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Abstract— In education, evaluations of the student’s knowl-
edge, skills, and abilities are often subjective. Teachers and
experts usually make these evaluations by using words from
natural language like “good”, “excellent”. Traditionally, in or-
der to be able to process the evaluation results, these evaluations
are first transformed into exact numbers. This transformation,
however, ignores the fuzziness of the original estimates. To get a
more adequate picture of the education process and education
results, it is therefore desirable to transform these evaluations
into intervals – or, more generally, fuzzy numbers. We show that
this more adequate transformation can help on many important
stages of the education process: planning education, teaching
itself, and assessing the education results.

I. INTRODUCTION

In education, evaluations of the student’s knowledge,
skills, and abilities are often subjective. Teachers and experts
often make these evaluations by using words from natural
language like “good”, “excellent”. Traditionally, in order to
be able to process the evaluation results, these evaluations are
first transformed into exact numbers. This transformation,
however, ignores the fuzziness of the original estimates.
To get a more adequate picture of the education process
and education results, it is therefore desirable to transform
these evaluations into intervals – or, more generally, fuzzy
numbers.

We show that this more adequate transformation, pio-
neered in [2], can help on all the stages of the education
process: in planning education, in teaching itself, and in
assessing the education results.

Specifically, in planning education and in teaching itself,
fuzzy techniques help us:

• better plan the order in which the material is presented
and the amount of time allocated for each topic;

• fuzzy techniques help us find the most efficient way of
teaching inter-disciplinary topics;

• these techniques also help to stimulate students by
explaining historical (usually informal) motivations –
often paradox-related motivations – behind different
concepts and ideas of mathematics and science.

In assessment, fuzzy techniques help:
• to design a better grading scheme for test and assign-

ments, a scheme that stimulates more effective learning,
• to provide a more adequate individual grading of con-

tributions to group projects – by taking into account
subjective estimates of different student distributions
(and the uncertainty of these estimates), and

• to provide a more adequate description of the student
knowledge and of the overall teaching effectiveness.
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This paper summarized, combines, and expands on the
ideas and results, some of which published in proceedings
of several fuzzy conferences. These published papers also
contain additional technical details and practical examples
of using these ideas.

II. USE OF FUZZY TECHNIQUES IN PLANNING
EDUCATION AND IN TEACHING ITSELF

A. Planning the Order in Which the Material is Presented
and the Amount of Time Allocated for Each Topic

Many empirical studies have shown that a change in the
order in which different parts of the material are presented
often drastically changes the learning efficiency. This is not
only about using common sense: sometimes, the empirical re-
sults are counter-intuitive. For example, it is usually assumed
that most students learn mathematical concepts better if they
are first presented with concrete examples of these concepts,
and they only learn abstract ideas later on. However, it turns
out that empirically, the abstract-first approach for presenting
the material often enhances learning; see, e.g., [5], [6], [17],
[27]. In this section, we explain why a change in presentation
order can drastically change the efficiency of learning, and
we show how this explanation can be used to enhance the
student learning.

To facilitate reasoning about learning, let us start with a
simple geometric representation of learning. The process of
learning means that we change the state of a student from
a state s0 in which the student did not know the material
(or does not have the required skill) to a state in which the
student has (some) knowledge of the required material (or
has the required skill).

Let S denote the set of all the states corresponding to the
required knowledge or skill. We start with a state which is
not in the set S (s0 ̸∈ S), and we end up in a state s which
is in the set S. On the set of all possible states, it is natural
to define a metric d(s, s′) as the difficulty (time, effort, etc.)
needed to go from state s to state s′. Our objective is to
help the students learn in the easiest (fastest, etc.) way. In
terms of the metric d, this means that we want to go from
the original state s0 ̸∈ S to the state s ∈ S for which the
effort d(s0, s) is the smallest possible.

In geometric terms, the smallest possible effort means the
shortest possible distance. Thus, our objective is to find the
state s ∈ S which is the closest to s0. Such closest state is
called the projection of the original state s0 on the set S.

The above geometric description of learning as a transition
from the original state s0 to its projection on the desired set
S describes learning as a whole. Our objective is to find out
which order of presenting information is the best. Thus, our
objective is to analyze the process of learning, i.e., learning



as a multi-stage phenomenon. For this analysis, we must
explicitly take into account that the material to be learned
consists of several pieces.

Let Si, 1 ≤ i ≤ n, denote the set of states in which a
student has learned the i-th part of the material. Our ultimate
objective is to make sure that the student learns all the parts
of the material. In terms of states, learning the i-th part of
the material means belonging to the set Si. Thus, in terms
of states, our objective means that the student should end
up in a state which belongs to all the sets S1, . . . , Sn – i.e.,
in other words, in a state which belongs to the intersection
S

def
= S1 ∩ . . . ∩ Sn of the corresponding sets Si.
In these terms, if we present the material in the order S1,

S2, . . . , Sn, this means that:
• we first project the original state s0 onto the set S1,

resulting is a state s1 ∈ S1 which is the closest to s0;
• then, we project the state s1 onto the set S2, resulting

is a state s2 ∈ S2 which is the closest to s1;
• . . .
• at the last stage of the cycle, we project the state sn−1

onto the set Sn, resulting is a state sn ∈ Sn which is
the closest to sn−1.

In some cases, we end up learning all the material – i.e., in
a state sn ∈ S1 ∩ . . . ∩ Sn. However, often, by the time the
students have learned Sn, they have somewhat forgotten the
material that they learned in the beginning. So, it is necessary
to repeat this material again (and again). Thus, starting from
the state sn, we again sequentially project onto the sets S1,
S2, etc.

Let us start with the simplest case when knowledge
consists of two parts. In this simplest case, there are only
two options: The first option is that we begin by studying
S1; then, we study S2, then, if needed, we study S1 again, etc.
The second option is that we begin by studying S2; then, we
study S1, then, if needed, we study S2 again, etc. We want to
get from the original state s0 to the state s̃ ∈ S1∩S2 which is
the closest to s0. The effectiveness of learning is determined
by how close we get to the desired set S = S2 ∩ S2 in a
given number of iterations.

In the case of two-part knowledge, it is natural to conclude
that the amount of this knowledge is reasonably small –
otherwise, we would have divided into a larger number of
easier-to-learn pieces.

In geometric terms, this means that the original state s0
is close to the desired intersection set S1 ∩ S2, i.e., that the
distance d0

def
= d(s0, s̃) is reasonably small.

Since all the states are close to each other, in the vicinity of
the state s̃, we can therefore expand the formulas describing
the borders of the sets Si into Taylor series and keep only
terms which are linear in the (coordinates of the) difference
s − s̃. Thus, it is reasonable to assume that the border of
each of the two sets Si is described by a linear equation –
and is hence a (hyper-)plane: a line in 2-D space, a plane in
3-D space, etc.

As a result, we arrive at the following configuration. Let
2α denote the angle between the borders of the sets S1 and

S2, so that the angles between each of these borders and
the midline is exactly α. Let β denote the angle between the
direction from s̃ to s0 and the midline. In this case, the angle
between the border of S1 and the midline is equal to α− β.
So, we arrive at the following configuration:
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In the first option, we first project s0 onto the set S1. As
a result, we get the following configuration:
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Here, the projection line s0s1 is orthogonal to the border of
S1. From the right triangle

a
s̃s0s1, we therefore conclude

that the distance d1
def
= d(s̃, s1) from the projection point

s1 to the desired point s̃ is equal to d1 = d0 · cos(α − β).
On the next step, we project the point s1 from S1 onto the
line S2 which is located at the angle 2α from S1. Thus,
for the projection result s2, we will have d2 = d(s2, s̃) =
d1 · cos(2α) = d0 · cos(α − β) · cos(2α). After this, we
may again project onto S2, then again project onto S1, etc.
For each of these projections, the angle is equal to 2α, so
after each of them, the distance from the desired point s̃ is
multiplied the same factor cos(2α).



As a result, after k projection steps, we get a point sk at a
distance dk = d(sk, s̃) = d0 · cos(α− β) · cosk−1(2α) from
the desired state s̃.

In the second option, we start with teaching S2, i.e., if we
first project the state s0 into the set S2. In this option, we
get the following configuration:
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Here, we have dk = d(sk, s̃) = d0·cos(α+β)·cosk−1(2α).
Since, in general, cos(α − β) ̸= cos(α + β), we can see
that a change in the presentation order can indeed drastically
change the success of the learning procedure. Thus, our
simple geometric model explains why the effectiveness of
learning depends on the order in which the material is
presented.

In general, starting with S1 leads to a more effective
learning than starting with S2 if and only if d0 · cos(α −
β) · cosk−1(2α) < d0 · cos(α+β) · cosk−1(2α). As shown in
[10], [11], this means that to make learning more efficient,
we should start with studying the material which is further
away from the current state of knowledge. In other words,
we should start with a material that we know the least.

This ties in nicely with a natural commonsense recommen-
dation that to perfect oneself, one should concentrate on one’s
deficiencies. This recommendation is also in a very good
accordance with the seemingly counter-intuitive conclusion
from [5], [6], [17], [27], that studying more difficult (abstract)
ideas first enhances learning.

In general case, as shown in [10], [11], the problem of
selecting an optimal path is computationally complex (NP-
hard). So, to solve such problem, we need to use expert
knowledge – and fuzzy techniques are known to be among
the most successful techniques for handling such knowledge.

Comment. Other applications of fuzzy to selecting the order
to the material are described in [1], [8], [14].

B. Finding the Most Efficient Way of Cross-Disciplinary
Teaching

For the collaboration between researchers from different
disciplines (even different sub-disciplines) to be successful,
we need to educate collaborating researchers in the basics of
each others’ disciplines.

Let us give an example of a typical problem that we
encountered. Suppose that a computer science has an in-
teresting idea on how to better organize the geosciences’
data and/or metadata. Alternatively, a computer scientist may
simply want to teach, to a geosciences colleague, a few
existing computer science ideas on how to organize data
and/or metadata. How to convey a computer science idea
to a geoscientist?

One possibility is simply to describe this idea in Computer
Science terms. Alas, many of these terms are usually very
specific. Even many computer scientists – those whose
research is unrelated to cyberinfrastructure – are not very
familiar with these terms and with the ideas behind them.

The only serious way for a geoscientist to understand and
learn these terms, notions, ideas is to learn the material of
several relevant computer science courses – i.e., in effect, to
get a second degree in computer science. A few heroes may
end up doing this, but it is unrealistic to expect such deep
immersion from a usual student.

Alternatively, to make it clearer, a computer scientist can
try to explain his or her ideas on the example of a toy
geosciences problem.

The limitation of this approach is that the computer
scientist is usually not a specialist in the domain science (in
our case, in geosciences). As a result, his or her description
of the toy problem is, inevitably, flawed: e.g., oversimplified.
Hence, the problem that the new idea is trying to solve in
this example is often not meaningful to a geoscientist – and
since the motivation is missing, it is difficult to understand
the idea.

The above problems may sound unsolvable if we re-
strict ourselves to a specific domain science. However, the
very fact that there are already examples of successful
inter-disciplinary education, shows that these communication
problems are solvable.

It turns out that these outside examples themselves helped
us to solve our communication problem.

Instead of trying to describe his ideas in purely computer
science terms or on a toy geosciences example, a computer
scientist described these ideas on the example of his applying
similar ideas to a complete different area: solar astronomy.

This description was inevitably less technical – since none
of us is a specialist in solar astronomy – and therefore,
much more understandable. As a result, we got a much better
understanding of the original computer science idea.

After we found this solution, we started thinking why it
worked – and discovered an explanation – via the matter-of-
degree ideology.

Every person has different degrees of knowledge in differ-
ent areas. There are many potential ways to measure these



degrees. A natural way is to gauge the degree of expertise
the way we gauge the student’s knowledge: by counting the
proportion of correct answers on some test describing the
knowledge. In this case, the degree is a number between 0
and 1, with 0 representing no knowledge at all and 1 meaning
perfect knowledge.

Let us consider a general case, when the describer trans-
lates his or her idea (or problem) into a domain in which he
or she has a degree of expertise d1 and the respondent has
a degree of expertise d2.

In general, there are two problems that prevent us from
perfect understanding:

• first, the describer’s level may be too low, so his or
her presentation has a lot of inaccuracies that prevent
understanding;

• second, the describer’s level may be too high, so his or
her presentation may be too sophisticated for the respon-
der to understand – which also prevents understanding.

Because of these two possible problems, let us consider
two subcases corresponding to the above two situations:

• when the new domain is closer to the describer’s area
of expertise, i.e., when d2 ≤ d1, and

• when the new domain is closer to the respondent’s area
of expertise, i.e., when d1 ≤ d2.

In the case when d2 ≤ d1, the describer’s degree of sophis-
tication in the new domain is higher than the respondent’s,
so the respondent will not be able to detect inaccuracies in
the describer’s presentation. The only problem here is that
since the describer’s level of sophistication d1 may be higher
than the respondent’s level d2, the corresponding part of the
presentation will not be clear to the respondent.

From all the knowledge corresponding to the levels of
sophistication from 0 to d1, only the parts corresponding
to levels from 0 to d2 ≤ d1 will be properly understood.
We have argued above that the knowledge is more or less
uniformly distributed across different levels of sophistication.
Out of d1 different levels, only d2 levels lead to understand-
ing.

As a result, the proportion d of properly understood
message is approximately equal to the ratio d2/d1.

In the case when d1 ≤ d2, the describer’s degree of sophis-
tication in the new domain is smaller than the respondent’s,
so the respondent will be able to understand all the terms
that the describer is using. However, because of the possible
difference of the levels of expertise, the respondent will be
able to detect inaccuracies in all the levels of sophistication
beyond d1.

Thus, from all the knowledge corresponding to the levels
of sophistication from 0 to d2, only the parts corresponding
to levels from 0 to d1 ≤ d2 will be properly understood.
We have argued above that the knowledge is more or less
uniformly distributed across different levels of sophistication.
Out of d2 different levels on which the recipient receives
information, only d1 levels lead to understanding.

As a result, the proportion d of property understood
message is approximately equal to the ratio d2/d1.

In both cases, the degree of understanding d can be
obtained by dividing the smallest of the degrees d1 and d2
by the largest of these two degrees:

d =
min(d1, d2)

max(d1, d2)
.

This explain the success of our empirical strategy. Indeed,
when the describer formulates his or message either in his
or her own domain terms or in terms of the respondent’s
domain, we have min(d1, d2) ≈ 0 and max(d1, d2) ≈ 1, so
d ≈ 0.

When the describer instead formulates his or her own
message in the language of the third domain, in which
d1 ≈ d2, we have min(d1, d2) ≈ max(d1, d2) and therefore,
d ≈ 1. For details, see [24], [25].

C. Stimulating Students by Explaining Motivations Behind
Concepts and Ideas

In many cases, when the new material starts, the students
do not receive a convincing explanation of why this material
is important. This observation helps to explain why the
existing pedagogical techniques are often not as successful as
predicted: no matter how interested and active the students
are, they do not reach their full potential simply because
they do not fully understand the need to study this particular
material.

In view of this observation, a key to success is for a teacher
to make sure that the students understand this need – before
explaining the material itself.

In many school disciplines like English (or any other native
language), the need to communicate clearly may not be
always well understood by the students, but it is usually well
understand by their parents and the population as a whole.

In mathematics, the situation with understandability is
much more problematic. Not only the students do not under-
stand the need for mathematics education; in general, most
people do not understand the significance and importance of
mathematics.

Most people see mathematics as a collection of useless
rules and formulas that they need to memorize to get the
correct answer to the textbook problems, rules and formulas
that, in their opinion, have no use in real life.

Since students do not understand the need for mathematics
education, they feel forced to study it and, as a result, many
students develop strong negative attitude towards mathemat-
ics (“I hate math”).

Of course, mathematics is not useless, mathematics is a
foundation of science and engineering and, as a result, it lies
in the foundation of technological progress. Thus, a natural
way to enhance the understanding of why mathematics is im-
portant is to make sure that from the very beginning, students
do not simply learn the abstract rules and formulas, they are
also given numerous examples of practical applications of
these rules and formulas. As a result, student may (somewhat
grudgingly) accept that formulas are useful, but not what is
the essence of mathematics for mathematicians: proofs.



From this viewpoint, what we need to enhance the stu-
dents’ understanding of mathematics is help them understand
that not only engineering formulas are useful, rigorous math-
ematical proofs have their value. How can we do that? Good
news is that we do not have to invent new reasons: after all,
there are reasons why rigorous mathematics was designed in
the first place, and why it remains an important (and well-
supported) part of science and, more generally, of our quest
for knowledge. What we need to do is convincingly convey
these reasons to students of mathematics.

History of mathematics (see, e.g., [3]) shows that the main
reason why mathematicians started making their methods
more rigorous is that heuristic methods sometimes lead to
seeming contradictions (paradoxes).

Formal approach to mathematics was first developed by
the ancient Greeks, and their paradoxes explain why they
felt this need for rigor. Probably the first known paradox is
the heap paradox:

• one little rock does not form a heap;
• if we have a pile of rocks which is not a heap, and add

one more rock, then we still do not get a heap;
• by induction, we can thus conclude that no matter how

many rocks we add, we will never get a heap;
• on the other hand, everyone knows that heaps are

possible.
This paradox can be reformulated in terms of a crowd (one
person does not form a crowd, etc.). This paradox, well
known to the Greeks, explained the need to restrict ourselves
to well-defined notions – in contrast to vaguely defined
(“fuzzy”) notion such as heap or crowd.

It is interesting to mention that this same paradox was
revived in the 20th century by computer scientists who were
interested in making computers understand our commonsense
words and terms. To describe such “fuzzy” words in precise
terms – understandable to a computer – L. A. Zadeh invented
a methodology called fuzzy logic; see, e.g., [7], [21], [29]. In
fuzzy logic, in contrast to the traditional two-valued logic,
notions like “is a heap” or “is a crowd” are not necessarily
either true or false. In many practical situations, expert may
conclude that to some degree, we have a crowd. When one
more person enters, this degree of “crowdedness” increases –
until this degree attains its largest possible value 1, meaning
that all reasonable persons will conclude that this particular
collection of people is a crowd.

This solution of a paradox enabled researchers to success-
fully use informal (seemingly inconsistent) expert knowledge
in the design of efficient automated systems for control, data
processing, decision making, etc.; see, e.g. [7], [21].

Fuzzy logic was the first example of soft computing,
attempts to formalize parts of commonsense reasoning that
were “left behind” when mathematics became more rigorous.
Fuzzy logic and other soft computing techniques are used
in many areas of science and engineering; see, e.g., [7],
[21]. In particular, fuzzy logic can help explain many other
paradoxes; see, e.g., [7], [19].

Calculus led to the discovery of several new paradoxes.

An example of such a paradox was related to summation of
infinite series. Before calculus, there were very few attempts
to build a converging sequence or to add up an infinite series.
Calculus provided a general framework within which such
a summation became routine. Most functions like exp(x),
sin(x), cos(x), where shown to be representable as Taylor
series – and this provided a very efficient way of computing
these functions, so efficient, that even nowadays, Taylor
series are the main techniques used by computers to compute
the values of these functions.

For many series, calculus-based ideas led to successful
formulas for their sum. However, for some series, the same
ideas led to paradoxes. Probably the most well known
of these paradoxes was discovered by Euler who tried to
compute the sum s of the infinite series

1 + (−1) + 1 + (−1) + 1 + . . .

On the one hand, we can combine elements into pairs, and
end up with

s = (1 + (−1)) + (1 + (−1)) + . . . = 0 + 0 + . . . = 0.

On the other hand, we can keep the first element in this
infinite sum intact and combine elements starting with the
second one. Then, we get

s = 1+((−1)+1)+((−1)+1)+. . . = 1+0+0+. . . = 1 ̸= 0.

This (and similar) paradoxes has led to the need to
revisit the foundations of calculus, to introduce rigor. This
“revolution of rigor”, largely associated with the names of
Cauchy and Weierstrass, introduced the modern “epsilon–
delta” definitions into calculus. For example, according to
Cauchy, an infinite series a1 + a2 + . . . has a sum s if and
only if for every ε > 0, there exists an N such that for all
n ≥ N , we have |(a1+ . . .+an)−s| ≤ ε. Euler’s paradox is
then resolved because according to this definition, the series
1 + (−1) + 1 + (−1) + . . . does not have a sum at all.

The “epsilon–delta” definitions are not easy – but they
are needed because without rigorous definitions, we can get
paradoxes. Students taking calculus, however, often learn
these definitions without understanding why this complexity
is needed – and thus, sometimes have trouble understanding
the related notions.

Similar paradoxes occur not only in pure mathematics,
they also occur in applications of mathematics to physics
and other disciplines. The most well known example is
quantum mechanics – and its mathematical counterpart,
Hilbert spaces and operators in Hilbert spaces. Many counter-
intuitive properties of quantum mechanics come, crudely
speaking, from the fact that the same elementary particle
(e.g., photons, electrons) can exhibit seemingly inconsistent
properties. For example, the same particle can sometimes
behave as a point particle, with no spatial distribution; on the
other hand, sometimes, it can behave as a wave, a spatially
distributed process.

It is interesting that in the last two decades, it turned
out that these seemingly paradoxical properties of quantum



objects can be used to drastically speed up computations and
provide additional communication security; see, e.g., [22].

In short, what we propose is to teach student motivations
– and that includes paradoxes, for which fuzzy logic is often
a reasonable way to formalize; for details, see [9], [13].

III. USE OF FUZZY TECHNIQUES IN ASSESSMENT

A. Towards Designing a Better Grading Scheme for Tests
and Assignments

The overall grade for a class is formed by adding the
grades for different assignments and tests. Similarly, the
grade for a test is formed by adding the grades earned on
each of the problems. (In the text of the test, it is usually
described how many points each problem is worth.)

An appropriate allocation of points is very important. For
example, if we allocate almost all the points to the final exam,
some students will see no reason to study hard during the
semester. They will try to cram the material during the finals,
and as a result, even if they pass the finals, their knowledge
of the material will not be as good as the knowledge of the
students who studied diligently during the semester.

On the other hand, if we allocate too few points to the
final exam, then some students will have no incentive to
review the class material for the final exam. As a result, their
knowledge of the material that was studied in the beginning
of the semester will be not as good as the knowledge of those
students who did review this material at the end of the class.

At present, the points for different assignments, tests, and
problems are allocated based on the teacher’s subjective
experience. As a result, there is a high variety of point
allocation. Since it is very important to properly allocate
points for different assignments, tests, and problems, it is
desirable to find a more objective ways for such allocation.

Our main idea is that most classes are prerequisites for
other classes (or for some qualification exams). For example,
Pre-calculus is a prerequisite for Calculus I, Calculus I is
a prerequisite for Calculus II, etc. For such classes, it is
desirable to allocate the points in such a way that a success
in this class will be a good indication of the success in the
next class.

If we grade too easily, students may be happier with their
good grades, but some of them will pass the class without
acquiring the knowledge needed for the next class – and so
they may fail this next class. On the other hand, if we grade
too harsh, we unnecessarily fail many students who may have
not learned all the details but whole knowledge is actually
good enough to successfully pass the next class.

From this viewpoint, the best way to allocate points is to
select the allocations for which the resulting grade is the best
predictor for the grade in the next class.

To find the best allocation of points, we must use the
grades that the students got for different assignments and
tests, and the grades they got in the next class.

Let us denote the total number of assignments and tests
by T , and let us denote the total number of students who
took this class in the past by S. Let us denote the grade of

student s (1 ≤ s ≤ S) on assignment or test t (1 ≤ t ≤ T )
by gst. The grade of student s at the next class (for which
this class is a prerequisite) will be denoted by ns.

We want to predict the value ns based on the grades
gs1, . . . , gsT . For such a prediction, it is natural to start with
a linear regression ns ≈ a0 + a1 · gs1 + . . .+ aT · gsT . The
coefficients at can be found from the Least Squares method,

by minimizing the sum
S∑

s=1
(a0+a1 ·gs1+. . .+aT ·gsT−ns)

2.

Details are described in [16], [23].

B. Towards a More Adequate Individual Grading of Contri-
butions to Group Projects

How can we estimate individual contributions to a group
project? This problem is important in education when several
students work together on a project, it is important in the
business environment when several people work together on
a joint project.

In all such situations, we need to know the relative
contributions E1, . . . , En of all n participants, relative in the
sense that they represent the fraction of the overall credit –
and thus, the sum of these contributions should be equal to 1:
n∑

i=1

Ei = 1.

In many practical situation, the only available information
for estimating contributions consists of the estimates that
different participants give to each other’s contribution. In
this case, we have n2 values eij (1 ≤ i, j ≤ n) – estimates
made by the i-th participate of the contribution of the j-th
participant.

In the ideal case when all estimates are unbiased, for
each participant j, we have n estimates e1j , . . . , enj for
the desired value Ej . In this case, we have n approximate
equalities to find Ej : Ej ≈ e1j , . . . , Ej ≈ enj . To find a
reasonable estimate Ej from these approximate equalities, a
natural idea is to use the Least Squares technique and find

the value Ej for which the sum
n∑

i=1

(Ej−eij)
2 is the smallest

possible. This is a textbook use of the Least Squares method,
to combine several estimates of the same quantity, and the
solution to this optimization problem is well known – it is the
arithmetic average of these estimates: Ej =

e1j + . . .+ enj
n

.

In practice, estimates of others’ contributions are often
unbiased, but it is very difficult to get an unbiased estimate of
one’s own contribution in comparison with the contributions
of others. In other words, while the estimates eij for i ̸= j
are really unbiased, the estimates eii are too subjective and
biased to be useful. Because of the bias, we can say that the
only available information about each value Ej consists of
estimates eij with i ̸= j. These estimates do not necessarily
add up to 1, so in the ideal case, we have Ei ≈ si · eij for
some normalization constant si.

The Least Squares approach now means that we find
both Ej and si by minimizing the sum of the squares of
the discrepancies

∑
i̸=j

(Ej − eij · si)2 under the constraint

n∑
i=1

Ei = 1.



As shown in [26], the following algorithm solves this

problem: First, we take eii
def
= 0, then compute ci

def
=

n∑
m=1

e2im

and cj,ℓ
def
=

n∑
i=1

eij · eiℓ
ci

, and solve the following system of

linear equations (n− 1) · ej −
n∑

ℓ=1

cj,ℓ · eℓ = 1. After this, we

compute the sum S =
n∑

i=1

ei and then, the desired estimates

as Ej =
ej
S

.

C. Towards a More Adequate Description of Student Knowl-
edge and of Teaching Effectiveness

Sometimes, the efficiency of a class is assessed by assess-
ing the amount of knowledge that the students have after
taking this class. However, this amount depends not only on
the quality of the class, but also on how prepared were the
students when they started taking this class. A more adequate
assessment should therefore be value-added, estimating the
added value that the class brought to the students.

In pedagogical practice, there are many value-added as-
sessment models. However, most existing models have two
limitations. First, they model the effect of the class as an
additive factor independent on the initial knowledge. In
reality, the amount of knowledge learned depends on the
amount of the initial knowledge. Second, the existing models
are statistical, they implicitly assume that the assessment
values are objective – and are subject to random measurement
errors and noises. In reality, many assessment values are
subjective. Thus, fuzzy techniques provide, in our opinion, a
more adequate way of processing these values.

In this section, we describe how the use of fuzzy tech-
niques can help us overcome both limitations of the existing
value-added assessments.

Value-added assessment describes how the post-test result
y depends on the pre-test result x. In the traditional approach
we, in effect, assume that the post-test result y is obtained
from the pre-test result x by adding a certain amount a of
new knowledge (and new skills): y ≈ x+a. Here, we say that
y is only approximately equal to x+ a, to take into account
measurement errors, random fluctuations, and the effect of
factors that we do not take into account in this simple model.

As we have mentioned, the actual dependence of the
post-test value y on the pre-test value x is more complex,
because the difference y−x changes with x. To describe this
dependence, we therefore need to use more general formulas
than y = x+a. The natural next approximation is to use the
general linear dependence of the post-test value y on the pre-
test value x: y ≈ m · x+ a. We can thus use, e.g., the Least
Squares method to determine m and a based on the pr-test
and post-test grades.

In the previous section, we assumed that we know the
numerical grade on the exam represents an exact measure
of the student knowledge. In practice, however, the number
grades are reasonably subjective.

Usually, instructors allocate certain number of points to
different questions and problems on the test and to differ-

ent aspects of the same question or problem. As a result,
when the answer to each of the problems or questions is
either absolutely correct or absolutely wrong (or missing),
the resulting grade is uniquely determined. The subjectivity
comes when the answer is partly correct, and we need to
decide how much partial credit this answer deserves. Some
such situations can be described from the very beginning,
but often, it is not practically possible to foresee all possible
mistakes and thus, to decide how much partial credit the
student deserves.

Often, when two instructors co-teach a class or teach two
different sections of the same class, their grades for similar
mistakes can slightly differ – because of the slightly different
allocation of partial credit. Even the same instructor, when
grading two different student papers with similar mistakes,
can sometimes assign two slightly different numerical grades.

As a result of this subjectivity, the numerical grade given
to the test is not an exact measure of the student knowledge
– because other instructors may assign a slightly different
number grade to the same test results.

This subjectivity is well understood by instructors. This is
one of the reasons why student transcripts usually list not
the exact overall number grades, but rather the letter grades.

For example, usually, a letter grade A is assigned to all
the numerical grades from 90 to 100, and a letter grade B
is assigned to all numerical grades between 80 and 89. This
assignment is in good accordance with the fact that while the
difference between, say, 85 and 95 is meaningful and most
probably not subjective, and a student with a grade of 95 has
a higher knowledge level than a student with a grade of 85,
the difference between, say 92 and 93 can be caused by the
subjective reasons – and thus, a student with a grade of 93
does not necessarily know the material better than a student
with a grade of 92.

The traditional letter grades may provide too crude a
picture. In many cases, the distinction between, say, low
90s and high 90s also makes sense. To emphasize such a
difference, some schools, in addition to usual letter grades,
also use signed letter-type grades like A− or B+. Letter
grades from the resulting set correspond to intervals which
are narrower than the width-10 intervals describing the usual
letter grades.

Because the distinction within each interval may be caused
by the subjectivity of an individual instructor grading, it
makes sense, when describing how well the students learned,
to use not the original numerical grades xi, but rather the
corresponding letter grades – i.e., in other words, the intervals
xi = [xi, xi] that describe possible values of the student
knowledge. Based on these values, we want to predict the
endpoints of the interval yi = [y

i
, yi]. We consider the case

of a linear dependence, so we assume that both dependencies
are linear: y

i
≈ m · xi + a and yi ≈ m · xi + a (in [28], we

show that the values y
i

depend only on xi and not on xi,
and similarly for yi). To find the values m, m, a, and a, we
can now use the Least Squares method.

In reality, the bounds that we know are “fuzzy”, i.e., they



contain x only with some degree of confidence α. Usually,
we have different intervals [x(α), x(α)] corresponding to
different degrees α. The narrower the interval, the less
confident we are that x belongs to this interval. Thus, we
have a nested family of intervals corresponding to different
values α.

Alternatively, for each possible value of x, we describe the
degree µ(x) to which this value is possible. For each degree
of certainty α, we can determine the set of values of xi that
are possible with at least this degree of certainty – the α-cut
x(α) = {x |µ(x) ≥ α} of the original fuzzy set.

Vice versa, if we know α-cuts for every α, then, for each
object x, we can determine the degree of possibility that x
belongs to the original fuzzy set [4], [7], [18], [20], [21].

A fuzzy set can be thus viewed as a nested family of its
(interval) α-cuts.

Thus, we have fuzzy numbers Xi describing the pre-test
grades and fuzzy numbers Yi describing the post-test grades.
We would like to describe the corresponding dependence of
the post-test grade Y on a pre-test grade X . For each α, we
can take the α-cuts xi(α) and yi(α) of the corresponding
fuzzy numbers Xi and Yi.

For each α, based on these intervals, we can now use the
above least Squares method to find the interval-values linear
function [m(α) · x + a(α),m(α) · x + a(α)] corresponding
to this α.

The list of all these interval-values linear functions corre-
sponding to different values α forms the desired description
of the dependence of the post-test grade y on the pre-test
grade x – i.e., the desired value-added teacher assessment.

Detailed algorithms are given in [28].

CONCLUSIONS

In this paper, we show that fuzzy techniques can be helpful
on all the stages of the education process, from planning the
order of the material, to designing a proper way of teaching
this material to different audiences, to evaluating the results
of the teaching process.
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