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Abstract

Traditional quantum mechanics (QM) predicts probabilities of di�er-
ent events. If we describe an elementary particle, then, experimentally ,
these probabilities mean that if we repeat the same measurement proce-
dure with multiple particles in the same state, the resulting sequenceof
measurement results will be random w.r.t. the corresponding probabilit y
measure. In quantum cosmology, QM is used to describe the world as a
whole; we have only one copy of the world, so multiple measurements are
impossible. How to interpret these probabilities?

In this paper, we use the approach of the algorithmic information
theory to come up with a reasonable interpretation. This interpretation
is in good accordancewith the arguments presented by several physicists
(such as D. Fink elstein) that a wave function is not always a physically
reasonabledescription of a quantum state.

1 Standard quan tum description: brief re-
minder

In tended audience and a need for reminders. The main objective of this
paper is to apply the notions of algorithmic information theory and Kolmogorov
randomnessto quantum physics. We therefore expect this paper to be of some
interest both

� to specialists in Kolmogorov randomnesswho are interested in possible
applications, and

� to specialists in quantum physics who may be interested in physical con-
sequences.
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We realizethat few peopleare well familiar with both research areasof quantum
physics and Kolmogorov randomness.So, to make this paper more readableto
both audiences,we needto include brief intro ductions to both areas.

Readerswho are well familiar with quantum physics can skip the physical
intro duction (which follows right after this comment), and readers who are
familiar with the algorithmic information theory can skip the intro duction to
Kolmogorov-Martin-L•of randomness(which follows later).

Classical (pre-quan tum) description. In the traditional classical (pre-
quantum) description of particles, the state of each elementary particle can
be characterized by its location x 2 R3 in the 3-D spaceR3, by its momentum
p = m � v (where m denotesthe particle's massand v its velocity), etc.

Similarly, the state of an N -particle system is characterized by describing
the coordinates x1; : : : ; xN and momenta p1; : : : ; pN of all the particles.

Quan tum description is probabilistic. In quantum physics,a particle does
not have a certain location x or a certain momentum p: if we measurelocation
of several particles prepared in the samestate, we get di�eren t locations with
di�eren t probabilities. Similarly, we get di�eren t valuesof the momentum with
di�eren t probabilities.

In contrast to the classical(pre-quantum) case,a state of a quantum particle
doesnot enableus to determine the exact location or the exact momentum; in-
stead,a quantum state uniquely determine the probabilities of di�eren t locations
and/or di�eren t momenta.

Case of a single particle. In the traditional quantum mechanics, a state is
described by a complex-valued function  called a wavefunction.

For example, a state of a single particle is described by a complex-valued
function  (x) de�ned on the 3-D space(x 2 R3). Under this description, for
every set S, the probabilit y to �nd this particle in an area S � R3 is equal to
the integral

R
S j (x)j2 dx, where j (x)j denotesthe absolute value (magnitude)

of the complex number  (x). In other words, the function j (x)j2 is the proba-
bilit y density function of the probabilit y function which describesthe particle's
location.

The total probabilit y to get any value x 2 R3 should be equal to 1, so we
must have

R
R 3 j (x)j2 dx = 1.

The probabilit y to �nd the moment p within a certain area S is similarly
equal to

R
S jF ( )( ! )j2 d! , where F ( ) denotes the Fourier transform of the

wave function  (x).

Linear structure on the set of wave functions. One of the fundamen-
tal notions of quantum physics is the notion of superposition. In terms of wave
functions, superposition of n states 1(x); : : : ;  n (x) simply meansa linear com-

bination  (x) def= c1 �  1(x) + : : :+ cn �  n (x) of the corresponding wave functions
 i (x), for appropriate (complex-valued) constants ci .
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Bilinear pro duct on the set of all quan tum states. From the purely
mathematical viewpoint, we can consider arbitrary linear combinations. How-
ever, for such composition, the integral

R
R 3 j (x)j2 dx may be di�eren t from 1.

For example, if we multiply a wave function  (x) by a constant c > 1, then for
the new function  0(x) = c �  (x), this integral is equal to c2 > 1.

From the physical viewpoint, however, this integral describesthe probabilit y
to �nd a particle somewhere,so it must be equal to 1. So, from the physical
viewpoint, the only linear combinations which make physical senseare the ones
for which this integral is equal to 1.

For  (x) =
nP

i =1
ci �  i (x), the integral takesthe form

Z

R 3
j (x)j2 dx =

Z

R 3
 (x) �  � (x) dx =

nX

i =1

nX

j =1

ci � c�
j � h i j  j i ;

where h i j  j i def=
R

R 3  i (x) �  �
j (x) dx. Thus, from the physical viewpoint, it is

important to study such expressionsh j  0i .

Case of multi-particle systems. Similarly, a state of an N -particle sys-
tem is described by a function  (x1; : : : ; xN ), where x1; : : : ; xN are coordinates
of these particles. Here, the multi-dimensional probabilit y density function
j (x1; : : : ; xN )j2 describes the probabilities of di�eren t locations x1; : : : ; xN ,
and the fact that the overall probabilit y should be equal to 1 means thatR

j (x1; : : : ; xN )j2 dx1 : : : dxn = 1.
Similarly to the 1-dimensionalcase,superposition is represented by a linear

combination.

Towards a general case. In both cases,the expressionsh j  0i satisfy the
properties that h 0 j  i = h j  0i � , h j i � 0, and that

hc1 �  1 + c2 �  2 j  0i = c1 � h 1 j  0i + c2 � h 2 j  0i ;

h j c1 �  0
1 + c2 �  0

2 i = c�
1 � h j  0

1i + c�
2 � h j  0

2i :

General case: a Hilb ert space description. In the generalcase,we need
a linear structure to de�ne composition. To take into consideration that the
overall probabilit y should be equal to 1, we need a complex-valued bilinear
function h j  0i de�ned on pairs of states, which satis�es the above properties.
A linear spacewith a bilinear operation which satis�es theseproperties is called
a Hilbert space H .

For example, in the caseof a singleparticle, the corresponding Hilb ert space
is the spaceof all square integrable functions  (x) from the spaceR3 to real

numbers, i.e., functions for which k k2 def=
R

j (x)j2 dx < + 1 .
Of course,not all elements of a linear spacecanbeactual statesof a quantum

system, only those elements for which k k def= h j  i = 1. In other words,
physical states form a unit sphere f  : k k2 = 1g in a Hilb ert space.
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Measuremen ts: a general description. In quantum physics, a measure-
ment is described by a self-adjoint operator A : H ! H , i.e., an operator for
which h j A 0i = hA j  0i for all states  ;  0 2 H . For example, the measure-
ment of an x coordinate can be described by an operator x :  (x) ! x �  (x).

Eigenvalues � j of the operator A represent possiblevalues of the measure-
ment result. When the measurement result is � j , the original state  of the
quantum system \transforms" into a new state  0 = c � Pj ( ), where Pj is a
projection to the corresponding eigenspace,and c is a normalizing factor (which
ensuresthat k 0k2 = 1). The probabilit y that the measurement will result in
the j -th eigenvalue � j is equal to jPj ( )j2.

2 Pauli's question: what is known and what is
still open

Pauli's original question: how uniquely can we determine the quan-
tum state based on the measuremen ts? For a single particle, if all we
measureare coordinates, then we can only determine the absolutevaluesj (x)j
of the wave function  (x). By measuringother characteristics such as momen-
tum, we can gain more information about the wave function.

W. Pauli askedthe following natural question(see,e.g., [27]): to what extent
can we determine the wave function from the measurements?

First clari�cation: we need a generator generating systems in the
same state. After we measure,e.g., coordinates of a singleparticle, the origi-
nal state transforms into the corresponding eigenstate,i.e., into a state in which
a particle is located in the corresponding spatial location with probabilit y 1.
After this measurement, the remaining information about the original state is
lost.

What Pauli had in mind was a typical quantum situation when we do not
only have a single particle, we also have a (potentially in�nite) ensemble of
particles generatedin the samestate  . For that, we needto have a generator
which generatesparticles in the samestate.

For example, we may have a laser generating photons in a given state, or a
special type of radioactivit y. Once we have such an ensemble, we can measure
coordinates on someof these particles, momenta on someother particles, etc.
So, by applying di�eren t measurements proceduresA and applying each such
proceduremany times, wecandetermine the probabilities jPj ( )j2 of all possible
eigenvalues� j .

Second clari�cation: we need a pro jectiv e Hilb ert space. From the
above description of the measurement process,we can easily conclude that for
every state  , for every measurement A, and for every real number � , for the
state  0 = ei � � �  , the probabilit y to get any measurement result � j is the same
for the original state  .
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So, from the physical viewpoint, the elements  and  0 = ei � � �  of the
Hilb ert spaceH actually describe the same state. Thus, strictly speaking, a
quantum state should be associated not with a single element  2 H , but
rather with an equivalence classf ei � � �  g� of such elements.

In geometry, the collection of such equivalenceclassesis called a projective
space. So, in thesegeometric terms, we can say that the actual spaceof possible
states is a projective Hilbert space P(H ).

In these terms, Pauli's question is: is it possibleto uniquely determine the
state  2 P(H ) basedon the (physically meaningful) measurements? And if
we cannot determine the state uniquely, \ho w uniquely" can we determine this
state { i.e., whencan two di�eren t states 6=  0 be distinguished by appropriate
measurements?

Pauli's question: what is kno wn. It is known that for particles, by per-
forming appropriate measurements, wecanuniquely determine the original state
 2 P(H ); see,e.g., [9, 11, 17, 23, 24, 25].

Speci�cally , in addition to measuringcoordinates and momenta at the initial
moment of time, we can place the particle in some (physically meaningful)
potential �elds and re-measurecoordinates and momenta after a certain time.
Basedon the results of these measurements, we can uniquely reconstruct  2
P(H ).

Pauli's question: op en problems related to practical implemen tation.
Beforedescribingthe main problem of interest to us, let us mention several open
problems directly related to the above results.

These problems are related to the fact that the above results show that
in principle, we can uniquely reconstruct the quantum state  by performing
appropriate measurements. This positive answer does not yet mean that we
have an easy-to-implement e�cien t practical procedurefor such reconstruction.
To designsuch a procedure,we must solve two typesof open problems.

The �rst class of open problems is related to the fact that the practical
implementation of the speci�c complex measurement proceduresprescribed in
the above papers may be practically di�cult. It is therefore reasonableto
try to restrict ourselves to easier-to-implement procedure. Once we restrict
ourselvesto operators A from a certain classA, it is reasonableto ask whether
measurements A from a givenclassA enableus to uniquely recover the quantum
state. Many of such questionsare still open.

Another classof open problems is related to the computational complexity
of reconstructing  . In general,the problem of reconstructing  from the given
measurement results is computationally di�cult (to be precise,NP-hard); see,
e.g., [18]. Crudely speaking, this meansthat in somecases,for this reconstruc-
tion, we needcomputation time which exceedsthe lifetime of the Universe. So,
from the practical viewpoint, we must make sure that in the reconstruction
scheme we propose, not only we can theoretically reconstruct  , but that we
can perform all neededcomputations in reasonabletime.
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Pauli's question: a remaining fundamen tal problem. In the original
question, we assumedthat we have a generator which generatesparticles pre-
pared in the same state  , and the question was how we can determine this
state  .

In practice, we can have an ensemble of particles prepared in di�er ent states
 1;  2; : : : ;  n ; : : : This may happen, e.g., when we observe rare high-energy
events in cosmicrays.

For example, a faraway quasar emits a seriesof particle in the state  1;
these high-energy particles travel to all sidesof the Universe,but only one of
these particles reachesour detector: all the others end up on di�eren t planets
and maybe even in di�eren t galaxies. Next, another quasar (or another cosmic
event) emits another bunch of particles, all prepared in a di�eren t state  2;
again, we observe only one of thesestates, etc.

In such situations, the original Pauli's question takes the following
form: what can we determine about the original sequenceof states 	 =
( 1; : : : ;  n ; : : :) basedon our measurements?

Mathematical comment. From the mathematical viewpoint, if we have two
independent particles in the state  1 2 H1 and  2 2 H2, then the state of the
2-particle system can be described as a tensor product of these states:  =
 1 
  2 2 H1 
 H2.

Similarly, the state of an in�nite sequencesof independent particles can be
described as an in�nite tensor product  1 
  2 
 : : :

Simple observ ation: we cannot uniquely determine the sequence of
states. As we have mentioned, if we only measurea state once, we cannot
uniquely determine this state. In our new situation, we measureevery state  i

exactly once,so we cannot uniquely determine each of thesestates.
Thus, in contrast to the generatorcase,when the state  can be uniquely de-

termined, we cannot uniquely determine the sequenceof states 	. The question
is: what can we determine? when can we distinguish betweenthe two di�eren t
sequences	 = ( 1;  2; : : :) and 	 0 = ( 0

1;  0
2; : : :)?

What would be a good answer to this question. As we have just men-
tioned, for the caseof a generator, we can uniquely determine the quantum
state  2 P(H ) from measurements.

Our path to this answer was not as direct as it may now seem. First,
we mentioned that states are described by functions  (x) from the Hilb ert
spaceH . Then, we observed that we cannot uniquely determine the corre-
sponding function  (x) 2 H from measurements, becausea di�eren t function
 0(x) = ei � � �  (x) leads to exact same measurement results. We resolved
this non-uniquenessby consideringthe corresponding factor-space(= the set of
equivalenceclasses),which in that casewas the projective Hilb ert spaceP(H ).
On this factor-space,reconstruction is unique.
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Similarly, for general ensembles, we know that the sequence	 cannot be
uniquely determined by measurements: some sequences	 0 6= 	 cannot be
distinguished by measurements. We would like to describe the corresponding
equivalenceclassesso that in the resulting factor-space,reconstruction will be
unique.

This is, in essence,what we will do in this paper.

Comment 1. Several results presented in this paper have beenpreviously an-
nouncedin [21].

Comment 2. The fact that from the physical viewpoint, wave functions may
not be the best descriptionsof states,havebeenemphasizedby many physicists;
see,e.g., Finkelstein [5]. In the present paper, we translate the corresponding
physical arguments into a new mathematical formalism: namely, we provide
new mathematical objects for describing quantum states, objects which are, in
our opinion, closer to the physical intuition.

This question has poten tial applications to quan tum cosmology . Let
us show that there is a fundamental situation in which such a factor-spacecan
be very useful: quantum cosmology.

According to modern physics, all the physical processesin the world should
be described by quantum mechanics. Usually, the state of a quantum object
is described by a wave function. This description makesperfect physical sense
whenweanalyze,e.g.,the statesof elementary particles. Weusually havea large
ensemble of similar particles in the samestate  ; thus, by measuring di�eren t
quantities on di�eren t particles from this ensemble, we can uniquely reconstruct
the state  .

From the purely mathematical viewpoint, we can apply the sameformalism
to the description of the Universeas a whole, and claim that the state of the
Universeis described by a wave function  . However, our Universeis unique,
so we only have a single object in this state. We have already mentioned that
by performing measurements on a unique objects, we cannot determine the
state. Thus, the wave function describing the state of the Universecannot be
experimentally determined and thus, has no direct physical sense.

This argument is in line with the usual physicists' claim that a wave function
cannot be determined (and thus does not make physical sense)for a unique
object { a wave function only makes physical senseif we have an ensembleof
identical objects prepared in the samestate.

Comment. In principle, we can try to go around this problem by assuming
that instead of a unique Universe,we have a \m ulti-v erse" consisting of many
alternativ e universes. However, from the operationalistic viewpoint, this does
not solve our problem:
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� If our universe does not interact with other universes, then we cannot
check what is going on in those universes,and so, this assumption does
not have any operationalistic sense.

� On the other hand, if our Universe does interact with other universes
(e.g., along the lines of A. D. Sakharov's paper [28] cited in [22]), then
in reality, the whole set of these universesshould be consideredthe true
(multi-dimensional) universe,and the problem appearsagain.

Applications to quan tum cosmology: contin ued. How can the above
description help? The Universeconsistsof many parts with very weak interac-
tion betweenthem. Therefore, with a good accuracy, we can assumethat these
parts are independent and can, therefore, be described by separatewave func-
tions  1; : : : ;  n ; : : : From the mathematical viewpoint, the state of the Universe
thus corresponds to the sequence	 = ( 1; : : :) of functions  i .

If we know the corresponding factor-space,then we will be able to say that
a proper physical description of the state of the universeis by an element of this
factor space.

3 Auxiliary reminder: closeness in the pro jec-
tiv e Hilb ert space

To describ e how accurately we can reconstruct individual states, we
need a metric on the set of all states. We have already mentioned that
for an ensemble of objects in di�eren t states  i , we cannot reconstruct each
state  i uniquely. So, a natural question is: how closecan we reconstruct this
state?

This leadsto another question: what is a natural way to described closeness
of states in the projective Hilb ert space?

In Hilb ert space, there is a natural metric but it is not su�cien t. In
a Hilb ert space,there is a natural distance betweenthe two elements  and  0:
the value k �  0k.

However, this value is not exactly what we want. Indeed,

� as we have mentioned, the wave functions  and  0 = ei � � �  describe the
samephysical state, but

� the Hilb ert distance betweenthesetwo states is non-zero: e.g., for � = � ,
wehave 0 = �  , hence �  0 =  � (�  ) = 2 and k �  0k = 2k k = 2.

Natural idea. A natural way to transform the Hilb ert distance into a physi-
cally adequatedistance is to consider the smallest possibledistance between 
and all the wave functions representing  0, i.e., de�ne

d( ;  0) def= min
�

k � ei � � �  0k:
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Let us simplify the resulting formula into an easy-to-computeexpression.

Deriv ation of the corresp onding form ula. To simplify the above formula,

we take into account that d2( ;  0) def= min
�

k � ei � � � 0k2 and that kak2 = ha j ai .

As a result, we concludethat

k � ei � � �  0k2 = h � ei � � �  0 j  � ei � � �  0i =

h j  i + h 0 j  0i � ei � � � h j  0i � e� i � � � h 0j  i :

Taking into account that k k2 = k 0k2 = 1 and that h 0 j  i = h j  0i � , we
concludethat

k � ei � � �  0k2 = 2 � ei � � � h j  0i � (ei � � � h j  0i ) � = 2 � 2 � Re(ei � � � h j  0i ):

This di�erence is the smallest when the real part of the product ei � � � h j  0i
takes the largest possible value. The real part of a complex number cannot
exceedits magnitude, and for the appropriate phase, the real part is equal to
the magnitude. Thus, the minimum in the de�nition of d2( ;  0) is attained
when the real part becomesthe magnitude. So, we arrive at the following
formula:

Resulting form ula.
d2( ;  0) = 2 � 2jh j  0ij :

4 Kolmogoro v randomness as a way to formalize
distinguishabilit y

Need for an algorithmic notion of randomness. From the physical view-
point, what does it mean to be able to distinguish between two di�eren t se-
quencesof states 	 = ( 1;  2; : : :) and 	 0 = ( 0

1;  0
2; : : :)? It meansthat we can

selectappropriate measurements A i , i = 1; 2; : : : (with eigenvalues � i 1; � i 2; : : :)
so that after applying A i to the state  i , we get a sequenceof eigenvalues � ij

which cannot occur if we apply thesesameoperators to the states  0
i .

In quantum physics,we can only predict the probabilities of di�eren t values.
In other words, the only prediction that we can make about the sequenceof the
measurement results is that this sequenceis, in somereasonablesense,\random"
with respect to the corresponding probabilit y measure.

To describe this in formal terms, we need to have a formalized (\algorith-
mic") de�nition of randomness.

Mathematical comment. In terms of the tensor product state  =  1 
  2 
 : : :,
measuring A i in a state  i is equivalent to measuring a single tensor product
operator A1 
 A2 
 : : : in the state  .
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Kolmogoro v-Martin-L• of randomness: motiv ations. A formalized de�-
nition of randomnesswas provided by Kolmogorov and Martin-L•of; see,e.g.,
[20]. Let us explain its main ideason the exampleof the simplest casewhen we
have n independent random variables each of which take the value 0 or 1 with
probabilit y 1/2.

When we say that the actual sequence! = (! 1! 2 : : :) is random, we mean
that it should satisfy all the laws of probabilit y: for example,the ratio of 0s in a
subsequence! 1 : : : ! n should tend to 1/2, the deviation betweenthis ratio and
1/2 shouldasymptotically bedescribedby an appropriate Gaussiandistribution,
etc.

In probabilit y theory, all these probabilit y laws are formulated as follows:
for almost all sequences(i.e., with probabilit y 1), the ratio tends to 1/2, the
distribution of the deviation tends to Gaussian,etc. For each such law, there
is a set of probabilit y measure0, and all sequencesoutside this set satisfy this
law. In theseterms, the fact that a sequenceis random meansthat it doesnot
belong to any of thesesetsof measure0.

Of course,we cannot simply claim that the sequence! does not belong to
any set of measure 0: because! belongs to the 1-element set f ! g, and for
the probabilit y measurecorresponding to our simple situation, every 1-element
set has probabilit y 0. The good news is that when we talk about the laws of
probabilit y, we only mean laws which can be expressedby a �nite sequenceof
symbols in some formal (mathematical) language. There are only countably
many such sequences.So, if we restrict ourselvesto setsof probabilit y 0 which
are de�nable (in somereasonableset), then we can de�ne a random sequence
as a sequencewhich doesnot belong to any of such sets.

These are countably many de�nable sets of measure0, so their union also
has measure0, and thus, almost all sequencesare random in this sense.

Kolmogoro v-Martin-L• of randomness: resulting de�nition. In a nut-
shell, this is the whole de�nition of Kolmogorov-Martin-L•of randomness. We
�x someformal language,and we say that a sequenceis random with respect to
a given probabilit y measureif it doesnot belong to any set of measure0 which
is de�nable in this language(i.e., which can be described by a formula from this
formal language).

For details and results related to this de�nition, see,e.g., [20].

Kolmogoro v-Martin-L• of randomness have been used in quan tum
physics. The idea of using the above notion of randomnesswas �rst pro-
posed in [1]. Following applications have been overviewed in [20]; see also
[13, 14, 15, 16].

Our new application is di�eren t from the previous ones. By itself, the
notion of algorithmic randomnessdoesnot changeany experimental results, it
simply formalizes the intuitiv e notion of randomness. In accordancewith this
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fact, the resultsof the previousapplications of this notion to quantum mechanics
were mainly foundational.

Our new result is di�eren t: we not only provide an answer to a foundational
question of when two sequencesof states can be distinguished, we also produce
an exact analytical criteria for such distinguishabilit y.

Now, we are ready for a formal description of our result.

5 De�nitions and the main results

De�nition 1. Let H1; H2; : : : be a sequence of Hilbert spaces.

� By a sequenceof states, we mean a sequence (	 = ( 1;  2; : : :) for which
 i 2 H i .

� By a sequenceof measurements, we mean a sequence A = (A1; A2; : : :) of
self-adjoint operators A i : H i ! H i .

� For each i , for each  i 2 H i , and for each A i : H i ! H i , we de�ne
a probability measure � i (A i ;  i ) on the set of real numbers as follows:
it is located on the eigenvalues� i 1; � i 2; : : : of the operator A i , and the
probability of the j -th eigenvalues� ij is equal to jPij ( i )j2, where Pij

denotesthe projection on the corresponding eigenspace.

� For each 	 and A, we de�ne the measure � (A; 	) on the set of all se-
quences of real numbers as the Cartesian product of the measures � i .

� We say that a sequence of real numbers is a possibleresult of measuring A
on 	 if this sequence is random w.r.t. � (A; 	) ; the set of all suchpossible
results wil l be denoted by Poss(A; 	) .

� We say that a sequence of measurementsA cannot distinguish between the
sequence of states 	 and 	 0 if every possibleresult of measuring A on 	
is also a possibleresult of measuring A on 	 0: Poss(A; 	) = Poss(A; 	 0).

� We say that sequences 	 and 	 0 are distinguishable if there exists A for
which no possibleresult of measuring A on 	 can occur whenwe measure
A on 	 0: Poss(A; 	) \ Poss(A; 	 0) = ; .

In other words, sequencesare distinguishable if we can organize an appro-
priate sequenceof measurements which enablesus to distinguish betweenthem.
The following result shows that it is important to select appropriate measure-
ments.

Prop osition 1. For every two sequences of states 	 and 	 0, there exists a
sequence of measurementsA which cannot distinguish them.
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Comment. For readers' convenience,the proofs are placed in the special ap-
pendix.

Theorem. Two sequences of states 	 = ( 1;  2; : : :) and 	 0 = ( 0
1;  0

2; : : :)
are distinguishableif and only if

� either  i ?  0
i (i.e., h i j  0

i i = 0) for somei ,

� or
1P

i =1
d2( i ;  0

i ) = + 1 .

Discussion. One can argue that the casewhen  ?  0
i is not very physical.

Indeed, in practice, states are usually generated with some accuracy, and if
we slightly deviate from  i or from  0

i , we lose orthogonality. It is therefore
reasonableto rede�ne distinguishabilit y in such a way that it will be stable
with respect to such minor deviations.

De�nition 2. Let 	 = ( 1;  2; : : :) and e	 = ( e 1; e 2; : : :) be two sequences of
states, and let " = (" 1; "2; : : :) be a sequence of positive real numbers. We say
that 	 and 	 0 are "-closeif d( i ;  0

i ) � " i for all i .

De�nition 3. We say that two sequencesof states 	 = ( 1;  2; : : :) and 	 0 =
( 0

1;  0
2; : : :) are stably distinguishable if the following two statementshold:

� 	 and 	 0 are distinguishable,and

� there exists a sequence " = (" 1; "2; : : :) of positive real numbers with the
following property: if e	 is " -close to 	 and f	 0 is " -close to 	 0, then e	
and f	 0 are also distinguishable.

In other words, the two sequencesare stably distinguishable if they are guar-
anteed to be distinguishable even if we implement them with someinaccuracy.

Prop osition 2. Two sequences of states 	 = ( 1;  2; : : :) and 	 0 =

( 0
1;  0

2; : : :) are stably distinguishableif and only if
1P

i =1
d2( i ;  0

i ) = + 1 .

So, the sequencesare strongly distinguishable if and only if d2(	 ; 	 0) = + 1 ,
where

d2(	 ; 	 0) def=
1X

i =1

d2( i ;  0
i ):

Thus, the states cannot be distinguished if and only if d2(	 ; 	 0) < + 1 .
The relation d2(	 ; 	 0) < + 1 is an equivalencerelation, sothe desiredspace

of sequencesof setsis the factor-set of the tensor product H 1 
 H2 
 : : : over this
relation. In particular, a proper description of quantum cosmologyequations
should produce an element of this factor space.
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6 Auxiliary results and an open problem

First auxiliary result: weak distinguishabilit y. In the above text, we de-
�ned the two sequencesto be distinguishable if we can distinguish them based
on an arbitrary measurement result. It may be reasonableto de�ne weak distin-
guishability asthe possibility to distinguish basedon somemeasurement results.
A natural question is: when can the two sequencesof states be weakly distin-
guished?

De�nition 4. We say that sequences 	 and 	 0 are weakly distinguishable if
there exists A and a possible result of measuring A on 	 which cannot occur
when we measure A on 	 0 (or vice versa), i.e., Poss(A; 	) 6= Poss(A; 	 0)

Prop osition 3. Two sequences of states 	 and 	 0 are weakly distinguishable
if and only if they are di�er ent: 	 6= 	 0.

Second auxiliary result: going back to the case when we have a se-
quence of iden tical states. The above result is about the situation when
di�eren t states  i are, in general,di�eren t. However, it has an interesting con-
sequencefor the casewhen we have states  1 =  2 = : : : =  generatedby the
samestate generator. Indeed, in such a generator situation, we simply assume
that all the state are indeed the same. A natural question is: can we check this
assumptionexperimentally? In other words, if in reality, statesaredi�eren t, will
we be able to distinguish this situation from the casewhen they are identical?

The above theorem provides an answer to this question: what we need is
to distinguish between the sequenceof states 	 = ( 1;  2; : : :), and the ideal
sequence( ;  ; : : :):

Corollary 1. A sequence of states 	 = ( ;  2; : : :) can be distinguished from
the ideal sequence ( ;  ; : : :) if and only if:

� either  i ?  for somei

� or
1P

i =1
d2( i ;  ) = + 1 .

Corollary 2. A sequence of states 	 = ( ;  2; : : :) can be stably distinguished

from the ideal sequence ( ;  ; : : :) if and only if
1P

i =1
d2( i ;  ) = + 1 .

Remaining op en problem: going beyond Kolmogoro v-Martin-L• of def-
inition of randomness. In this paper, we used Kolmogorov-Martin-L•of de-
scription of randomness. It is worth mentioning that while this de�nition cap-
tures most of physicists' ideas about randomness,it does not fully capture all
of them. This can be illustrated already on the simplest probabilit y measure,
when we have a fair coin which can fall headsor tails with equalprobabilit y 1=2.

13



In the Kolmogorov-Martin-L•of formalization, if we have an in�nite sequence
! = (! 1! 2 : : :) which is random with respect to the corresponding probabil-
it y measure,and we add 1,000,000headsH: : :H in front of this sequence,the
resulting new sequenceH: : :H! 1! 2 : : : is still random. This is clearly counter-
intuitiv e: we do not expect a sequencewhich starts with a million headsto be
truly random.

This fact has been realized early on. There exist modi�cations of the
Kolmogorov-Martin-L•of de�nition in which this phenomenondoes not happen
{ and which are thus in better accordancewith the physicists' intuition about
randomness;see,e.g., [4, 12, 20] and referencestherein. It is therefore desirable
to extend our analysis to thesemodi�ed de�nitions of randomness.

7 Conclusions

It is well known that if we have a generator which generatesobjects in the
samequantum state  , then, by applying di�eren t measurements A1; A2; : : : to
di�eren t objects from the resulting ensemble, we can uniquely determine this
state  (uniquely modulo a known transformation  ! ei � � �  ). For such a
generator situation, this possibility provides a positive answer to the question
asked by W. Pauli: to what extent can we reconstruct a wave function from
measurements.

If di�eren t objects from the ensemble are in di�eren t states 1;  2; : : :, and we
are only allowed one measurement A i for each of these states, then, of course,
we cannot reconstruct the sequence	 = ( 1;  2; : : :) uniquely. For such a
situation, Pauli's question takesthe following form: when is it possibleto select
appropriate measurements which would enable us to distinguish between two
given sequences	 = ( 1;  2; : : :) and 	 0 = ( 0

1;  0
2; : : :)? One possibility is an

(unstable) casewhen  i ?  0
i . If we only considerstable distinguishabilit y, then

the only possibility is d2(	 ; 	 0) def=
1P

i =1
d2( i ;  0

i ) = + 1 .

Thus, in this case,a proper description of the state of this sequenceof object
is a sequenceof wave functions factored over the relation d2(	 ; 	 0) < + 1 .

This result is of potential interest to quantum cosmologywherewe deal with
a unique object: our Universe(so there is no generator to producemany copies
of it :-).
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App endix: Pro ofs

Pro of of Prop osition 1. To prove the proposition, let us select, for each i ,
an appropriate operator A i . For those i for which  i =  0

i , every A i will do,
sincehere clearly � (A i ;  i ) = � (A i ;  0

i ).
Let us now considerthe valuesi for which  i 6? 0

i , i.e., for which h i j  0
i i 6=

0. In this case,let us take ci
def=

h i j  0
i i

jh i j  0
i ij

: By construction, this complex ratio

ci is a number of magnitude 1, i.e., jci j2 = ci � c�
i = 1.

To �nd an appropriate A i , we take two vectors di =  i � ci �  0
i and si =

 i + ci �  0
i . Let us show that thesetwo vectors are orthogonal. Indeed,

hdi j si i = h i � ci �  0
i j  i + ci �  0

i i =

h i j  i i � ci � h 0
i j  i i + c�

i � h i j  0
i i � ci � c�

i � h 0
i j  0

i i :

Since both  i and  0
i are states, we have h i j i i = h 0

i j  0
i i = 1. Due to

ci � c�
i = 1, we concludethat

hdi j si i = � ci � h 0
i j  i i + c�

i � h i j  0
i i :

Substituting the de�nition of ci and using the fact that hbj ai = ha j bi � , we
concludethat hdi j si i = 0, i.e., that di ? si .

We can therefore normalize these two orthogonal vectors into D i =
di

kdi k

and Si =
si

ksi k
, and take an operator A i for which D i and Si are eigenvectors

corresponding to di�eren t eigenvalues. For D i , the corresponding probabilities
are equal to

jh i j D i ij 2 =
jh i j di ij 2

kdi k2
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and

jh 0
i j D i ij 2 =

jh 0
i j di ij 2

kdi k2 :

Thus, to prove that theseprobabilities coincide, it is su�cien t to prove that

jh i j di ij 2 = jh 0
i j di ij 2:

Indeed,
h i j di i = h i j  i � ci �  0

i i = h i j  i i � c�
i � h i j 0

i i :

Using the de�nition of ci and the fact that h i j  i i = 1, we thus concludethat

h i j di i = 1 �
h i j  0

i i
� � h i j  0

i i
jh i j  0

i ij
= 1 � jh i j  0

i ij :

Similarly,

h 0
i j di i = h 0

i j  i � ci �  0
i i = h 0

i j  i i � c�
i � h 0

i j 0
i i :

Using the de�nition of ci and the fact that h 0
i j  0

i i = 1, we thus concludethat

h 0
i j di i = c�

i � jh i j 0
i ij � c�

i = � c�
i � (1 � jh i j  i ij ):

Since jci j = jc�
i j = 1, we concludethat indeed jh i j di ij 2 = jh 0

i j di ij 2.
For Si , the proof is similar. The proposition is proven.

Pro of of the Theorem.

1� . If for somei , we have  i ?  0
i , then we can take a projection on  i as the

operator A i . Then:

� for the sequenceof stateswhich contains  i , the result of i -th measurement
will be 1; and

� for the sequenceof stateswhich contains  0
i , the result of i -th measurement

will be 0.

Thus, we can easily distinguish the two sequencesof states.

2� . To complete the proof, we must prove that if  i 6? 0
i for all i , then the exis-

tenceof the sequenceof measurements A for which Poss(A; 	) \ Poss(A; 	 0) = ;

is equivalent to
1P

i =1
d2( i ;  0

i ) = + 1 .

2:1� . Let us �rst prove that if
1P

i =1
d2( i ;  0

i ) = + 1 , then there exists a sequence

of measurement A i for which Poss(A; 	) \ Poss(A; 	 0) = ; .

Indeed, let us take, as A i , projection on  i . Then, for the sequenceof
states 	 = ( 1;  2; : : :), the only possibleresult of measuringA is the sequence
(1; 1; : : :).
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Let us show that this sequenceis not possible if we measureA on the se-
quenceof states 	 0. Indeed, in this case, the probabilit y of having 1 in the
i -th measurement is equal to jh i j  0

i ij
2. Thus, the overall probabilit y of this

sequenceis equal to
1Q

i =1
jh i j  0

i ij
2, i.e., to p2, where p def=

1Q

i =1
jh i j  0

i ij :

Let us prove that p = 0; then, p2 = 0 and thus, the sequenceof measurement
results (1; 1; : : :) is not possiblefor 	 0 { since it belongsto the de�nable set of
� (A; 	 0)-measure0.

Indeed, due to the above formula for the distance d( ;  0) on the projective

Hilb ert space, we conclude that jh i j 0
i ij = 1 �

d2( i ;  0
i )

2
. So, the desired

probabilit y p takesthe form

p =
1Y

i =1

�
1 �

d2( i ;  0
i )

2

�
:

Since none of the states are mutually orthogonal, none of the terms in the
product are 0s. It is known that in this situation, the product p convergesto a
non-zerovalue if and only if the corresponding sum

1X

i =1

d2( i ;  0
i )

2
=

1
2

�
1X

i =1

d2( i ;  0
i )

converges.Sincethis sum diverges,we have p = 0.

2:2� . Let us now prove that if there exists a sequenceof measurement A i and a
sequenceof real numbers which is possiblefor both sequencesof states 	 and

	 0, then
1P

i =1
d2( i ;  0

i ) = + 1 .

We will illustrate the proof of this statement on the exampleof binary mea-
surements, when each operator A i only has two eigenvalues; this proof can be
easily extendedto the generalcase.

2:2:1� . In general,the non-existenceof a commonrandom sequencemeansthat
there exists a de�nable set which has measure0 in the senseof the �rst mea-
sure and whosecomplement has measure0 in the senseof the secondmeasure.
In measure theory and probabilit y theory, probabilit y measureswith such a
property (without the word \de�nable") are called (mutual ly) singular. So, the
absenceof a commonrandom vector meansthat the product measures� (A; 	)
and � (A; 	 0) are mutually singular.

Mutual singularity of two probabilit y measures,with densities� (! ) and � 0(! )
w.r.t. somemeasure� 0, can be checked by computing their Hellinger distance
(see,e.g., [6, 7, 8, 10, 26]):

dH (�; � 0) def=

s Z
(
p

� �
p

� 0)2 d� 0:
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It is worth mentioning that this distance doesnot depend on the choice of � 0.
Speci�cally , the measure � and � 0 are mutually singular if and only if

dH (�; � 0) =
p

2, i.e., if and only if d2(�; � 0) = 2. By de�nition of the Hellinger
distance, d2(�; � 0) =

R
� d� 0 +

R
� 0d� 0 � 2 � H (�; � 0), where

H (�; � 0) def=
Z

p
� �

p
� 0d� 0

is called Hellinger a�nity. Since � and � 0 are density functions, we haveR
� d� 0 =

R
� 0d� 0 = 1 hence d2

H (�; � 0) = 2 � 2 � H (�; � 0). So, d2(�; � 0) = 2
if and only if H (�; � 0) = 0.

Thus, the two measures � and � 0 are mutually singular if and only if
H (�; � 0) = 0.

2:2:2� . Following [32], let us describe the explicit expressionfor H (�; � 0) for the
casewhen we have product measures.

To be more precise,we consider the casewhen both measures� and � 0 are
located on in�nite binary sequences! = (! 1! 2 : : :):

� For each i , the probabilit y of ! i = 1 is equal, correspondingly, to pi (for
� ) and to p0

i (for � 0).

� The probabilit y of ! i = 0 is equal to 1 � pi (for � ) and to 1 � p0
i (for � 0).

Di�eren t elements ! i are assumedto be independent.
In this case,asa measure� 0, it is reasonableto take the standard probabilit y

measureon the set of all in�nite binary sequences,i.e., a probabilit y measure
in which each bit ! i appears with probabilit y 1/2, and di�eren t bits ! i and
! j (i 6= j ) are statistically independent. Then, for each i , the i -th probabilit y
density � i (! i ) is equal:

� to � i (1) =
pi

1=2
= 2pi when ! i = 1 and

� to � i (0) =
1 � pi

1=2
= 2(1 � pi ) for ! i = 0.

Both casescan be described by a single expression

� i (! i ) = 2 � [(1 � ! i ) + (2! i � 1) � pi ]:

Similarly, for the measure� 0, the i -th probabilit y density takesthe form

� 0
i (! i ) = 2 � [(1 � ! i ) + (2! i � 1) � p0

i ]:

Sincethe bits ! i are independent, the overall probabilit y density � is equal to

the product of these densities: � (! ) =
1Q

i =1
� i (! i ) and � 0(! ) =

1Q

i =1
� 0

i (! i ). Thus,

H (�; � 0) is the expected value of the corresponding product:

H (�; � 0) = E
hp

� (! ) �
p

� 0(! )
i

= E

"
1Y

i =1

q
� i (! i ) � � 0

i (! i )

#

:
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Sincethe values! i are independent, the expected value of this product is equal
to the product of the corresponding expected values:

H (�; � 0) = E
hp

� (! ) �
p

� 0(! )
i

=
1Y

i =1

E i ;

where we denoted E i
def
= E

hp
� i (! i ) � � 0

i (! i )
i

:
The i -th expectedvalue E i meansthat we combine the valuescorresponding

to ! i = 1 and ! i = 0 with probabilities 1/2: for every function f , we have
E[f (! i )] = (1=2) � f (1) + (1=2) � f (0). In particular, in our case,we have

E i = (1=2) �
p

2pi �
p

2p0
i + (1=2) �

p
2(1 � pi ) �

q
2(1 � p0

i );

hence
E i =

p
pi �

p
p0

i +
p

1 � pi �
p

1 � p0
i :

2:2:3� . It is known that, in general, an in�nite product
1Q

i =1
(1 � ai ) of positive

numbers1� ai > 0 is equal to 0 if and only if the sum
1P

i =1
ai is in�nite. To apply

this fact to our case,we must take ai = 1 � E i . Then, H (�; � 0) =
1Q

i =1
E i = 0

if and only if
1P

i =1
(1 � E i ) = + 1 . So, if the measures� and � 0 are mutually

singular and H (�; � 0) = 0, we have
1P

i =1
(1 � E i ) = + 1 .

The expression1 � E i can be reformulated as

1 � E i =
1
2

� (2 � 2E i ) =

1
2

�
h
pi + (1 � pi ) + p0

i + (1 � p0
i ) � 2 �

p
pi �

p
p0

i � 2 �
p

1 � pi �
p

1 � p0
i

i
=

1
2

�
� � p

pi �
p

p0
i

� 2
+

� p
1 � pi �

p
1 � p0

i

� 2
�

:

So, if the measures� and � 0 are mutually signular, then

1X

i =1

� � p
pi �

p
p0

i

� 2
+

� p
1 � pi �

p
1 � p0

i

� 2
�

= + 1 :

2:2:4� . In terms of Kolmogorov-Martin-L•of randomness,this problem was ana-
lyzed by Vovk in [30] (seealsoProblem 4.24 in [19]). In particular, Vovk proved
that for the product measurescorresponding to the probabilities (p1; p2; : : :)
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and (p0
1; p0

2; : : :), the non-existenceof a common possible(= random) sequence
is indeed equivalent to

1X

i =1

� � p
pi �

p
p0

i

� 2
+

� p
1 � pi �

p
1 � p0

i

� 2
�

= + 1 :

For the product measures� (A; 	) and � (A; 	 0), we have pi = kPi 1( i )k2,
p0

i = kPi 1( 0
i )k

2 1 � pi = kPi 2( i )k2, and 1 � p0
i = kPi 2( 0

i )k
2 for the

corresponding projection operators Pi 1 and Pi 2. Therefore,
p

pi �
p

p0
i =

kPi 1( i )k � kPi 1( 0
i )k,

p
1 � pi �

p
1 � p0

i = kPi 2( i )k � kPi 2( 0
i )k, and the

above condition takesthe form

1X

i =1

h
(kPi 1( i )k � kPi 1( 0

i )k)2 + (kPi 2( i )k � kPi 2( 0
i )k)2

i
= + 1 :

2:2:5� . By de�nition of a distance d( i ;  0
i ) in the projective Hilb ert space,we

have  i = ei � � �  i + � i for somevector � i for which k� i k = d( i ;  0
i ). Sinceeach

projection Pij is a linear operator, we have Pij ( i ) = ei � � � Pij ( 0
i ) + Pij (� i ).

Thus, the triangle inequality leadsto
�
�kPij ( i )k � kei � � � Pij ( 0

i )k
�
� � kPij (� i )k

and hence,to

(kPij ( i )k � kei � � � Pij ( 0
i )k)2 � kPij (� i )k2:

The length of a vector in a Hilb ert spacedoesnot changewhen we multiply this
vector by ei � � , so we have

(kPij ( i )k � kPij ( 0
i )k)2 � kPij (� i )k2:

The length of a projection is always smaller than or equal that the length of a
vector, so kPij (� i )k � k� i k = d( i ;  0

i ) and kPij (� i )k2 � d2( i ;  0
i ). Hence, for

every j , we have (kPij ( i )k � kPij ( 0
i )k)2 � d2( i ;  0

i ). Therefore,

(kPi 1( i )k � kPi 1( 0
i )k)2 + (kPi 2( i )k � kPi 2( 0

i )k)2 � 2 � d2( i ;  0
i ):

Thus, the condition

1X

i =1

h
(kPi 1( i )k � kPi 1( 0

i )k)2 + (kPi 2( i )k � kPi 2( 0
i )k)2

i
= + 1

implies that
1P

i =1
d2( i ;  0

i ) = + 1 . For the caseof binary measurements, the

theorem is proven.
Similar arguments apply in the generalcaseas well.
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Pro of of Prop osition 2. Once can easily check that the condition  i ?  0
i

is not stable, while the condition
1P

i =1
d2( i ;  0

i ) = + 1 is preserved if we slightly

modify the states  i and  0
i .

Pro of of Prop osition 3. If the sequences	 and 	 0 are weakly distinguish-
able, then, of course,they are di�eren t. Let us prove that if they are di�eren t,
then they are weakly distinguishable.

Indeed, if 	 6= 	 0, this means that for some i , we have  i 6=  0
i . By us-

ing orthonomalization, we can �nd a linear combination  of  i and  0
i which

is orthogonal to  i . Since the states  i and  0
i are di�eren t, this linear com-

bination is not orthogonal to  0
i . Let us now take, as A i , a projection on  .

Since jh 0
i j  ij > 0, there exists a random sequencefor which the result of i -

measurement is 1 and which is random with respect to � (A; 	 0) { i.e., which is
a possiblemeasurement result when measuringA at 	 0.

On the other hand, since  ?  i , this sequencecannot appear when we
measureA on 	. The statement is proven.
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