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Abstract Joule’s Energy Conservation Law was the first “meta-law”: a general principle that all physical equations must satisfy. It has led to many
important and useful physical discoveries. However, a recent analysis seems
to indicate that this meta-law is inconsistent with other principles – such as
the existence of free will. We show that this conclusion about inconsistency is
based on a seemingly reasonable – but simplified – analysis of the situation.
We also show that a more detailed mathematical and physical analysis of the
situation reveals that not only Joule’s principle remains true – it is actually
strengthened: it is no longer a principle that all physical theories should satisfy
– it is a principle that all physical theories do satisfy.
Keywords Joule · Energy Conservation Law · Free will · General Relativity ·
Planck’s constant

1 Introduction
Joule’s Energy Conservation Law: historically the first meta-law.
Throughout the centuries, physicists have been trying to come up with equations and laws that describe different physical phenomenon. Before Joule, however, there were no general principles that restricted such equations.
James Joule showed, in [13–15], that different physical phenomena are
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ena. Specifically, he showed that energy can be transformed from one type to
another – e.g., from mechanical energy to heat, and that in all these transactions, the overall energy is conserved.
This Energy Conservation Law became the first “meta-law”, the first general principle that restricts possible physical theories.
Other important meta-laws. Since energy conservation, several other general principles (“meta-laws”) were proposed. Probably the most well known
is the ideas of (relative) simplicity that can be traced back to Einstein (and
probably earlier); see, e.g., [25] for a deep analysis of this idea.
Many such meta-laws are mentioned and analyzed in [27]. For example,
this book states that all fundamental physical equations should be reversible
– in the sense that:
– if we can, in principle, go from state A to state B,
– then there should be a way to go from state B to state A.
To the best of our knowledge, all known fundamental physical equations do
have this property: e.g., Newton’s equations of classical physics, Shroedinger’s
equations of quantum physics, or Einstein’s General Relativity equations that
describe the gravitational field. This is a very interesting fact, a fact that
makes it difficult to explain why on the macro-level, many physical processes
are irreversible; e.g.:
– a cup can fall down break into pieces, but
– no physical process can transform these pieces back into the original cup
state.
We are just mentioning other meta-laws, so that a reader will know that
they exist. There are already many papers and books analyzing these metalaws and their possible physical consequences, as well as many interesting
related open problems. A simple overview of all these meta-laws would take
several new papers. So, in this paper, we concentrate on the meta-law of energy
conservation.
Joule’s meta-law in the 20 century: it led to important physical
discoveries. Joule’s meta-principle turned out to be very helpful for working
physics: by restricting possible physical theories, it helped find the correct
ones.
A classical example of this help is the discovery of neutrinos; see, e.g., [7,
29]. Specifically, it has been known that while combined neutrons and protons
form stable atomic nuclei, stand-alone neutrons are not stable: they decay
into protons, emitting electrons in the process. The puzzling problem was
that the total energy of the resulting proton and electron is smaller than the
energy of the original neutron – which seemingly contradicted to the energy
conservation law. To preserve this law, Fermi conjectured that a yet unknown
particle – which he called “small neutron” (neutrino in Italian) was capturing
(“stealing”) the missing energy, in what was later called an urca-process, after
the Russian slang word for a small thief. And yes, neutrinos were later found
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– so the Energy Conservation Law not only survived, once again it proved to
be very helpful for working physics.
Joule’s meta-law in the 20 century: it naturally follows from symmetries. In the 20th century, Noether’s Theorem showed that energy conservation
is indeed a fundamental principle – since it follows from the natural idea that
in fundamental physical equations, there is no fixed moment of time, and that
thus all physical equations should not change if we simply select a different
starting point for measuring time [7, 20, 29].
What we do in this paper: detailed analysis of Joule’s meta-law
reveals unexpected subtleties. At first glance, Joule’s principle triumphed:
– it is useful: it has led to important empirical discoveries,
– it is natural: it can be derived from the intuitively clear fundamental properties of time.
What more can we expect from a physical idea?
However, in this paper, we show that from the viewpoint of 20th century
physics – quantum mechanics and relativity theory — the situation with energy conservation is not so simple and not so straightforward. Let us briefly
outline this paper’s logic and structure.
At first glance, Joule’s principle triumphs: in quantum physics, energy is always preserved. Since historically, quantum ideas came first –
around 1900 – we start this paper with analyzing how quantization affects energy conservation. First, in Section 2, following [18], we analyze how the very
existence of quantization affects non-quantum physical effects.
This analysis is based on the fact that, according to modern physics, the
world is quantum, but not every possible classical theory has a quantum analog, such analogs exist only for Lagrangian theories – this is why nowadays,
even non-quantum physical theories are usually formulated in this way.
Via the above-mentioned Noether’s theorem, we can explicitly describe, for
each such theory, an expression for energy – which is always conserved.
On second glance, the situation is not so straightforward: some quantity is preserved, but is this quantity really energy? As we show in
Section 2, there is a serious problem with the above result.
To illustrate this problem, we provide an example of a simple system in
which energy – in the physical sense of this word – is clearly not conserved,
but by using the formalism, we get some well-preserved quantity. Moreover, we
show that for any physical systems – whether a physical energy is preserved
there or not – the quantity defined by Noether’s theorem is preserved.
This shows that a more mathematical Noether-theorem-based notion of
“energy” is not always the same as the physical energy.
On third glance, maybe energy is never preserved? The situation becomes even more complicated if, instead of classical approximations to quantum theories, we consider the actual fully quantum theories. In Section 3,
following [17] and we show that, for such theories, an intuitive notion of free
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will always leads to non-conservation of energy. This conclusion may seem to
“kill” Joule’s meta-law.
Maybe we cannot even check whether energy is conserved? In Section
4, following [19], we show that in the quantum case, there is another problem
with energy conservation. Namely, in quantum physics, it is not easy even to
describe the possibility of possible energy non-conservation: this possibility
leads us outside traditional quantum physics, to alternative theories in which
Planck’s constant turns into a new physical field.
Relativity saves the day: energy is preserved if we also take relativistic effects into account. Up to now, we only considered quantum effects.
However, to have a fully adequate description of the real world, we also need
to take relativistic effects into account.
In Section 5, we show that taking these effects into account saves Joule’s
meta-law. Even if we start with a system in which energy is not conserved,
then in the relativistic version of this system, we get energy conservation: a
very strong gravitational field compensates for the decreased energy of the
original system.
In other words, in the relativistic version of the original theory, energy does
not disappear, it simply gets transformed into the gravitational energy – just
like in Joule’s experiments, mechanical energy and heat energy got transformed
into each other.
So not only Joule’s principle becomes valid again – this principle is strengthened. It is no longer a principle that all physical theories should satisfy – it is
a principle that all physical theories do satisfy.
2 How the Possibility of Quantization Affects Energy Conservation
in a Non-Quantum Theory
In this section, we analyze how the possibility of quantization affects a nonquantum theory.
In Section 2.1, we recall that before quantum physics, physical systems
were usually described in terms of differential equations, and we provide two
simple examples of such systems:
– a system in which energy is conserved, and
– a system with friction, in which energy is not conserved.
In Section 2.2, we recall that not every classical physical theory has a quantum analog – such an analog exists only for theories described by the minimal
action principle. Physics textbooks usually claim that for such theories, according to Noether’s theorem, energy is always conserved.
Our point is that some quantity is indeed conserved – a theorem is a
theorem, but is this quantity energy? In Section 2.3, we consider the example
of a system with friction, a system is which energy – in the physical sense of
this word – is clearly not conserved. For this system, the Noether-theorembased quantity is conserved, but clearly this quantity is not the same as what
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physicists would call energy. Moreover, in Section 2.4, we show that a similar
conserved quantity exists for any dynamical system – irrespective of whether
for this system, the actual energy is preserved or not.

2.1 Systems Described by Differential Equations: For Some Systems, the
Energy Is Preserved; for Some, Energy Is Not Preserved
General idea. In some physical systems, the total energy is conserved. For
example, when the kinetic energy of a particle decreases, the potential energy
increases accordingly.
For some physical systems, energy is not conserved. For example, if we
consider a particle moving with friction, the energy of the particle itself is not
conserved: it is transformed into thermal energy of the surrounding medium.
So, if we consider the particle on its own, without taking the surrounding
medium into account, then the total energy of this particle will not be preserved: it will decrease with time.
Let us give precise examples of these two types of systems. Starting with
Newton, physical theories were described by differential equations. Let us
therefore provide two examples of corresponding differential equations:
– an equation that describe a system in which energy is preserved, and
– an equation for which energy is not preserved.
A system in which energy is conserved. Let us provide an example of
a physical system which is conservative in the sense that its total energy is
preserved. This example is a particle in a potential field V (x) = V (x1 , x2 , x3 ).
Its dynamics is described, in Newtonian mechanics, by Newton’s equations
m · ẍi = −

∂V
,
∂xi

(1)

where ẋi , as usual, denotes time derivative. For this particle, the overall energy
E=

3
X
1
·m·
(ẋi )2 + V (x)
2
i=1

(2)

3
X
1
·m·
(ẋi )2 decreases, the potential
2
i=1
energy V (x) increases appropriately, and vice versa.

is conserved: when the kinetic energy

A system in which energy is not conserved. A classical example of a
physical system for which energy is not conserved is a system with friction. Its
simplest case is when we do not even have any potential field, i.e., when the
dynamical equations have the form
m · ẍi = −k · ẋi ,

(3)
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for some friction coefficient k. This equation can be further simplified into
ẍi = −k0 · ẋi ,

(4)

k
.
m
A system that follows this equation slows down, its velocity (and hence, its
kinetic energy) exponentially decreases with time – without being transferred
into any other type of energy.
def

for k0 =

Comment. In real life, this non-conservation of energy means that the system
described by the equation (4) is not closed: the energy lost in this system
is captured by other objects. For friction, it is very clear where this energy
goes: it gets transformed into the thermal energy, i.e., into kinetic energy of
individual molecules in the surrounding medium. So, it we consider a system
consisting of the particle and of the surrounding medium, the energy will be
preserved. However, if we consider only the decelerating particle by itself, the
energy decreases.

2.2 Possibility of Quantization Seems to Lead to Energy Conservation
It is not easy to quantize a system of differential equations. Newton’s
physics was originally formulated in terms of differential equations. Differential
equations is now most physical theories were formulated for centuries after
that.
The problem with this description is that, according to modern physics,
the correct picture of the physical world comes from quantum mechanics.
From this viewpoint, even when we observe non-quantum phenomena, these
phenomena are simply an approximation of the corresponding quantum theory.
In other words, every non-quantum physical theory is quantizable – i.e., is a
non-quantum limit case of an appropriate quantum theory.
How can we build the corresponding quantum theory based on the classical
one? This is very difficult to do if we start with a system described by differential equations. In general, a quantum analogue of each physical quantity is
an operator: there are operators describing coordinates x, operators describing
component of the momentum, etc. In principle, we can replace each quantity
in the original differential equation with an appropriate operator.
This works perfectly for simple cases, e.g., for Newton’s equations that
dxi
def
of the momentum vector.
connect coordinates xi and components pi = m·
dt
In the first approximation, the usual quantum mechanics is described by the
usual Newton’s equations
dxi
1
dpi
=
· pi ,
= fi ,
dt
m
dt

(5)

with the only difference that instead of scalars xi and pi , we now consider
operators. This description was first found by P. Ehrenfest (see, e.g., [7]).
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The problem is that many physical equations are non-linear, so, in addition
to linear terms, they have, e.g., terms proportional to the product q · q 0 of two
quantities. In the classical differential equations, the quantities are described
by numbers, and for numbers, the result of multiplication does not depend on
the other: the product q · q 0 is equal to the product q 0 · q. In contrast, operators
are, in general, not commutative, so we get two different quantum theories
depending on whether we take q · q 0 or q 0 · q.
In general, there are many such choices. How can we select one of them?
Usually, we have several related theories between which we want to preserve
relations, and we have general properties that we want to preserve (e.g., some
symmetries). If we start with a system of differential equations, it is very
difficult to select proper quantization that would preserve the desired relations
and/or properties – and sometimes even impossible to make such a selection.
Minimal action principle. So how can we form a quantum version of a
classical theory? A solution to this problem was proposed by R. Feynman. This
solution is based on the fact that most physical theories can be equivalently
described in terms of the minimal action principle: the actual dynamics of
particles and fields is the one that minimizes a special physical quantity called
action S.
R
For particles, action has the form S = L(x(t), ẋ(t)) dt, where the function
L(x(t), ẋ(t)) is known as the Lagrangian. For example, for the Newtonian
particle in a potential field V (x), the Lagrangian has the form

L=

3
X
1
(ẋi )2 − V (x).
·m·
2
i=1

(6)

For fields f (x), . . . , the action S has a similar form
Z
S=

L(f (x), . . . , f,i (x), . . .) dx,

∂f
.
∂xi
At present, most new physical theories are proposed in the form of the
corresponding Lagrangian.
def

where f,i denotes the corresponding partial derivative f,i =

Feynman’s integration over trajectories: a general approach to quantization. The Nobelist Richard Feynman proposed a general quantization procedure known as integration-over-trajectories approach. In this approach, the
amplitude ψA,B of a transition from a stateA to 
the state B is proportional to
S
the “sum” (integral) of the expression exp i ·
over all trajectories leading
~
from A to B. The probability to observe the transition into different states B
is proportional to the squared absolute value of this amplitude |ψA,B |2 ; see,
e.g., [7, 20].
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This explains the ubiquity of the Lagrangian approach. Because of the
need to restrict ourselves to quantizable theories, the Lagrangian approach is
now ubiquitous in physics.
Let us recall how energy conservation is treated in this approach.
Energy conservation in the Lagrangian approach: what physics textbooks say. Once we know the Lagrangian, we can use Euler-Lagrange equations to derive the corresponding differential equations. For particles, these
equations take the form


d ∂L
∂L
−
= 0.
(7)
∂xi
dt ∂ ẋi
One can easily check that for the Newtonian Lagrangian (6), we get exactly
Newton’s equations (1). For fields, the equations take the form


∂L X ∂
∂L
−
= 0.
(8)
∂f
∂xi ∂f,i
i
In the Lagrange approach, the energy of a particle is formally defined as
def

EL =

X
i

ẋi ·

∂L
− L.
∂ ẋi

(9)

One can check that for the Newtonian Lagrangian (6), we get the standard expression (2) for energy. A similar expression defines energy for a field theory [7,
20]:
XX
∂L
EL =
f,i ·
− L.
(10)
∂f,i
i
f

It can be proven that for each Lagrangian, this quantity is always preserved,
in the usual sense of this word: its value does not change with time.
Where are we in relation to Joule’s principle. Let us summarize where
we are in relation to energy conservation law. At first glance, we are good:
quantization necessitates the Lagrangian formalism, and this formalism always
leads to energy conservation.
However, as we will show in the next section, the situation is not so simple:
yes, there is a conserved quantity – that for Newton’s mechanics coincides with
energy – but does this quantity always coincide with what physics mean by
energy? Our answer is No, and here is an example.

2.3 A Physical Quantity Is Preserved, but This Quantity Is Not What
Physics Means by Energy: An Example
Description of the simple example. Let us consider the simplest possible
example of a physical system in which, from the physical viewpoint, energy
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is not conserved: a 1-D particle with friction, whose dynamics is described by
the equation
ẍ(t) = −k0 · ẋ(t).
(11)
In time, this particle slows down, its kinetic energy decreases, and since there is
no potential energy or thermal energy here, this means that its overall energy
decreases too.
This is when k0 is positive. If k0 is negative, then, vice versa, the particle
by itself starts accelerating. So, we can make a perpetuum mobile out of it:
– let it accelerate, then
– let it do some useful work (e.g., rotate a wheel) while decelerating, then
– let us accelerate again, etc.
This is exactly a type of physical theory that Joule’s principle is trying to
prohibit.
What we will do. We will show that this system can be described by a
Lagrangian and thus, for this system, “energy” (as defined in the Lagrangian
formalism) is well conserved. This will show that – at least on this example
– the Lagrangian formalism does not adequately convey the physical meaning
of energy conservation.
Comment. In the next subsection, we show that this inadequacy is not a freaky
property of this particular simple system: a generic dynamical system can be
described by an appropriate Lagrangian.
Towards finding an appropriate Lagrangian. The classical Newtonian
Lagrangian (6) is a sum of two terms: a term depending only on ẋi and a term
depending only on xi . Let us look for a similar type Lagrangian for describing
the equation (11), i.e., let us look for a Lagrangian of the type
L = a(ẋ) + b(x),

(12)

for some functions a(ẋ) and b(x). For this Lagrangian, Euler-Lagrange equations (7) lead to
d
(13)
b0 (x) − a0 (ẋ) = 0,
dt
where b0 (x) and a0 (ẋ), as usual, indicated derivatives of the corresponding
functions. By applying the chain rule to the formula (13), we get
b0 (x) − a00 (ẋ) · ẍ = 0.

(14)

We want to find a Lagrangian that leads to differential equation (11). For this
Lagrangian, the formula (14) will be true when we substitute the expression
(11) for the acceleration ẍ. As a result, we get the following formula
b0 (x) + k0 · a00 (ẋ) · ẋ = 0,

(15)

k0 · a00 (ẋ) · ẋ = −b0 (x)

(16)

i.e., equivalently,
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for all possible values x and ẋ.
The left-hand side of the formula (16) does not depend on ẋ, and its righthand side does not depend on x. Since these two sides are equal, this means
that this expression cannot depend neither on x nor on ẋ and is, therefore, a
constant. Let us denote this constant by C. Then, from the condition that the
right-hand side is equal to this constant, we conclude that b0 (x) = −C, hence
b(x) = −C · x + C0 . The constant term C0 in the Lagrangian does not affect
the corresponding equations (7) and can thus be safely ignored. So, we have
b(x) = −C · x.
Similarly, from the condition that the left-hand side of the formula (16) is
equal to the constant C, we conclude that
k0 · a00 (y) · y = C,

(17)

def

where, for simplicity, we denoted y = ẋ. From (17), we conclude that
C
.
k0 · y

(18)

C
· ln(y) + C0 ,
k0

(19)

C
· y · ln(y) + C0 · y + C1 .
k0

(20)

a00 (y) =
Integrating over y, we get
a0 (y) =
and, integrating once again, that
a(y) =

Ignoring the constant C1 and taking into account that L(x, ẋ) = a(ẋ)+b(x) and
that b(x) = −C · x, we get the following expression for the desired Lagrangian:
Resulting Lagrangian. The system (11) can be described by the Lagrangian
L(x, ẋ) =

C
· ẋ · ln(ẋ) + C0 · ẋ − C · x.
k0

(21)

Comment. One can easily check that for this Lagrangian, Euler-Lagrange equations (7) indeed lead to the equations (11).
Resulting expression for conserved “energy”. Here,
∂L
C
=
· (ln(ẋ) + 1) + C0 .
∂ ẋ
k0
Thus, applying the usual formula (9) to the Lagrangian (21), we get the expression
∂L
C
EL = ẋ ·
−L=
· ẋ + C · x.
(22)
∂ ẋ
k0

Joule’s Meta-Law: 21st Century Analysis

11

One can easily check that this “energy” is indeed conserved. Indeed, here


d C
C
dEL
=
· ẋ + C · x =
· ẍ + C · ẋ.
(23)
dt
dt k0
k0
Substituting the expression ẍ = −k0 · ẋ into this formula, we indeed get
dEL
= 0.
dt
Where are we in relation to Joule’s principle. At first glance, as we
have mentioned earlier, the possibility of quantization seems to boost energy
conservation law: this possibility implies that the physical theory must be
described in Lagrangian terms, and for such theories, energy (properly defined)
is always preserved.
Alas, the above simple example shows that already for the simplest possible
system in which physical energy is not preserved, this mathematically defined
“energy” is not really the same as physical energy. In other words, some quantity is preserved; in Newtonian physics, this quantity indeed coincides with
energy, but in general, this preserved quantity is not what a physicist would
call energy.
A natural question. A natural question is: how general is this phenomenon?
Maybe only for the above simple system we get a quantity which differs from
energy, but other systems, the above mathematical definition of energy makes
perfect physical sense? In the next subsection, we show that the friction example is typical: for every dynamical system, whether it preserves energy or not,
Lagrangian formalism produces some preserved quantity – which, for systems
in which energy is not preserved, cannot coincide with physical energy.
2.4 For Any Theory in Which Energy Is Not Preserved, the
Lagrangian-Based Conserved Quantity is Not Energy: A General Result
What we do in this subsection. Let us show that a similar Lagrangian
reformulation – and thus, the existence of a preserved “energy” – is possible
for a generic dynamical system
ẍi = fi (x1 , . . . , xn , ẋ1 , . . . , ẋn ), i = 1, . . . , n.

(24)

A simple multi-D case. Let us start with a multi-D analog of a system with
friction, in which the differential equations have the form
ẍi (t) = −k0 · ẋi (t).
This system can be described, e.g., by a Lagrangian
X
X 1
· ẋi · ln(ẋi ) −
xi .
L=
k0
i
i

(25)

(26)
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General case. In the general case, differential equations (7) take the form
L,xi −

d
L,ẋ = 0,
dt i

(27)

where L,z denotes partial derivative. By using the chain rule to differentiate
the expression L,ẋi (xj , ẋj ), we get
L,xi −

X

L,ẋi xj · ẋj −

j

X

L,ẋi ẋj · ẍj = 0.

(28)

j

Substituting ẍi = fi into this formula and using notations yi = ẋi , we get
L,xi −

X
j

L,yi xj · yj −

X

L,yi ẏj · fj (x1 , . . . , xn , y1 , . . . , yn ) = 0.

(29)

j

Our objective is to define a function L(x1 , . . . , xn , y1 , . . . , yn ) of 2n variables
for which the second-order partial differential equation (29) holds.
Let us show how we can construct such a function. Let us take, e.g.,
L(x1 , . . . , xn , 0, . . . , 0) = 0 when all the derivatives yi are equal to 0. Then, we
extend it to the case when y1 6= 0 and y2 = . . . = yn = 0. With respect to y1 ,
(29) becomes a simple second order equation
∂2L
∂2L
· . . . + . . . = 0,
·
f
+
1
∂y12
∂y1 ∂ . . .
from which one can explicitly obtain such an extension – e.g., by Euler-style
step-by-step integration. Then, we can extend this function along y2 , etc. At
the end, we get a function defined for all possible values of xi and yj .
Where are we in relation to Joule’s principle. We are back at square
one. It looks like, contrary to what some textbooks claim, the possibility of
quantization – and the resulting existence of a conserved quantity that these
textbooks call “energy” – does not help us decide whether physical energy is
preserved or not.
Even if in a theory, physical energy is clearly not preserved – to the extent
that we can build a perpetuum mobile machine – the Lagrangian formalism
still produces a preserved quantity, which, in this case, cannot coincide with
physical energy.
So, based only on the possibility of quantization, we cannot decide whether
energy is conserved or not.
What now? Since we cannot make any conclusion about energy conservation
based only on the possibility of quantization, let us analyze what we can say
about Joule’s principle based on the actual quantization.
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3 Quantum Physics, Free Will, and Energy Conservation:
A Seeming Contradiction
Free will: main idea. In non-quantum physics, equations enable us to predict
all the future states based on the current state of the world. This means that
the initial state of the world uniquely pre-determines what will happen in the
future. In particular, it pre-determines what we say, where we go, what we do.
In quantum mechanics, we cannot predict the exact events, but we can
predict their probabilities – i.e., frequencies of different outcomes. For example,
in quantum physics, the initial state of the world uniquely pre-determines the
frequencies with which people will behave this way or that way – and thus,
e.g., pre-determines the situations involving big groups of people, such as wars,
revolutions, or other mass movements.
On the other hand, we all know that we can make decision that change the
state of the world – even if, for most of us, a little bit. This intuitive idea of free
will permeates all our life, all our activities – and it seems to contradict the
above-described uniquely pre-determined nature of all the world’s processes
– including human behavior; see, e.g., [2–5, 8, 9, 11, 12, 22, 24, 26, 28, 30–32] and
references therein.
This is a problem that has bothered philosophers for centuries, and many
of them – including Einstein himself – believed in a simple way to avoid the
above contradiction: that:
– yes, we have an illusion of a free will, but
– in reality, all our thoughts and desires are also uniquely pre-determined.
This idea is known as compatibilism; see, e.g., [1]. According to this idea, after a
well-lived life, we can die happily thinking that we have made many important
decisions that changed the world for the better – but in reality, our decisions
and our changes were pre-determined from the very beginning, the same way
the solar eclipses can be predicted many centuries from now.
Einstein, by the way, was very serious about this idea: not only he claimed
it in his papers, he followed it in everyday life. For example, while he could
not swim at all, he would often, to the horror of his wife and his friends, go
yachting alone, and his argument was: if it is pre-determined that I drown,
there is nothing I can do to change this future event.
This worked for Einstein, and we understand that it is a logically consistent
approach, but we do not feel the same way. We lived too long in the Soviet
Union, where Hegel’s “freedom is the recognition of necessity” formula – picked
up by Engels and Lenin and others – was used to justify our non-freedom and
our oppression, to explain to us that “freedom” about which the Western societies like to brag is largely an illusion. This experience taught us to value true
freedom, to believe that, in spite of all – sometimes successful – manipulation
attempts, there is also a true freedom, that we can make different decisions,
that our decisions are not uniquely pre-determined.
This was our own path to this idea, but many other people have the same
intuition and the same belief.
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The belief in true free will is perfectly compatible with classical
(non-quantum) physics. Let us start with simple physical systems, such
as point particles, whose state s(t) at any given moment of time t can be described by describing the values of finitely many quantities s1 (t), . . . , sn (t). For
example, in the original Newton’s approximate description of celestial bodies
as points, to describe the state of each body, it is sufficient to describe the current values x1 , x2 , and x3 of its three spatial coordinates, three components v1 ,
v2 , and v3 of the current velocity, and the body’s mass m. In electrodynamics
of point particles, we need to add electric change q to the list of these quantities. To describe a system of several interacting points, we need to describe
the quantities describing each of these points.
Dynamical equations describe how each of these quantities change:
dsi
= fi (s1 , s2 , . . .).
dt
dsi
is
dt
no longer uniquely determined by the current state s(t). So, to determine the
desired change, we also need to describe the values of some other quantities
w1 , . . ., which we can set arbitrarily because of our freedom of will:
If we take freedom of will into account, then the change in the state

dsi
= fi (s1 , s2 , . . . , w1 , . . .).
dt
There are no differential equations for describing how the quantities wk change,
since we can change them at will.
In quantum physics, the situation is drastically different. In quantum
physics, the situation is different. In quantum physics, the state of the world
at any given moment of time t is described by a wave function ψ(t), and the
change in this state is described by Schrödinger’s equation
i·~·

dψ
= Hψ.
dt

(30)

In this equation, the change is determined by the Hamilton operator H that
describes the total energy of the system.
So, if we want to allow free will (in the above sense), if we want the ability to
dψ
change the derivative
, we have to be able to change the Hamilton operator.
dt
This leads to non-conservation of energy. In quantum case, as we have
concluded, freedom of will means that we can modify the Hamilton operator,
the operator that described the total energy of the system. What does it mean
that the Hamilton operator changes? It means for the some states, the energy
value changes. Thus, in effect, in quantum physics, freedom of will means
that, by exercising our will, we can change the total energy of the system. In
other words, in quantum physics, free will seems to lead to non-conservation
of energy.
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Where are we in relation to Joule’s principle. From the viewpoint of
free will and quantum physics, it looks like energy is not conserved, it looks
like Joule’s meta-law is a thing of the past.
Comment. A possible objection to this may be that so far, all experimental evidence has confirmed energy conservation law. However, this does not invalidate
our claim. Indeed, as we have mentioned earlier, in classical (pre-quantum)
physics, freedom of will does not necessarily lead to energy non-conservation.
Thus, energy non-conservation caused by the freedom of will is a purely
quantum effect, that disappears in the classical limit, when the Planck’s constant ~ tends to 0. So, this purely quantum effect should be proportional to ~
and thus, it should be reasonably small. This smallness explains why this effect
have not been observed: in our usual free-will decisions, we control macro-size
objects, objects for which the quantum-size microscopic changes in energy are
not easy to measure.
What next? In the previous paragraph, we mentioned the fact that energy
conservation has been experimentally confirmed. This is a natural thing to
mention, since physics in general is about the physical world. So to see which
physical laws, which physical principles are valid, a reasonable idea is to compare their predictions with the results of actual measurements and observations.
Thus, a natural question is: how can we check that energy is indeed conserved? In other words, how can we experimentally compare a theory in which
energy is conserved and a theory in which energy is not conserved? To be able
to do that in a quantum context, we need to be able to describe quantum
theories in which energy is not conserved. In the next section, we will show
that in a pure quantum physics, this is not possible.

4 Another Quantum-Related Problem with Energy Conservation:
Looks Like We Cannot Even Test It in Quantum Context
As we have just mentioned, in order to test whether energy is conserved, we
need to compare the experimental results with (at least) two models:
– a model in which energy is conserved, and
– a model in which energy is not conserved.
So, in quantum context, to make this comparison possible, we need to have a
quantum theory in which energy is not conserved. In this chapter, following
[19], we show that if we try to do that, then we immediately get outside the
usual quantum physics: e.g., we need modifications of quantum physics in
which Planck’s constant is no longer a constant, but a new field who value
changes from one point to another.
It is worth mentioning that the need to test the energy conservation law
on quantum level is not purely theoretical:
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– on a pragmatic level, serious physicists considered the possibility of microviolations of energy conservation starting from the 1920s [7];
– as the previous section shows, on a more foundational level, the intuitive
ideas of free will seem to lead to possible energy non-conservation.
Ehrenfest’s equations: reminder. In quantum physics (see, e.g., [7]), states
are described by elements of a Hilbert space – e.g., of the space of all squareintegrable functions ψ(x) – and physical quantities are described by linear
operators in this space.
Historically, quantum physics started with a description by Heisenberg, in
which states are fixed but operators change.
Very soon, it turned out that in most cases, an alternative representation
is more computationally advantageous – a representation in which operators
are fixed but states change. This representation was originally proposed by
E. Schroedinger and is therefore known as the Schroedinger representation.
However, in many cases, the Heisenberg’s representation is still used, since
it is closely related to the corresponding classical (pre-quantum) equations.
One such case is Ehrenfest’s description of the quantum analogue of Newton’s
mechanics.
In the Heisenberg representation, physical quantities like coordinates xi
dxi
def
of the momentum vector are represented by opand components pi = m ·
dt
erators. In the first approximation, the usual quantum mechanics is described
by the usual Newton’s equations
dxi
1
dpi
=
· pi ,
= fi ,
(31)
dt
m
dt
with the only difference that instead of scalars xi and pi , we now consider
operators. This description, as we have mentioned earlier, was first found by
P. Ehrenfest (see, e.g., [7]).
The difference between the scalars and operators is that operators, in general, do not commute, i.e., in general, for two operators a and b, we have
def
[a, b] = ab − ba 6= 0. Specifically, in the usual quantum physics, operators
xi and xj corresponding to different coordinates commute with each other,
operators pi and pj commute with each other, but operators xi and pi do not
commute:
[xi , xj ] = 0, [pi , pj ] = 0, [pi , xj ] = i · ~ · δij ,
(32)
where the Kronecker’s delta δij is equal to 1 when i = j and to 0 otherwise. For
the usual energy-preserving quantum mechanics, these commuting relations
get conserved as the operators xi and pi change in time – in accordance with
Ehrenfest equations (31).
Classical (pre-quantum) physics as a limit case of Ehrenfest-type
equations. As we have mentioned, the main advantage of Ehrenfest-type
equations is that they provide a good relation to classical (non-quantum)
physics. Namely, in the classical limit, operators xi and pj simply turn into
the corresponding scalar quantities.

Joule’s Meta-Law: 21st Century Analysis

17

It is also known that in the first approximation, the commutator [a, b]
can be described in terms of the Poisson brackets (see, e.g., [7]). Namely,
for arbitrary functions a(x, p) and b(x, p) of coordinates x = (x1 , x2 , x2 ) and
momentum p = (p1 , p2 , p3 ), we have
[a, b] = i · ~ · {a, b} + o(~),

(33)

where
def

{a, b} =


X  ∂a
∂b
∂a
∂b
·
−
·
.
∂pk ∂xk
∂xk ∂pk

(34)

k

As an example, let us show what happens for the Heisenberg commutator
[a, b] for which a = pi and b = xj . Since a = pi depends only on pi , we have
∂pi
∂pi
= δik and
= 0. Similarly, since b = xj depends only on xj , we have
∂pk
∂xk
∂xj
∂xj
= 0 and
= δjk . Thus,
∂pk
∂xk
X
{pi , xj } =
δik · δjk = δij .
k

When the force comes from a potential field, we have a consistent
quantum description. Let us show that in the potential field with potential
∂V
energy V (x), when fi = −
, the commutator relation [pi , xj ] = i · ~ · δij is
∂xi
preserved by the system’s dynamics.
Indeed, let us assume that at a certain moment of time t0 , we have [pi , xj ] =
i · ~ · δij . Let us show that – at least in the first approximation – this relation
d
is conserved, in the sense that [pi , xj ] = 0.
dt
First, we should note that since [a, b] = ab − ba, we have

 

d
d
da
db db
da
da
db
([a, b]) = (ab − ba) =
b+a − a−b
=
, b + a,
.
dt
dt
dt
dt
dt
dt
dt
dt
Thus, we have

 

d
dpi
dxj
([pi , xj ]) =
, xj + pi ,
dt
dt
dt
Due to Ehrenfest’s equations, we have

dpi
dxi
1
= fi and
=
· pi , so:
dt
dt
m

1
d
([pi , xj ]) = [fi , xj ] +
· [pi , pj ].
dt
m

(35)

Since fi depend only on the coordinates, and all coordinate operators commute, we have [fi , xj ] = 0. Since all the components of the momentum comd
mute, we have [pi , pj ] = 0. Thus, we conclude that ([pi , xj ]) = 0.
dt
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Similarly, we can conclude that the second derivative of the Heisenberg
commutator is also equal to 0. Indeed, by differentiating both sides of the
equation (35), we conclude that


dfi
1
1
1
d2
([pi , xj ]) =
, xj +
· [fi , pj ] +
· [fi , pj ] +
· [pi , fj ] .
(36)
2
dt
dt
m
m
m
Here, since fi depends only on coordinates, we have
X ∂fi dx`
dfi
1 X ∂fi
=
·
=
·
· p` ,
dt
∂x` dt
m
∂x`
`

so
1
d2
([pi , xj ]) =
·
dt2
m

`

"

#
!
X ∂fi
· p` , xj + 2[fi , pj ] + [pi , fj ] .
∂x`
`

Thus, to prove that this second derivative is equal to 0, it is sufficient to prove
that the expression in parentheses is equal to 0. In the first approximation, this
expression is proportional to the sum S of the corresponding Poisson brackets
)
(
X ∂fi
· p` , xj + 2{fi , pj } + {pi , fj };
S=
∂x`
`

so, in the first approximation, it is sufficient to prove that the sum S is equal
to 0. In the first bracket, xj depends only on xj , so
(
)
X ∂fi
X X ∂fi
∂fi
· p` , xj =
· δk` · δjk =
.
∂x`
∂x`
∂xj
`

k

`

For the second term of the sum S, since pj only depends on the momentum,
we get
X ∂fi
∂fi
· δjk = −
.
{fi , pj } = −
∂xk
∂xj
k

Similarly,
{pi , fj } =

∂fj
.
∂xi

Thus, we have
S=

∂fj
∂fi
−
.
∂xi
∂xj

For the potential field, we have fi = −

∂V
and therefore,
∂xi

∂2V
∂fi
=−
.
∂xj
∂xi ∂xj
Hence, we have
S=−

∂2V
∂2V
+
= 0.
∂xi ∂xj
∂xi ∂xj
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What happens when energy is not conserved: an example. We are
interested in situations where energy is not conserved. Let us start our analysis
with the simplest such situation of the friction force fi = −k · vi , i.e., force of
def k
the type fi = −k0 · pi , where k0 =
. In this case, from the formula
m
d
1
([pi , xj ]) = [fi , xj ] +
· [pi , pj ],
dt
m
by using [pi , pj ] = 0, we get
d
([pi , xj ]) = −k0 · [pi , xj ].
dt
def

In other words, for h = [pi , xi ], we have a differential equation
dh
= −k0 · h.
dt
dh
= −k0 ·dt hence ln(h) = const−k0 ·t,
h
and h(t) = const · exp(−k0 · t). We know that h(t0 ) = i · ~, hence
From this equation, we conclude that

h(t) = h(t0 ) · exp(−k0 · (t − t0 )).
At the initial moment t0 , we have h(t0 ) = i · ~. So, the above equation
def [pi , xi ]
is no longer a constant –
means, in effect, that Planck’s constant ~ =
i
it exponentially decreases with time.
Discussion. Let us show that the same phenomenon – of Planck’s constant
no longer being a constant – occurs for every theory in which energy is not
conserved.
Formulation of the main result. Let us consider the general case, when
each component fi of a force is a function of coordinates x and momentum p.
We will show that if in the quantum version of this theory, Planck’s constant
remains a constant, i.e., we have [pi , xj ] = i · ~ · δij for all moments of time,
∂V
then the field fi is a potential field, i.e., has the form fi = −
for some
∂xi
function V (x).
This means that if fi is not a potential field, then Planck’s constant is no
longer a constant.
d
([pi , xj ]) = 0. Explicitly differentiating
dt
1
the left-hand side, we conclude that [fi , xj ] + · [pi , pj ] = 0. Since [pi , pj ] = 0,
m
Proof. Indeed, suppose that we have
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we get [fi , xj ] = 0. In the first approximation, this means that the corresponding Poisson bracket is equal to 0: {fi , xj } = 0. Since xj depends only on the
coordinate, we get
X ∂fi
∂fi
{fi , xj } =
· δkj =
= 0.
∂pk
∂pj
k

The fact that all partial derivatives of fi relative to pj are equal to 0 means that
fi does not depend on the momentum. In other words, the force fi depends
only on the coordinates xj .
Now, since we know that fi depend only on the coordinates, for the secd2
ond time derivative 2 ([pi , xj ]), we can repeat arguments from the previous
dt
section and conclude that in the first approximation, this second derivative is
proportional to
∂fj
∂fi
S=
−
.
∂xi
∂xj
So, from the fact that the second derivative is equal to 0, we conclude that
S = 0, i.e., that
∂fi
∂fj
=
∂xj
∂xi
for all i and j. It is known that these equalities are necessary and sufficient
∂V
. Thus, we have
conditions for the existence of a field V for which fi = −
∂xi
proved that fi is indeed a potential field.
The conclusion has been proven.
Where are we in relation to Joule’s principle. In the previous section,
we showed that in quantum context, if we take free will into account, then
energy will not be preserved. In other words, we show that in this sense, energy conservation is not compatible with quantum physics. In this section,
we describe another difficulty in trying to relate quantum physics and energy
conservation: that, strictly speaking, in quantum physics, we cannot even formulate the question of experimentally testing whether energy is conserved. To
be able to even formulate this question properly, we need to go beyond the
usual quantum physics – to its modifications in which, e.g., Planck’s constant
is no longer a constant.
Based on the previous two sections, it looks like the relation between quantum physics and energy conservation is a disaster :-(
Comment. It should be mentioned that theories in which Planck’s constant is
no longer a constant but a new physical field s(x) have actually been proposed;
see, e.g., [23].
These theories only consider a scalar field s(x) corresponding to
[pi , xj ] = i · ~ · s(x) · δij .
In general, we may need to go even further, to the commutator [pi , xj ] can be
an arbitrary tensor.
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What now? The main gist of this section is that to be able to deal with a
possibility that energy may be not conserved, we need to go beyond the usual
quantum physics.
In this section, we assumed that the space is Euclidean, that the time is
the usual time, and we concluded that in this case, to describe a possible nonconservation, we need to go beyond quantum physics. From this, we concluded
that quantum physics has a problem with energy conservation.
Now that we have written it down explicitly, it is easy to see what is the
problem with this argument: the problem is that, according to relativity theory,
Euclidean space-time is only an approximation to the actual curved one. So,
let us repeat this analysis, but this time we will take relativistic effects into
account.

5 Taking Relativistic Effects into Account Resolves the Puzzle
So far, out of the two main contributions of 20 century to physics – quantum
mechanics and relativity – we only took into account quantum mechanics. Let
us now take into account relativity as well.
Before we show how to take into account effects of general relativity (i.e.,
curved space-time), let us briefly describe how special relativity affects questions related to energy conservation.
Special relativity: a brief reminder. The main idea behind special relativity is the relativity principle – which goes back to Galileo. Galileo noticed
that when a ship smoothly goes forward, then a ship’s passenger in a cabin
with no windows will not be able to tell whether the ship is moving or not –
and how fast it is moving. Einstein made this principle a cornerstone of his
Special Relativity Theory: that all the equations describing physical processes
will remain the same if we consider them from the viewpoint of a moving observer, as long as this observer moves in the same direction with a constant
speed.
In relativity theory, many physical quantities are relative – in the sense
that their numerical values are not absolute, they change if we measure them
in a moving system. For example, the object’s velocity is relative:
– the velocity of a fast moving object may be huge when we measure it from
the Earth, but
– from the viewpoint of an observer who travels on this objects, the object’s
velocity is 0.
Energy and energy conservation in special relativity: a brief reminder. Similarly to velocity, energy is also relative:
– from the viewpoint of the observer on the Earth, a fast moving object has
a huge kinetic energy, but
– from the viewpoint of the observer who travels on this object, the object’s
kinetic energy is 0.
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To describe the object’s energy in all possible coordinate systems, we need
to use a 4-dimensional energy-momentum vector (p0 , p1 , p2 , p3 ), in which the
first component p0 is the object’s energy and the other three components p1 ,
p2 , and p3 are components of the object’s momentum. Similarly, to describe
the energy density in all possible coordinate systems, we need to use a 4dimensional energy-stress tensor Tij ; the actual energy density corresponds to
the component T00 .
In terms of the tensor Tij , energy conservation can be expressed as Tij,j =
0, where:
– as before, a,i means partial derivative with respect to the i-th coordinate,
and
– it is implicitly assumed that we addPover repeated indices, i.e., in this case,
that we actually mean the formula T,jij = 0. (It is worth mentioning that
j

the above simplifying sum-less notation was first introduced by Einstein
himself and is thus known as Einstein’s notations.)
Now, we are ready to describe the effects of general relativity.
General relativity equations: a brief reminder. According to Einstein’s
General Relativity, the equations for the metric tensor field gij (that describes
gravity, i.e., curved space-time) have the following form (see, e.g., [7, 21, 29]):
Gij = Tij ,
where Tij is the stress-energy tensor,
1
def
Gij = Rij − Rgij ,
2
and Rij and R are special expressions in terms of the components of the metric
tensor and their first and second order derivatives.
The observable effects of the metric field gij is that a freely moving particle
– which in the empty space-time will follow a straight line trajectory in which
velocity does not change v̇i = 0, in full accordance with the law of inertia – will
follow a more complex trajectory, in which the derivative v̇i is proportional to
a special combination Γ of the first derivatives of the metric tensor gij .
General relativity as a particular case of flat-space-time field theory.
Einstein derived his equations by using general physical and geometric ideas.
However, later, it turned out that the exact same equations can be obtained
from the usual field theory in the usual non-curved (“flat”) space-time if we
√
consider a physical field γij = −g · g ij − η ij , where:
– η ij = diag(1, −1, −1, −1) is a diagonal matrix with elements 1, −1, −1,
and −1,
– P
g ij is an “inverse” matrix to the metric tensor, i.e., a matrix for which
ij
j g · gjk = δik , where δik is the above-defined Kronecker (which is equal
to 1 if i = k and to 0 otherwise), and
– g is the determinant of the matrix gij .
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To get Einstein’s equations, we need to consider a field γij whose source is the
overall energy-stress tensor Eij = Tij + tij ({γkl }) that includes both:
– the energy of the external fields Tij and
– the energy tij ({γkl }) of the field γij itself:
γij = Eij = Tij + tij ({γkl });

(37)

see, e.g., [10,16].
The observable effects of the metric field gij – i.e., in these terms, of the
field γij – depends only on the expression Γ – just like in electrodynamics,
where the observable effect of the electromagnetic 4-potential Ai depends only
on the electromagnetic field Fij = Ai,j −Aj,i . Some changes to Ai do not affect
the values Fij and thus, lead to the same observable results. Because of this,
we can always select the field Ai so as to satisfy an additional relation. In field
theory, it turns out to be convenient to use the relation Ai,i = 0. Similarly,
without changing the observable effect of the field γij , it is always possible to
select the metric tensor for which γij,j = 0.
The geometric meaning of this choice is that we can always select coordinates in which this condition is satisfied; in general relativity, such conditions are known as harmonic coordinates. In these coordinates, we always have
(γij ),j = 0 and thus, Eij,j = 0.
In general relativity, energy depends on the observer. We may recall
that Einstein’s general relativity started with Einstein’s observation that:
– while we usually strongly feel the law of gravity,
– a person in a freely falling elevator (Einstein’s example) or on board of a
spaceship orbiting the Earth (our natural example) feels absolute weightlessness.
So:
– from our viewpoint, there is a strong potential energy of the gravitational
field – so strong that a small flower pot falling from the 10-th floor can
easily kill a pedestrian;
– on the other hand, from the astronaut’s viewpoint, there is no potential
energy.
So, from the viewpoint of general relativity, gravitational energy is something
depending on the coordinate system: it is the term tij ({γkl }).
What will happen if the energy of the external fields is not preserved. Normally, physicists consider situations in which the external fields
Tij are described by usual theories like electrodynamics, theories for which
energy is preserved.
However no one prevents us from considering a general case, in which the
energy Tij of the external field is not preserved, i.e., for which Tij,j 6= 0. In
this case, since for (37) we always have Eij,j 6= 0, this would mean that we
will have tij,j = −Tij,j . So, if we have a strong energy non-conservation, with
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a large non-zero value of Tij,j , this will create a large value of tij,j and thus, a
large gravitational field tij .
The fact that Eij,j = 0 means that the overall energy is preserved – so
that non-conservation of energy of the other fields will generate a string gravitational field. The energy will not disappear – it will get transformed into the
gravitational energy.
This phenomenon can be explained in the original general relativistic terms. The same phenomenon can be explained in the original Einstein’s
curved space-time.
Indeed, from the definition of the tensor Gij , it follows that Gij
;j = 0,
where, for each object a (scaler or vector or tensor), a;k denotes covariant
derivative, i.e., derivative of the type a;k = a,k + Γ a, where Γ is an expression
containing gij and its first derivatives – and which is equal to 0 in non-curved
(Minkowski) space-time. Due to Einstein’s equation, the formula Gij
;j = 0
ij
ij
implies that T;j = 0, i.e., that Tj + Γ T = 0. If in the original theory, energy
is not conserved, i.e., we have T,jij 6= 0, this means that we have Γ T 6= 0, i.e.,
that Γ 6= 0.
The value Γ = 0 corresponds to non-curved space-time, so Γ 6= 0 means
that the space-time is curved – i.e., that there is a gravitational field. The
larger non-conservation of energy, the larger Γ and thus, the stronger the
corresponding gravitational field. Thus, in the relativistic version of the original non-energy-conserving theory, energy does not disappear, it simply gets
transformed into the gravitational energy – just like in Joule’s experiments,
mechanical energy and heat energy got transformed into each other.
Where are we in relation to Joule’s principle: final conclusion. In
the previous sections, we saw that if we only take quantum effects into account, then we will most probably have to abandon energy conservation ideas
– and, what is even worse, we will not even be able to test energy conservation experimentally without the need to go beyond non-relativistic quantum
physics.
As we saw in this section, if we do go beyond non-relativistic quantum
physics – by considering effects of special and general relativity – then Joule’s
principle becomes valid again.
Not only Joule’s principle becomes valid again – this principle is strengthened. It is no longer a principle that all physical theories should satisfy, it is
a principle that all physical theories do satisfy – at least in the current picture of the physical world, a picture governed by quantum physics and general
relativity.
Conclusion. Our main conclusion is that conservation of energy is with us
always, with or without free will included. In the previous sections, we show
that this conclusion is not valid for classical physics or for non-relativistic
quantum theories, but it is valid at the all-inclusive level, when we take into
account both quantum and relativistic effects.
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