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Abstract
It can be proven that linear dynamical systems exhibit either stable
behavior, or unstable behavior, or oscillatory behavior, or transitional
behavior. Interesting, the same classification often applies to nonlinear
dynamical systems as well. In this paper, we provide a possible explanation for this phenomenon, i.e., we explain why a classification based on
linear approximation to dynamical systems often works well in nonlinear
cases.

1

Formulation of the Problem

Dynamical systems are ubiquitous. To describe the state of a real-life system at any given moment of time, we need to know the values x = (x1 , . . . , xn )
of all the quantities that characterize this system. For example, to describe the
state of a mechanical system consisting of several pointwise objects, we need to
know the position and velocities of all these objects. To describe the state of an
electric circuit, we need to know the currents and voltages, etc.
In many real-life situation, the corresponding systems are deterministic – in
the sense that the future states of the system are uniquely determined by its
current state. Sometimes, to make the system deterministic, we need to enlarge
its description so that it incorporates all the objects that affect its dynamics.
For example, the system consisting of Earth and Moon is not deterministic in
its original form – since the Sun affects its dynamics, but once we add the Sun,
we get a system with a deterministic behavior.
The fact that the future dynamics of the system is uniquely determined by its
current state means, in particular, that the rate ẋ with which the system changes
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is also uniquely determined by its current state, i.e., that we have ẋ = f (x), for
some function f (x). This equation can be described coordinate-wise, as
ẋi = fi (x1 , . . . , xn ).

(1)

Systems that satisfy such equations are known as dynamical systems; see, e.g., [1].
Simplest case: linear systems. The simplest case is when the rate of change
fi (x1 , . . . , xn ) of each variables is a linear function, i.e., when
ẋi = ai0 +

n
X

aij · xj .

(2)

j=1

In almost all such cases – namely, in all the cases when the matrix aij is nondegenerate – we can select constants si so that for the correspondingly shifted
variables yi = xi + si , the system gets an even simpler form
ẏi =

n
X

aij · yj .

(3)

j=1

Indeed, substituting xi = yi − si into the formula (2), and taking into account
that ẏi = ẋi , we conclude that
ẋi = ai0 +

n
X

aij · (yj − sj ) = ai0 +

n
X

aij · yj −

Thus, if we select the value sj for which ai0 =

aij · sj .

j=1

j=1

j=1

n
X

n
P

aij · sj for each i, we will

j=1

indeed get the formula (2).
For the equation (2), the general solution is well known: it is a linear combination of expressions of the type tk · exp(λ · t), where λ is an eigenvalue of
the matrix kaij k – which is, in general, a complex number λ = a + i · b, and
k is a natural number which does not exceed the multiplicity of this eigenvalue. In real-number terms, we get a linear combination of the expressions
tk · exp(a · t) · sin(b · t + ϕ).
Depending on the values of λ, we have the following types of behavior:
• when a < 0 for all the eigenvalues, then the system is stable: no matter
what state we start with, it asymptotically tends to the state y1 = . . . =
yn = 0;
• when a > 0 for at least one eigenvalue, then the system is unstable: the
deviation from the 0 state exponentially grows with time;
• when a = 0 and b 6= 0, we get an oscillatory behavior; and
• when a = b = 0, we get a transitional behavior, when a system linearly
(or quadratically etc.) moves from one state to another.
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A similar classification works well in non-linear cases, but why? Interestingly, a similar classification works well for nonlinear dynamical systems
as well, but why? In this paper, we will try to explain this fact.

2

Our Explanation

We need finite-dimensional approximations. We want to describe how
the state x(t) = (x1 (t), . . . , xn (t)) of a dynamical system changes with time t.
In general, the set of all possible smooth functions xi (t) is infinite-dimensional,
i.e., we need infinitely many parameters to describe it. However, in practice,
at any given moment, we can only have finitely many parameters. Thus, it is
reasonable to look for finite-parametric approximations. A natural idea is to fix
some smooth functions ek (t) = (ek1 (t), . . . , ekn (t)), 1 ≤ k ≤ K, and consider
linear combinations
K
X
x(t) =
ck · ek (t).
(4)
k=1

Shift-invariance. For dynamical systems, there is no fixed moment of time.
The equations remain the same if we change the starting point for measuring
time, i.e., if we replace the original temporal variable t with the new variable
t0 = t + t0 .
It is therefore reasonable to require that the approximating family (4) be
invariant with respect to the same transformation, i.e., in other words, that all
shifted functions ek (t + t0 ) can also be represented in the same form (4). Let
us show that this reasonable requirement explains the above phenomenon.
Comment. This derivation will be similar to the one given in [2].
Towards the explanation. The formula (4) means that for each component
i, we have
K
X
ck · eki (t).
(5)
xi (t) =
k=1

The fact that shifted functions can be represented in this form means that for
each k, i, and t0 , we have
eki (t + t0 ) =

K
X

ck`i (t0 ) · e`i (t),

(6)

`=1

for some coefficients ck`i (t0 ) depending on k, `, i, and t0 .
Let us fix i and k and select K different moments of time tm , m = 1, . . . , K.
For these moments of time, (6) takes the form
eki (tm + t0 ) =

K
X
`=1

3

ck`i (t0 ) · e`i (tm ).

(7)

Thus, we get K linear equations for determining K unknowns ck1i (t0 ), . . . ,
ckKi (t0 ). Cramer’s formula describe the solution to a system of linear equations
as a rational (and thus, smooth) function of its coefficients and right-hand sides.
Thus, each coefficient ck`i (t0 ) is a smooth function of the values eki (tm + t0 ) and
e`i (tm ). Since the functions eki (t) are smooth, the dependence of the coefficients
ck`i (t0 ) on t0 is also differentiable.
Since all the functions involved in the formula (6) are differentiable, we can
differentiate this formula with respect to t0 and get
ėki (t + t0 ) =

K
X

ċk`i (t0 ) · e`i (t).

(8)

ak`i · e`i (t),

(9)

`=1

In particular, for t0 = 0, we get
ėki (t) =

K
X
`=1

def

where we denoted ak`i = ċk`i (t0 ).
So, we conclude that the functions eki (t) satisfy the system of linear differential equations with constant coefficients – and we have already mentioned
that the solutions to such systems are exactly the functions leading to a known
classification of linear dynamical system behaviors.
This explains why for nonlinear systems, we also naturally observe similar
types of behavior.
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