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Abstract—In practice, there are many examples when the which is most representative of the population are both NP-
diversity in a group enhances the group’s ability to solve pob-  hard [1], [6]. In this paper, we extent these results further
lems — and thus, leads to more efficient groups, firms, schools _ from gauging and maintaining theegreeof diversity to

etc. Several papers, starting with the pioneering researchy - o el . )
Scott E. Page from the University of Michigan at Ann Arbor, gauging and maintaining thgositive effectf diversity —

provide a theoretical justification for this known empirical ~Such as the increased ability of a group to solve problems.
phenomenon. However, when the general advise of increasing

diversity is transformed into simple-to-follow algorithmic rules  !l- TOWARDS THEFORMULATION OF THE PROBLEM IN

(like quotas), the result is not always successful. In this gper, EXACT TERMS
we prove that the problem of designing the most efficient grop Let us assume that we have a population consisting of
is computationally difficult (NP-hard). Thus, in general, it is not S . .
possible to come up with simple algorithmic rules for desigimg " individuals. From this popula’go@l, Loy, We nged t_o
such groups: to design optimal groups, we need to combine Select a grouids C {1,...,n} which is the most efficient in
standard optimization techniques with intelligent techngjues solving a given problem.
that use expert knowledge. In mathematical terms, to describe a groGp we must
describe, for each individual (: = 1,...,n), whether this
[. INTRODUCTION TO THEPROBLEM individual is selected for this group or not. In computatibn
. terms, foreachh = 1, ..., n, we thus need to select a Boolean

N real life, there are many examples that diversity i

a group enhances the group’s ability to solve problem
— and thus, leads to more efficient groups, firms, schools, *
etc. Several papers, starting with the pioneering resdaych the group, f‘”d _

Scott E. Page from the University of Michigan at Ann Arbor, * %i = false” means that we do not select theth
provide a theoretical justification for this known empitica  Individual into the group.

phenomenon; see, e.g., [2], [3], [7], [9] and referencekiside the computer, “true” is usually represented as 1lewhi
therein. Specifically, these papers have shown that groufglse” is usually represented as 0. Thus, we can describe
of diverse problem solversan outperform groups of high- €ach group by selecting, for ea¢k-1,...,n, a valuez; €
ability problem solvers. {0,1} for which

The wordcanis here (and in the title of the paper [3]) fora  z; = 1 means that we select theh individual into the
good reason: when the general advise of increasing diyersit — group, and
is transformed into simple-to-follow algorithmic rulesk@ « z; = 0 means that we do not select th¢h individual
quotas), the result is not always successful. into the group.

In this paper, we consider the problem of designing the In order to select the most efficient group, we must
most efficient group as a precise optimization problem. Weescribe how the group’s efficiengy depends on the se-
show that this optimization problem is computationally-dif lectionsz;.
ficult (NP-hard). Thus, in general, it is not possible to come For simple mechanical tasks like digging trenches or doing
up with simple algorithmic rules for designing such groupssimple menial work, people perform these tasks indiviguall
to design optimal groups, we need to combine standafebr such tasks, the efficiengyof a group is simply the sum
optimization techniques with intelligent techniques thae of the productivity valueg; of all the individuals who form
expert knowledge. this groupG:

“true”-“false”) value xz; for which:
z; ="true” means that we select thieth individual into

Comment.Similar results are known: e.g., the problem of b= Zpi'

maximizing diversity and the problem of finding a group ) e,
In terms of the variables;, this formula means that we add
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Most practical problems are not that simple. In solvingimplest possible non-linear terms — i.e., quadratic tetms
these problems, interaction between the individuals can eother words, the problem becomes NP-hard already for the
hance their productivity. In mathematical terms, this nsearfollowing productivity expression:
that n n

« in addition to the above terms - «; which are linear p= Zpi cxp + Zpij ST T

n x;, i=1 i#]

« we also have terms . )
So, we arrive at the following problem.

Pij - Ti - Ty, TF ],
) o ) o Il1. DEFINITIONS, MAIN RESULTS, AND EXAMPLE
which are quadratic in;; these terms describe pair-wise

interaction between the individuals; A. Definitions

« we may also have cubic terms Definition 1. By a problem of selecting the most efficient
group we mean the following problem. We are given:
_ ) S ) « an integern > 0;
which describe triple interactions, . rational numbersp, ..., p,, and
« and we can also have higher order terms, which describe, ational numbersy;;, 1 <i,j <n, i+ j.

the effect Of_ larger subgroups. o We must find the combination ofvalues
In other words, in general, the formula describing the PrO, € {0,1},...,z, € {0, 1} for which the expression
ductivity of a group takes a more complex form Y ’

n
p:ipi'xi'i‘zpij'xi'.Tj—f—.... pzzpi'xi+zpij'$i'iﬂj
=1

L i=1 i#j
i#]

For example, for a group consisting of two individuals,

andj, the productivity is equal to Instead of trying to find the most efficient group, we can
also formulate a less ambitious problem of finding a group
with a given efficiency.

It should be mentioned that interaction is not always . i ) )
helpful. For example, if we are interested in solving Pefinition 2. By aproblem of selecting a group with a given

complex problem, and we bring together two individuals wit£fficiency, we mean the following problem. We are given:

similar ways of thinking and with similar skills, then there « an integern > 0;
is not much that these individuals can learn from each other.« rational numbersp,, ..., py,

In some cases, they may speed up the process by dividinge rational numbersr;;, 1 <i,j <n, i # j, and
the testing of possible approaches between themselves. I a rational valuepy.
such cases, they can solve the problem twice faster, th@&e must find the combination afvalues
productivity increases twice — so there is, in effect, nqg, ¢ {0,1},...,2, € {0,1} for which
interaction termg;;.

In other cases, when the problem is not easy to subdivide, def . e S
the fact that we have two similar solvers solving the same p=2 it pr R
problem does not help at all — the overall time is the same = 7
as for each individual solver. In this cagex p; ~ p; and
thusp < pi + pj, i-.,pi; <0. B. Main results

On the hand, in a diverse group, individuals complement - ) o
each other, learn from each other, and as a result, th&Foposition 1. The problem of selecting the most efficient

productivity increases above what would have happened §fOUP is NP-hard.

they wor‘lfed on tklew OWNp > p; + pj, SODpij > 0. Proposition 2. The problem of selecting a group with a given
Such “negative” and _posmve |nte_ract|0ns_(|_._epl-j < efficiency is NP-hard.

0 and p;; > 0) are not just a negative possibility — this

is exactly the reason why, as we have mentioned, grou@®mment.The proof of this result is placed in the special

of diverse problem solvers can outperform groups of highRroofs section.

ability problem solvers. For readers who are not very familiar with the notion
Because of the interaction, the problem of selecting thef NP-hardness and of Np-hardness proofs, we precede the

optimal group becomes non-trivial. In this paper, we showroof section with a special section describing the NP-

that the problem of selecting an optimal group is compulardness notions and ideas. Readers who are familiar with

tationally difficult (NP-hard). Moreover, we will show that these notions and ideas can skip this preceding section and

this problem is NP-hard already if we take into account thgo directly to the Proofs section.

Dijk - Ti - Tj - Tk

is the largest possible.

p=pitpj+pi;+...

n



C. Examples In other words, if the coefficient that describes the

For simplicity, let us assume that we have two groups dgnsion between the groups is not too high (smaller than
people. People from each groups are equally productive, aHtf thresholda = 2), then it is more beneficial to use a
their productivity increases when they team together witlarger group (in spite of this tension). On the other hand, if
people from the same group. On the other hand, due tge tension is too high (exceeds th_e threshold), then larger
cultural differences, interaction between people fronfiedif 9roups are no longer more productive.
ent groups is not as productive. Examples of such groupsA similar thresholda = 1 appears when we compare
are easy to find: e.g., in big projects where, in principlehe “maximally diverse” groupn; = my = m and the
problems can be solved both by an appropriate hardwar@inimally diverse” groups (eithern; = m andmy = 0
and by an appropriate software, hardware and software folR§ 7m1 = m andms = 0). Indeed, in the first case, we have
often experience difficulties communicating with otherdan? = m? +m?* —a-m? = (2 — a) - m?, while in the second
these difficulties can drag down the collective performancé&ase, we have = m?. The first value is larger than the

Let us assume that a company hasolks from one group; second one wheR —a > 1, i.e., whena < 1.

(we will assign them indices = 1,...,m), and the same It turns out that in our simple example, these groups are
company has the same numberof folks from the second actually optimal; namely:

group (with indices = m +1,...,2m). Let us assume that . whena < 1, the most productive group is the one that
the productivityp; of every person from both groups is the includes all the persons from both groups; = ms, =
same, i.e., thapy = ... = Py = Pmt1 = ... = Pam = L. m;

Let us also assume that each collaboration between people on the other hand, when> 1, then the most productive
from the same groups adds one extra unit to the overall group is a one that includes all the persons from one
productivity, €.9.,p;; = pmtim+; = 1 for all i,j = group and no one from the other group: either = m
1,...,m. Let a denote the loss of productivity caused by a  andms = 0 or m; = m andmsy = 0.

tension between the two representatives of opposite groups,. , — 1 poth the “maximally diverse” groupy;, = ms —

8., thatpimrj = pmtiy = —aforalli,j =1,....m. . and the “minimally diverse groups” (either, — m and
Our objective is to select a group consisting of some (mayl:p,al2 — 0 or m; = m andms = 0) are equally productive.
none) representat_ives of the first group and some (maybelndeed, we will show that the corresponding maximum is
none) representatives of the second group so that the bverglained even when we formally allow real (nor necessarily
productivity of the resulting group is the largest. integer) values ofm; € [0,m] and ms € [0,m]. The

In this simplified situation, in terms of productivity, all & e o differentiabl’e functiop over e:;\ch of the
the persons from the first groups are equivalent — and riablem; taking values over an interval is attained either

the persons from the second group are also equivalentgl one of the endpoints:;; — 0 or m; — m of this interval,
each cher. Thus, the overall prodgctmty does not depe when the partial derivative relative ta, is equal to 0,
on which exactly persons from the first group we select, an op p
it does not depend on who exactly we select from the secoh§» When o 0. Here, oy 2my — a - ma, SO,
group. The overall productivity only depends on the numbdor m,, we have three possible values where the maximum
of peoplem; chosen from the first group and on the numbecan be attained: whem; = 0, whenm; = m, and when
of peoplems chosen from the second group. 2my —a - mgy (i.e., whenmy = (a/2) - mo). Similar three

If we only selectm; people from the first group (i.e., if cases are possible fat,, so, to find the maximum, we have
we choosen, = 0), then the productivity becomes equal toto consider3 x 3 = 9 combinations of these cases. Due to

symmetry, we only need to only consider 6 cases:

p= Zpi'xi+zpij'xi'xj =my+my-(mi—1) =m3. e m; = mo = 0; in this case,p = 0 — smaller than
i=1 i#] for the minimally diverse group; so this cannot be the
Similarly, if we only selecins people from the second group maximum;
(i.e., if we choosen; = 0), then the overall productivity is e« m; = 0 andms = (a/2) - m1; here too,m; = mg =0
equal tom3. In the general case, we have andp = 0;
n n e myp =0 andmsy = m, wherep = m?;
p= Zplxl +Zpi-7 i xj =mi+ms—a-m-ms. e m1 = (a/2) - mz andmz = (a/2) - mq; here,m; =
i=1 i£] (a/2)? - my, so eitherm; = my = 0 or (for a = 2)
For example, if we select one person from each group, i.e., ™1 = mz, in Which case the maximum is attained when
if we takem; = my = 1, then the overall productivity is my =mg =00rm; =mg=m,
p=124+12—q-1.1 = 2—a. If we select two people fromeach * ™1 = (a/2) - my andmy = m; in this case,p =
group, then the overall productivity js= 22 +22—q-2-2 = (a/2)*-m*+m?—a-(a/2)-m* = (1-a/4)-m> <m?,
8 — 4a. The larger2 + 2 group is more productive than the SO this cannot be the maximum either;
smaller1 + 1 group if 8 —4a > 2 — q, i.e., if 6 > 3a and e mi =mz =m, in which casep = (2 — a) - m?.

a < 2. Whena = 2, these two groups are equally productive;Thus, the maximum is either when; = my = m or when
and whena > 2, the smaller group is more productive. my = 0 andmsg = m (Or vice versa).



Comment.In this example, we have explicitly found theusually not feasible However, the reader should be warned
optimal group. Our main result says that in general, findinthat in some (rare) cases, it does not work:

the most productive group is a computationally difficult , some algorithms are polynomial-time but not feasible:
problem. e.g., if the running time of an algorithm i$3°0 . n, this
algorithm is polynomial-time, but, clearly, not feasible.
« Vice versa, there exist algorithms whose computation
time grows, say, asxp(0.000...01 - len(z)). Legally
As we have mentioned earlier, the intent of this section is  speaking, such algorithms are exponential time and thus,
that the readers who are not very familiar with NP-hardness not feasible, but for all practical purposes, they are quite
and related notions will be able to understand our proofs. feasible.
Readers who are already well familiar with NP-hardness angl s therefore desirable to look for hetter formalization

related notions can skip this section and go directly to thgf feasibility, but as of now, “polynomial-time” is the best

next (Proofs) section. known description of feasibility.
Informally, a probleniP, is calledNP-hardif it is at least

IV. WHAT IS NP-HARDNESS A BRIEF INFORMAL
REMINDER

Let us describe this notion in more detail. a polynomialP(n) such that for every input, the running
time ¢y () of this algorithm does not exceell(len(x)),
A. When is an Algorithm Feasible? where bylen(z), we denoted the length of the inpufi.e.,

The notion of NP-hardness is related to the known faépe number of bits that form this input).

that some algorithms are feasible and some are not. Whet@r

an algorithm is feasible or not depends on how many i L .
computational steps it needs. At first glance, now, that we have a definition of a feasible

For example, if for some input of lengthlen(z) = n algorithm, we can describe which problems are tractable and

an algorithm require@” computational steps, then for anWhich problems are intractable: If there exists a polyndmia
input of a reasonable length ~ 300, we would need time algorithm that solves all instances of a problem, this

9300 computational steps. Even if we use a hypotheticaﬂmb'em is tractable-, qtherwise, .it is_ intract.able. .

computer for which each step takes the smallest physically IN Some cases, this ideal solution is possible, and we either

possible time (the time during which light passes throughave an explicit polynomial-time algorithm, or we have a

the smallest known elementary particle), we would stilltheeProof that no polynomial-time algorithm is possible.

more computational steps than can be performed during theUnfortunately, in many cases, we do not know whether

(approximately 20 billion years) lifetime of our Universe. & Polynomial-time algorlthm_ exists or not. This QOes not
A similar estimate can be obtained for an arbitrary algo™€an, however, that the situation is hopeless: instead of

rithm whose running time(n) on inputs of length grows the mlss_|ng|deal_mformat_lon about intractability, we have

at least as an exponential function, i.e., for which, for gomanother information that is almost as good.

¢ > 0,t(n) > exp(c-n) for all n. As a result, such algorithms ~ Namely, for some cases, we do not know whether the

(calledexponential-timpare usually consideretbt feasible Problem can be solved in polynomial time or not, but we
do know that this problem is as hard as practical problems

can get: if we can solvhis problem easily, then we would
Comment.The fact that an algorithm is not feasible, doesave an algorithm that solvesl problems easily, and the
not mean that it can never be applied: it simply means thakistence of such universal solves-everything-fast itlyor
there are cases when its running time will be too large fds very doubtful. We can, therefore, call such “hard” probte
this algorithm to be practical; for other inputs, this aifom  intractable
can be quite useful. In order to formulate this notion in precise terms, we must
%escribe what we mean by a problem, and what we mean by
the ability toreduceother problems to this one.
What is a practical problem? When we say that there is a
Eactical problem, we usually mean that:

When is a Problem Tractable?

On the other hand, if the running time grows only as
polynomial of n (i.e., if an algorithm ispolynomial-time,
then the algorithm is usually quite feasible.

As a result of the above two examples, researchers hal)

arrived at the following idea: An algorithrd/ is called « we have some information (we will denote its computer

feasible if and only if it is polynomial-time i.e., if and representation by), and

only if there exists a polynomiaP(n) such that for every = We know the relationshigz(z,y) between the known

input 2 of lengthlen(z), the computational time,(z) of informationz and the desired objegt

the algorithmi{ on the inputz is bounded byP(len(x)): In the computer, everything is represented by a binary

tu(z) < P(len(z)). sequence (i.e., sequence of 0's and 1's), so we will assume
In most practical cases, this idemlequatelydescribes thatz andy are binary sequences.

our intuitive notion of feasibilitypolynomial-timealgorithms In this section, we will trace all the ideas on two examples,

are usuallyfeasible andnon-polynomial-timalgorithms are one taken from mathematics and one taken from physics.



« (Example frommathematicsWe are given a mathemat- polynomial of len(z), i.e., thatlen(y) < Pr(len(x)) for
ical statement:. The desired objecy is either a proof some polynomialPy.
of z, or a “disproof” of z (i.e., a proof of “notz"). So, we arrive at the following formulation of a problem:

Here, R(xz,y) means thay is a proof either oft, or of _ . .
“not 2" (z,9) y P Definition 4. By a general practical problerfor simply a

(Example fromphysicy z is the results of the ex- problem_for short)_, we mean a paiR, Pr), whereR(:v,y)
periments, and the desireg is the formula that fits 'S & feasible algorithm th‘(";\t trzinsfor“ms tvgo binary sequence
all these data. Imagine that we have a series dpto a Boolean value (‘true” or false”), and P is a
measurements of voltage and current: eaggonsists polynomial.
of the following pairs (", 23"), 1 < k < 10:  Definition 5. By aninstanceof a (general) problemiR, Pr),
(1.0,2.0), (2.0., 4.0),. o (10.0.7 20.0); we want. tofinda we mean the following problem:
fo_rmula that is consistent with these experiments (e.9., G VEN: a binary sequence.
y is the formulaz, = 2 - x4). GENERATE
For a problem to be practically meaningful, we must have
a way to check whether the proposed solution is correct.
In other words, we must assume that there exists a feasible
algorithm that checks?(x,y) (given  and y). If no such
feasible algorithm exists, then there is no criterion toidec
whether we achieved a solution or not. For example, for the general mathematical problem de-
Another requirement for a real-life problem is that in suclycribed above, an instance would be: given a statement, find
problems, we usually know anpper boundfor the length its proof or disproof.

len(y) of the description ofy. In the above examples: )
« In the mathematicaproblem, a proof must be not too _Comments.What we called “general practical problems

huge, else it is impossible to check whether it is a prod? usually described as “problems from the cla_ss NP (to
separate them from more complicated problems in which the

solution may not be easily verifiable). Problems for which
there is a feasible algorithm that solves all instances are
to describe the resuh(&gl),xgl)), o (xglo)’xgm)) of cr’;}lledtractable easﬂy soIva_bIeo_r probler_ns from the class
: ) P” (P from Polynomial). It is widely believed that not all

10 experiments, for two reasons: ; ) .

Fi t th Is of phvsics | di (general practical) problems are easily solvable (i.eat th

¢ r:rstl, one ? the go«’la:csho P ystl)cs 'Sf to 'ScoverNP;éP), but it has never been proved.
the a\c/jvs tﬁ naturt()e. ft € hum ert?dp?rameters One way to solve an NP problem is to cheKz,y)
exceeds the humber of experimental data, then ng, 4 binary sequencey with len(y) < Pp(len(x)).

matter what dependendi(z1, C1,...) we choose, algorithm (calledBritish Museumalgorithm) requires
in order to determin€’;, we have, say, 10 equations o p, (ien(x)) checks. This algorithm takes exponential time and
with 40 unknowns. Such under-determined systemy . ofore. not feasible

usually has a solution, so the fact that, say, a linear

formula with many parameters fits all the experiC. Reducing a Problem to Another One

mental data does not mean that the dependency isL i tart with le. S that h
proven to be linear: a quadratic or cubic formula et us start with an example. Suppose that we can have

with as many parameters will fit the same data aan algo_r_|thm that checks whether a given system of linear
well. inequalities

¢ Second, another goal of physics (definitely related it 14 oot Qi - T > by, 1< <n,
to the first one) is to find a way toompressthe
data, so that we will not need to store all billions ofwith knowna,; andb;, has a solution. A problem of checking
experimental results in order to make predictionswhether a given system of inequalitiesd equalitiescy; -
A dependency, that requires more storage spaceri + - ..+ ckm - Tm = dj, is consistent can beeducedto the
than the original data is clearly not satisfying this problem of checking inequalities if we replace each eqyalit
goal. by two inequalitiesicyy - x1 + ... + Cgm - Tm > di and
In all cases, it is necessary for a user to be able to read theck1) - 1 + ... + (=Cxm) - 2;m > —d; (the latter being
desired solution symbol-after-symbol, and the time rezir €quivalent tocy, - z1 + ... 4 Crm - Tm < di).
for that reading must be feasible. In the previous sectian, w [N general, we can say that a problefh = (R, PL)
have formalized “feasible time” as a time that is bounded b§an bereducedto a problemP’ = (R', ;) if there exist
some polynomial ofen(z). The reading time is proportional three feasible algorithms, Us, andUs with the following
to the lengthlen(y) of the answery. Therefore, the fact the Properties:
reading time is bounded by a polynomial Iehi(z) means « The (feasible) algorithnd/; transforms each input of
that the length of the outpuj is also bounded by some the first problem into an input of the second problem.

e either y such thatR(x,y) is true andlen(y) <
Py, (len(x)),

e or, if such ay does not exist, a message saying that
there are no solutions.

« In thephysicalproblem, it makes no sense to have a for
mulazy = f(x1,Ch,...,Cy) with, say, 40 parameters



« The (feasible) algorithnd/; transforms each solutiop if P=NP, then all problems from the class NP (including all
of the first problem into the solution of the correspondNP-complete problems) can be solved by polynomial-time
ing case of the second problem: i.e. Rz, y) is true, (feasible) algorithms.
then R/ (U, (z), Uz (y)) is also true. So, if PANP (which is a common belief), then the fact that

« The (feasible) algorithnU/s transforms each solution the problem is NP-hard means thett matter what algorithm
y' of the corresponding instance of the second prolwe use, there will always be some cases for which the running
lem into the solution of the first problem: i.e., if time grows faster than any polynomidlherefore, for these
R'(Uy(z),y') is true, thenR(z, Us(y')) is also true. cases, the problem is truly intractable.

(In the above examplé/; transforms each equality into two

inequalities, and/> andUs simply do not change the values o
z; at all.) Historically the NP-complete problem proved to be NP-

If there exists a reduction, then an instancef the first COmplete was the so-callepropositional satisfiability(3-
problem is solvable if and only if the corresponding inseancSAT problem for3—CNF formulas. _
Uy (z) of the second problem is solvable. Moreover, if we This problem consists of the following: Suppose that
can actually solve the second instance (and find a soluti@® integerv is fixed, and a formulaf" of the type
y"), we will then be able to find a solution to the originalf1&2& ... &Fy. is given, where each of the expressions
instancer of the first problem (a&’s(y')). Thus, if we have a £ has the formu Vb oraVb Ve, anda, b, c are either the

D. Examples of NP-Hard Problems

feasiblealgorithm for solving the second problem, we wouldvariableszi, ..., z,, or their negations-zy, ..., =z, (these

thus design deasiblealgorithm for solving the first problem @ b, ¢, ... are callediterals)

as well. For examplewe can take a formulée; V —z2)&(—z1 V
Z2 \ _|23).

CommentWe only described the simplest way of reducin

one problem to another one: whersiagle instance of the qf we assign arbitrary Boolean values (“true” or “false”) to

first problem is reduced to single instance of the second ” variableszy, . .., zv, then, applying the standard logical
problem. In some cases, we cannot reduce single case, rules, we get the truth value df. We say that a formuld’
is satisfiableif there exist truth values,, ..., z, for which

but we can reduce teeveralcases, solving which helps us

solve the original instance of the first problem. the truth value of the expressidhi is “true”. The problem

is: given F', check whether it is satisfiable.
Definition 6. In the subset surproblem, givem integersss, ... ., s,, we
« A problem (not necessarily from the class NP) is callednust check whether there exist values. .., x, € {-1,1}
NP-hardif every problem from the class NP can befor which sy -z + ...+ s, - @, = 0.
reduced to it.
« If a problem from the class NP is NP-hard, it is calle
NP-complete The original proof of NP-hardness of certain probleRs
) ) ~is rather complex, because it is based on explicitly proving
If & problem” is NP-hard, then every feasible algorithmhat everyproblem from the class NP can be reduced to the
for solvingthis problem? would lead to feasible algorithms nroplemP,. However, once we have proven NP-hardness of
for solving all problems from the class NP, and this isy proplemp,, the proof of NP-hardness of other problems
generally believed to be hardly possible. P, is much easier.
« For example, mathematicians believe that not only there Indeed, from the above description of a reduction, one can
is no algorithmfor checking whether a given statementeasily see that reduction is a transitive relation: if a peob
is provable or not (the famous Godel's theorem hag can be reduced to a probleRy, and the problenP, can
proven that), but also they believe that therenis be reduced to a problef;, then, by combining these two
feasible wayto find a proof of a given statement evenreductions, we can prove th@ can be reduced t®;.
if we restrict the lengths of possible proofs. (In other Thus, to prove that a new proble®, is NP-hard, it is
words, mathematicians believe that computers cannstifficient to prove that one of the known NP-hard problems
completely replace them.) Py can be reduced to this problefy. Indeed, sinceP, is
« Similarly, physicists believe that what they are doinguP-hard, every other problef® from the class NP can be
cannot be completely replaced by computers. reduced to this probler®,. SinceP, can be reduced t@,
In view of this belief, NP-hard problems are also calledve can now conclude, by transitivity, that every problé&m
intractable from the class NP can be reduced to this probfem- i.e.,
ghat the problemP; is indeed NP-hard.

OIE. How NP-Hardness Is Usually Proved

Comment.t should be noted that although most scientist
believethat intractable problems are not feasible, we stilComment.As a consequence of the definition of NP-
cannot prove(or disprove) this fact. If a NP-hard problem hardness, we can conclude that if a problBgmis NP-hard,
can be solved by a feasible algorithm, then (by definitiorthen every more general probleR is also NP-hard.

of NP-hardnesshll problems from the class NP will be Indeed, the fact thaf?, is NP-hard means that every
solvable by feasible algorithms and thus, P=NP. Vice versmstancep of every problemP can be reduced to some



instancep, of the problemP,. Since the problen?; is where we denoted N
more general than the probleRy, every instance, of the ; Z
problem?P, is also an instance of the more general problem pt
P1.

Thus, every instance of every problemP can be reduced
to some instancg, of the problemP; — i.e., that the more

By using the formula for the square of the difference, we
conclude that

general problenP; is indeed NP-hard. " ?
D =Dpo — 2%251 +
V. PROOFsS
A. Reduction in Our Proof: to Subset Sum, a Known NP- 9.4 Xn:a: 9.5
Hard Problem 0 ‘ ‘

We prove NP-hardness of our problem by reducing fe.,
known NP-hard problem to it: namelysabset surproblem, n 2
in which we are givem positive integers;, ..., s,, and we p=po— (Z x; - (2- si)> +
must find the signs; € {—1, 1} for which -

n n

2
E:ai'Si:(); g x;- (480" 8i) — sg-
i=1 =1

see, e.g., [5], [10]. The square of the sum takes the form

A reduction means that to every instaneg...,s, of n 2
the subset sum problem, we must assign (in a feasible, i.e., (Z i (28 ) =
polynomial-time way) an instance of our problem in such a

way that the solution to the new instance will lead to the n
solution of the original instance. fo (4-8%) + 2(4 S8t 8j) - Ty - Ty
i=1 i#j
Sincex; =0 or x; = 1, we always have:? = z; and thus,
In our reduction, we would like to transform each variable 5
g; from the subset sum problem into a variablefrom our ( - )
ZSCZ' 2 Si =

B. Reduction: Idea

problem, so that our problem (formulated in termszgf is
optimal if and only if the original problem has a solution.
For that, we need to transform each variablewhich
takes the value8 and 1 into a variable; that takes values sz (4-7) + Z (4-sis85) @i .
—1 and 1 (and vice versa). The simplest way to perform i#i
this reduction is to take a linear function = a - z; + b, Substituting this expression into the above formulagfowe

where the coefficienta andb are selected in such as way9et

thata -0+ b= —1anda -1+ b = 1. In other words, we n
haveb = —1 anda + b = 1. Substitutingb = —1 into the P =Dpo— sz (4-57) - 2(4 $ 8 85) Ty T+
equationa + b = 1, we conclude that = 2, i.e., that i=1 7]

Ei:2-xi—1. Zl’i'(4'80'81‘)_8(2).

Let us select an integen > 0 and consider the formula _ ]
By grouping together terms independent onand terms

n ? proportional top;, we get
P =Dpo— Z €8] - n
_ o N _ _ PZ(P0—83)+Z$i'(4'80'8i—4'312)"'
This expression is always pg, and it attains the valug, i=1
n
if and only if 1;1 e; - 8; = 0. In terms ofz;, we have Z(_4 S8 85) - T T
) i#]
B z": . D Thus, if we choose
P =DPo - e ) Po = 837
i—

then the above expression takes the desired form

2
n
pzpo—<2$i-(2-8i)—80> , p—sz xz—l-pr Zi - x5,

i=1 i#£]



with is that they formalize expert knowledge expressed by words
pi=4-50-5 —4-5° from natural language; see, e.qg, [4], [8].

In this paper, we have shown that if we do not use this
knowledge, i.e., if we only use the data, then selecting the
most efficient group (or even selecting a group with a given
C. Resulting Reduction efficiency) becomes a computationally difficult (NP-hard)
g[oblem. Thus, the need to select such groups in reasonable
time justifies the use of fuzzy (intelligent) techniques d.an
moreover, the need to combine intelligent techniques with
more traditional optimization techniques.

and
Dij = —4 - Si Sj5.

To each particular case of the subset sum problem, d
scribed by parameters, ..., s,, we assign the following
particular case of our problem. First, we compute

n
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Comment.Strictly speaking, we have proved NP-hardness
of a specific choice of the quadratic functipty, ..., ).
However, we have already mentioned earlier that if a problem
Py is NP-hard, then a more general problémis NP-hard

as well. Thus, we have indeed proved that the (more general)
problem is also NP-hard.

VI. CONCLUSIONS

One of the applications of fuzzy techniques is to formalize
the meaning of words from natural language such as “effi-

cient”, “diverse”, etc. The main idea behind fuzzy techrgu



