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Abstract

The massive scale of current and next-generation masgaedylel processing (MPP) systems presents
signi cant challenges related to fault tolerance. In pauiar, the standard approach to fault tolerance,
application-directed checkpointing, puts an incredibteas on the storage system and the intercon-
nection network. This results in overheads on the appheathat severely impact performance and
scalability. The checkpoint overhead can be reduced byedsang the checkpoint latency, which is the
time to write a checkpoint le, or by increasing the checkpganterval, which is the compute time be-
tween writing checkpoint les. However, increasing theatpoint interval may increase execution time
in the presence of failures. The relationship among the nieamto interruption (MTTI), the checkpoint
parameters, and the expected application execution timebeaexplored using a model, e.g., the model
developed by researchers at Los Alamos National Laborgto®fNL). Such models may be used to cal-
culate the optimal periodic checkpoint interval. In thigoes we use the LANL model of checkpointing
and thorough mathematical analysis we show the impact ofaa@h in the checkpoint latency on the
optimal checkpoint interval and the overall execution tiohéhe application.

For checkpoint latencies,; and ,, and the corresponding optimal checkpoint intervalsand »,
our analysis shows the following results: (1) For a given MTT ; is greater than ,, ; is greater
than or equal to ,. (2) When the checkpoint interval is xed, a decrease in kphemt latency results
in a decrease in application execution time. (3) A reductionheckpoint latency, fromy to ,, and a
corresponding change of the checkpoint interval from thenogd checkpoint interval associated with

1, 1, tothatassociated withy, », translates to reduced application execution time wherdtfierence
between ; and , exceeds a certain threshold value, which can be as large #sdf2 .

In terms of application execution times, the approximagoror of the optimal checkpoint interval
is not signi cant. However, when we consider other perfoncea metrics of the application, such as
network bandwidth consumption and I/O bandwidth consuwmptive conjecture that the information
obtained by the analysis presented in this report could beabfe in reducing resource consumption.
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1 Introduction

Modern high-end massively parallel processing (MPP) systbhave tens of thousands of proces-
sors [3, 22], and next-generation systems are expectedédmaxcess of one-hundred thousand proces-
sors. These systems are designed speci cally to supp@msa applications that simulate fusior?],
combustion [19], climate [2], and other phenomena thatiregquemendous computing resources to
provide scientists with useful insights in a reasonableamof time. The massive scale of these sys-
tems translates into an increase in the expected numbeillwkEfper time period. This imposes new
challenges related to fault tolerance.

Checkpointing is one of the most commonly used fault tolerance mechanisimsitroduces an
overhead that augments application execution time — theheae is dependent on checkpoint le size,
checkpoint frequency, and system parameters, such agstoamdwidth and network bandwidth. Ap-
plications executed on MPP systems have extremely larges#s and, thus, large checkpoint les.
As a result, the overhead associated with writing these das impact application performance and
scalability[11]. Since application scalability is an imant issue for MPP systems, techniques that
reduce checkpoint overhead are valuable. Research inrd@g@cuses on three related topics: improve-
ment of system reliability, i.e., increased mean time terintption(MTT]I), reduction of the total number
of checkpoints, and reduction of the latency of the cheakjopog operation. While there is much to be
done to improve reliability, the focus of this paper is on thger two topics in the context of peri-
odic checkpointing. Given the checkpointing parametech s1s checkpoint latency and MTTI, Daly's
model [4, 5, 6] provides a method for computing the optimaaipoint which is associated with the
optimal execution time. The choice of a checkpoint intemalences the number of checkpoint oper-
ations performed during an application's execution. Canm@ntary work by Old eld proposes the use
of a combination of a lightweight storage architecture [A3¢l overlay network [9] to reduce checkpoint
latency.

Consider a situation where the checkpoint latency decsefieen ; to ,. Assuming that Daly's
optimal checkpoint interval is used to guide the selectidth@periodic checkpoint interval, the decrease
in checkpoint latency triggers a series of questions relfeteacomputational scientists:

1. Is the optimal checkpoint interval,, that corresponds to the decreased checkpoint latepcy,
greater or less than the current optimal checkpoint intery& Proposition 1 claims thap will
be less than or equal tq. In general, the proposition claims that the optimal cheakipinterval
is a non-decreasing function of checkpoint latency.

2. If we choose not to change the checkpoint interval to the agtimal checkpoint interval,,,can
we still achieve a decrease in the expected execution tink@t G.1 asserts that this is true and
it quanti es the decrease in the expected execution time.

3. What happens if the checkpoint interval is changed freno ,? Are we always guaranteed to
decrease the expected execution time? A computationaltstiean nd the answer to this ques-
tion by using Daly's execution time model to compute and carefihe expected execution times
corresponding td »; ) and( »; 1). Since ; is the optimal checkpoint interval corresponding

1An application “checkpoint” is data that represents a cstasit state of the application that can be saved and then, in
the event of a failure, restored and used to resume exeaittibie saved state. A checkpointis generally stored togiergi
media (e.g., a le system).



to ,, we expect that, for every; 6 ,, the expected execution time corresponding t9 »)

is less than the expected execution time correspondirfg,f0;). But, this is not always true.
Surprisingly, there are values of the checkpoint intervglwhich are less thary, for which the
expected execution time corresponding(tg; ,) is greater than that corresponding(tg; 3).

As stated by [4], the reason for this is thatis an approximation of the real optimal checkpoint
interval. Section 5.1 details issues concerning execuima of checkpointing applications that
arise naturally in this context.

4. The error of approximation of the optimal checkpoint iaé is less than or equal 826 as stated
in [4]. With this information, can we identify all values of for which this anomalous behav-
ior occurs? To answer this question, we rst need to know & #pproximation to the optimal
checkpoint interval is

(a) always less than the real optimal checkpoint interval,
(b) always greater than the real optimal checkpoint infeora
(c) unpredictable and could be either greater or less tharetl optimal checkpoint interval.

5. Proposition 2 shows that an optimal checkpoint interg|, computed using the expression de-
rived from Daly's checkpointing model, is always less thha teal optimal checkpoint interval,
real - AS illustrated in Figure 4, the values with the aforememid behavior, 3, are in the range

opt< 3<(0pt+ )

6. The next natural question is: Referring to point 5, howéactan get? Section 5.2 demonstrates
that can be as large d®2%of ,,;, which is consistent with the error bounds of the model.

7. 1s12%o0f o, a good estimate of ? Do we have an alternate way of computing Theorem 1
presents an expression foy which is an upper bound of. Section 5.3 presents empirical data
that compares two ways of estimating Our observation is that, for the sample set presented,
is better tharthe 12% heuristic

Thus, as indicated above, this paper answers these questiccordingly, it produces the information
required by a computational scientist to understand thecedf a decrease in checkpoint latency on the
optimal checkpoint interval and application executiondinThe paper is organized as follows. In the
next section, we present background material. Section epte Daly's function for calculating the
optimal periodic checkpoint interval. Section 4 and Setb@resent a thorough mathematical analysis
of Daly's function and in doing so determine the impact of @&rdase in checkpoint latency on the
optimal checkpoint interval and application executiongjmespectively. Finally, we present a summary,
conclusions, and future work in Section 6.

2 Background and Related Work

Checkpointing is primarily done by application programsevho base the times at which to check-
point on their knowledge of their applications. At a chedkpoenough data is stored to enable the
application, in the event of a failure, to resume executidh@saved state.



A recent paper by Oliner, Rudolph, and Sahoo [14] presemtsdiba of cooperative checkpointing,
which uses runtime knowledge of system conditions to skjgieg@tion-directed checkpoints. System
conditions can include application interference, contenat the storage system, and network con-
tention. This permits the exibility to handle non-exponiahfailure distributions and to provide scala-
bility with increasing failure rates and checkpointingelaties.

Then there are several techniques that target the redwdftreckpoint overhead, i.e., the time added
to application execution time as a result of checkpointi@gme of these techniques are meant to hide
some of the checkpoint latency and, thus, reduce checkpeerhead. Copy-on-write checkpoint al-
gorithms take advantage of the low-latency of memory; thegyyacheckpoint data to a separate mem-
ory address space via virtual-memory, page-protectiodware. Once a memory-to-memory trans-
fer is complete, the checkpoint data are saved to stablagdorhile application execution continues.
Copy-on-write algorithms can be improved by adding a buffgcapability to enable the overlapping
of memory-to-memory transfers of checkpoint data and th@ngrof the data to stable storage [10].
Although copy-on-write implementations slightly increasheckpoint latency, they decrease checkpoint
overhead [7]. Since applications executing on MPP systesasauge fractions of the available memory,
copy-on-write and checkpoint-to-memory approaches [i&at suitable for such systems.

The following techniques explicitly target the reductidrcheckpoint latency. The use of RAID tech-
niques has been proposed to store coordinated checkpaatrdae ef ciently [16]. RAID-inspired
techniques, such as checkpoint mirroring, N+1 parity, aeddrSolomon coding, are aimed at minimiz-
ing the impact of checkpointing on shared resources, é@anhd network bandwidth, and on reducing
checkpoint latency and recovery time [23]. Incrementalc&peinting aims at reducing the size of
checkpoint data by saving only the memory that has been &alsimce the last checkpoint operation.
Page-based incremental checkpointing requires pagirmpsufpom hardware and the operating system.
Page-based techniques might not scale well on large MPBrsgstince even if only one bit in a page
changes, the entire page must be saved; also, paging is plenmanted on many MPP systems. Hash-
based, as opposed to page-based, techniques are abletify idgies changed in a page. This feature
is used in [1] to propose an adaptive incremental checkpgjratigorithm that aims at minimizing the
amount of checkpoint data saved to stable storage. Thisgiddgouses a secure hashing function to
dynamically identify a block corresponding to the approaiennumber of bytes changed in memory.

Current “in-practice” implementations of periodic cheokpting, such as “checkpoint to disk”, are
becoming impractical on high-end MPP systems due to exiselmeg checkpoint latencies [12]. The
long latencies are due to the shear volume of data that neduks $aved periodically and the limited
system 1/O bandwidth. In addition, as the number of proassswreases (a trend in high-end MPP
systems), the probability of a processor failure increa3éss, in turn, demands more frequent check-
pointing.

Several models that de ne the optimal checkpoint intengalhbeen proposed in the literature. Young
proposed a rst-order model that de nes the optimal chedkpimterval in terms of checkpoint overhead
and mean time to interruption (MTTI). Young's model does oconmsider failures during checkpointing
and recovery [25], while Daly's extension of Young's modehigher-order approximation, does [6]. In
addition to considering checkpoint overhead and MTTI, tleelet discussed in [21] includes sustainable
I/O bandwidth as a parameter and uses Markov processes tel mm@doptimal checkpoint interval.
The model described in [15] uses useful work, i.e., computahat contributes to job completion, to
measure system performance. The authors claim that Markalels are not suf cient to model useful
work and propose the use of Stochastic Activity NetworksNSAto model coordinated checkpointing



for large-scale systems. Their model considers synchatinizoverhead, failures during checkpointing
and recovery, and correlated failures. This model also g the optimal number of processors that
maximize the amount of total useful work. Vaidya models theakpointing overhead of a uniprocess
application. This model also considers failures duringc&peinting and recovery [24]. To evaluate the
performance and scalability of coordinated checkpoinimfuture large-scale systems, [8] simulates
checkpointing on several con gurations of a hypotheticatgoop system. Their simulations consider

the node as the unit of failure and assume that the probabflihode failure is independent of its size,

which is overly optimistic.

We use Daly's model of checkpointing to compute applicaggecution time and the optimal check-
point interval. This model assumes an exponential failus&ridution. There is literature stating that
system failures do not generally have an exponential digion [20, 14, 18]. However, in modeling the
exeuction time, the failure distribution considered netedse valid only for the duration of the applica-
tion run and not for the lifetime of the system. Thereforethiis context we believe that the assumption
of an exponential failure distribution is valid.

3 Daly's Checkpoint Model

John Daly constructed a detailed model of wall clock appiliceexecution time on a computer system
that exhibits Poisson single component failures [4, 5,6the model, execution time includes the time
to perform checkpoints and the time to redo the work perfarinetween the last checkpoint and a
failure, i.e.,rework time For long-running applications, the execution tirig {s:

Ts

T=MefM g+)M 1 for <<Tg; (1)

where

Ts = Time spent doing actual computation of the applicgtion

= Time between checkpoints, i.eheckpoint interval

= Time to output a checkpoint/restart le, i.eheckpoint latengy
M = Mean time to interruption (MTTI) of the system, and
Rework time.

Py
1

By minimizing the application execution time in EquatiorDily in [6] derives the following approx-
imation for the optimal checkpoint interval,,;, which depends on the time required for a checkpoint
operation, i.e., the checkpoint latencyand its relationship to theean time to interruptio(MTTI) of
the systemM . (p h i

2M 1+ 5 E— < 2M )
M 2M

Next, Section 4 explores the properties of Daly's equatidnsparticular, it analyzes the impact of
the checkpoint latency and the length of the checkpointwateon the wall clock execution time of a
long-running application.

opt —
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4 Behavioral Property of the Optimal Checkpoint Interval

Examination of Equation 2 does not reveal whether or not tiieral checkpoint interval o, always
decreases with a reduction in checkpoint latencyAs illustrated in Figure 1, the equation consists of
three terms that are monotonically increasing functions ahd a single term that is a monotonically
decreasing function of. From inspection, it is not clear which of these terms donggan the various
subranges of. In order to determine this, we examine the plot in Figure 2isTs a plot of 4, versus

, 1.e., checkpoint latency, for a speci ¢ value of MTT¥W = 8. In this case, o iS a non-decreasing
function of checkpoint latency. A follow-on question is:We were to plot ., as a function of for
a value ofM other thar8, would it still be a non-decreasing function? Propositiostdies that this is
indeed the case. Thus, a decrease in the value of checkptenty (e.g., using overlay networks and
intermediate I/O nodes) results in a reduction of the ogtehackpoint interval.

Proposition 1. For a given value oM, consider 1; , 0. Let ; and , be the corresponding optimal
checkpoint intervals computed using Daly's checkpointimaglel, i.e.,; = ont( 1) @and 2 = op( 2). If
1< o then 1 2.

Proof. Since the proposition is conditioned on a xed valueNdf for this proof we can consideg;
to be a function of a single variable, Proposition 1 is equivalent to the statemeny( ) is a non-
decreasing function of". Appendix A shows that,( ) is a non-decreasing function ofthereby
proving Proposition 1. 0

For values of checkpoint latency, in the ranged < 2M, the implications of this result appear
counter-intuitive. It may seem strange that the modeledr@dtcheckpoint interval decreases with a
decrease in the checkpoint latency, thus, making the clo@akprocess more ef cient implies that we
need to checkpoint more often. In contrast, it is common iebe that to decrease the checkpoint
overhead and, thus, execution time, one must increasernigeltetween checkpoints. This if further
explored below.



5 Consequence of Reduction in Checkpoint Latency on Applidgon Execution
Time

This section addresses a question that might be of inteve@stbmputational scientist: Given a new
technology that reduces the checkpoint latency frgro ,, will using the optimal checkpoint interval
associated with,, », in lieu of the optimal checkpoint interval associated with 1, lead to improved
execution time? To determine whether or not to switch,tamne of the factors that must be considered
is its effect on the wall-clock execution time of the applioa. This issue is addressed in the remainder
of this section. Theorem 1 states that the expected applicaxecution time corresponding tgis less
than that corresponding tq, when the difference between and , exceeds a certain threshold. The
theorem provides an expression to compute the threshale vale show that this threshold value can
be as large as 12% of;.

Below, the execution time model used is Equation 1. As aeefa, let us x an arbitrary application
A with a solutiontimeTs suchthafls >> for all relevant values of. Accordingly, in the remainder of
this section, whenever we refer to execution time, we meamxkcution time of application A executing
with the speci ed checkpoint parameters.

5.1 Problem De nition

Consider a system with an MTTV} , and a checkpoint latency, such that; < 2M . Let the current
checkpoint interval, 1, be the optimal checkpoint interval correspondingipi.e., 1 = op( 1). Let
the execution time of application A under the stated chekpmnditions ber;. Assume that a more
ef cient checkpointing process is introduced and, as altege checkpoint latency is reduced from
to ,, where , = and > 0.

Claim 5.1. If T?is the expected execution time of application A executinthwheckpoint latency,
and checkpoint interval, thenT? < T .

Proof. This claim can be veri ed by inspecting the expression fgolagation execution time,

T=Met™ v 1 Is
For a given and a giverM , reducing reduces the the exponent and, therefore, reduces the edpect
execution time. The difference in the values of the expeekettution times is given by

T, TP=T.,1 €& ™M) ()
]

Now, let , be the optimal checkpoint interval corresponding4oi.e., ; = op( 2). Both ; and »
are computed using Equation 2. Claim 5.1 showed that asgutiménsame checkpoint interval for both
executions, the expected application execution time dseewith a decrease in checkpoint latency, i.e.,
from ;to ,. The next question is: Can we reduce the execution timedufii using a different value
of checkpoint interval, e.g., using the new optimal checkpimterval?

Suppose , is the optimal checkpoint interval that minimizes the exegutime for 5, then for the
given set of checkpoint parameters, using a checkpointvialt@f , should result in the minimum
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achievable value of expected execution time. However,aeain [6], o is an approximation of the
optimal checkpoint interval. In general, an approximat@mal value can be expected to be larger or
smaller than the real optimal value as illustrated in Fig@® In the context of our discussion, suppose
that , is larger than the real optimal checkpoint intervaly , as shown in Figure 3. Then switching the
checkpoint interval from; to , leads to a decrease in expected execution time. On the adhdr hs
illustrated in Figure 4, if , is less thane, , then for values of checkpoint interval, lying in the range
(2< < (2% ))),the expected execution time increases if we switch thekguect interval from

rto ,. Thusif ;; ,,and aresuchthat , < ;< ( >+ )) then, switching the checkpoint interval
from ;to ,increases the expected execution time.

Proposition 2. For any value of MTTIM, and such that0:01 5+ < 1, the value of the optimal
checkpoint interval computed using Equation 2 is less thanréal optimal checkpoint interval.

Proof. The proof appears in Appendix A. 0
5.2 A First Estimate of the Value of

The proof of Proposition 2 shows that in reality, as showniguFe 4, , is always smaller thaneg .
This leads us to the next question: What is the smallest wa&flebeckpoint interval, © such that (°>
opt) ANAT ( opt) = T( 9), i.e., - o = ? Again, referring to Figure 4, in essence, this question
reduces to: What is the value of
A rst estimate of the value of is

"2 E real s

whereE is an upper bound on the relative error of the optimal cherkpaterval computed using
Equation 2. Accordingto [4F 0:059 i.e.,

E = Jreal  op _ 0:059

real
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When0:01 < 1 we know that rea1 > opt and

E= _a ot 059

real
Accordingly, our rst estimate of the value of is

' 012 real

Since we do not know the value of.,;, we would like to express the value ofas a fraction of
opt- 1N the context of our discussion, we know thaty > o and, therefore, ' E°® 4y, where
E%> 0:12 i.e, the value of can get as large as 12 percent gf. Consider the example shown in

Figure 5. In this example, the optimal checkpoint interygl = 44:43and = 5:67, which is126%
of opt. This example illustrates thaR%of  is an attainable upper bound for the value ofThus,
= 12:5 percent of o is a simple heuristic for the value of, let us call thisthe 12% heuristicThis
heuristic works well when the approximation error gf; is close ta0:059percent of .

The following theorem presents an analytical expressiorafoupper bound of, . The value of
( ) is independent of the approximation error gf:.



Theorem 1. For a given value of MTTIM , consider checkpoint latencies,and ,, suchthat, =

and > 0. Let ; and ; be the optimal checkpoint intervals corresponding t@nd », respectively.
When the checkpointing latency is let T, and T, be the expected execution times associated with the
checkpoint intervals; and ,, respectively. Then,

M<TY i (2 9> 20 (M ) Me (zr 9
2
Proof. From Equation 1,
Ty = MefM (gl 1t 23 1)E
1
and T
T, = MeRM (e( 2+ 2)=M 1)_5; 4)

2

Due to Proposition 1, we know that o. Let 1= 5>+ ,where0 < (M 1). We would like

to know what values of satisfy the inequalityl, < T ;.
|
T, MeRM (gl 1+ 23M  1)Ts '
— _4 = 1 .
(T2 < Tl) _) T2 >1 ) MeR:M (e( 2+ 2)=M 1)T—25 >1 (5)

In the expression fof; in Inequality 5, substituting, + for ; and simplifying, we obtain

el 2t MM qys (gl M)y (6)
The Taylor series expansion fer is

- 1 1 2 1 3
e =1+ - —+ = —+ ——+
i M 21 M2 31 M3

Substituting this series f@™ in Inequality 6 we get

1 1 2 1 3 ]
( 2+ 2)=M - - - ( 2+ 2)=M .
X5 T mta et me i €07 L

Since0 < (M 1) and < 1, the Taylor's series expansionef” converges and is bounded
by ML Considering terms up to the quadratic term in the Taylaglses and ignoring higher order
terms and simplifying, we nd values of that satisfyT, < T ;. The values are given by

> ZM (M ,) Me (2t 2)=M
2

Thus,

2M _
(To<Ty) If > — (M ) Me (2 23
2



5.3 Comparison of the Two Estimates of

So far, we have presented a method for obtaining an appréginadue of , the 12% heuristicand
an analytical expression for computing an upper bound, of.

Table 5.3 gives a comparison of values adind the value obtained usitige 12% heuristidor a few
sample values of checkpoint latencies and MTTI. In mostsdke 12% heuristigields higher values
than the value of . Considering that bounds from above, it follows that the error in the estimate
of the 12% heuristigs larger than the error whenis used as an approximate value ofIn the table,
there is one sample with a checkpoint latency of 96 minutesthhe value of MTTI of 50 minutes. In
this case, théhe 12% heuristig/ields a value of 5.33 and the value ofs 5.75. This is the only case
wherethe 12% heuristigields a smaller value than In this case, the value ofis 5.8.

Our observation, based on empirical evidence from a la@@pte, is that in almost all cast®e 12%
heuristichas a higher error of approximation thanThe only cases where the approximation error of
thethe 12% heuristigs likely to be small is for values of checkpoint latency l@&sn2M and extremely
close toit.

Optimal
Checkpoint| MTTI | Checkpoint Estimate Using Difference in Terms
Latency Interval 12% Heuristic of % of
5 10 6.94 0.08 0.83 978
5 20 11.01 0.04 1.32 3345
5 50 19.15 0.02 2.3 15043
5 100 28.38 0.01 3.41 45056
6 3.5 3.10 0.32 0.37 15
10 25 16.19 0.12 1.94 1475
20 15 12.98 0.83 1.56 87
20 50 32.38 0.25 3.89 1475
25 40 29.61 0.48 3.55 633
96 50 44.43 5.75 5.33 -7
45 25 22.18 2.53 2.66 5
70 40 35.44 3.82 4.25 11.34
120 65 57.71 6.91 6.93 0.22
Table 1. Comparison of the two estimates of , ,andthe 12%heuristic

6 Summary, Conclusions, and Future Work

Checkpointing puts a strain on the storage system and teecortnection network, and results in
overheads on the application that severely impact perfocmand scalability. These are critical issues
particularly in current and next-generation MPP systems.

Recent work in the area indicates a trend towards adaptatioheckpointing. Just as failure distri-
butions and system conditions may vary over time, so do ddwtors critical to checkpoint latency —
they may change either during an application's executicameong application executions. Such factors



include the amount of data to checkpoint (consider mixirgend differential checkpointing) and the
capacity of the memory hierarchy available for staging &pemt data. Given these variables, our future
work is focused on dynamically determining the checkpaitgival. This paper provides a foundation
for work in that direction.

An important observation related to this work is that altfploerror bound in computing the optimal
checkpoint interval is nearlg%, the resulting execution time is only5% higher than the minimum
execution time. So, in terms of just the execution times gipygroximation error of the optimal check-
point interval is not signi cant. However, we conjecturettihe information obtained by the analysis
presented in this report could be of signi cance when we @arsother performance metrics of the
application, such as network bandwidth consumption and&@dwidth consumption. Currently we are
exploring this direction of research.
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A Appendix

Theorem 2. For any given value oM 2 R*, the function () is non-decreasing for 2 R*, where
opt IS computed using Daly's function for the optimal checkpaoiterval.

Proof. Daly's analytical model for the optimal checkpoint intelva,, is a function of two variables,
andM . Since the theorem states a property &f for a given value oM , we can considel to be a
constant and, thus,,: becomes a function of a single variable,

As shown below, Daly's model for the optimal checkpoint imtd, ., is a piecewise-de ned function
in two disjoint intervals, interval1 = [0;2M ) and interval 2 = [2M; 1 ).

(
()= i1() O < 2M
opt =

i2 ZM;
where ;1 and i, are de ned as
" # !
P 1 =
: = + - — + - — <
i1( ) 2M 1 3 M 5 32 0 2M (7
i2( )= M 2M: (8)

It can be veri ed that () is a non-decreasing function ofif the following conditions are satis ed
simultaneously:

1. i1( ) is a non-decreasing function of
2. i2( ) is a non-decreasing function of
3. i2(2M), the value of j»( ) evaluated at = 2M, is an upper bound of;.

We use simple calculus to prove that( ) and >( ) are non-decreasing functions of

Claim A.1. ii( ) is a non-decreasing function of

Proof. This can be proven by showing th8g) 0. From Equation 7,

# !

d(i))  d P-—— 1 =

= — +Z — + = —

d d M1 3 2™ 9 2™
Expanding the numerator and applying the derivative, we get

r ! r r
d(‘l):gpz fyi__ 2 1M 3 g; (9)
d d 9 2™M 3 2 18 2M 3



q q
Since( < 2M) =) M > 1, we simplify Equation 9 by letting 2 =1+ , where > 0.

Accordingly, Equation 9 becomes

d( 1)
d

1 2

1
= —(1+ )+
2( ) 6(1+ ) 3
1 1 2
= —+ —+
2 2 6(1+) 3

1 1

= -+
2 6(1+) 6

3@+ )+1 1+ )
6(1+ )

32+2

6(1+ )’

Since > 0 and there are no other negative values in the equaﬂﬁgﬁ% > 0 and, thus, i1( ) is a
non-decreasing function of O

Claim A.2. i»( ) is a non-decreasing function of

Proof.
d(iz) _ dM) _ .
d d '
Accordingly, i»( ) is a non-decreasing function of O

Claim A.3. 2(2M) is an upper bound of;. Accordingly,

Proof. Claim A.1 proves that;; is an increasing function of. ;1( ) is de ned for in the semi-open
interval [0; 2M ). This implies that the value obtained by extrapolating ) to = 2M is an upper
bound of j;. The extrapolated value is

p—— 1 1 8M
+ 4+ = = —:
M 2M 1 3t g 2M 9
Since®l <M and 2(2M) = M, 2(2M) is an upper bound of;. ]

The above three proven claims together imply thg( ) is a non-decreasing function ofor any given
value ofM..

O

Theorem 3. For every value of MTTI such th& > 0 and every value of checkpoint latencysuch
that (0:01 57 < 1), the value of the optimal checkpoint interval, computedgiEquation 2, is less
than or equal to the real optimal checkpoint interval.
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Proof. For ease of representation in the context of this proof, $etlene an ordered pair of values
<V 1,V2> asavalidpairif 002 V1 V2< 2 V1Given a valid pair of values of MTTIM,
and checkpoint latencydelta, < M; =delta > , let us denote the optimal checkpoint interval computed
using Equation 2 by, Let ea represent the real optimal checkpoint interval. Singe < M , it
belongs to one of the following partitions;

P 1 = f . O < < real g
P2 = f = read
P3 = f | rea < Mag:

The theorem asserts thaf 2f P1[ P2g

If opt = rea then o 2 f P2g and the theorem holds. Therefore, we only need to prove taé¢m
for opt 6 real -

Suppose for a value of MTTM, and for a value of checkpoint latency,we exhibit a4 t > 0 such
that[T( opt + 4 t) <T ( opr)]. The existence of such 4t, proves that,,; 2 f P3g, which implies



that oo« 2 fP1[ P2g. This proves that for that pair of values of MTTI and checkypdatency,

opt 2 T P1[ P2g. If we can provide a method of computing such &for any given valid pair of values
of MTTI and checkpoint latency; M; > |, then, that serves as a proof of Theorem 3. This is indeed
the method we use.

In the following lemma, an alternate representationgfis obtained by a simple transformation of
It simpli es the proof of the theorem and improves readayaili

Lemma 3.1.If is represented a@Ma, where0 a < 1, then, o, = 2M (B a), whereB =
3
Par gy

Proof. For this theorem, the range of values aff interestisO < < 2M. Consider the equation for
opt When < 2M,

" L #
P_—— 1 2 1
= + - + =
Y 9 2
Substituting = 2Ma in the above equation, we obtain
P 2Ma  2Ma:
= 2a+ +
opt 4M “a 3 9 2Ma
3
= omPas Ma, Maz o
3 19
3
p_ a a:
= 2M at+ -+ — 2Ma
3 9
!
3
= 2M(B a) where B = p5+g+%2

Since =2Ma, (001 ;<1 =) (001 a<1l).
Example 1. For values of parameterM(= 1 min, R = 20 min, Tg = 500 hrs), and 0:01 a < 1),
Figures 7 and 8 are plots ¢T( opt) T( opt +10 °)] @and[log(T( opt) T( opt +10 3))], respec-
tively, as a function of. In the range@01 a < 1), note that the difference is always positive. This
demonstrates that whérh = 1 min and for all values o& in the range@01 a< 1),

T( opt) > T (opt +10 °):

Thus, forM = 1 min and for alla such that@:01 a < 1), we have exhibited 4 t = 10 ° such
that[T( opt) > T ( opt + 4 t)]. In order to prove the theorem, we still need to exhibit sudht dor every
value ofM and everyain the range@01 a < 1). The following lemma facilitates this.
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Lemma 3.2. For a given value of MTTIM, let 4 t satisfy the property that for every such that
(0:01 55 < 1), the expected execution time corresponding tg + 4 t] is less than the expected
execution time corresponding tQy. For any other value of MTTIM® = f M, wheref > 0,
41°= f 4 t satis es the property that for everysuch thatQ:01 5 < 1), the expected execution

2M
time corresponding tp ot + (4 t9] is less than the expected execution time corresponding,to

Proof.

e(°p‘+ )=M 1 >MeR=MT e(( opt+ )=M+4 t=M) 1
- S

MeRM T
° opt opt T 4t

e( opt + )=M 1 e(( opt+ )=M+4t=M)

, > since M;: "M : andT, > 0
opt opt + 4 t

From Lemma 3.1, can be expressed aM (B a) and% = 2B, wherea andB are de ned



as in Lemma 3.1.

e( opt t )=M 1 S e(( opt + )=M +4 t=M) 1

opt opt T 4t

eZB 1 eZB+4t=M) 1
-_ >
! 2M (B a) 2M (B a)+ 4t

eZB 1 e(ZB+t1) 1
_— >
! 2M (B a) 2M(B a+M t

where t; = (4 t=M)

eZB 1 e(ZB+t1) 1

@ & 2B arn 4o

Inequality 10 is equivalent to the condition tHat( opr) T( opt + (4 t))) > O Note that, whether
or not Inequality 10 is satis ed, is determined by the valoésa andt,. It can be veried that, if
the value of MTTI changes frotM tof M, and if4 t is substituted by 4 t, then the condition
(TCopt) T(opt+(f 4 t)) > Oturns out to be identical to Inequality 10.

O

Example 1 demonstrates that wHén= 1 min, a value o4 t = 10 >min satis es Inequality 10 for
all values ofainthe range®:01 a < 1. From Lemma 3.2, given any other value of MTM?=f M,
wheref > 0 a value of4 t°that satis es[T( opt) > T ( opt + 4 t9] is given by4 t°= 4t f. Since
M =1min,f = MEM = M? whereM %is expressed in minutes.

Thus, we have presented a method of compudirigvith the desired property for eveiy > 0and
for every in the corresponding relevant range. Therefore, as exgddnefore, o 2 fP1[ P2gis
always true.

O



