Ay = (1,1) with BPA 0.5, and

— we have (z""9® AP = (2,1) with BPA 0.5.

For x5, we have two possible intervals: [0,3] with BPA 0.7 and [1, 2]
with BPA 0.3. Thus:

— we have (acglid(l), Agl)) = (1.5,1.5) with BPA 0.7, and

— we have (z29® A{P) = (1.5,0.5) with BPA 0.3.

Due to the formulas (2) and (3), the vector (y™id(s1:52) Als1:52)) ig
a linear combination of the vectors (mgmd(si),Agsi)
different inputs x;.

In the above simple example, y =3, 21 =22 = 1.5,and ¢; = ¢ =1,
hence the resulting vector (y™4, A) has the following form:

— with BPA 0.5-0.7 = 0.35, we have
ymidhh) — 341, (1-1.5)+1-(1.5—-15) =25
and AGD = |1]- 14 1] - 1.5 = 2.5;

) corresponding to

— with BPA 0.5-0.3 =0.15, we have
y™id2) =341 (1—15)+1-(1.5—15) =25

and A02) = |1]- 1+ 1] - 0.5 = 1.5;

— with BPA 0.5-0.7 = 0.35, we have
ymidZh —341.(2-1.5)4+1-(1.5—-15) =35

and AGD = |1]- 14 1] - 1.5 = 2.5;
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— with BPA 0.5-0.3 = 0.15, we have
ymid22) —341.(2-1.5)+1-(1.5-15) =35
and A2 = |1]-1+]1]-1.5 = 2.5.

We consider the situations in which the contributions of all n inputs
is approximately of the same size (or at least the same order of mag-
nitude). In this case, the vector (y™9, A) is a linear combination of n
independent vectors of approximately the same size.

Comment. In many practical situations, we have several dominant
inputs, i.e., inputs whose contribution to the overall uncertainty is much
larger than the contribution of other inputs — to the extent that the
overall uncertainty can be, in effect, accounted for by these inputs only.
In most such cases, experts can provide us with a list of such dominant
inputs.

Our algorithm can also be applied to such cases where there are a
few dominant inputs: for that, we simply restrict our analysis to these
dominant inputs.

Analysis of the problem (cont-d). The above situation — when the
contributions of different inputs are of the same order of magnitude —
is exactly the case covered by the Central Limit Theorem. According to
this theorem, in the limit n — oo, we have a normal 2-D distribution.
Hence, for sufficient large n, with a good approximation, we can assume
that the pair (y™9, A) is normally distributed.

Comment: strictly speaking, the distribution is almost normal but not
ezactly normal. From the purely theoretical viewpoint, the distribu-
tion of the pairs (y™4, A) cannot be exactly normal, because:

— the interval half-width A is always non-negative, while

— for every normally distributed random variable, there is a non-zero
probability that this value attains negative values.

However, in practice, every normal distribution with mean p and stan-
dard deviation o is located within the interval [ — k- o, u+ k - o] with
practically a certainty, i.e., with probability = 1:

— for k = 3, the probability to be outside the 3 sigma interval is
~ 0.1%;

— for k£ = 6, the probability to be outside the 3 sigma interval is
~ 107%; etc.
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Thus, if 4 > k- o, then, for all practical purposes, the half-width A is
indeed always non-negative.

6.4. RESULTING TECHNICAL IDEA

Resulting idea. It is therefore reasonable to conclude that for large n,
the uncertainty in y can be characterized as follows: we have different
intervals [y™d — A y™d + A] and the mass (BPA) of an interval is
described by a 2-D normal distribution on the (y™4, A) plane.

To describe a 2-D normal distribution, it is sufficient to know 5 para-
meters: the means E[y™4], F[A], and standard deviations o[y™4], o[A]
of both variables and the covariance C = C(y™9, A) (that describes
their dependence).

The number of these intervals can be very large, as mentioned ear-
lier. It is therefore impractical to find these characteristics by directly
processing the actual midpoint and width of each interval. Instead, we
must find a practical (indirect) method of computing these character-
istics. Such a method (based on Monte-Carlo techniques) is described
in this paper.

Ezample. The above simple example may not be a very good il-
lustration of this idea since we only get Gaussian distribution for a
large number of variables; however, for illustrative purposes, let us still
estimate the corresponding 5 parameters of this distribution. We have:

o (y™d A) = (2.5,2.5) with BPA 0.35;
o (y™id A)=(2.5,1.5) with BPA 0.15;
e (y™d A)=(3.5,2.5) with BPA 0.35;
e (y™d A) = (3.5,2.5) with BPA 0.15.
Thus,
E[y™4] =0.35-2.54+0.15-2.5+0.35-3.5+ 0.15- 3.5 = 3;
V™ =
0.35- (2.5 —3)*+0.15-(2.5-3)24+0.35- (3.5 - 3)2 +0.15- (3.5 - 3)? =
0.25;

E[A] =0.35-2.540.15-1.5+0.35- 2.5+ 0.15 - 1.5 = 2.2;
VAl =
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0.35-(2.5—2.2)?4-0.15-(1.5—2.2)?4-0.35-(2.5—2.2)?4+-0.15- (1.5 —2.2)* =
0.21;
C=035-(25-3)-(25-22)+0.15- (2.5 -3) - (1.5 — 2.2)+
0.35-(3.5—3)- (2.5 —2.2) +0.15- (3.5 — 3) - (1.5 — 2.2) = 0.

Discussion: are we abandoning the idea of non-parametric estimates?
At first glance, it may seem like we are abandoning our approach: we
started with the idea of having non-parametric estimates, and we ended
up with a 5-parametric family.

However, realistically, to exactly describe a generic distribution, we
must use infinitely many parameters. In reality, we only have finitely
many runs of the black-box function f with reasonable accuracy, and
based on their results, we can only estimate finitely many parameters
anyway.

Even in the ideal case of Monte-Carlo tests, we need N experiments
to get a value of each parameter with an accuracy of 1/v/N. Thus,
to get a reasonably low accuracy of 30% (everything worse makes it
order-of-magnitude qualitative estimate), we need ~ 10 runs.

With 50 runs, we can therefore determine the values of no more
than 5 parameters anyway. The above 5-parametric family is reason-
able; its justification is very similar to the justification of the Gaussian
distribution — the main workhorse of statistics — so why not use it?

6.5. How CAN WE ACTUALLY DETERMINE THE FIVE PARAMETERS
OF THE 2-DIMENSIONAL NORMAL DISTRIBUTION OF (3™, A)

How can we determine the parameters of the normal BPA distribu-

tion: estimating the mean and variance of y™4. If we simply take
(mid(s;)
i

tions, then the resulting values y *») are normally distributed,
with the distribution corresponding to yr.md. We can therefore estimate
the mean and standard deviation of 4™ as simply the sample mean

and the sample variance of the corresponding values y™id(s1sn) —

P,

of the corresponding intervals in our simula-
mid(s1,...,8n)

the midpoints x

How can we determine the parameters of the normal BPA distribution:
estimating the mean and variance of A. For A, from the formula (3),

we conclude that .

E[A] =) |ci| - E[A] (4)

i=1
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and

ﬂNszﬂM”ﬁMJ 5)

i=1
(One can easily check that for the above simple example, these formulas
are indeed true.)
Due to the formula (4), we can use the Cauchy deviates technique
to estimate E[A] if for each input z;, we use the average half-width
CINCIN

)

EA]=p"- Al 4 p

of the corresponding interval.

Due to the fact that |c;|? = ¢?, the formula (5) means that we can
compute o[A] by using the standard Monte-Carlo simulation technique:
namely, we simulate dz; to be normally distributed with 0 mean and
standard deviation o[A;], then the resulting value of dy = Y ¢; - dx;
is also normally distributed, with the standard deviation equal to (5).
We can thus estimate (5) as a sample variance of the corresponding
simulated values dy(*).

Estimating the covariance between y™9 and A: an idea. We know how
to estimate 4 of 5 parameters that describe the desired uncertainty: the

means E[y™4], FA] and the standard deviations o[y™d] = |/V[ymid],
olA] = /V[A] of y™¢4 and A, where for each variable X, its variance

V X is defined as V[X] “E [(X — E[X])?]. The only remaining problem
is how to estimate the covariance

C & oymid A) = B[(y™id — E[y™9]) . (A — E[A])]

between y™9 and A.

Non-zero covariance means, in particular, that the conditional av-
erage E[A|y™d > E[y™d]] of A over the cases where y™ is smaller
than its average E[y™] is different from the average E[A] of A over
all the cases. Let us show how from the difference between these two
averages, we can determine the desired value of the covariance.

To simplify the formulas, let us denote the difference y™d — F[y™id]
by Y, and the difference A— E[A] by X. In terms of these new variables,
E[X] = E[Y] = 0, the formula for the desired covariance has the
simplified form C' = E[X - Y], and the conditional average takes the
simplified form E[A+ X |Y > 0] = E[A]+ E[X |Y > 0].

If y™id and A were independent, then X and Y would be indepen-
dent too: C = E[X - Y] =0 = E[X] - E[Y]. Since a covariance may be
non-zero, the variables X and Y may be dependent. To describe the
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conditional average in terms of the covariance, let us reduce this prob-
lem to the easier-to-handle case of independent normally distributed
random variables. Specifically, let us find a real number A for which

the linear combination X’ df x A-Y is independent from Y. For this
variable, E[X'] = E[X] - \- E[Y] =0.

It is well known that a linear combination of normally distributed
random variables is also normally distributed. Two variables X’ and
Y with a joint normal distribution and 0 mean are independent if and
only if their covariance is 0, i.e., if E[X’-Y] = 0. By definition of X,
this condition means that

0=FE[X'-Y]=E[X - Y]-X-E[Y?=C—-\ V[y™d.

Thus, to get the independent variables, we can take A = C/V [y™].
Vice versa, if we know A, we can reconstruct the covariance C' as
- V[ymid} .
By definition of X', we have X = X’ + X - Y, so the conditional
average E[X |Y > 0] takes the form

E[X|Y >0/ =E[X'|Y >0/ +X-E[Y|Y >0].

Since X’ and Y are independent, the first term is equal to E[X'|Y >
0] = E[X'] = 0. Since Y is normally distributed with 0 mean and
standard deviation o = o[y™q], the probability of Y > 0 is 1/2, and
the term E[Y |Y > 0] is equal to

1 1 00 y2

y? y dy
By introducing a new variable z = =, we get dz = ==, hence
202 o2
2 o0 202 [2
ElY|Y >0]| = / 0% exp(—z)dz = =4/— 0.
i ] V2m-o Jo p(==) Vam-o 4

Thus, E[X |Y > 0] = A - o[y™], and E[A |y™d > E[y™d]] = E[A] +

X - o[y™d]. So, once we know the conditional average, we can find \ as

\ _ ElAaly™ > Bly™]] - EA]
oly™]

C=a- V[ymid] — (E[A | ymid > E[ymid]] _ E[A]) . O_[ymid].

, and thus,

Estimating the covariance between y™< and A: how to actually com-
pute the conditional average. We have just shown that to find the
covariance, it is sufficient to compute the conditional average

E[A [y™d > Bly™id]).
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To compute this conditional averages, we can use the Cauchy devi-
ates idea. Namely, at each simulation, for each variable x;, we select one

of the intervals [Q(Si) T(si)] with the corresponding probability pgsi)

DT, , and
we apply the black box function f to the centers of the corresponding
intervals, to get the result y™4. We then apply the Cauchy techniques
with the corresponding intervals and get the value distributed according
to the Cauchy distribution with the width corresponding to selected
intervals for z;.

The main difference between what we propose to do here and the

previously described Cauchy deviates methods is the following:

— in the previously described Cauchy deviates method, we combine
all the results of Cauchy simulation into a single sample, and we
then compute the parameter A based on this sample;

— in the proposed methods, we only consider the results of Cauchy
simulation in which y™d > E[ymid],

In the previous described approach, in all simulations, we had the
same interval width, so the results of the simulation belong to the same
Cauchy distribution. In the new method, we have different widths with
different probabilities, so the resulting distribution is a combination of
different Cauchy distributions, with different probabilities.

We can safely assume that the distribution of the width A is a
Gaussian distribution, with mean p and standard deviation o. Thus,
our new (conditional) sample corresponds to the combination in which
the Cauchy distribution with parameter A occurs with the Gaussian

1 (A —p)?
V2-m-0o 202
random variable £ with the parameter A can be described by its
characteristic function Flexp(i - w)] = exp(—|w| - A). Thus, the
above-described probabilistic combination of Cauchy distributions can
be described by the corresponding probabilistic combination of these
characteristic functions:

probability density -exp | — . Cauchy-distributed

Blesp(i-w-6) = [ —— B exp(fl-A)dA. ()
exp(i-w-§)] = NI exp 552 exp(—|w .
Since exp(a + b) - exp(b) = exp(a + b), this integral can be represented

as ) g
/\/2'71"0 FXP <_W) da,

where

SYAZ 2 A pt 4|2 02=A2—2 A (u—|w| - 0?) + p2.
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To get the full square, we add and subtract (pu — |w|-02)? to S, leading
to

S=A%—2-A(u—|w|-0®) + (p—|w]-0%)? = (n— |w| - 0%)* + p* =
(A~ (i~ [w] - 0?2 + 12,

where we denoted A’ % A — (u — |w| - 02). Thus,

S = (A= 42-p-|w|-0% —|w]* ot +p? = (A 42 po|w] -0 — w]* 0™,

Thus,
S B (A/)2
202 202
Therefore, the desired integral takes the form

N2
/\/271.exp<—(2A; ) .eXp<;.02-w2—,u-|w]) dA/,
T -0 g

Moving the term that does not depend on A’ outside the integral, we
conclude that this integral is equal to

L 5 o 1 (A1?
exp<2-0 cw —,u-|w|>'/\/m-exp<— 52 dA/.

The remaining integral is the total probability of a normal distribution,
i.e., 1, hence this integral is equal to:

1
exp(Q-az-w2—u-|w\>. (7)

We can estimate the characteristic function by its sample value

1
ol = 5wl -0,

(Since the expression (7) is real, it makes sense to only consider the
real part of exp(i-w - &), i.e., cos(w - &).)
So, we arrive at the following algorithm for computing p and o from

the sample values y(M, ..., y(™):
— for different real values wi,...,w; > 0, compute I(w;) def
1 N
—In(c(wj)), where c(w;) e N > cos(wj - y*®);
k=1

— use the Least Squares Method to find the values p and ¢ for which

1
—o? - w? =l (w;).

/,LWJ_Q J
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The resulting value p is the desired conditional average A.
By putting together all the steps, we thus arrive at the following
algorithm for computing the covariance C' between y™d and A.

Estimating the covariance between y™<4 and A: the resulting algorithm.

— For k=1,2,...,2N, repeat the following;:

(k) (k)
e for each variable x;, select one of the intervals [gz(sz ),fgsi )]
(s

with the probability p, , and compute the correspond-

ing half-width and midpoint A, 7 := % and
(k) (k)
wia) _ 7+l
SO
. id(sF) )
o compute the value y™d(®) .= p(M40eT ) pmids)y,

e use the standard random number generator to compute n
(k)

numbers r,;”’, i = 1,2,...,n, that are uniformly distributed
on the interval [0, 1];

e compute Cauchy distributed values cgk) := tan(7- (rZ(k) —0.5));

e compute the largest value of |cz(~k)| so that we will be able
to normalize the simulated measurement errors and apply
f to the values that are within the box of possible values:

K := max|c{";
1

e compute the simulated approximation errors

5z® .= AR 'C(k)/K‘

1 K3
e compute the simulated “actual values”

10 (k)
k mid(s,
IL‘E)Z_—IL‘il(Sl)

+ 5$(k);

e apply the program f to the simulated measurement results
and compute the simulated result of the indirect measure-
ment:

y(k) — ymid(k) + K- (f (m&k), . 71.7(5)) - ymid(k)) ;

dismiss this value if it is smaller than E [y™] and keep it if
it is > E[y™d].
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— As a result, we get a sample y(M), ..., yM) of size M ~ N. Based
on this sample, we compute the conditional average

E[A |y™d > Bly™id)]

as follows:

e for different real values wi,...,w; > 0, compute I(w;) def

1 M
—In(c(wj)), where c(wj) def 2| > cos(wj -y(k));
M =
e use the Least Squares Method to find the values p and o for

which .
o wj — 502 ~wj2» ~ l(wj).
The resulting value p is the desired conditional average
BIA|y™d > Ely™)).

— Finally, we estimate the covariance as

Cy™,A) := (E[A|y™* > E[y™] — E[A]) - o[y™)].

7. p-Boxes

Idea. It is known that a p-box can be described as a D-S knowl-
edge base. Namely, a p-box [F(t), F(t)] is a generalization of a cdf
function F'(t). A cdf function can be represented by an explicit for-
mula, or it can be represented if we list, for uniformly spaced levels
p=0,Ap,2-Ap,...,1.0 (e.g., for p =0,0.1,0.2,...,0.9,1.0), the cor-
responding quantiles, i.e., values ¢ for which F(t) = p. In mathematical
terms, quantiles are the values of the inverse function f(p) = F~1(t)
at equally spaced values p.

The variable with a probability distribution F'(¢) can be approxi-
mately described as follows: we have the values f(0), f(Ap), etc., with
equal probability Ap.

Similarly, a p-box can be alternatively represented by listing, for
each p, the interval [f(p), f(p)] of the possible quantile values. Here:

— the function f(p) is an inverse function to F(t), and

— the function f(p) is an inverse function to F(t).
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This description, in effect, underlies some algorithms for processing
p-boxes that are implement in RAMAS software [4].

Because of this description, we can interpret the p-box as the D-
S knowledge base, in which, with equal probability Ap, we can have

intervals [£(0), F(0)], [£(Ap), F(Ap)], etc.

Thus, whatever method we have for D-S knowledge bases, we can
apply it to p-boxes as well.

How can we describe the resulting p-bores? We have just mentioned
that, in principle, we can interpret each p-box as a D-S knowledge base,
and apply the above D-S-based method to describe th uncertainty of
the output. The result, however, is a D-S knowledge base. How can we
describe the corresponding “Gaussian” D-S knowledge base as a p-box?

It is known that for a D-S knowledge base, i.e., for a probabilistic
distribution on the set of intervals [z, Z:

— The probability F'(t) = Prob(X < t) attains its largest possible
value F'(t) if for each interval, we take the smallest possible value z.

— Similarly, the probability F'(¢) = Prob(X < t) attains its smallest
possible value F(t) if for each interval, we take the largest possible
value 7.

Thus:

— F(t) is a probability distribution for the lower endpoints y™9 — A,
and

— F(t) is a probability distribution for the upper endpoints y™4 + A
of the corresponding intervals.

Since the 2-D distribution of the pairs (y™4, A) is Gaussian, the distri-
butions of both linear combinations 4™ — A and ™4+ A are Gaussian
as well.

Therefore, as a result of this procedure, we get a p-box [E(t), F(t)]
for which both bounds F(t) and F(t) correspond to Gaussian distrib-
utions.

Comment: strictly speaking, the distributions are almost normal but
not exactly normal. Let us denote the cdf of the standard Gaussian
distribution, with 0 mean and standard deviation 1 by Fy(t). Then, an
arbitrary Gaussian distribution, with mean p and standard deviation
o, can be described as F(t) = Fy((t—p)/o). In particular, if we denote:

— the mean and the standard deviations of the Gaussian distribution
E(t) by p and g, and
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— ﬂle mean and the standard deviations of the Gaussian distribution
F(t) by n and 7,

then we conclude that F(t) = Fo((t — p)/o) and F(t) = Fo((t — ) /o).
_ From the theoretical viewpoint, for thus defined functions F(t) and
F(t), we cannot always have F'(t) < F(t), because, due to monotonicity

t— —
&St I

of Fy(t), this would be equivalent to for all ¢, i.e., to one

a o]
straight line being always below the other — but this is only possible
when they are parallel.

However, as we have mentioned while describing the similar situation
with the D-S knowledge bases, in practice, we can have this inequality
if we ignore the values t for which Fy(t) is very small — and thus, not
practically possible.

Alternatively, we can assume that the inequality F(t) < F(t) holds
for all t — but the distributions F(t) and F(t) are only approximately
— but not exactly — normal.

What if we have different types of uncertainty for different inputs?
If we have different types of uncertainty for different inputs, we can
transform them to p-boxes [4] — hence, to D-S knowledge bases — and
use a similar approach.

8. Cauchy Deviates Methods for Non-Linear Functions
fz1,...,xn)

Case of weak non-linearity. In some cases, we cannot reasonably ap-
proximate f by a linear expression on the entire box, but we can divide
the box into a few subboxes on each of which f is approximately lin-
ear. For example, if the dependence of f on one of the variables z; is
strongly non-linear, then we can divide the interval [z;,Z;| of possible
values of this variable into two (or more) subintervals, e.g., [z;, z]

and [z, 7], and consider the corresponding subboxes

[ilafl] XX [gifhji—l] X [givwimid] X [£i+1vfi+l] X...X [inajn]
and

[glvfl] X ... X [gifbfi—l] X [xgnid7fi] X [£i+17fi+1] XX [gnvfn]

By using the Cauchy deviates methods, we compute the range of f over
each of these subboxes, and then take the union of the resulting range
intervals.
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Quadratic case. Linearization technique is based on the assumption
that the measurement errors Az; and/or uncertainties are so small that
we can safely ignore terms that are quadratic (or of higher order) in
Ax;. If the measurement errors are larger, so that we can no longer
reasonably approximate f by a linear expression, a natural next step is
to take quadratic terms into consideration while still ignoring cubic and
higher-order terms: f(z™9 4 §zq,..., 2™ + §z,,) ~ ™4 + 5y, where

oy def Z ci -0z + Z Z Cij - i 0xj, (8)

i=1j=1

2
where ¢; are the same as for the linearized case and c¢;; def 1 . 78 / .
2 8561813]

In general, computing the exact bound for a quadratic function of
n variables in case of interval uncertainty is an NP-hard problem [28,
14]. Luckily, in many practical cases, the dependence of f on z; is
monotonic (see, e.g., [15]), so we can use, e.g., the above-described
sensitivity analysis technique.

The problem with the sensitivity analysis technique, as we have
mentioned, is that this technique requires n calls to the program f,
which for large n may be too long. It is therefore desirable to modify the
Cauchy deviate technique so that it can be used for quadratic functions
as well.

Analysis of the problem. We consider the case where the function

f(x1,...,x,) is monotonic in each variable z;.
If the function f is increasing in x;, then the derivative is always
T .
positive; in particular, it is positive at the central point (x mld, cee acg“d),

so ¢; > 0. In this case, the maximum of f is attained when dx; = A;
and x; = T; = x?“id + A;.

Similarly, when the function f is decreasing in f, then ¢; < 0 and
the maximum is attained when dz; = —A; and x; = :Umld A;. In both
cases, the largest possible value A™ of the difference 5y is attained when
for every i, we have dx; = ¢;-A;, where &; def sign(c¢;). Substituting this
expression for dzx; into the above formula for dy, we conclude that

ch TRWAY +ZZCU g€ N Aj=

i=17=1

Z|cz\ A; +ZZ% gigj N A (9)

i=17=1
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Similarly, the smallest possible value §ymin of dy is attained when dx; =

—&; - A\;, hence A |5ymm] is equal to:
Z|Cz‘ A; — ZZCW gi-€5 N A (10)
=1 j5=1

We would like to use a Cauchy-type method to find the bounds (9) and
(10). For this, we consider, for every pairs of vectors z = (z1,..., 2n)
and t = (t1,...,t,), the following auxiliary expression:

fla™d 42+ 1) — fa™d 4 2 —¢)

2

1 mid m1d

§-f(:c1 +z1 b,z ) —

1

5-f( e oo — g e g — ). (11)

Substituting dz; = z; + t; into the formula (8), we conclude that

fz™d gz pt) = mld—G—ZCl (zi+t; —G—ZZCU zi+ti)-(zj+t5), (12)
1=17=1

and similarly,
n n

fa™d 2 —t) m‘d+zcz zi—t)+ Y Y cij-(zi—ti)-(zj—t;), (13)
i=1j=1

hence

(fa™ 2 t) = fa™ 42 —1)) =

DN | =
[~]=
 ~
&
+
\G]
ANgE
o
&
bl\z
\_/
St
~—~
[u—
S
N—

This expression is linear with respect to t1,...,%,. Therefore, we can
use the existing linear Cauchy algorithm in order to find bounds for
this expression as a function of ¢; when [t;| < A,.

Let g(z) = ¢g(z1,...,2n) denote the result of applying the linear
Cauchy method to the expression (14) considered as as a function of ¢;
then,

9(z) = En:

=1

n
ci+ 2 g Cij * Zj| -

0
Since the function f is monotonic on the box, its derivative —f has

x
the same sign at all the points from the box. Hence, the sign of the
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n
derivative ¢; +2- > ¢;; - z; at the point
j=1

asmld—f—z—( mld—f—zl,...,a:g“d—{—zn)

is the same as the sign ¢; of the derivative ¢; at the midpoint pid —
(xiid ] pmid) of the box. Since |E| = sign(E) - F for every expression

E, we thus conclude that

n n
Ci+2'zcij'zj =E&;" (Ci+2’zcij'zj>a

j=1 j=1

hence

Z|Cl| Ai+2- ZZCU STREAY; (15)

i=1j5=1

n
In particular, for z =0 = (0,...,0), we get g(0) = Z el - A
=1

From (12) and (14), we conclude that

n

Fla™d 4 2) — fla™d — 2) = 2. Zcz- - 7.

i=1

We can therefore construct a new function h(z) as follows:

h(z) < L (g(2) = g(0) + F@™ 1 2) — fam - 2)) =

2
ILTEES 9) SR IS (16)
=1 i=17=1
This expression is linear with respect to z1,..., z,. Therefore, we can
use the existing linear Cauchy algorithm in order to find bounds for
this expression as a function of z; when |z;| < A;. As a result, we get

the estimate
n n

Hdéfz Ci+zcij’5j'Aj VAVE
j=1

=1

Since the function f is monotonic on the box, its derivative 87]0 has
T

the same sign at all the points from the box. Hence, the sign of the
n
derivative ¢; +  ci; - €5 - A; at the point
j=1

1 1
(mld—i_i €1 Alv"’? mld+§'€n'An)
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is tbe same as the sign ¢; of the derivative ¢; at the midpoint pmid —
(xinld7 e :Err]{lld) of the box. Since |E| = sign(E) - E for every expression

E, we thus conclude that

n
=£&;- (Ci+zcij‘5]"A]’) R
j=1

n
cit+ D cijgj A
j=1

hence
n n n
H:Z|C,“ 'Ai+zzcij’5i'Ai‘5j'Ajy
i=1 i=1j=1

which is exactly the above expression for A*. The value A~ can now
be computed as 2¢g(0) — A™.
We thus arrive at the following algorithm for computing A* and A~.

Algorithm. As an auxiliary step, we first design an algorithm that,

given a vector z = (z1,...,2y), computes g(z). This algorithm consists

of applying the linear Cauchy deviate method to the auxiliary function
1 . .

t— 5-(f(xm‘d—i—z—i—t)—f(xmld+z—t)) and the values t; € [-A;, A;]. The

linear Cauchy methods requires N calls to the auxiliary function (where
N depends on the desired accuracy), and each call to the auxiliary
function means 2 calls to the program f; so, overall, we need 2N calls

to f.

The algorithm itself works as follows:

— First, we apply the algorithm ¢(z) to the vector 0 = (0,...,0),
thus computing the value g(0).
— Second, we apply the linear Cauchy deviate method to the auxil-
1 . )
iary function h(z) = 3 (9(2) — g(0) + f(z™d 4 2) — f(a™id — 2));

the result is the desired value AT.
— Finally, we compute A~ as 2g(0) — A™T.

What is the computational complexity of this algorithm? How many
calls to the program f did we make?

— In the first stage, we made a single call to g, so this stage requires
2N calls to f.

— The second stage requires IV calls to h. Each call to h means 2 calls
to f and 1 call to g; each call to g, as we have mentioned, requires
2N calls to f. Thus, overall, each call to h requires 2+ 2N calls to
f; in total, the second stage requires N - (2 4+ 2N) calls to f.
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— On the final stage, there are no calls to f.

So, overall, this algorithm requires 2N +n - (2+2N) = 2N - (N + 2)
calls to f.

For example, if we want the 20% accuracy on average, we need
N = 50, so this algorithm would require ~ 5000 calls to f. Thus, when
we have n < 5000 variables, it is faster to use the sensitivity analysis
method, but when we have n > 5000 variables, this Monte-Carlo-type
method is faster.

If we want 20% accuracy with certainty 95%, then we need N = 200.
In this case, the above quadratic method requires =~ 80000 calls to f,
so this method is faster only if we have n >> 80000 variables.

9. Conclusions

The paper presents a method for solving the problem of estimating
the uncertainty in the output parameter y = f(z1,...,x,) of a system,
given the uncertainty in the input parameters 1, ..., z, and a tool f for
finding the value of the output parameter when the values of the input
parameters x; are known. Uncertainty can be described by a single
interval, by a Dempster-Shafer body of evidence (a set of intervals with
their associated masses), or by probability boxes. This can be viewed
as an optimization problem in which the minimum and the maximum
values of function f are to be found. In realistic situations when there
are many input variables (n > 50), this problem requires a large amount
of computation time. In this paper, we have shown that we can speed
up these computations if we use Monte-Carlo techniques in which the
generated sample values of the input variables are drawn from Cauchy
probability distribution.
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Appendix

A. List of Notations

Main problem: 1y — difficult-to-estimate quantity of interest; the actual
(unknown) value of this quantity
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x1,...,T, — easier-to-estimate quantities; actual (unknown) values
of these quantities;

n — overall number of easier-to-estimate quantities;

1 — an index used to describe number of the quantity, i = 1,2,...,n;

f(x1,...,x,) —an algorithm relating the actual values of x; and ¥, so
that y = f(x1,...,z,); this algorithm is also called the data processing
algorithm;

f(x1,...,2,) — a known approximation to the actual function
f(x1,...,2,) — in case the expression for f is unknown;

z; or z;"P'* — a known approximate value of i-th quantity; these
values are also called inputs to the data processing algorithm;

y = f(z1,...,Ty) — approximate value of y resulting from the ap-
proximate values for z;; it is also called the result (output) of data
processing;

Ax; = T; — x; — approximation error of i-th input quantity;

Ay =y — y — approximation error of the output quantity;

¢ — relative accuracy with which we want to find the desired
uncertainty characteristics.

_9f.
_8331‘7

Linearized case: ¢;

ei = sign(c;);

Probabilistic uncertainty — general notations: FE[X] — expected value
(mean) of the random variable X;

V[X] — variance of X;

o[X] — standard deviation of X;

C(X,Y) — covariance between X and Y

a — degree of uncertainty; for example, « = 0.05 means that the
result is correct in 95% of the cases;

p(t) — probability density function;

ko — for normal distribution, selecting values within distance kg - o
from the mean as possible values.

Probabilistic uncertainty — specific notations: F;(t) — cumulative dis-
tribution function (cdf) for the i-th input a;;

F(t) — desired cdf for the output y;

o; = o|x;] — standard deviation of the i-th input z;;

o = oly] — desired standard deviation of the output y;

[F;(t), F;(t)] — known bounds on the cdf of z;; also known as a p-bozx
for x;;

[F(t), F(t)] — desired bounds on the cdf of y; also known as a p-box
for y.
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Interval uncertainty: x; = [z;,%;] — known guaranteed bounds on the

value of the i-th input z;; also known as the i-th input interval;

J;?“d == _""_ the midpoint of the i-th input interval;

A; = i ; L the half-width of the i-th input interval;

A; and A — bounds on the approximation error Az;:
A7 < Az <AF

y = [y,y] — desired bounds on the value of the output y; also called

the output interval;
. + vy
y™id — ity _ the midpoint of the output interval;
Azzgg—4¢MHmmwm&ufﬂwompmiMme

NSINC)

A~ and AT — bounds on the approximation error Ay:
AT <Ay < AT

0wy = x; — a@nid;

oy =y —y™.

Dempster-Shafer uncertainty: s — an index used to describe focal
elements;

N, — overall number of experts;

ne — overall number of opinions, i.e., overall number of experts with
different opinions;

Nés) — number of experts who selected s-th focal element;

N; — number of focal elements for i-th input;

s; — an index used to describe one of the focal elements for the i-th
input; s; =1,2,..., Ny;

[@ES),@@] — s-th focal element corresponding to i-th input;

pz(»s) — mass of the corresponding focal element;

[g(slv"'vs"),y(517”"5")] — an output interval corresponding to
3 ) RO P

p15n) — mass of the focal element [y(51-+55n) 7(510050)],
Data processing algorithm: 1; — the j-th intermediate result.
Algorithms for computing uncertainty of the result of data processing:

N — overall number if iterations;

k — an index used to describe an iteration, 1 < k < N;

A:nl(»k), dy¥), ... — the values of Ax;, dy, ..., simulated on the k-th
iteration;
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M — overall number of auxiliary iterations;
h; — small simulated change of the i-th input;
Xi, T — auxiliary random variables used to simulate the ¢-th input.



