Quantitative Justification for the Gravity Model
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Abstract The gravity model in economics describes the trade flow between two
countries as a function of their Gross Domestic Products (GDPs) and the distance
between them. This model is motivated by the qualitative similarity between the
desired dependence and the dependence of the gravity force (or potential energy)
between the two bodies on their masses and on the distance between them. In this
paper, we provide a quantitative justification for this economic formula.

1 Gravity Model in Economics: A Brief Introduction

What is gravity model. It is known that, in general:

e neighboring countries trade more than distant ones, and
e countries with larger Gross Domestic Product (GDP) g have a higher volume of
trade than countries with smaller GDP.

Thus, in general, the trade flow 7;; between the two countries i and j:

e increases when the GDPs g; and g; increase and
e decreases with the distance r;; increases.

A qualitatively similar phenomenon occurs in physics: the gravity force f;; be-
tween the two bodies:

e increases when their masses m; and m; increase and
e decreases with the distance between then increases.
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Similarly, the potential energy e;; of the two bodies at distance r;;:

e increases when the masses increase and
e decreases when the distance r;; increases.

For the gravity force and for the potential energy, there are simple formulas:

m,--mj m,--mj
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for some constant G. Both these formulas are a particular case of a general formula
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for the force, we take @ = 2, and for the energy, we take @ = 1.
By using the analogy with the gravity formulas, researchers have proposed to use
a similar formula to describe the dependence of the trade flow f;; on the GDPs g;

and and on the distance r;;:
8i-8j
o
ri;

This formula — known as the gravity model in economics — has indeed been suc-
cessfully used to describe the trade flows between different countries; see, e.g.,
[2,3,4,5,6].

Remaining problem and what we do in this paper. While an analogy with gravity
provides a qualitative explanation for the gravity model, it is desirable to have a
quantitative explanation as well. Such an explanation is provided in this paper.

2 Analysis of the Problem

What we want. We would like to have a formula that estimates the trade flow be-
tween the two countries #;; as a function of their GDPs g; and g; and of the distance
rij between the two countries. In other words, we would like to come up with a
function F (a, b, ¢) for which

tij=F(gi,8j:tij)- (1)

To describe the corresponding function F (a, b, c), let us describe the natural prop-
erties of such a function.

First natural property: additivity. At first glance, the notion of a country seems to
be very clear and well defined. However, there are many examples where this notion
is not that clear. Sometimes, a country becomes a loose confederation of practically
independent states. In other cases, several countries form such a close trade union —
from Benelux to European Union — that most trade is regulated by the super-national
organs and not by individual countries.
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In all such cases, we have several different entities iy,...,i,..., i, located nearby
forming a single super-entity. If we apply the formula (1) to each individual entity
i, we get the expression

ligj = F(8i: &) Ticj)-
Since all the entities iy are located close to each other, we can assume that the dis-
tances r;, ; are all the same: r;, ; = r;;. Thus, the above expression takes the form
tij = F (i 8):7ij)-

By adding all these expressions, we can come up with the trade flow between the
whole super-entity i and the country j:

¢ ¢
fj= Y tij= Y F(gi,gjrij)- (2)
k=1 =1

Alternatively, we can treat the super-entity as a single country with the overall GDP

4
g = Y gi,. In this case, by applying the formula (1) to this super-entity, we get
k=1

¢
tij=F(gi,gj,rij) =F (Z gikagjarij> . (3)

k=1

It is reasonable to require that our estimate for the trade flow should not depend
on whether we treat this loose confederation a single country or as several indepen-
dent countries. By equating the estimates (2) and (3), we conclude that

F(gi,&j:rij)+---+F (g, 8j,rij) =F(gi, +...+&i,,8j,"ij)-

In other words, we must have the following additivity property for all possible values
a,...,d,and b:

F(a,b,c)+...+F(d,b,c)=F(a+...+d,b,c). 4)

A similar argument can be make if we consider the case when j is a loose con-
federation of states. In this case, the requirement that our estimate for the trade flow
should not depend on whether we treat this loose confederation as a single country
or as several independent countries leads to

F(gi7gj17rij)+"'+F(giagjk7rij):F(gi7gj1+"'+g]j7rij)7

i.e., to
F(a,b,c)+...+F(a,b/,c)=F(a,b+...+V c). (5)

Second natural property: scale-invariance. The numerical value of the distance
depends on what unit we use for measuring distance. For example, the distance in
miles in different from the same distance in kilometers. If we replace the original
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unit with a one which is A times smaller, all numerical values of the distance mul-
tiply by A, i.e., each original numerical value r;; is replaced by a new numerical
value

T, ; = AT ij-

It is reasonable to require that the estimates for the trade flow should not de-
pend on what unit we use. Of course, we cannot simply require that F(g;,g;,7ij) =
F(gi,gj,A - rij) — this would mean that the trade flow does not depend on the dis-
tance at all. This is OK, since the numerical value of the trade flow also depends on
what units we use: we get different numbers if we use US dollars or Thai Bahts. It is
therefore reasonable to require that when we change the unit for measuring 7;;, then
after an appropriate change #;; — 1/ ; = M -tjj in the measuring unit for trade flow we
get the same formula. In other words, we require that for every A > 0, there exists a
u > 0 for which

F(gi8jsA-rijf) = 1-F(8i8;:1ij)-

In other words, we require that

F(a,b,A-c)=u-Fl(a,b,c). (6)

Third natural property: monotonicity. The final natural property is that as the
distance increases, the trade flow should decrease. In other words, the function
F(a,b,c) should be a decreasing function of c.

Now, we are ready to formulate our main result.

3 Definitions and the Main Result

Definition 1.

e A non-negative function F(a,b,c) of three non-negative variables is called addi-
tive if the following two equalities hold for all possible values a,...,d,b,... b,
and c:

F(a,b,c)+...+F(d,b,c)=F(a+...+d,b,c);
F(a,b,c)+...+F(a,b ,c)=F(a,b+...+bc).

e A function F(a,b,c) is called scale-invariant if for every A, there exists a U for

which, for all a, b, and ¢, we have

F(a,b,A-c)=pu-F(a,b,c).

e A function F(a,b,c) is called a trade function if it is additive, scale-invariant,
and increasing as a function of c.
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-b
Proposition 1. Every trade function has the form F(a,b,c) = G- a—a for some
c

constants G and Q.
Discussion. Thus, we have indeed justified the gravity model.
Proof of Proposition 1.

1°. Let us first use the additivity property.

. o . f
For every b and ¢, we can consider an auxiliary function fj.(a) L (a,b,c). In

terms of this function, the first additivity property takes the form

focla+...+d) = foe(@)+ ...+ foe(d).

Functions of one variable that satisfy this property are known as additive. It is known
- see, e.g., [1] — that every non-negative additive function has the form f(a) = k-a.
Thus, F(a,b,c) = fp.(a) is equal to

F(a,b,c) =a-k(b,c)

for some function k(b,¢).
Substituting this expression into the second additivity requirement, we conclude
that
a-k(b+...+b',c)=a-k(b,c)+...+a-k(Vc).

Dividing both sides of this equality by a, we conclude that
k(b+...+b',c) =k(b,c)+...+ k(¥ ,c).

Thus, the function k.(b) & k(b,c) is also additive. Hence, k(b,c) = k.(b) = b- q(c)
for some constant g(c) depending on c. Substituting this expression for k(b,¢) into
the formula describing F(a,b,c) in terms of k(b,c), we conclude that F(a,b,c) =
a-b-c(q).

Hence, to complete the proof, it is sufficient to find the function ¢(c).

2°. For a =b =1, we have F(a,b,c) = g(c). Thus, for these a and b, the fact that
F(a,b,c) is a decreasing function of ¢ implies that g(c) is also an decreasing func-
tion of c.

3°. To find the function g(c), let us now use scale invariance
F(a,b,A-c)=u(A) -F(a,b,c).

Substituting F(a,b,c) = a-b-q(c) into this equality and dividing both sides by
a-b, we conclude that g(A -¢) = p(A) - g(c).
For every A1 and A, we have

q((M1-2A2)-¢) = (A - A2) - q(c).

On the other hand, we also have g(A; - ¢) = u(A2) - ¢(c) and thus,
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q(A1 - (A2-c)) = u(A)-q(A2-¢) = u(Ar) - 1(A2) - q(c).

By equating these two expressions for the same quantity g(1; - A, - ¢), we conclude

that
1A -22)-q(c) = u(dr) - p(42) - g(c).
Dividing both sides by g(c), we get

(A -2A2) = pu(d) - u(42).

Functions (A ) with this property are known as multiplicative.

A-
Here, for every ¢, we have u(i) = q(q (C)C). In particular, for ¢ = 1, we get
A
uA) = q((l)) Since g(c) is an increasing function, we conclude that p(4) is also
q

an increasing function.
It is known [1] that every monotonic multiplicative function has the form (1) =
A~%* for some & > 0. From g(A) = (1) -¢(1), we can conclude that g(c) = G- ¢~ %,

where we denoted G & q(l).
The proposition is proven.

4 Where Do We Go From Here

Trade flow may depend on other characteristics. In the previous text, we assumed
that the trade flow depends only on the GDPs and on the distance. In reality, the trade
flow may also other depend on other characteristics, such as the country’s population
pi. Indeed, intuitively, the larger the population, the more it consumes, so the larger
its trade flow with other countries.

Similar to GDP, population is an additive property, in the sense that if two coun-
tries merge together, their population adds up. So, a natural question is: how can we
describe the dependence of the trade flow on two or more additive characteristics?

Let us describe this problem in precise terms. Let us consider the case when each
country is described by several additive characteristics, i.e., that g; is now a vector
consisting of several components g; = (g1;,- - -,8mi). We are interested in finding the
dependence #;; = F(g;,&,7ij)-

Let us describe the reasonable properties of this dependence.

Additivity and moneotonicity. Similarly to the GDP-only case, we can conclude
that

F(giy+ ... +8i»8j:rij) = F(8i,8j:1ij) +-- -+ F (i, &) 7ij)
and
F(givgjl +"'+gj[arij):F(giagjlarij)+~~~+F(giagj57rij)~
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Also, similarly to the GDP-only case, it makes sense to require that the function

F(a,b,c) is a decreasing function of c.

Definition 2. Let m > 1.

e A non-negative function F (a,b,c) of three non-negative variables a,b € R™ and
¢ € R is called additive if the following two equalities hold for all possible values
a,...,a,b,....,b, and c:

F(a,b,c)+...+F(d,b,c)=F(a+...+d,b,c);

F(a,b,c)+...+F(a,b',c)=F(a,b+...+b ).
e A function F(a,b,c) is called scale-invariant if for every A, there exists a U for
which, for all a, b, and c, we have

F(a,b,A-c)=u-F(a,b,c).

e A function F(a,b,c) is called a trade function if it is additive, scale-invariant,
and increasing as a function of c.

Proposition 2. Every trade function has the form

Z%:Gﬁy'gﬁi'gw'

F(gi,gjs1ij) = T
ij

Jor some constants Gg,, and o.

Example. For the case of GDP g; and population p;, we have

fii = Ggg'gi'gj+Ggp'gi'pj+Gpg'Pi'gj+Gpp'Pi'pj
LY o :
rij

An interesting property of this example is that, in contrast to the GDP-only case,
when we always had #;; = t;;, we can have “asymmetric” trade flows for which
tij 75 tjj.

Proof of Proposition 2 is similar to the proof of Proposition 1: first additivity re-
quirement implies that F(a,b,c) is linear in a, second — that it is linear in b, so it
is bilinear in a and b. Now, scale-invariance implies that all the coefficients of this
bilinear dependence be proportional to rl-;o‘ for some o > 0.

Discussion. It would be nice to test these formulas on real data.
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