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their willingness to serve on my committee. Their suggestions, comments, and additional
guidance were very valuable to the completion of this work.
In addition, I would like to thank Dr. Pat Teller, Dr. Michela Taufer, and Dr. MingYing Leung for supporting me as a Research Assistant while pursuing my degree. While
working with them, I learned much on fields of Computer Science I wouldn’t have been
exposed to otherwise. Working with them was an invaluable experience, and I believe it
truly helped me grow as a computer scientist.
También quiero agradecer a mi madre, Bertha Alicia Landeros Trevizo por . . . todo. Su
apoyo incondicional todos estos años es lo único que hizo posible que yo siguiera con mis
estudios hasta ahora. No hay palabras suficientes para agradecerle todo lo que hace por
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Abstract
Processing different types of data is one of the main applications of computers, the application for which computers have been originally designed. The more data we need to
process, the more computing power we need and thus, the more important it is to use
(and design) faster algorithms for data processing. Even processing 1-D data often is very
time-consuming, but processing 2-D data (e.g., images) and 3-D data is where we really
encounter the limits of the current computer hardware abilities.
Data processing algorithms sometimes produce results which contradict the expert
knowledge – because this knowledge was not taken into account in the algorithm. For
example, a mathematical solution to a seismic inverse problem may lead to un-physically
large values of density inside the Earth.
At present, in such situations, researchers try to repeatedly modify (“hack”) the process
until the results produced by the algorithm agree with this expert knowledge. This process
takes up a lot of expert time and – because of the need for numerous iterations – a lot of
computer time.
To avoid this long, ad-hoc process, it is desirable to explicitly incorporate the expert
knowledge into the algorithms, so that the results are always consistent with the expert’s
knowledge. Expert knowledge often comes in the form of bounds (i.e., intervals) on the
actual values of the physical quantities. In this dissertation, we describe how this intervalrelated expert knowledge can be used in processing 2-D and 3-D data.
In data processing, one can distinguish between two types of situations: simpler situations when we directly measure the data that needs to be processed, and more complex
situations when the data points can only be measured indirectly, i.e., when these points
themselves need to be determined from the measurement results. In this dissertation, we
consider both types of data processing. For the case of directly measured 2-D and 3-D
data (e.g., images), one of the main problems usually is referencing these images. For the
v

case of indirectly measured data (e.g., for the case of an inverse problem), we need to solve
this inverse problem, and we need to estimate how close the resulting solution is to the actual image. In this dissertation, we provide sample algorithms and examples showing how
interval-related expert knowledge can help in solving the inverse problem and how interval
techniques can help in determining how close the resulting solution is to the actual image.
Most of the examples are from the geosciences, with some bioscience-related examples as
well.
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Chapter 1
Introduction
1.1

Need for Data Processing

In many real-life situations, there are quantities which are difficult (or even impossible) to
measure directly: e.g., the amount of oil in an oil field or the angles between consequent
atomic connections in a protein. Since we cannot measure the corresponding quantity directly, we can measure it indirectly: by measuring the values of easier-to-measure quantities
x1 , . . . , xn which are related to the desired quantity y by a known dependence.
This dependence can be explicit, when y = f (x1 , . . . , xn ) for a known function f , and
there is a known algorithm which, given n real numbers x1 , . . . , xn , computes the value
f (x1 , . . . , xn ) of this function with a reasonable accuracy. This algorithm can be as simple
as an explicit computation of an analytical expression or as complex as solving a system of
partial differential equations (PDEs).
In other practical situations, we only know an implicit dependence between xi and y,
i.e., a dependence of the form F (x1 , . . . , xn , y) = 0.
The resulting indirect measurement consists of the following:
• First, we measure the quantities x1 , . . . , xn .
• After that, we use the results x
ei of directly measuring xi (and the known dependence
between xi and y) to determine the value of the desired quantity y.
For example, in the case of an explicit dependence, we simply apply the function f to the
measured values x
e1 , . . . , x
en , and end up with an estimate ye = f (e
x1 , . . . , x
en ) for the desired
quantity y.
1

In computer terms, the computation that transforms the values x
e1 , . . . , x
en into an estimate ye is called data processing. Data processing is one of the main applications of
computers, the application for which computers have been originally designed.

1.2

Processing 2-D and 3-D Data: Computational Challenge

The more data we need to process, the more computing power we need and thus, the more
important it is to use (and design) faster algorithms for data processing. Most algorithms
for processing 2-D and 3-D data originated from similar 1-D algorithms. For example,
Fourier transform was originally invented for 1-D data and later extended to 2-D and 3-D
cases. Similarly, many ideas behind algorithms for solving (multi-D) partial differential
equations (PDEs) originated in solving (1-D) ordinary differential equations (ODEs).
Usually, the transition from 1-D to 2-D or 3-D data means a drastic increase in the
amount of data. In general, the more data we need to process, the more computing power
we need. Thus, the same algorithm requires much more time to process 2-D or 3-D data
than 1-D data. Even processing 1-D data is often very time-consuming. Processing 2-D
data (e.g., images) and 3-D data (e.g., 3-D “images” describing the structure of the Earth
or the structure of a biological object) is where we really encounter the limits of the current
computer hardware abilities, where the latest record-breaking supercomputers need to be
used.
It is therefore desirable to develop new techniques for processing 2-D and 3-D data.

1.3

Need for Expert Knowledge

The main objective of this dissertation is to describe how to use interval-related expert
knowledge in processing 2-D and 3-D data. In order to better explain the need for expert
knowledge, let us recall a typical manner in which mathematical and algorithmic techniques
2

are applied.
Most applications of mathematical techniques to practical problems follow the same
paradigm.
First, we create a model for the desired real-life objects and processes. For example,
Navier-Stokes equations are known to be a good model for the physical behavior and
dynamics of liquids. A model needs to be validated to make sure that it adequately reflects
the modeled phenomenon. It is worth mentioning, however, that even the best model is
only an approximation to the real-life behavior. There is an inevitable modeling error; this
error is small for good models, but it still needs to be taken into account.
Second, we use mathematical (numerical) methods to solve the equations which form
this model. A numerical method needs to be verified to make sure that it provides an accurate solution to the mathematical model. Even the best numerical methods provide only
an approximation to the desired solution; there is an inevitable numerical (approximation)
error.
Because of these two types of errors, the result of data processing is generally different
from the actual value of the corresponding physical quantity. So, within this paradigm, to
decrease this difference, we must look for a more accurate model and/or for a more accurate
numerical technique for solving this model.
To use a simplified example, if the model consists of Newton’s equations of motion
F (x)
dx
d2 x
=
and
we
know
the
mass
m,
the
initial
location
x(t
)
and
velocity
(t0 ),
0
dt2
m
dt
and the dependence F (x) of the force F on location x, then we can uniquely predict the
location x(T ) of the particle at the desired future moment of time T > t0 . In real life, we
may know the force F (x) only approximately; this will constitute a modeling error. Also,
the numerical integration method that we use to solve this equation has an approximation
error.
In most real-life applications, this application paradigm works well, but in many other
applications, the situation is more complex. Indeed, the traditional application paradigm
implicitly assumes that the equations which comprise the model uniquely predict the values

3

of the desired quantity. In some practical applications, this is not always the case.
For example, one of the main objectives of geophysics is to determine the 3-D structure
of the Earth. Different crustal materials usually have different density and, as a result,
different velocity of sound v. Therefore, one way to determine the desired structure is to
determine the velocity v(~x) at different 3-D points ~x = (x1 , x2 , x3 ). To find these velocities,
we set up explosions at different locations on the Earth surface, place sensors around these
locations, and measure the time for the resulting seismic wave to propagate to the sensors.
Based on these measured travel-times ti and known locations of sensors, we then reconstruct
the velocity model. The corresponding reconstruction problem is called the seismic inverse
problem.
In the seismic inverse problem, it is usually assumed that each seismic wave follows
the shortest path between the source and the sensor. This assumption can be viewed as a
model of the seismic wave propagation. In terms of this model, the seismic inverse problem
can be formally formulated as follows:
• We are given a number n (number of sensor readings).
• For each i from 1 to n, we know a spatial point Si (location of the source), a spatial
point Ri (location of the sensor), and the travel time ti .
• We need to find a function v(~x) such that for each i,
Z
ds
min
= ti ,
γ:Si →Ri γ v(~
x)
where the minimum is taken over all possible paths γ which start at the point Si and
end at the point Ri .
In reality, this model is only approximate because it assumes that the rays travel along
a single path and ignores the effects of diffraction, when a wave “spreads out” beyond the
path. Also, there are numerical errors caused by the fact that we usually use approximate
methods to solve the corresponding system of equations. In most instances of the seismic
inverse problem, errors of both types are usually very small.
4

However, in this problem, there is an additional source of error caused not so much by
the approximate character of the model but rather by its incompleteness. Specifically, the
travel-times only carry information about the locations through which the seismic waves
pass. Many 3-D points are not covered by the corresponding ray paths. As a result, based
only on the travel-times and on the shortest-path model, we cannot uniquely determine the
velocity at these points.
The incompleteness is typical in numerical mathematics. Usually, it is resolved by
making additional assumptions such as an assumption of smoothness (differentiability) –
that the desired functions (such as our v(~x)) smoothly depends on the coordinates. This
smoothness assumption is behind the regularization techniques for solving the corresponding problems.
In the seismic inverse problem, it is known that the dependence v(~x) is, in reality, not
smooth: there exist layers of different rocks, with an abrupt (discontinuous) transition
between them. As a result, in general, we may have different layered solutions each of
which is consistent with the same measurement results.
From the viewpoint of the existing mathematical formulation of the seismic inverse
problem – via an incomplete model – all these drastically different solutions are all satisfactory. However, in practice, when a geophysicist expert looks at these solutions, he or
she is normally able to select one (or a few) of these solutions which are consistent with
the expert’s understanding of geophysics – and dismiss other solutions as geophysically
meaningless.
In such situations, it is desirable to use this expert information to “complete” the
incomplete model. In the ideal world, we should be able to formulate the expert knowledge
in a formalized way and thus, replace the original incomplete model with a (more) complete
one – that combines the original equations with the formalized expert knowledge. In
practice, the situation is much more “messy”. For example, in the seismic inverse problem,
the fact that we can have many drastically different solutions to each instance of this
problems means that we can have many different algorithms which produce a solution
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for each such instance – and in general, for the same instance, these algorithms lead to
different solutions. A typical approach to incorporating the expert knowledge is to have
experts select an algorithm which seems to be providing, in general, the best solutions, and
to use thus selected algorithm to solve the problem.
For example, in the seismic inverse problem, Hole’s code [89] is the algorithm that has
been selected by the geophysics community and which is now most widely used to solve
this problem.
The results of the selected algorithm are better not because they are in better accordance
with the original (incomplete) model – all compared algorithms are in approximately the
same good level of accordance. The selected algorithm is “better” because it better reflects
the expert knowledge.
In this sense, the algorithm (method) becomes, in effect, a part of our model of the
physical reality – the part which reflects expert knowledge.
In short, we select a method that is, on average, the best reflection of the expert
knowledge, and we hope that this method provides a geophysically meaningful solution v(~x)
in all (or at least in most) practical instances of the seismic inverse problem. Sometimes,
the selected method does lead to a meaningful solution, but in many practical situations,
the resulting solution is not in full agreement with the expert’s intuition.
In some situations, a part of expert’s knowledge can be explicitly formulated. For
example, a geophysicist may know that the velocity at a certain depth must lie within
certain reasonable bounds, e.g., between 5 and 8 km/s. At present, in such situations,
researchers try to repeatedly modify (“hack”) the process until the results produced by the
algorithm agree with this expert knowledge. This process takes up a lot of expert time
and – because of the need for numerous iterations – a lot of computer time. To avoid this
long, ad-hoc process, it is desirable to explicitly incorporate the expert knowledge into the
algorithms, so that the results are always consistent with the expert’s knowledge.
Expert knowledge usually comes in the form of bounds (i.e., intervals) on the actual
values of the physical quantities. It is therefore desirable to take this interval-related expert

6

knowledge into account when processing data.

1.4

Main Objective of the Dissertation

The main objective of the dissertation is to develop techniques for using such intervalrelated expert knowledge in processing 2-D and 3-D data.

1.5

Classification of the Related Problems

In data processing, one can distinguish between two types of situations:
• simpler situations when we directly measure the data x1 , . . . , xn that needs to be
processed, and
• more complex situations when the data points themselves can only be measured indirectly, i.e., when these points need to be determined from the measurement results.
In the dissertation, we provide algorithms and examples related to both types of data
processing.

1.6

Simpler Problems

The simpler case is the case when we have directly measured 2-D and 3-D data. Some of
these data sets come from an image, e.g., from a satellite or aerial photo. In such remote
sensing situations, we have, in effect, a single “measurement” (in this case, the process
of taking a photo) which produces all the data points. The corresponding intensities are
usually measured with high accuracy. The only information that sometimes is lacking –
and that we need to recover by processing the data – is the information about the exact
spatial locations in which these intensities are measured.

7

In other cases, e.g., for gravity or magnetic data, we perform many measurements of the
corresponding gravity or magnetic fields at different locations. In such situations, both the
intensity and the location are measured with a reasonable accuracy. In computer science,
the resulting 2-D and 3-D data are also usually called images.
As we have just mentioned, one of the main computational problems in processing
remote sensor images is to reference the corresponding image (or images). Usually, when
we have a new image that requires referencing, we already have geo-referenced previous
images of the same area. So, a natural way to reference an image is to compare it with the
previous images of the same area, and extract the spatial coordinates of the new points
from this comparison.
This image referencing is one of the main problems that we handle in the dissertation.
We describe the problem and our related ideas in Chapter 2.
For 2-D satellite images, the location of the image is determined modulo shift, rotation,
and scaling. Thus, for such images, referencing two images means finding the shift, rotation,
and scaling necessary to align one image with the other.
Referencing also is important for 3-D images. For example, in bioinformatics, it is
important to find how a protein can dock to a ligand or another protein, i.e., to reference
the corresponding 3-D images. This docking information is important because it can help
in determining how medicine can help in preventing and curing diseases.

1.7

More Complex Problems

In more complex situations, we do not measure the image intensity directly, we need to
compute the image values from the results of related measurements. An example of such
a situation is a seismic inverse problem, where we need to reconstruct the values of the
density and velocity in the Earth from the traveltimes of (natural and artificial) seismic
signals.
In such situations, we face two main challenges:
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• First, we need to solve the corresponding inverse problem.
• Second, we need to estimate how close the resulting solution is to the actual image.
In this dissertation, we provide algorithms (and examples) both for solving the inverse
problem and for estimating how close the resulting solution is to the actual image. Most
of the examples will be from the geosciences, with some bioinformatics-related examples
as well. The corresponding formulations, ideas, and examples are described in Chapters 3
and 4.

9

Chapter 2
Image Referencing Using Fast
Fourier Transform
In this dissertation, the simpler case of data processing we consider is the case when we
have directly measured 2-D and 3-D data. This is the case with satellite images, aerial
images, and many others; in computer science, the corresponding data sets are usually
called images even when they do not represent a visual image. In such situations, the
corresponding intensities are directly measured. The only information that sometimes is
lacking – and that we need to recover by processing the data – is the information about
the exact spatial locations in which these intensities are measured.
In other words, in such situations, one of the main computational problems is to reference the corresponding image (or images). Usually, when we have a new image that
requires referencing, we already have referenced previous images of the same area. So, a
natural way to reference an image is to compare it with the previous images of the same
area, and extract the spatial coordinates of the new points from this comparison.
Image referencing is one of the main problems that we address in the dissertation.

2.1

Image Referencing: A Practical Problem

Formulation of the problem. In many areas of science and engineering, we have two
images I1 (~x) and I2 (~x) (2-D or 3-D) which represent the same object but viewed from
different angles and positions, in a possibly different scale.
In general, to describe the transition between different views, we must take into account
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spatial shifts, rotations, scalings, and perspective distortions. Perspective distortions are
extremely important in 2-D situations like processing security camera images or robotic
vision. In these situations, it is important to compare the actual image of an object with
a stored image of this object (and other objects), an image taken from an angle which is,
in general, different from the current observation angle. Perspective distortion comes from
the fact that 2-D images are obtained, in effect, by projecting a 3-D scene onto the 2-D
image plane. As a result, for 3-D images, perspective distortion is not a problem.
As we have mentioned in Chapter 1, the more data points, the more challenging the
corresponding image processing problem. We also mentioned that usually, 3-D images
contain many more data points than 2-D images. So, the most computationally challenging
case of image referencing is referencing 3-D images. In view of this fact, in this dissertation,
we mainly concentrate on referencing 3-D images – and on the 2-D image referencing
problems and algorithms which can be generalized to the 3-D case. Since in the 3-D
case, the perspective distortion is not an issue, we therefore concentrate on the situations
when the two referenced images I1 (~x) and I2 (~x) can be obtained from each other by an
appropriate shift ~x → ~x + ~a, rotation ~x → R~x, and scaling ~x → λ · ~x – without perspective
distortion. In other words, we consider situations in which I2 (~x) ≈ I1 (λ · R~x + ~a).
Such situations are not limited only to 3-D images. For example, satellite images are
usually captured from such large distances that we do not need to consider perspective
view. So, for satellite images, we can also safely assume that I2 (~x) ≈ I1 (λ · R~x + ~a).
In many practical situations, we do not know the relative orientation of the two images.
In such situations, it is desirable to reference these images, i.e., to find the rotation, the
scaling, and the shift after which the images match as much as possible.
A similar problem occurs when we have the images of two different objects whose shapes
should match. For example, we may have images of two bioactive molecules. We know that
in vivo, these molecules interact because one of these molecules “docks” to the other one,
i.e., gets into a position where their surfaces match. In such situations, it also is important
to find the orientation and shift corresponding to this match.
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Comment. Sometimes, the images also differ in lighting conditions, as a result of which
we may have I2 (~x) ≈ C · I1 (λ · R~x + ~a) for some unknown factor C.
General image referencing problem vs. its particular cases. In the general problem, images may differ by shift, by orientation, and by scale. In such a general case, we
need to find all three groups of parameters: shift ~a, rotation R, and scaling λ.
In practice, sometimes we do not need to find all three of these parameters. For example,
sometimes we know that the images already are similarly oriented and they are in the same
scale, so all we need to do is to find the shift ~a between the two images.
In other practical problems, we know that the images are scaled right, but we need
to find the shift ~a and the rotation R. For example, when a molecule docks into another
molecule, it can shift and rotate, but it cannot seriously shrink or expand. Thus, in the
protein docking problem, we must find the shift ~a and the rotation R – but not the scaling.
In short, in general, all three groups of parameters are unknown: the shift ~a, the rotation R, and the scaling λ. In practice, in addition to this complex general image referencing
problem, we sometimes face (somewhat) simpler particular cases of the general image referencing problem, cases in which we only need to determine some of these parameters.
How an image is represented. In order to formulate image referencing as an algorithmic problem, we need to describe how images are represented in a computer.
Usually, images are represented by the intensity values at different points on a rectangular grid. In particular, in the 2-D case, we have an n × n grid consisting of n2 points. So,
an image is represented by n2 intensity values at different grid points. In the 3-D case, we
have a 3-D n × n × n grid consisting of n3 points, so an image is represented by n3 intensity
values at different grid points. In general, an image is represented by nd intensity values,
where d = 2 or 3 is the dimension of the image.
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2.2

First Case: Referencing of Similarly Oriented 2-D
and 3-D Images – Existing Algorithms

Formulation of the practical problem: reminder.
• We have two images I1 (~x) and I2 (~x) (represented by their intensity values on a grid).
• We know that these images are obtained from each other by an (unknown) shift ~a,
i.e., that I2 (~x) ≈ I1 (~x + ~a).
• We want to find this shift.
Referencing in time O(nd ). In some real-life problems, we can reference two similarly
oriented images in the smallest possible time O(nd ). One example is when we are referencing
two images which have clear landmarks: e.g., points where the intensity has the largest
possible value, which are useful in describing the structure of the image.
In such situations, to match the two images, it is sufficient to find, for each of the two
images, the point ~x with the largest possible intensity value; this point can be found by
searching over all nd points ~x so it can be done in O(nd ) steps. Once the corresponding
landmark locations d~1 and d~2 are found, we can find the desired shift ~a as ~a = d~2 − d~1 .
For many important images, we cannot use this fast algorithm for image referencing,
because there are no easy-to-find landmark locations – namely, for every special point in
the image, there are several similar points in the same image. For example, in multi-cellular
biological images, whether we have a point on the border between several cells, or a special
point of a special structure within a cell, there are many different points with the similar
values of intensity at different cells. Similarly, in a satellite image, if the maximum of the
image intensity corresponds to, e.g., road intersection or a river, we may have many road
intersections and several rivers within the same image.
In some such situations, however, we can still use a fast (O(nd )) algorithm for image
referencing. For example, in astronomical images, we often have an image of an object
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surrounded by empty space. In this case, we can use the moments to find out the shift
between the images. It is easy to see that when we apply a shift to an image, i.e., replace the
original image I1 (~x) with a shifted image I2 (~x) = I1 (~x + ~a), then the 0-th order moment
R
(overall intensity) Mi = Ii (~x) d~x does not change (M2 = M1 ), while the 1-st order
R
moments Mij = Ii (~x) · xj · d~x change to M2i = M1i − ai · M1 . Thus, we can find the
desired shift ~a by comparing the corresponding moments: ai = (M1i −M2i )/M1 . An integral
is, in effect, a sum over all nd grid points, so computing each of the integrals M1 and Mij
requires O(nd ) steps. Thus, we still need computation time O(nd ).
This method has a natural geometric meaning: the ratio Mji /M1 is the i-th coordinate
of the image’s center of gravity. Thus, in effect, this algorithm consists of the following
three steps:
• first, we compute the center of gravity d1i = M1i /M1 of the image I1 (~x);
• then, we compute the center of gravity d2i = M2i /M2 of the image I2 (~x);
• finally, we find the desired shift as the difference between the centers of gravity:
~a = d~1 − d~2 .
Comment. This reformulation works also when the images are not only shifted, but also
“re-scaled”, i.e., I2 (~x) ≈ C · I1 (~x + ~a) for some (unknown) constant C > 0, due, e.g., to
different lighting conditions related to these two images.
Situations when O(nd ) algorithms are not applicable. In many practical situations,
none of the above O(nd ) algorithms is applicable. For example, in satellite and multi-cellular
images, not only we do not have landmark points, we also do not have empty space around
an image. As a result, e.g., the shifted satellite image contains values which are not present
in the original image. When both images cover the same reasonably homogeneous area,
then the intensity is of about the same value throughout both images, and hence, the center
of gravity of each image is close to the geometric center of the image. Thus, if we apply the
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above center-of-gravity algorithm to detect the shift between the images, then, no matter
what the actual shift is, the above algorithm will return (approximately) 0.
Straightforward approach: computational complexity. A natural idea is to look
for a vector ~a for which the distance
Z
def

e(~a) =

(I2 (~x) − I1 (~x + ~a))2 d~x

(2.1)

attains the smallest possible value.
The minimized objective function is, in effect, the sum of the squares. Thus, the
corresponding minimization problem is a particular case of the Least Squares Method
(LSM). In practice, a standard way to solve a LSM problem is to equate the derivative of
the corresponding quadratic function to 0; since we start with a quadratic function, the
derivative is linear and so, we get a system of linear equations for finding the desired values.
However, in our case, this approach cannot be easily applied. Indeed, differentiating the
integral 2.1 with respect to the unknowns ~a means that we should differentiate the function
I1 (~x + ~a). However, the images I1 (~x) and I2 (~x) are, in general, not smooth (i.e., not
everywhere differentiable). Often, an image contains an abrupt boundary: e.g., satellite
images can have a boundary between the ocean and the land, between the glacier and
the surrounding area, etc. So, we cannot use the usual LSM simplification to solve our
minimization problem, we need to find other ways to solve this problem.
Let us start with a straightforward approach: we compute the value of the “scoring
function” e(~a) for all computer representable shifts ~a, and then find the shift for which the
value e(~a) is the smallest. As we will see, this approach is not practical for real-life values
n.
Each image on a 2-D n × n grid consists of n2 intensity values at different grid points.
Computing each integral requires time O(n2 ): for each pixel ~x, we need one subtraction
and one multiplication to compute the value (I2 (~x) − I1 (~x + ~a))2 , and then we must add
all these values to get the integral.
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According to the straightforward approach, we must compute the value of the L2 -norm
for all possible shifts ~a. For an n × n grid, it is reasonable to consider n2 possible shifts.
Computing each integral requires time O(n2 ), so overall, we need time O(n2 ) · O(n2 ) =
O(n4 ).
For many real-life images, the size n is approximately 103 , so n4 ≈ 1012 computational
steps require a large amount of time. It is therefore desirable to find faster algorithms for
image referencing.
It is known that many signal and image processing techniques can be made faster if we
use Fast Fourier Transform (FFT); see, e.g., [47]. Fourier transform F (~ω ) of an image I(~x)
is defined as
1
F (~ω ) = √
·
( 2π)d

Z
I(~x) · exp(−i · ω · ~x) d~x,
def

where d = 2, 3 is the dimension of the space, i =

√

def

−1, and ω
~ · ~x = ω1 · x1 + ω2 · x2 + . . .

is a scalar (dot) product of the two vectors.
FFT is an algorithm for computing the Fourier transform of a given image. The application of FFT to an image of size N requires N · log(N ) steps, so for an image of size
N = nd , we need O(nd · log(n)) steps.
Comment. The standard FFT algorithm requires that the number n of pixels along each
image dimension is a power of 2, i.e., n = 2k for some non-negative integer k. Images for
which n is not a power of 2 can be “padded” with zeros to the nearest 2k size. For example,
images of size 1,000×1,000 are “padded” to size 1,024×1,024.
Using Fast Fourier Transform for shift detection. For a shifted image I2 (~x) =
I1 (~x + ~a), the Fourier transform has the form F2 (~ω ) = exp(i · ω
~ · ~a) · F1 (~ω ). Thus, in the
presence of measurement noise and inaccuracy, when we have I2 (~x) ≈ I1 (~x + ~a), we have
F2 (~ω ) ≈ r(~ω ) · F1 (~ω ), where r(~ω ) ≈ exp(i · ω
~ · ~a).
The complex number exp(i · ω
~ ·~a) has magnitude 1; so, it is reasonable, for every spatial
frequency ω
~ , to find the value r(~ω ) for which the approximation error |F2 (~ω )−r(~ω )·F1 (~ω )|2
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is the smallest possible under the constraint that |r(~ω )| = 1.
By using the Lagrange multiplier method, we can show that the solution to this constrained optimization problem is given by
r(~ω ) =

F1 (~ω ) · F2∗ (~ω )
.
|F1 (~ω ) · F2 (~ω )|

(2.2)

In the ideal case, r(~ω ) is a sinusoidal wave, and its inverse Fourier transform is an impulse
function δ(~x −~a), i.e., a function which only is non-zero for ~x = ~a. It is therefore reasonable
to find the shift ~a by applying the inverse FFT to the above function r(~ω ) and to find the
shift as the point at which this inverse FFT attains the largest possible value.
We thus arrive at the following algorithm.
Resulting algorithm. We are given two images I1 (~x) and I2 (~x); we must find the shift
~a between these images. For that, we can do the following:
• first, we apply FFT to both images I1 (~x) and I2 (~x), and compute the Fourier transforms F1 (~ω ) and F2 (~ω );
• then, for each frequency ω
~ , we compute the ratio (2.2);
• after that, we apply the inverse FFT to the resulting function r(~ω ) and obtain a new
function P (~x).
Finally, we find the shift ~a as the value at which the function P (~x) attains its largest
possible value.
Comment. This algorithm was first proposed and implemented in [122] (without the least
squares justification); for 2-D images, it requires time O(n2 · log(n)). This same algorithm
can be used for 3-D images, it then requires time O(n3 · log(n)).
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2.3

Referencing of General 2-D and 3-D Images: Existing Algorithms

Formulation of the problem. We have two d-D images I1 (~x) and I2 (~x); we must find
the shift ~a and the rotation R for which I2 (~x) ≈ I1 (R~x + ~a).
Referencing in time O(nd ). To find the shift between the two images, it is sufficient
to find one landmark point. To find both shift and rotation, we can use two different
landmarks:
• we can use the first landmark to find the shift between the two images, and then
• we can compare the location of the second landmark in both images, and thus find
the corresponding rotation.
Finding the landmarks in the image requires time O(nd ).
If there are no easily detectable landmarks, but the images are objects surrounded by an
empty space, then we can use the moments method to determine both shift and rotation.
The values of the 0-th and 1-st order moment Mi and Mij could only determine the shifts.
R
So, to find the rotation, we must also use the second order moments Mijk = Ii (~x)·xj ·xk d~x.
To compare the second order moments (also called moments of inertia) of the two
images, it is necessary to first shift both images to the same point of origin, e.g., to the
center of gravity. As a result, we replace the original value Mijk with the new value
Mijk − dj · dk · Mi , where dj = Mij /Mi is the j-th coordinates of the center of gravity.
Second order moments of each image form a symmetric non-negative definite matrix.
This matrix is 2 × 2 in the 2-D case and 3 × 3 in the 3-D case. Since this matrix is
symmetric, it has orthogonal eigenvectors. When the image rotates, these eigenvectors
rotate as well. So, we can find the rotation angle by comparing the orientations of the
eigenvectors. Since the sizes of the moments-of-inertia matrices are small (2 × 2 or 3 × 3
for 3-D), these eigenvectors can be computed very fast.
18

Using Fast Fourier Transform for rotation detection: 2-D case. In general, the
images may not have clear landmarks and they may not be surrounded by an empty space,
so the above O(nd ) methods may not be applicable.
If the two images I1 (~x) and I2 (~x) differ not only by shift but also by a rotation R and
a scaling λ, the absolute values M1 (~ω ) and M2 (~ω ) of their Fourier transforms F1 (~ω ) and
F2 (~ω ) differ from each other only by the corresponding rotation and scaling.
In the 2-D case, rotation can be reduced to a shift if we use polar coordinates (r, θ).
Indeed, in polar coordinates, rotation by an angle θ0 is described by a shift-like formula
θ → θ +θ0 . So, in polar coordinates, rotation is described by a shift. So, if we use the above
FFT-based algorithm, we can find the shift R, and thus, determine the rotation angle R.
We can now apply the reconstructed rotation to one of the images, e.g., to the first
ˆ y). Since we rotated one of the images, the
image, I(x, y), to obtain a new image, I(x,
images are already aligned in terms of rotation, and the only difference between them is in
an (unknown) shift. So, we can apply the above shift-detection algorithm for determining
the shift.
This idea was first proposed in [182]; for 2-D images, it requires time O(n2 · log(n)).
Limitations. The above idea only works for 2-D images. This idea cannot be directly
applied to speed up referencing of 3-D images.

2.4

Remaining Problem

Summarizing: referencing two images, i.e., finding a shift and a rotation that match the two
given images, is an important practical problem. In principle, it is always possible to solve
this problem by trying all possible values of shift and rotation; however, this exhaustive
search requires an un-realistically huge amount of computation time.
This amount of computations is large already for 2-D images, and it is even larger for
3-D images. There are two reasons for this drastic increase in computational complexity.
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First, a 3-D image of linear size n contains n3 different values of intensity – much more
than n2 values that form a 2-D image of the same linear size. Processing more data points
requires more computation time.
Second, to find the right match between two 3-D images, we need more tests than for
matching 2-D images. Indeed, e.g., to find the appropriate shift between 2-D images, we
need, in the worst case, to test n2 possible shifts. For the 3-D case, we need n3 À n2
possible shifts.
The difference is even larger if we take rotations into account. Indeed, to describe a
rotation around a point in a 2-D space, it is sufficient to use a single parameter – the
rotation angle. To describe a generic rotation in the 3-D case, we need 3 parameters.
Thus, to find a rotation by the exhaustive search, we need ≈ n tests in the 2-D case, but
≈ n3 À n tests in the 3-D case.
In the 2-D case, it is possible to reduce the problem of finding both rotation and shift
to two simpler problems of finding shift. However, this reduction does not work in the 3-D
case – the case when the computation time is the largest, and thus, there is the greatest
need to speed up.

2.5

New Algorithms

Main idea. Our main idea is to combine the techniques from the existing efficient image
referencing algorithms: the use of moments and the use of Fourier transforms.
Preliminary step: the general case of shift and rotation can be reduced to
the case when the images only differ by rotation. In general, referencing the two
images means finding the values of the shift and rotation (and sometimes also scaling) that
transform the first image into the second one. We have mentioned that the computational
complexity of the problem comes from the fact that we need a reasonably large number of
parameters to describe possible combinations of shift and rotation.
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To simplify this problem, let us reduce this problem to the case when the images differ
only by rotation. This reduction was, in effect, explicitly described when we covered the
existing 2-D FFT-based image referencing techniques. Specifically, this reduction is based
on the fact that the absolute value M (~ω ) = |F (~ω )| of the Fourier transform F (~ω ) does not
change under shift. Thus, if the two images I1 (~x) and I2 (~x) differ not only by shift but also
by a rotation R, the absolute values M1 (~ω ) and M2 (~ω ) of their Fourier transforms F1 (~ω )
and F2 (~ω ) differ from each other only by the corresponding rotation.
In view of this fact, in the following text, we will start with the absolute values M1 (~ω )
and M2 (~ω ), and we will try to find the rotation which transforms these absolute values into
one another.
Once we know the rotation R, we can align the images – e.g., by rotating the Fourier
transform F1 (~ω ) of the image I1 (~x) to F1 (R~ω ). Now, the images I1 (R~x) and I2 (~x) differ
only by shift, so we can use the FFT-based O(nd · log(n)) time method to find this shift.
First possibility: method of moments in the Fourier space. In some practical
situations, the corresponding magnitudes of Fourier transforms are rapidly decreasing as
the spatial frequency ω increases; see, e.g., [188, 189]. In effect, this means that the
corresponding “images” in the Fourier space are surrounded by an empty space.
For this situation, we already know how to find the corresponding rotation: we can use
the method of moments. Thus, we arrive at the following new algorithm.
First new algorithm. In situations when the magnitude of the Fourier transform decreases with frequency, we can use the moments method to find the appropriate rotation.
Namely, based on the function M1 (~ω ), we compute the second moments
Z
def
M1ij =
M1 (~ω ) · ωi · ωj d~ω ;
similarly, based on the function M2 (~ω ), we compute the second moments
Z
M2ij = M2 (~ω ) · ωi · ωj d~ω .
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For each of these matrices, we compute the eigenvectors; by comparing the orientations of
these eigenvectors, we can then find the desired rotation R in time O(nd ).
Comment. Images are usually given on a 2-D or 3-D grid, in the shape of a box. When
we rotate the images an transform them back into a box shape, the corner information
disappears. The only values which are preserved after all rotations are the values inside a
circle (sphere) subscribed into the box. Since the corner values cannot match anyway, it is
reasonable, before computing the moments, to only consider values M (~ω ) inside this circle
(sphere).
First new algorithm: computational complexity. Overall, in the d-D case, we thus
need O(nd · log(n)) time to compute the original Fourier transforms, O(nd ) time to find the
rotation, and then O(nd · log(n)) time to find the shift – to the total of
O(nd · log(n)) + O(nd ) + O(nd · log(n)) =
O(nd · log(n))
computational steps.
First new algorithm: analysis of applicability. Our first new algorithm is applicable when the magnitude of the Fourier transform decreases with frequency. How can we
reformulate this formal criterion in terms of the original image?
One possibility for such a reformulation comes from the known relations between functions and their Fourier transforms.

R
First, it is known that the L2 -norm |f (~x)|2 d~x of a function f (x) is equal to the
R
L2 -norm |F (~ω )|2 dω of its Fourier transform F (~ω ).
Second, it is known that if F (ω) is a Fourier transform of a 1-D function f (x), then for
the derivative f 0 (x), the Fourier transform is equal to (i · ω) · F (ω). Similarly, for the second
derivative f 00 (x), the Fourier transform is equal to (i·ω)2 ·F (ω), etc. So, if a function f (x) is
R
smooth, i.e., if, e.g., the integral |f 0 (x)|2 dx is reasonably small, this means that the equal
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R

ω 2 · |F (ω)|2 dω is also small. Similarly, if a function f (x) is twice differentiable,
R
i.e., if, the integral |f 00 (x)|2 dx is reasonably small, this means that the equal integral
R 4
ω · |F (ω)|2 dω is also small. For this integral to be small, the values |F (ω)| must rapidly

integral

decrease with |ω|. This is true for 2-D and 3-D images as well.
So, we conclude that if the original image is smooth, then the magnitude of its Fourier
transform is rapidly decreasing as the spatial frequency ω increases.
In practice, images are often smooth, and for these images, we have indeed seen that
the magnitudes of their Fourier transforms indeed decrease with ω; see, e.g., [188, 189].
First new algorithm: limitations. In some practical situations, images are not smooth.
In such situations, the magnitudes of their Fourier transforms do not decrease with the frequency and thus, we cannot use the above algorithm. How can we determine shift and
rotation of such images?
Towards the second new algorithm. An image usually contains a smooth part and
abrupt non-smooth parts. Non-smooth parts may include point-like objects – e.g., stars
in an astronomical image or molecules in a biomolecular image. Some images are mainly
smooth, some other images (like the ones we just mentioned) consist mainly of abrupt
transitions.
For referencing smooth images, we can use the first new algorithm. Let us see what we
can do for referencing images consisting of non-smooth parts.
If we have one such non-smooth part – or a few – then we have an image surrounded
by an empty space, and we can use the moments method for referencing – and there is no
need for Fourier transforms at all. This happens, e.g., when we have two images of the
same molecule.
The problem occurs when we have an image which consists of numerous abrupt objects,
objects which are not limited to a region within the image. In this case, we cannot directly
apply the moments method to the original images.
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Instead, we can use the above-described relation between properties of a function and
properties of its Fourier transform. Namely, we can use the fact that for a smooth image,
its Fourier transform is located in the vicinity of 0 – and, correspondingly, that vice versa,
for an image which is located in the vicinity of 0, its Fourier transform is smooth. This
“reverse” conclusion can be justified directly: the Fourier transform is defined as F (~ω ) =
R
I(~x) · exp(−i · ω
~ · ~x) d~x. We can differentiate the expression for F (~ω ) relative to ω and
get an expression for the derivative in terms of integrals containing I(~x). If the image I(~x)
is mainly concentrated within several reasonably small areas, the corresponding integrals
are small, and thus, the derivatives of F (~ω ) are also small – i.e., the Fourier transform is
indeed smooth.
Let us use this fact in referencing. Let us consider images I1 (~x) and I2 (~x) which differ
by shift and rotation. In this case, their Fourier transforms F1 (~ω ) and F2 (~ω ) are smooth.
We have already mentioned that if the two images I(~x) and I 0 (~x) differ only by shift,
then the absolute values of their Fourier transforms coincide: |F (~ω )| = |F 0 (~ω )|. Thus, the
absolute values |F1 (~ω )| and |F2 (~ω )| of the Fourier transforms of the original images differ
only by rotation.
We already know the advantages of smoothness, so it would be nice to get smooth images
which differ only by rotation. The Fourier transforms are smooth, but their absolute values
are not necessarily smooth: indeed, the absolute value is not a smooth procedure because
it is not differentiable at 0. To get smooth images, instead of the absolute value |F (~ω )|,
it is reasonable to consider the square of the absolute values, i.e., the image |F (~ω )|2 =
F (~ω ) · F ∗ (~ω ), where z ∗ denotes a complex conjugate of a complex number. The operation
z → z · z ∗ = |z|2 is smooth and thus, for smooth Fourier transforms Fi (~ω ), the functions
|Fi (~ω )|2 are also smooth.
Since these functions are smooth, their inverse Fourier transforms
def

Ji (~x) = F F T −1 (|Fi (~ω )|2 )
rapidly decrease with |~x| – in other words, they are mainly located in the small vicinity of
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0. These new images J1 (~x) and J2 (~x) also differ from each other by (the same) rotation.
Since these images are mainly located at 0, we can apply the original moments method to
find this rotation – which will be exactly the rotation between the original images I1 (~x)
and I2 (~x).
Thus, we arrive at the following algorithm.
Second new algorithm: a description. In situations when the image mainly consists
of several abrupt components, we can use the moments method to find the appropriate
rotation. Namely, after computing the absolute values M1 (~ω ) and M2 (~ω ) of the original
images, we compute the inverse Fourier transforms J1 (~x) = F F T −1 (M12 (~ω )) and J2 (~x) =
F F T −1 (M22 (~ω )) of their squares. Based on these new functions J1 (~x) and J2 (~x), we compute
def R
def R
the second moments M1ij = J1 (~x) · xi · xj d~x and M2ij = J2 (~x) · xi · xj d~x. For each
of these matrices, we compute the eigenvectors; by comparing the orientations of these
eigenvectors, we can then find the desired rotation R in time O(nd ).
Second new algorithm: computational complexity. Overall, in the d-D case, we
thus need O(nd · log(n)) time to compute the original Fourier transforms, O(nd · log(n))
time to apply the inverse Fourier transform and compute the auxiliary functions J1 (~x) and
J2 (~x), O(nd ) time to find the rotation, and then O(nd · log(n)) time to find the shift – to
the total of
O(nd · log(n)) + O(nd · log(n)) + O(nd ) + O(nd · log(n)) =
O(nd · log(n))
computational steps.
Two new algorithms: analysis of applicability. Our first new algorithm is applicable
when the image is mainly smooth; our second algorithm is applicable when the image mainly
consists of several abrupt components.
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In some practical cases, we have images which contain smooth parts and non-smooth
parts, none of which is prevailing. In this situation, we cannot apply either of our algorithms
to reference the original images (and we did encounter such examples when we tested our
algorithms on different images). In this situation, a natural recommendation is to look
for parts of the original images which are either mainly smooth or mainly abrupt, and to
reference these parts.

2.6

Testing of the New Algorithms

2.6.1

Testing on Simple Artificial Images

Before we describe the results of our testing, let us explain why we selected the specific
test images.
Selection of test images: linear combination of Gaussian components. We first
tested our algorithms on simple 3-D examples, for which we could derive analytical expressions for all intermediate functions. These intermediate functions include Fourier transforms of the original image, so we must make sure that we select simple functions for which
we have analytical expressions for their Fourier transform.
Such analytical expressions are known for Gaussian functions, i.e., expressions similar to
the probability density function of a normal (Gaussian) distribution. A Gaussian function
with amplitude A and width σ centered at a point ~a is defined as
¶
µ
(~x − ~a)2
.
G(~x) = A · exp
2σ 2
For this Gaussian function, the Fourier transform GF (~ω ) has a known analytical expression:
µ
¶
(~ω )2
GF (~ω ) = A · exp(i · ω
~ · ~a) · exp
.
2σ −2
The absolute value of this Fourier transform is again a Gaussian function.
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Since Fourier transform is a linear operation, the Fourier transform of a linear combination of several Gaussian functions can also be described by an explicit analytical expression
– the corresponding linear combination of Fourier transforms of these Gaussian functions.
In view of this fact, in our tests, we used linear combinations of Gaussian functions;
these images are described in detail in the following text.
If all these Gaussian functions are narrow, then we can simply use the moments method
to find shift and rotation, and there is no need for our more time-consuming algorithms.
Thus, to test our algorithms on examples on which the simple moments method may not
work, we added a “spread” component to the point-like Gaussian functions. In the limit,
when the width tends to ∞, we get a constant function Glim (~x) = A. For simplicity, we
added such a constant term to the linear combination of narrow Gaussian functions.
Analytical formulas for the auxiliary image J(~x) (the inverse Fourier transform
of |F (~ω )|2 ). In the second new algorithm, we compute the Fourier transform J(~x) of the
expression |F (~ω )|2 = F (~ω ) · F ∗ (~ω ). Let us show that for simple images, we can derive a
simplified expression for this auxiliary image J(~x).
For that, we will find the inverse Fourier transforms of the images F (~ω ) and F ∗ (~ω ) and
then combine these inverse Fourier transforms to get the desired inverse Fourier transform
J(~x) of the product F (~ω ) · F ∗ (~ω ).
By definition, F (~ω ) is the Fourier transform of the original image I(~x). Thus, the
inverse Fourier transform of F (~ω ) is exactly the original image I(~x).
Let us now find the inverse Fourier transform of the complex conjugate function F ∗ (~ω ).
Since

Z
F (~ω ) =

I(~x) · exp(−i · ω
~ · ~x) dx,

its complex conjugate F ∗ (~ω ) is equal to
Z
∗
F (~ω ) = I(~x) · exp(i · ω
~ · ~x) dx.
We want to find the inverse Fourier transform of the function F ∗ (~ω ). In other words, we
want to represent F ∗ (~ω ) as a Fourier transform of some function. The above expression is
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similar to the expression for the Fourier transform, with the only difference that we have
i·ω
~ · ~x instead of −i · ω
~ · ~x. To take care of this difference, let us introduce new variables
~y = −~x for which ~x = −~y . In terms of ~y , the above formula takes the form
Z
∗
F (~ω ) = I(−~y ) · exp(−i · ω
~ · ~y ) dy.
So, the complex conjugate function F ∗ (~ω ) is equal to the Fourier transform of the function
I(−~x) and thus, the inverse Fourier transform of F ∗ (~ω ) is equal to I(−~x).
Let us now combine the inverse Fourier transforms of F (~ω ) and F ∗ (~ω ) into the inverse
Fourier transform for their product. It is known that, in general, the inverse Fourier
transform J(~x) of the product F1 (~ω )·F2 (~ω ) is equal to the convolution of the corresponding
inverse Fourier transforms I1 (~x) and I2 (~x), i.e.,
Z
J(~x) = I1 (~y ) · I2 (~x − ~y ) d~y .
Thus, the inverse Fourier transform J(~x) is equal to the convolution of the functions I(~x)
and I(−~x), i.e., to

Z
J(~x) =

I(~y ) · I(~y − ~x) d~y .

We consider images consisting of a few point-like components, for which I(~x) is different
from 0 only in small vicinities of a few points – centers of the corresponding Gaussian
components. In this case, according to the above formula for J(~x), the value J(~x) is
def

different from 0 if and only if there exist values ~y and ~z = ~y − ~x at which the original
image I is different from 0. In other words, J(~x) is different from 0 only when for some
point ~y which is close to one of the centers, the difference ~z = ~y − ~x is close to some
other component center. The value ~x is equal to the difference between these two center
locations:
~x = ~y − (~y − ~x) = ~y − ~z.
So, to find all the points where this auxiliary image is different from 0, it is sufficient to
take the differences between all the component centers.
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Simplest case with non-trivial referencing problem: 3 Gaussian components.
We would like to make our test images as simple as possible. In particular, we would like
to use test images which contain as few components as possible.
Let us start with considering the case when we have only one component, i.e., the case
when the image is described by a Gaussian function: I1 (~x) = G(~x). The expression for the
Gaussian function G(~x) depends only on the distance k~x − ~ak between a given point ~x and
the center ~a of this function. This distance does not change if we simply rotate the image
around the center ~a. Thus, if we rotate the image I1 (~x) around the center ~a, the image
will not change at all: I2 (~x) = I1 (~x). Since the image does not change under rotation, we
cannot determine the rotation from the images I1 (~x) and I2 (~x).
If we rotate around any other point, we will encounter the same problem – except for a
possible shift. Thus, for images consisting of a single Gaussian function, we do not have a
non-trivial referencing problem.
Similarly, if we consider an image consisting of 2 Gaussian functions, then this image
does not change if we rotate it around the axis connecting the centers of these Gaussian
functions. So here too, based on simply knowing the two images I1 (~x) and I2 (~x) = I1 (~x),
we cannot tell whether there was no rotation involved at all or there was actually a rotation
around this axis. Thus, for images consisting of two Gaussian functions, we also do not
have a non-trivial referencing problem.
Thus, the simplest case when we do have a non-trivial referencing problem is the case
of images which consist of 3 Gaussian functions.
Specific selection of the first test image. As a first test image I1 (x), we take the
sum of three Gaussian functions with the same amplitude A = 1, the same width σ = 0.5,
and with centers at the points (n/2, n/2, n/2), (3 · n/4, n/2, n/2), and (n/2, 3 · n/4, n/2),
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with n = 64. In other words, we consider the following image:
I1 (x, y, z) = exp([(x − (n/2))2 + (y − (n/2))2 + (z − (n/2))2 ]/[2 · σ 2 ]) +
exp([(x − (3 · n/4))2 + (y − (n/2))2 + (z − (n/2))2 ]/[2 · σ 2 ]) +
exp([(x − (n/2))2 + (y − (3 · n/4))2 + (z − (n/2))2 ]/[2 · σ 2 ]),

(2.3)

Figure 2.1 shows plane z = 32 of I1 (x, y, z).

Figure 2.1: The first test image: a simple artificial image with the smallest number
of Gaussian components.

Selection of shifts and rotations in testing experiments. To check how different
algorithms work on this image, we need to shift and rotate it, resulting in a new image
I2 (~x), and then reconstruct the shift and rotation from the images I1 (~x) and I2 (~x). In our
tests, we used a shift by a vector ~s = (5, −4, 7); we tried other shifts, and the results are
very similar.
A general rotation in a 3-D space can be described as a composition of three rotations: a
rotation around the z axis, followed by a rotation around the y axis, and a rotation around
the x axis. In the following test, we will denote the rotation angle of a rotation around the
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x axis by α, the rotation angle of a rotation around the y axis by β, and the rotation angle
of a rotation around the z axis by γ.
In contrast to shift, for which the reconstruction accuracy does not depend on the value
of the shift, the accuracy with which we can reconstruct a rotation depends on this rotation.
Thus, instead of selecting a single rotation, we tried several rotations. Specifically, for each
of the three angles α, β, and γ, we tried 5 different values 0, 15, 30, 45, and 60 degrees.
Overall, we have 5 × 5 × 5 = 125 combinations; one of these combinations, however, is
a trivial one (α, β, γ) = (0, 0, 0) for which there is no rotation at all. So, we have 124
non-trivial combinations.
Gauging the reconstruction quality. To test an algorithm, we run it on all 124 possible rotations (α, β, γ). Specifically, for each of these rotations, we apply this rotation to
the image I1 (~x) producing the rotated image I2 (~x), and then apply the tested algorithm to
the images I1 (~x) and I2 (~x). The rotation angles (α0 , β 0 , γ 0 ) produced by the algorithm are
then compared to the original rotation angles.
To gauge the quality of an algorithm, we compute the smallest (“best”) and the largest
(“worst”) values of the corresponding 124 reconstruction errors
max(|α − α0 |, |β − β 0 |, |γ − γ 0 |).
Testing the moments of inertia algorithm on the first test image. Since the
images I1 (~x) and I2 (~x) are, in effect, surrounded by empty space, even computing the
moments of inertia of the images should work, with no need to use the absolute values of
the Fourier transform. This is indeed the case; results are summarized in Table 2.1. In the
worst case, we obtain an error of 1.78 degrees. This is reasonable; since we are distributing
the possible range of 180 degrees (from −90 to 90) over 64 pixels, we have, within a pixel,
an error of 180/64 ≈ 2.8 degrees.
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Table 2.1: The results of testing the moments method on the first test image
Angle

Worst Run

Best Run

α

45.00◦

15.00◦

α0

44.93◦

14.99◦

β

30.00◦

0.00◦

β0

29.98◦

−0.02◦

γ

30.00◦

60.00◦

γ0

28.22◦

60.01◦

error

1.78◦

0.02◦

Testing the first new algorithm on the first test image. The image I1 (~x) consists of
a few abrupt components. The first new algorithm (moments method in Fourier space) only
works for smooth images. It is therefore reasonable to expect that the first new algorithm
will not work on this image I1 (~x). This is indeed the case, as shown in Table 2.2.
Table 2.2: The results of testing the first new algorithm on the first test image
Angle

Worst Run

Best Run

α

60.00◦

30.00◦

α0

72.52◦

33.09◦

β

60.00◦

30.00◦

β0

−89.36◦

26.64◦

γ

0.00◦

60.00◦

γ0

−53.60◦

58.62◦

error

149.36◦

3.36◦
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Testing the second new algorithm on the first test image. The case of an image
consisting of a few abrupt components is exactly the case for which the second new algorithm was designed. An indeed, as shown in Table 2.3, the results of applying this method
are very good: as good as for the original moments method.
Table 2.3: The results of testing the second new algorithm on the first test image
Angle

Worst Run

Best Run

α

45.00◦

15.00◦

α0

44.93◦

14.99◦

β

30.00◦

0.00◦

β0

29.98◦

−0.02◦

γ

30.00◦

60.00◦

γ0

28.22◦

60.01◦

error

1.78◦

0.02◦

It is worth mentioning that in this example, the auxiliary image J(~x) – the inverse
Fourier transform of |F (~ω )|2 – is indeed different from 0 only in a small vicinity of points
which are differences between the component centers; see Figure 2.2.
Need for a second test image. As we have mentioned, for the first test image I1 (~x),
the original moments algorithm works just fine, because this image is, in effect, surrounded
by an empty space.
The main reason why new algorithms had to be designed is that in practice, images are
not always surrounded by an empty space – e.g., in geosciences, a satellite image is just
a cut-off of the actual larger image. So, to make a more proper comparison of different
algorithms, let us transform the above image I1 (~x) in such a way that it is no longer
surrounded by an empty space.
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Figure 2.2: The auxiliary function J(~x): inverse Fourier transform of |F (~ω )|2 for
the first test image

How to select a second test image: back-of-the-envelope calculations. To avoid
empty space, let us add “noise” to the original image. It is reasonable to expect that
when the signal-to-noise ratio is large, the original moments method will still apply, while
when the signal-to-noise ratio is small, the original moments method will stop working. A
threshold is expected to be when the signal-to-noise ratio is close to 1.
The signal strength can be gauged as the overall intensity S of the first test image
I1 (~x), which is S ≈ 6.2. How can we gauge the noise? Let us first consider a simplified
situation when to each intensity value of the original image, we add a normally distributed
random noise with 0 mean and standard deviation σ, and that the random values added
to the intensity values I(~x) at different points ~x are independent random variables. In this
case, the total intensity of this noise is a sum of several independent normally distributed
random variables. It is known that this sum is also normally distributed, with 0 mean and
2
the variance σtotal
which is equal to the sum of the variances σ 2 corresponding to all N
√
2
points ~x. Thus, we have σtotal
= N · σ 2 and σtotal = N · σ.
√
√
In our case, N = 643 = (26 )3 = 218 , so N = 218 = 29 = 512. Thus, the signal-to-

noise ratio is equal to 1 if 512 · σ = S ≈ 6.2, i.e., when σ ≈ 0.012.
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To make sure that the original moments method stops working, we need to make sure
that the noise actually overwhelms the signal. In engineering applications of statistics,
usually, we consider a signal “overwhelming” the normally distributed noise with 0 mean
and standard deviation σ if the observed signal is outside the “two sigma interval” [−2σ, 2σ],
i.e., when the signal-to-noise ratio is 2 or larger. Indeed, in this case, the probability that
the observed value is actually a noise is below 10%.
In line with this reasoning, we expect that that, vice versa, the noise “overwhelms” the
signal if the noise-to-signal ratio exceed 2. Thus, the threshold value is when this ratio is
exactly 2, i.e., when
σtotal
=
S

√

N ·σ
=2
S
2S
2 · 6.2
and σ = √ . For S ≈ 6.2 and N = 643 , we get σ ≈
≈ 0.024.
512
N
Let us thus add a noise of size ≈ 0.024 to all the pixels from the original image I1 (~x).
Comment. The value σ ≈ 0.024 comes from the back-of-the-envelope calculations and is
thus only approximate. Our objective is to have simple test images, for which we would be
able to easily check the results. In view of this need for simplicity, in the following text we
use a simple-to-calculate approximate value σ ≈ 0.025.
Selection of the second test image. As we have mentioned earlier, the simplest way
to modify the original image (so as to avoid empty space) is to add a constant k to the
original image I1 (~x), i.e., to consider an image
I3 (~x) = I1 (~x) + k.

(2.4)

In line with the above reasoning, we select k = 0.025.
This value is much smaller than the intensity A = 1 of each Gaussian component of the
image I1 (~x). As a result, visually, it is practically impossible to distinguish the second test
image I3 (~x) from the first one I1 (~x):
In our tests,
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Figure 2.3: The second test image; it is very similar to the first one

• we apply the same shift and angles to this new image I3 (~x) as before, resulting in a
new shifted and rotated image I4 (~x), and then
• we apply different referencing algorithms to the images I3 (~x) and I4 (~x) and compare
the reconstructed rotation angles with the actual ones.
Comment. In the following text, we also show what happens when we increase the value
of k.
Testing the moments of inertia algorithm on the second test image. As we expected, the original moments method does not work for this new image. Not only we find
some rotation angles which are not reconstructed right, but even the best-case reconstruction has an error of about 30 degrees, as the following Table 2.4 shows:
Testing the first new algorithm on the second test image. The first new algorithm
was designed for smooth images. It already did not work well for the first test image. The
following Table 2.5 shows that its quality is as bad for the second test image:
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Table 2.4: The results of testing the moments method on the second test image
Angle

Worst Run

Best Run

α

60.00◦

30.00◦

α0

−85.63◦

53.34◦

β

0.00◦

15.00◦

β0

−7.47◦

37.69◦

γ

45.00◦

0.00◦

γ0

7.15◦

−26.89◦

145.63◦

26.89◦

error

Table 2.5: The results of testing the first new algorithm on the second test image
Angle

Worst Run

Best Run

α

60.00◦

30.00◦

α0

72.52◦

33.09◦

β

60.00◦

30.00◦

β0

−89.36◦

26.64◦

γ

0.00◦

60.00◦

γ0

−53.60◦

58.62◦

error

149.36◦

3.36◦

Testing the second new algorithm on the second test image. As expected, the
second new algorithm gets much better results. These results are summarized in Table 2.6.
In the worst case, we obtain an error of 1.89 degrees, again a reasonable one.
For the second test image I3 (~x), the corresponding function J(~x) = F F T −1 (|F3 (~ω )|2 )
is also similar to what we expect from the above analysis: it is concentrated around the
differences of the centers of the image’s components; see Figure 2.4.
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Table 2.6: The results of testing the second new algorithm on the second test image
Angle

Worst Run

Best Run

α

45.00◦

0.00◦

α0

44.99◦

0.00◦

β

30.00◦

0.00◦

β0

30.16◦

0.00◦

γ

30.00◦

60.00◦

γ0

28.11◦

60.03◦

error

1.78◦

0.03◦

Figure 2.4: The auxiliary function J(~x): inverse Fourier transform of |F (~ω )|2 for
the second test image

Testing the algorithms for larger values of k. The second new algorithm also works
for larger values of k; it only starts to fail for k > 0.1, when the approximate signal-toS
√ is ≈ 0.1 (i.e., when the noise is an order of magnitude stronger than the
noise ratio
k· N
signal). The results of testing the algorithms for different values of k are given in Table
2.7.
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Table 2.7: The results of testing the algorithms on the second test image, for
different values of the background noise k
Original

First

Second

Image

moments

new

new

intensity

method

method

method

0.025

145.63◦

149.36◦

1.89◦

6,544

0.050

149.70◦

149.36◦

2.59◦

13,081

0.075

149.70◦

149.36◦

3.82◦

19,662

0.100

149.70◦

149.36◦

7.75◦

26,156

0.125

149.70◦

149.36◦

125.01◦

32,774

0.150

149.70◦

149.36◦

125.01◦

39,319

k

2.6.2

Testing on Real-Life Images

Pumpkin image: a brief description. As a source of real-life 3-D test images, we took
an image of a pumpkin from [185]. Several horizontal “slices” of this image are shown in
Figure 2.5.
Pumpkin sub-image used for testing. The original 3-D pumpkin image is surrounded
by an empty space, so for this image, the original moments method works well. As we have
mentioned, in real life, we often have an image that only covers a part of the object. This
partial image is not surrounded by empty space. The main objective of our new algorithms
is to process such partial images.
So, to test our new algorithms, we selected such a sub-image of the pumpkin image;
namely,
• we first select a 64 × 64 × 64 sub-image starting at position (120, 120, 14);
• then, we cut, from the 64 × 64 × 64 box, a 32 × 32 × 32 box starting at (16, 16, 16).
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Figure 2.5: The 3-D pumpkin image, shown at several levels z
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The pumpkin (sub-)image obtained by this 2-stage procedure will be denoted by Ip1 (~x).
Shifted and rotated images: description. To test the algorithms, we rotate the
64 × 64 × 64 box by some rotation angles, and then cut a 32 × 32 × 32 box Ip2 (~x) sub-image
from this rotated image, starting at the point (20, 11, 22). The difference in starting points,
in effect, produces a shift by ~s = (4, −5, 6).
In our tests, we used 3 possible values of 15, 30, and 45 degrees for each of the rotation
angles α, β, and γ. Overall, we tested 33 = 27 combinations of different rotation angles,
an amount which is not too small and still allows us to present the results of testing each
algorithm on a single page.
Expected testing results. Since the pumpkin image Ip1 (~x) is not surrounded by empty
space, we do not expect the original moments method to succeed in referencing the images
Ip1 (~x) and Ip2 (~x).
Since the pumpkin sub-image does not consist of abrupt components, we do not expect
the second new algorithm to work on this image either.
On the other hand, the pumpkin sub-image is much smoother than the artificial images
that we considered so far. We should therefore expect that for this sub-image, the first new
algorithm should work.
Our experiments confirm that this is indeed the case: the original moments method and
the second new algorithm do not work, while the first new algorithm works. Let us start
the description of our results by describing methods which do not work.
Testing the original moments method on the pumpkin sub-image. As we have
just argued, since the pumpkin image Ip1 (~x) is not surrounded by empty space, we do not
expect the original moments method to succeed in referencing the images Ip1 (~x) and Ip2 (~x).
The results of applying the original moments method to the pumpkin sub-image are
shown in Table 2.8; and the image pair that gives the best reconstruction is presented in
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Figure 2.6. These results conform that the original moments method does not work for
this sub-image: even the best reconstruction of rotation angles is still off by 47.31 degrees.
Table 2.8: Results of testing the original moments method on the pumpkin sub-image
α
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦

β
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦

γ
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦

α0
84.14◦
–86.14◦
–79.65◦
87.24◦
85.28◦
79.25◦
2.77◦
27.80◦
45.95◦
77.82◦
88.85◦
–86.86◦
–38.18◦
88.90◦
87.95◦
0.73◦
25.05◦
42.30◦
68.25◦
84.13◦
–89.85◦
29.71◦
79.98◦
82.13◦
0.72◦
22.91◦
40.86◦

β0
–55.67◦
–58.94◦
–65.28◦
–30.48◦
–26.65◦
–17.31◦
51.27◦
53.42◦
50.55◦
–60.51◦
–61.64◦
–67.60◦
73.68◦
–35.84◦
–35.06◦
50.71◦
52.52◦
50.28◦
–67.88◦
–63.14◦
–66.08◦
54.61◦
–7.09◦
–10.54◦
48.09◦
50.38◦
48.02◦

γ0
–20.70◦
–17.39◦
–20.68◦
–34.05◦
–23.73◦
–19.82◦
–80.01◦
–57.80◦
–40.58◦
–22.74◦
–17.22◦
–19.04◦
–79.58◦
–23.38◦
–20.88◦
–76.95◦
–58.19◦
–45.20◦
–29.05◦
–18.98◦
–15.83◦
–42.20◦
–17.71◦
–14.71◦
–76.51◦
–60.73◦
–47.69◦

error
70.67◦
116.14◦
124.65◦
72.24◦
56.65◦
47.31◦
95.01◦
72.80◦
55.58◦
75.51◦
76.64◦
131.86◦
109.58◦
65.84◦
65.06◦
106.95◦
88.19◦
75.20◦
82.88◦
78.14◦
134.85◦
87.20◦
62.71◦
59.71◦
121.51◦
105.73◦
92.69◦

Testing the second new algorithm on the pumpkin sub-image. As we have mentioned earlier, since the pumpkin sub-image does not consist of abrupt components, we do
not expect the second new algorithm to work on this image. Indeed, it does not work.
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Figure 2.6: Pumpkin sub-images for the rotation angles α = 45, β = 30, γ = 15, at
which the original moments method leads to the most accurate reconstruction

The results for applying the second new algorithm to the pumpkin sub-image are shown
in Table 2.9; the inverse Fourier transforms Jp1 (~x) and Jp2 (~x) of the image pair that leads
the best reconstruction are shown in Figure 2.7.
We can see that even the best approximation of rotation angles is still off by 18.73
degrees.
Testing the first new algorithm on the pumpkin sub-image. Finally, let us describe
the results of a method which is supposed to work.
As we have mentioned, the pumpkin sub-image is much smoother than the artificial
images that we considered so far. We should therefore expect that for this sub-image, the
first new algorithm should work.
Results for the first new algorithm are shown in Table 2.10. The algorithm indeed works
for this image:
• For 13 of the 27 cases, the error is less than 180/32 = 5.625 degrees, that is, within
one pixel.
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Table 2.9: Results of testing the second new algorithm on the pumpkin sub-image
α
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦

β
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦

γ
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦

α0
0.88◦
13.18◦
31.06◦
–2.28◦
4.62◦
15.42◦
–3.31◦
2.41◦
13.48◦
0.91◦
11.91◦
28.52◦
1.18◦
5.01◦
13.03◦
–2.85◦
2.78◦
10.54◦
1.53◦
12.04◦
26.96◦
1.99◦
6.21◦
12.70◦
–2.47◦
3.57◦
9.77◦

β0
–2.28◦
–1.96◦
–1.60◦
1.62◦
1.81◦
3.98◦
15.23◦
16.44◦
19.68◦
–2.47◦
–2.00◦
–1.86◦
4.19◦
2.46◦
4.07◦
16.52◦
19.40◦
22.39◦
–2.34◦
–1.94◦
–1.59◦
7.29◦
5.72◦
7.07◦
22.63◦
25.71◦
28.46◦

γ0
–3.73◦
–4.94◦
–4.88◦
73.10◦
–56.52◦
–40.45◦
83.51◦
–68.30◦
–50.97◦
–7.18◦
–6.98◦
–5.59◦
–86.76◦
–53.24◦
–41.81◦
84.43◦
–75.08◦
–58.84◦
–9.92◦
–9.17◦
–8.00◦
–81.12◦
–62.15◦
–55.47◦
84.02◦
–85.29◦
–70.24◦

error
18.73◦
19.94◦
19.88◦
58.10◦
71.52◦
55.45◦
68.51◦
83.30◦
65.97◦
37.18◦
36.98◦
35.59◦
116.76◦
83.24◦
71.81◦
54.43◦
105.08◦
88.84◦
54.92◦
54.17◦
53.00◦
126.12◦
107.15◦
100.47◦
39.02◦
130.29◦
115.24◦

• For another 7 cases, the error is within 11.25 degrees, or two pixels.
• For three more cases, the error is within 11.875 degrees, or three pixels.

Comment. We have mentioned that the first new algorithm works well when the Fourier
transform of an image decreases with frequency. The Fourier transforms of the image pair
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Figure 2.7: Inverse Fourier transforms |Jp1 (~x)| and |Jp2 (~x)| of the original and rotated pumpkin sub-images, presented by their midway horizontal planes
z = 16; rotations by α = 15, β = 15, and γ = 15 degrees

that leads to the best reconstruction are shown in Figure 2.8. As we can see, the Fourier
transform indeed decreases with frequency.
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Table 2.10: Results of testing the first new algorithm on the pumpkin sub-image
α
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦
15.00◦
30.00◦
45.00◦

β
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦

γ
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
15.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
30.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦
45.00◦

α0
18.82◦
33.32◦
42.61◦
18.43◦
32.90◦
44.53◦
13.44◦
31.44◦
44.11◦
17.12◦
33.63◦
43.67◦
18.94◦
34.32◦
45.74◦
13.81◦
30.54◦
44.41◦
17.64◦
32.30◦
43.20◦
16.92◦
33.00◦
44.61◦
13.46◦
31.07◦
45.22◦
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β0
17.04◦
13.44◦
14.06◦
36.75◦
34.47◦
34.89◦
41.87◦
42.22◦
44.01◦
14.97◦
13.05◦
13.25◦
38.91◦
34.77◦
38.70◦
44.08◦
43.39◦
43.81◦
17.02◦
12.14◦
11.52◦
38.12◦
35.65◦
37.51◦
45.29◦
47.09◦
47.64◦

γ0
13.59◦
19.61◦
21.99◦
–7.82◦
6.36◦
18.32◦
11.78◦
9.45◦
17.78◦
53.23◦
47.64◦
31.41◦
19.74◦
17.97◦
23.98◦
33.71◦
30.71◦
32.67◦
73.10◦
54.92◦
42.81◦
57.01◦
35.35◦
29.16◦
51.46◦
46.43◦
40.09◦

error
3.82◦
4.61◦
6.99◦
22.82◦
8.64◦
4.89◦
3.22◦
5.55◦
2.78◦
23.23◦
17.64◦
1.75◦
10.26◦
12.03◦
8.70◦
3.71◦
1.61◦
2.67◦
28.10◦
9.92◦
3.48◦
12.01◦
9.65◦
15.84◦
6.46◦
2.09◦
4.91◦

Figure 2.8: Fourier transforms |Fp1 (~ω )| and |Fp2 (~ω )| of the original and rotated
pumpkin sub-images, presented by their midway horizontal planes z =
16 (corresponding to ωz = 0); rotations by α = 30, β = 45, and γ = 30
degrees
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Chapter 3
Using Expert Knowledge in Solving
the Seismic Inverse Problem
In the previous chapter, we considered the situation when we can directly measure the image
intensity at different points. In this situation, one of the main problems is to reference the
corresponding images.
In practice, however, we often encounter more complex data processing situations, in
which we cannot measure the image intensity directly. In such situations, we need to
reconstruct the image values based on the results of related measurements. An example
of such a situation is a seismic inverse problem, where we need to reconstruct the values
of the density and the velocity of sound in the Earth from the traveltimes of (natural
and artificial) seismic signals. In this chapter, we concentrate on the problem of designing
algorithms for such a reconstruction.
Specifically, we will show how to take into account expert knowledge about the domain
when designing such algorithms. In particular, we will show how to take into account
expert-provided lower bounds v and upper bounds v on the values of the desired quantity
v – i.e., how to take into account interval-related expert knowledge v ∈ [v, v].
In this chapter, we will illustrate the possibility to take this interval-related knowledge
into account on the example of the seismic inverse problem.
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3.1

Seismic Inverse Problem: A Brief Description

In evaluations of natural resources and in the search for natural resources, it is
very important to determine Earth’s structure. Our civilization greatly depends
on the resources we extract from the Earth, such as fossil fuels (oil, coal, natural gas),
minerals, and water. Our need for these commodities is constantly growing, and because
of this growth, they are being exhausted. Even under the best conservation policies, there
is (and there will be) a constant need to find new sources of minerals, fuels, and water.
The only sure-proof way to guarantee that there are resources such as minerals at a
certain location is to actually drill a borehole and analyze the materials extracted. However,
exploration for natural resources using indirect means began in earnest during the first half
of the 20th century. The result was the discovery of many large, relatively easy-to-locate
resources such as the oil in the Middle East.
However, nowadays, most easy-to-access mineral resources have already been discovered.
For example, new oil fields are mainly discovered either at large depths, or underwater, or
in very remote areas – in short, in areas where drilling is very expensive. It is therefore
desirable to predict the presence of resources as accurately as possible before we invest in
drilling.
From previous exploration experiences, we usually have a good idea of what type of
structures are symptomatic for a particular region. For example, oil and gas tend to
concentrate near the top of natural underground domal structures. So, to be able to
distinguish between more promising and less promising locations, it is desirable to determine
the structure of the Earth at these locations. To be more precise, we want to know the
structure at different depths z at different locations (x, y).
Determination of Earth’s structure also is very important for assessing earthquake risk. Another vitally important application where the knowledge of the Earth’s
structure is crucial is the assessment of earthquake hazards. Earthquakes can be very destructive, so it is important to be able to estimate the probability of an earthquake, where
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one is most likely to occur, and what will be the magnitude of the expected earthquake.
Geophysicists have shown that earthquakes result from accumulation of mechanical stress;
so if we know the detailed structure of the corresponding Earth locations, we can get a
good idea of the corresponding stresses and faults present and the potential for occurrence
of an earthquake. From this viewpoint, it also is very important to determine the structure
of the Earth.
Data that we can use to determine the Earth’s structure. In general, to determine the Earth’s structure, we can use different measurement results that can be obtained
without actually drilling boreholes: e.g., gravity and magnetic measurements, analyzing
the traveltimes and paths of seismic waves as they propagate through the earth.
Forward problem. The relation between the Earth’s structure and the related measurable quantities usually is known. So, when we know the exact structure at a given Earth
location, we can predict, with reasonable accuracy, the corresponding values of the measured quantities – we can predict the local value of the gravity field, the time that a seismic
signal needs to travel from its origin to the sensor, etc.
For example, once we know the density ρ(~x) = ρ(x, y, z) at different 3-D points (x, y, z),
~ = g(X, Y, 0) at a
we can determine the resulting ground level (z = 0) gravity value g(X)
location (X, Y ), by using the formula dating back to the original works of Newton:
Z
~ =G·
g(X)

~
ρ(~x) · (~x − X)
d~x,
~ 3
|~x − X|

where G is the universal gravity constant.
In general, corresponding formulas come from problems which geophysicists usually
solve: What is the gravity field generated by given mass distribution, what is the magnetic
field generated by a given distribution of magnetic materials, what is the traveltime of a
seismic signal between two given locations in the given medium, etc. For example, when
we want to know how the signal propagates, we can start at the source of the signal and
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go forward step-by-step simulating the way the signal actually travels. Such problems are
therefore usually called forward problems.
Inverse problems. Forward problems enable us, given a model of the Earth, to predict
the values of different signals. What we need in the above geophysical applications is
the opposite: given the measured values of different signals, we need to reconstruct the
structure of the Earth at the location where the measurements have been made. Such
problems are therefore called inverse problems.
Seismic measurements are usually the most informative. Because of the importance and difficulty of the inverse problem, geophysicists would like to use all possible
measurement results: gravity, magnetic, seismic data, etc. In this dissertation, we will
concentrate on the measurements which carry the largest amount of information about the
Earth’s structure and are, therefore, most important for solving inverse problems.
Some measurements – like gravity and magnetic measurements – describe the overall
effect of a large area. These measurements can help us determine the average mass density
in the area, or the average concentration of magnetic materials in the area, but they often do
not determine a detailed structure of this area. This detailed structure can be determined
only from measurements which are narrowly focused on small sub-areas of interest.
The most important of these measurements are usually seismic measurements. Seismic
measurements involve the recording of vibrations caused by distant earthquakes, explosions,
or mechanical devices. For example, these records are what seismographic stations all over
the world still use to detect earthquakes. However, the signal coming from an earthquake
carries not only information about the earthquake itself, it also carries the information
about the materials along the path from an earthquake to the station: e.g., by measuring
the traveltime of a seismic wave, checking how fast the signal came, we can determine the
speed of sound v in these materials.
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Terminological comment. In geosciences, the speed of sound is usually called the velocity
of sound, or simply velocity. Since our main case study is the seismic inverse problem in
geophysics, in this chapter, we will use the terms “velocity of sound” or “velocity”.
Usually, the velocity of sound increases with increasing density, so, by knowing the velocity of sound at different 3-D points, we will be able to determine the density of materials
at different locations and different depths.
The main problem with the analysis of earthquake data (i.e., passive seismic data) is
that earthquakes are rare events, and they mainly occur in a few seismically active belts.
Thus, we have a very uneven distribution of sources and receivers that results in a “fuzzy”
image of Earth’s structure in many areas.
To get a better understanding of the Earth’s structure, we must therefore rely on active
seismic data – in other words, we must make artificial explosions, place sensors around them,
and measure how the resulting seismic waves propagate. The most important information
about the seismic wave is the traveltime ti , i.e., the time that it takes for the wave to
travel from its source to the sensor. To determine the geophysical structure of a region, we
measure seismic travel times and reconstruct velocities at different depths from these data.
The problem of reconstructing this structure is called the seismic inverse problem.

3.2

How to Describe the Seismic Inverse Problem in
Precise Terms: Current Approaches and Their
Limitations

Need to find velocities v(~x) at different points. Let us start by a brief summary of
the geophysical problem. One of the main objectives of geophysics is to determine the 3-D
structure of the Earth. Different crustal materials usually have different density and, as a
result, different velocity of sound v. Therefore, one way to determine the desired structure
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is to determine the velocity v(~x) at different 3-D points ~x = (x1 , x2 , x3 ).
Data for determining the velocities. To find the desired velocities v(~x), we set up
explosions at different locations on the Earth surface, place sensors around these locations,
and measure the time for the resulting seismic wave to propagate to the sensors.
Based on these measured traveltimes ti and known locations of sensors, we then reconstruct the velocities. The problem of reconstructing the velocities is called the seismic
inverse problem.
Usual assumption. In the seismic inverse problem, it is usually assumed that each
seismic wave follows the shortest path between the source and the sensor. This assumption
can be viewed as a model of the seismic wave propagation.
Precise formulation of the seismic inverse problem: first try. In view of the above
assumption, the seismic inverse problem can be formulated as follows:
• We are given a number n (number of sensor readings).
• For each i from 1 to n, we know a spatial point Si (location of the source), a spatial
point Ri (location of the sensor), and the travel time ti .
• We need to find a function v(~x) such that for each i,
Z
ds
= ti ,
min
γ:Si →Ri γ v(~
x)
where the minimum is taken over all possible paths γ which start at the point Si and
end at the point Ri .
Comment. In reality, the above assumption is only approximate because it assumes that
the rays travel along a single path and ignores the effects of diffraction, when a wave
“spreads out” beyond the path. However, in most instances of the seismic inverse problem,
we can safely ignore this spread.
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Un-resolved issue with the above formulation: incompleteness. A serious issue
with the above formalization of the inverse problem is its incompleteness. Specifically, the
traveltimes only carry information about the locations through which the seismic waves
pass. Many 3-D points ~x are not covered by the corresponding ray paths. As a result, based
only on the traveltimes and on the shortest-path model, we cannot make any conclusions
about the value v(~x) of the velocity at these points.
How the incompleteness problem is usually resolved: smoothness assumptions
and regularization. Incompleteness is typical in numerical mathematics problems. Usually, it is resolved by making additional assumptions such as an assumption of smoothness
(differentiability) – that the desired functions (such as our v(x)) smoothly depends on
the coordinates. This smoothness assumption is behind the regularization techniques for
solving the corresponding problems.
In the seismic inverse problem, there is no smoothness. In the seismic inverse
problem, it is known that the dependence v(x) is, in reality, not smooth: there exist layers
of different rocks, with an abrupt (discontinuous) transition between them. As a result, in
general, we may have different layered solutions each of which is consistent with the same
measurement results.
Some possible solutions are geophysically meaningful, and some are not. From
the viewpoint of the above formulation of the seismic inverse problem – via an incomplete
model – all these drastically different solutions should be considered satisfactory. However,
in practice, when a geophysicist expert looks at these solutions, he or she is normally able to
select one (or a few) of these solutions which are consistent with the expert’s understanding
of geophysics – and dismiss other solutions as geophysically meaningless.
It is desirable to describe “geophysically meaningful” in precise terms. Since
experts can distinguish between geophysically meaningful and geophysically meaningless
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solutions, it is desirable to formally describe their ability to do it – so that the resulting
formalized expert information could be used to “complete” the incomplete model.
How to describe “geophysically meaningful”: an ideal situation. In the ideal
world, we should be able to formulate the expert knowledge in a formalized way and thus,
replace the original incomplete model with a (more) complete one – that combines the
original equations with the formalized expert knowledge.
How experts actually select “geophysically meaningful”: an “algorithm-selection”
approach. In many problems like the seismic inverse problem, we are still very far away
from formalization of the expert knowledge. Instead, the following “algorithm-selection”
approach is used to describe geophysically meaningful solutions.
Specifically, the fact that we can have many drastically different solutions to each instance of this problem means that we can have many different algorithms which produce a
solution for each such instance. In general, for the same instance, these algorithms lead to
different solutions. The essence of the “algorithm-selection” approach is that among all the
algorithms which have been proposed and tested, experts select an algorithm which seems
to be providing, in general, the best solutions. The selected algorithm is then used to solve
all the instances of the problem.
The results of the selected algorithm are better not because they are in better accordance
with the original (incomplete) model – all compared algorithms are in approximately the
same good level of accordance. The selected algorithm is “better” because it better reflects
the expert knowledge.
In this sense, the algorithm (method) becomes, in effect, a part of our model of the
physical reality – the part which reflects expert knowledge. So, to describe the additional
expert knowledge, we must provide the algorithm selected by the corresponding expert
community.
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Comment. Selection of the best algorithm is an ongoing process. Once the best-so-far
algorithm is selected based on its prior performance, it often happens that on some later
instances, the results produced by the selected algorithm are not in good accordance with
the experts’ understanding. In such situation, the selected algorithm has to be modified;
sometimes, a completely new algorithm has to be designed which then becomes the selected
one.
Selected algorithm for solving the seismic inverse problem. In the seismic inverse problem, Hole’s code [89] is the algorithm that has been selected by the geophysics
community and which is now most widely used to solve this problem.
Comment. This algorithm will be described, in detail, in the next section.
Limitations of the algorithm-selection approach to formalizing the seismic inverse problem. As we have mentioned, in general, the selected algorithm is usually not
perfect, it is only the best of the few which have been proposed. Crudely speaking, we
select a method that is, on average, the best reflection of the expert knowledge, and we
hope that this method provides a geophysically meaningful solution v(~x) in all (or at least
in most) practical instances of the seismic inverse problem. Sometimes, the selected method
does lead to a meaningful solution, but in many practical situations, the resulting solution
is not in full agreement with the expert’s intuition.
Need to consider interval-related expert knowledge: a reminder. As we have
mentioned earlier, in some situations, a part of the expert’s knowledge can be explicitly
formulated. For example, a geophysicist may know that the velocity at a certain depth
must lie within certain reasonable bounds, e.g., between 5 and 8 km/s. At present, in
such situations, researchers try to repeatedly modify (“hack”) the process until the results
produced by the algorithm agree with this expert knowledge. This process takes up a
lot of expert time and – because of the need for numerous iterations – a lot of computer
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time. To avoid this long, ad-hoc process, it is desirable to explicitly incorporate the expert
knowledge into the algorithms, so that the results are always consistent with the expert’s
knowledge.
Expert knowledge usually comes in the form of bounds (i.e., intervals) on the actual
values of the physical quantities. It is therefore desirable to take this interval-related expert
knowledge into account when processing data.

3.3

Known Algorithms for Solving the Seismic Inverse
Problem: Description, Successes, Limitations

The main objectives of this section. The main objective of this chapter is to incorporate interval-related expert knowledge into the existing algorithms for solving the seismic
inverse problem. In other words, our objective is to modify the existing algorithm so that
its results will be in better agreement with this knowledge (e.g., the resulting values v(~x)
should lie within the corresponding expert-provided intervals [v, v]).
To be able to meaningfully modify the existing algorithm, we must understand where
this algorithm comes from, exactly what objective function is optimizes – so that, hopefully,
the optimization of this objective function under interval constraints v(~x) ∈ [v, v] will lead
to the desired modification.
Let us therefore describe, in detail, the origins of Hole’s algorithm, the algorithm selected
by the geoscientists for solving the seismic inverse problem.
First step towards understanding and describing Hole’s algorithm: discretization. Our objective is to find a function v(~x). In general, we need infinitely many parameters to describe all such functions: e.g., the values v(~x) corresponding to all (infinitely
many) points ~x. In practice, we can only generate finitely many parameters, so we must
restrict ourselves to some finite-parametric family of functions – i.e., we must discretize the
problem.
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In numerical mathematics, one of the most widely used discretization technique is the
finite elements approach. In this approach, we divide the 3-D domain into sub-domains
(finite elements), and use simple expressions to describe the behavior of the velocity v(~x)
on each of these elements. In geophysics, usually, a rectangular grid is used to generate
such finite elements.
How can we describe the behavior of function on a given element? For a smooth function
f (~x), we may approximate it by a constant, or we may get a more accurate approximation
if we use linear or quadratic (or higher-order polynomial) functions to approximate the
behavior of f (~x) on each element.
We have already mentioned that for the seismic inverse problem, the desired function
v(~x) is, in general, not smooth. For such functions, piecewise linear or piecewise quadratic
(smoothing) approximation may lead to a geophysically misleading picture, in which instead
of an abrupt transition between several geophysical layers we have a smooth one. To avoid
such misleading solutions, geophysicists normally approximate the behavior of a function
v(~x) on each element by a constant – i.e., use a piecewise constant approximation.
In other words, we divide the 3-D zone of interest into a grid of rectangular elements
(cells), and we assume that the velocity of sound is constant throughout each cell.
To describe all possible solutions of this type, we must describe, for each cell j, the
velocity vj in this cell.
How to reformulate the seismic inverse problem in terms of the velocities vj .
Once we know the velocities vj in each cell j, we can then determine the paths which seismic
waves take. Seismic waves travel along the shortest path – shortest in terms of time. It
can be easily determined that for such paths, within each cell, the path is a straight line,
and on the border between the two cells with velocities v and v 0 , the direction of the path
changes in accordance with Snell’s law
sin(ϕ0 )
sin(ϕ)
=
,
v
v0
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where ϕ and ϕ0 are the angles between the paths and the line orthogonal to the border
between the cells. (If this formula leads to sin(ϕ0 ) > 1, this means that this wave cannot
penetrate into the neighboring cell at all; instead, it bounces back into the original cell
with the same angle ϕ.)
In particular, we can thus determine the paths from the source to each sensor. The
traveltime ti along the i-th path can then be determined as the sum of traveltimes in
X `ij
, where `ij denotes the length
different cells j through which this path passes: ti =
vj
j
of the part of the i-th path within cell j.
This formula becomes easier to describe if we replace the original unknowns – velocities
def 1
vj – by their inverses sj = , called slownesses. In terms of slownesses, the formula for
vj
P
the traveltime takes the simpler form ti =
`ij · sj .
j

We arrive at a non-linear problem. The objective of the seismic inverse problem is
to reconstruct the unknown values of the slowness sj from the known traveltimes ti .
At first glance, the above equations may look like a system of linear equations for the
unknowns sj , but in reality, the system is strongly non-linear, because the lengths `ij of the
shortest paths depend on the corresponding slownesses s1 , s2 , . . .. In other words, a more
accurate reformulation of this equation should take the following (explicitly nonlinear) form
P
ti =
`ij (s1 , s2 , . . .) · sj .
j

Hole’s algorithm for solving the seismic inverse problem: motivations and
derivation. At each stage of the Hole’s algorithm, we have some approximation to the
desired slownesses. We start with some reasonable initial slownesses, and we hope that after several iterations, we will be able to get slownesses which are much closer to the actual
values.
At each iteration, we first use the currently known slownesses sj to find the corresponding paths from the source to each sensor. Based on these paths, we compute the predicted
P
values ti =
`ij · sj of traveltimes.
j
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Since the currently known slownesses sj are only approximately correct, the traveltimes
ti (which are predicted based on these slownesses) are approximately equal to the measured
def
traveltimes e
ti ; there is, in general, a discrepancy ∆ti = e
ti − ti 6= 0. It is therefore necessary

to use these discrepancies to update the current values of slownesses, i.e., replace the current
values sj with corrected values sj + ∆sj . The objective of this correction is eliminate (or
at least decrease) the discrepancies ∆ti 6= 0. In other words, the objective is to make sure
that for the corrected values of the slowness, the predicted traveltimes are closer to e
ti .
Of course, once we have changed the slownesses, the shortest paths will also change;
however, if the current values of slownesses are reasonable, the differences in slowness are
not large, and thus, paths will not change much. Thus, in the first approximation, we can
assume that the paths are the same, i.e., that for each i and j, the length `ij remains the
P
same. In this approximation, the new traveltimes are equal to
`ij · (sj + ∆sj ). The
P
P
desired condition is then
`ij · (sj + ∆sj ) = e
ti . Subtracting the formula ti =
`ij · sj from
j

this expression, we conclude that the corrections ∆sj must satisfy the following system of
P
(approximate) linear equations:
`ij · ∆sj ≈ ∆ti .
Solving this system of linear equations is not an easy task, because we have many
observations and many cell values and thus, many unknowns. For a generic system of
linear equations, standard methods for solving it (e.g., Gauss elimination methods) require
computation time which grows as a cube n3 of the number of variables n. Our system is
not generic, it is sparse – for every traveltime i, we have `ij 6= 0 only for the cells j on
the corresponding path. For sparse matrices, there exist faster algorithms for solving the
corresponding systems of linear equations; see, e.g., [219]. However, these algorithms still
require a large amount of computation time. So, instead of the standard methods for solving
a system of linear equations, most geoscientists use special faster geophysics-motivated
techniques (described below) for solving the corresponding systems. These methods are
described, in detail, in the next subsection.
Once we solve the corresponding system of linear equations, we compute the updated
values ∆sj , compute the new (corrected) slownesses sj + ∆sj , and repeat the procedure
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again. We stop when the discrepancies become small; usually, we stop when the mean
n
1X
square error
(∆ti )2 no longer exceeds a given threshold. This threshold is normally
n i=1
set up to be equal to the measurement noise level, so that we stop iterations when the
discrepancy between the model and the observations falls below the noise level – i.e., when,
for all practical purposes, the model is adequate.
Algorithm for the inverse problem: details. Let us describe, in more detail, how
the corresponding linear system of equations usually is solved. In other words, for a given
cell j, how do we find the correction ∆sj to the current value of slowness sj in this cell?
Let us first consider the simplified case when there only is one path, and this path is
going through the j-th cell. In this case, cells through which this path does not go does not
need any correction. To find the corrections ∆sj for all the cells j through which this path
P
goes, we only have one equation `ij · ∆sj = ∆ti . The resulting system of linear equations
j

is clearly under-determined: we have a single equation to find the values of several variables
∆sj . Since the system is under-determined, we have a infinite number of possible solutions.
Our objective is to select the most geophysical reasonable of these solutions.
For that, we can use the following idea. Our single observation involves several cells; we
cannot distinguish between the effects of slownesses in different cells, we only observe the
overall effect. Therefore, there is no reason to assume that the value ∆sj in one of these
cells is different from the values in other cells. It is thus reasonable to assume that all these
values are equal to each other: ∆sj = ∆sk = . . . = ∆s. Substituting these equal values
P
P
into the equation
`ij · ∆sj = ∆ti , we conclude that Li · ∆s = ∆ti , where Li =
`ij is
j

j

the overall length of i-th path. Thus, in the simplified case in which there is only one path,
∆ti
.
to the slowness of each cell j along this path, we add the same value ∆s =
Li
Let us now consider the realistic case in which there are many paths, and moreover, for
many cells j, there are many paths i which go through the corresponding cell. For a given
cell j, based on each path i passing through this cell, we can estimate the correction ∆sj by
def ∆ti
the corresponding value ∆sij =
. When there are several (nj ) paths Pi going through
Li
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the j-th cell Cj (Pi ∩ Cj 6= ∅), we have, in general, several different estimates ∆sj ≈ ∆sij .
Now, we have an over-determined system of equations: we have a single variable ∆sj
and as many equations (nj ) as there are paths i going through this cell. Ideally, we would
def

like all the differences ei = ∆sj −∆sij to be equal to 0, i.e., we would like the corresponding
difference vector e = (ei , ei0 , . . .) to be equal to 0. In general, the estimates ∆sij are different,
so we cannot find a single correction ∆sj which is equal to all of them – and thus, we cannot
have all the components of the difference vector e to be equal to 0. Since we cannot make e
exactly equal to 0, it is reasonable to find the value ∆sj for which the corresponding vector
p
e is as close to 0 as possible, i.e., for which the distance s2i + s2i0 + . . . between e and
0 = (0, 0, . . .) is the smallest possible.
Since the square root is a monotonic function, the square root of the expression is the
smallest if and only if the expression itself is the smallest. Thus, minimizing the distance is
equivalent to minimizing the sum s2i + s2i0 + . . . So, we arrive at the Least Squares method
for solving a system of over-determined equations. For the system ∆sj ≈ ∆sij the solution
is well known: the arithmetic average of different estimates:
1 X ∆ti
.
∆sj =
nj
Li
Pi ∩Cj 6=∅

This is the formula used in Hole’s algorithm.
Comment about convergence. A natural question is whether this algorithm converges.
Since the problem is highly nonlinear, and the algorithm is rather complicated, there are
no known convergence results. Empirically, it has been shown that this algorithm sometimes diverges, but this divergence occurs when we select a wrong first approximation.
Usually, if we start with a first approximation which is geophysically reasonable, the algorithm converges in a few iterations (converges in the sense that after few iterations, the
corresponding velocity values vj barely change).
Modifications of Hole’s algorithm. The above formula treats all the paths passing
through a given cell equally. In reality, some paths may barely touch the cell, while other
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paths really traverse the entire cell. The paths which barely touch the cell should not have
the same influence on the cell as the others. How can we achieve this objective?
P
In the expression ∆ti =
`ij ·∆sj , the value ∆sj occurs with a coefficient `ij . Thus, for
j

the same accuracy in traveltimes ∆ti , the resulting accuracy with which we can determine
∆sj from i-th path is proportional to 1/`ij . In other words, the accuracy σi with which
∆sj ≈ ∆sij is proportional to 1/`ij . By applying the Least Square Method to this new
P e2i
P
system of equations, we conclude that
→ min, i.e., that (∆sj − ∆sij )2 · `2ij → min.
2
i σi
i
Differentiating over ∆sj , we conclude that
P
∆sij · `2ij
j
P 2
∆sj =
,
`ij
j

i.e., that instead of a simple average, we take a weighted average of estimates coming from
different paths i, with weights proportional to `2ij . This method has also been used in
solving the inverse problem; it uses slightly more computations on each iteration but, since
iterations are somewhat more reasonable, requires fewer iterations.
Similar more sophisticated algorithms are described, e.g., in [169, 238].
Successes of the known algorithms. The known algorithms have been actively used
to reconstruct the slownesses, and, in many practical situations, they have led to reasonable
geophysical solutions v(~x).
Limitations of the known algorithms. As we have mentioned, the inverse problem is
often under-determined: We have fewer observations than unknowns. As a result, based
on the same measurement results, we may have many different velocity models vj = 1/sj
that are all consistent with the same measurement results.
The above algorithm selects one of these velocity models; often, however, the velocity
model that is returned by the existing algorithm is not geophysically meaningful: E.g.,
it predicts velocities outside of the range of reasonable velocities at this depth. To get a
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geophysically meaningful model, a geophysicist tries to adjust the initial approximation – so
as to avoid this discrepancy between the actual distribution and the geophysical knowledge.
This adjustment usually requires several iterations. It is a very time-consuming process,
because there is no algorithmic way of adjusting the initial data, only heuristic recipes, and
as a result, each adjustment requires many time-consuming trial-and-error steps. Moreover,
because of the non-algorithmic character of adjustment, it requires special difficult-to-learn
skills; as a result, the existing tools for solving the seismic inverse problem are not as widely
used as they could be.

3.4

How to Use Interval-Related Expert Knowledge

Main idea. As we have mentioned, one of the reasons why the mathematically valid
solution is not geophysically meaningful is that at some points, the velocity of sound is
outside the interval of values which are possible at this depth for this particular geological
region.
Additional interval-related information provided by experts. To take this expert
knowledge into consideration, it is reasonable to explicitly solicit, from the experts, the
information about possible values of slownesses – and then modify the inverse algorithms
in such a way that the velocities are consistent with this knowledge.
Specifically, for each cell j, a geophysicist provides us with his or her bounds sj and sj
on the slowness sj . In other words, for every cell j, we know that the slowness sj belongs
to the corresponding interval [sj , sj ].
Solution to the seismic inverse problem under interval uncertainty. For each cell
j, we have an interval [sj , sj ] that is guaranteed to contain the actual (unknown) value of
slowness sj .
(0)

We select the initial model sj
(0)

sj

that is consistent with this information, i.e., for which

∈ [sj , sj ] for all j. Then, we must modify the algorithm for solving the inverse prob64

lem in such a way that on all iterations, slownesses always stay within the corresponding
intervals.
How to use interval information: first idea. To explain our first idea, let us reformu(0)

late the problem. Suppose that we start with the slowness values sj which are within the
(0)

(0)

given intervals: sj ∈ [sj , sj ]. On the next iteration, however, we may get values sj + ∆sj
which are outside the corresponding intervals.
For example, we may know the exact values of slownesses in the upper layers (closer to
the surface), and these are exactly the values which we select as the initial approximation
for the corresponding cells. Since we know the exact slownesses for the surface cells, for
paths which only go through these surface cells, the predicted traveltimes are close to the
measured ones – so no correction is needed. However, for paths which do go through deeper
cells as well, we will, in general, need a correction. The existing algorithms evenly spread
the resulting correction ∆s to all the cells along the path. So, if we follow these algorithms,
then, in addition to the deeper cells, we also update slownesses in the upper layer cells. This
update changes the slowness values and thus, leads to values outside the given (degenerate)
interval [sj , sj ].
To remedy this situation, we can do the following. For each cell j, after an iteration of,
(k)

say, Hole’s algorithm, we have a corrected value of the slowness sj

which approximates

(k)

the actual (unknown) slowness sj : sj ≈ sj . We also know that sj should be located in
the interval [sj , sj ]. Similar to our previous analysis, it is therefore reasonable to use the
Least Squares Method to combine these two piece of information: i.e., we look for the value
(k)

sj ∈ [sj , sj ] for which the square (sj − sj )2 is the smallest possible. In geometric terms,
(k)

we look for the value within the given interval [sj , sj ] which is the closest to sj . Thus:
(k)

is already within the interval, we keep it intact.

(k)

is to the left of the interval, i.e., if sj

• If the value sj

• If the value sj

(k)

from the interval is its left endpoint sj .
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< sj , then the closest point

(k)

• Similarly, if the value sj

(k)

is to the right of the interval, i.e., if sj

> sj , then the

closest point from the interval is its right endpoint sj .
Algorithm resulting from the first idea. We thus arrive at the following modification
of the existing iterative algorithms for solving the seismic inverse problem. This modification takes into account that for each cell j, we know an interval [sj , sj ] which is guarantee
to contain the actual (unknown) value of slowness sj .
(0)

We start with an initial approximation sj
(0)

i.e., for which sj

which is consistent with this information,

∈ [sj , sj ] for all j. On each iteration, we first apply the iteration step
(k)

from the existing algorithms, and then update the resulting values sj
(k)

(k)

with sj ;

(k)

(k)

with sj ;

• if sj < sj , we replace the value sj
• if sj > sj , we replace the value sj
(k)

as follows:

(k)

• if sj ≤ sj ≤ sj , we keep the value sj .
After this additional step, we perform the next iteration, etc.
Advantage of the first idea. The main advantage of this approach is that on every
iteration, we get slownesses which are within the given intervals. Thus, in contrast to
the existing algorithms, we always remain within the given intervals and thus, avoid nonphysical solutions.
First idea: main problem. The main problem with this approach is that it is still too
slow. Let us explain why it may be even slower than the traditional algorithms. We will
illustrate this on the same example on which we explained, above, why the un-modified
Hole’s algorithm can lead us outside the desired interval for sj . In this example, Hole’s
algorithm equally distributes the discrepancy ∆ti between all the cells along the i-th path:
both surface cells and the deeper cells, as ∆s = ∆ti /Li . After the slowness adjustment of
P
all these cells, we change the original predicted traveltime value of ti =
`ij · sj to the
j
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new value ti +

P

ti . Thus, on the next iteration,
`ij · ∆sj = ti + ∆s · Li = ti + ∆ti , i.e., to e

j

the discrepancy along this path will be much smaller (or even disappear completely).
In the new algorithm, after producing the same correction ∆s = ∆i /Li , we, in effect,
dismiss it for all the upper-layer cells – because for these cells, adding this correction will
bring us outside the given (degenerate) interval. As a result, after the correction, the
resulting addition to the traveltime comes only from the deeper cells, and is thus equal to
`i · ∆s, where `i is the overall length of all deep portions of the i-th path. Since the path
also covers several upper-layer cells, we have `i < Li , thus `i · ∆s < Li · ∆s = ∆ti ; so, a
large portion of discrepancy re-appears in the next iteration.
Second idea. To speed up computations, it is desirable not just to dismiss the slowness
corrections that lead us outside the given intervals [sj , sj ], but also to re-distribute the
traveltime discrepancy that remains uncovered as a result of this dismissal. In other words,
instead of simply repeating each iteration step from Hole’s algorithm, we modify these steps
so as to make computations faster and still remain within given slowness intervals.
(k−1)

which

(k−1)

+ ∆sj

On each iteration of the new procedure, we start with the slowness values sj
are within given intervals [sj , sj ], and we want to produce corrected values sj
(k−1)

within these same intervals. The condition sj
def

[∆j , ∆j ], where ∆j = sj −

(k−1)
sj
,

def

and ∆j = sj −

+ ∆sj ∈ [sj , sj ] is equivalent to ∆sj ∈

(k−1)
sj
.

If the values ∆sij corresponding to each path i are within the desired interval [∆j , ∆j ],
then their average is also inside this same interval – and, if we want to use the weighted
average instead (as mentioned above), this weighted average is also guaranteed to be within
the given interval. Thus, to guarantee that the resulting average corrections are within the
given intervals, it is sufficient, for each path i, to produce the distribution of slowness
corrections ∆sij which are within the corresponding intervals [∆j , ∆j ].
Let us therefore concentrate on a single path i. To better describe the idea, let us
assume that ∆ti > 0 (the case ∆ti < 0 is similar). In this case, our idea is as follows:
• First, we distribute the time discrepancy ∆ti by the overall length Li of i-th path,
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and get the correction value ∆sij = ∆ti /Li .
• Then, we check whether for all the cells j along the path i, we have ∆sij ≤ ∆j :
– if this inequality is satisfied for all cells j, then we stop iterations and return the
results;
– otherwise, if there are some cells j for which the correction ∆sij = ∆ti /Li
exceeds the allowed maximum correction ∆j , then for these cells, we use the
maximum correction instead of the values ∆ti /Li .
(1) def

• We compute the traveltime change ti

=

P

`ij · ∆j resulting from these slowness

j

corrections; here, the sum is taken only over the cells for which the slowness correction
is fixed at the value ∆j ; the set of such cells will be denoted by I (1) .
(1) def

• We then compute the remaining discrepancy ∆ti

(1)

= ∆ti − ti

– which needs to be

distributed among the remaining cells along the i-th path.
(1)

• Then, we divide the remaining discrepancy ∆ti
(1)

(1)

(1)

(1)

ing the value ∆sij = ∆ti /Li , where Li

among the remaining cells, producP
`ij is the total path within the
=
j6∈I (1)

remaining cells.
(1)

• We check whether for all the remaining cells j, we have ∆sij ≤ ∆j :
– if this inequality is satisfied for all cells j, then we stop iterations and return the
results;
(1)

(1)

– otherwise, if there are some cells for which the correction ∆ti /Li

exceeds the

allowed maximum correction ∆j , for these cells, we use the maximum correction
instead of the values ∆ti /Li ; let us denote the set of such cells by I (2) .
(2) def

• We compute the traveltime change ti

=

P
j∈I (2)

corrections.
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`ij · ∆j resulting from these slowness

(2) def

• We then compute the remaining discrepancy ∆ti

(1)

(2)

= ∆ti − ti

– which needs to be

distributed among the remaining cells along the i-th path, etc.
Comment. In general, the above algorithm leads to the assignment of slowness corrections
which stay within the desired intervals – and, at the same time, still cover the discrepancy
∆ti . Sometimes, however, even after picking each slowness correction at its highest allowed
P
`ij · ∆j < ∆ti .
level ∆j , we will still not cover the observed time discrepancy ∆ti : i.e.,
j

This means that the observed traveltimes are inconsistent with the intervals [sj , sj ]. This
information should be reported back to the experts, so that the experts will be able to
adjust their bounds for sj in such a way that the new bounds will be consistent with the
observations.
Advantage of the second idea. The main problem with the first idea was that it while
it guaranteed the slownesses within the given intervals, this idea required, in general, more
iterations than the original algorithm. The reason for this increase is as follows:
• in the original algorithm, the discrepancy at the next iteration is much smaller than
in the previous one;
• in contrast, in the first idea, the discrepancies may decrease only slightly.
When we use the second idea, then on each iteration, we decrease all the discrepancies ∆ti
as much as possible. As a result, on the next iteration, the discrepancy (if any) is much
smaller than the original one. Thus, the number of iterations is about the same as for
the original algorithm – and at the same time, we always get slownesses within the given
interval.
So, in terms of the number of iterations, the algorithm based on the second idea is faster
than the algorithm based on the first idea – and comparable with the number of iterations
in the traditional algorithm for solving seismic inverse problems.
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Drawbacks of the second idea. The main drawback of the second idea is that while
the number of iterations goes down, the number of necessary computations within each
iteration drastically increases.
Indeed, for each path i, in the original Hole’s algorithm, all we need to do is compute the
overall length Li along the i-th path, divide ∆i by Li , and then add the resulting slowness
correction ∆s to all the slowness values. Computing the length Li – by adding the lengths
`ij of the segments within different cells j – requires as many arithmetic operations as there
are such cells; let us denote this number by c. Division is 1 operation, and adding ∆s to all
c slownesses also requires c arithmetic operations. Thus, overall, we need c + 1 + c = O(c)
operations.
For the algorithm based on the second idea, we still need O(c) steps in the first round,
but we may then need second, third, etc., rounds. On each round, at least one of the new
slowness correction is assigned to one of the cells; thus, the number of rounds cannot exceed
the overall number of cells c along the path. On the other hand, it is possible that we will
need as many rounds as there are cells. So, in the worst case, we need c rounds with O(c)
operations in each – to the total of O(c2 ) arithmetic operations.
In other words, each iteration may require O(c2 ) steps instead of O(c). Paths can be
long, up to 100-200 km, and cells can be of 1 km size, so we can have c in hundreds. For
such paths, a c times increase (= hundreds times increase) can drastically increase the
computation time of each iteration and thus, drastically increase the overall computation
time. It is thus desirable to come up with a faster method of reallocating the traveltime
discrepancy. Let us describe such a method.
How to use interval information: third idea. We want to find the corrections ∆sj ∈
P
[∆j , ∆j ] for which `ij · ∆sj = ∆ti . Similarly to the above derivation of the original Hole’s
j

algorithm, the resulting system is clearly under-determined: we have a single equation to
find the values of several variables ∆sj . Since the system is under-determined, we have an
infinite number of possible solutions, so we must select the most geophysical reasonable of
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these solutions.
Similarly to the above derivation of Hole’s algorithm, the idea is that there is no reason
to assume that the value ∆sj in one of these cells is different from the values in other cells,
so we assume that ∆sj ≈ ∆sj 0 for all j and j 0 . In Hole’s algorithm, we simply assumed
that all these approximate equalities are actual equalities, so all the values ∆sj along the
path were equal, but that assumption leads to slownesses outside given interval ranges. So,
in general, some of these equalities can only be approximately true. As we mentioned in
our derivation of Hole’s code, this situation can be naturally handled by using the Least
Squares Method, i.e., in this case, by selecting, from all the solutions of the above system of
P
equations and inequalities, the values ∆sj for which the objective function
(∆sj −∆sj 0 )2
j6=j 0

takes the smallest possible value.

For simplicity, we can add values j = j 0 in the sum without changing the value of
the objective function – since, for j = j 0 , the corresponding differences ∆sj − ∆sj 0 are 0s
anyway. This objective function can be further simplified if we introduce the notations
X
P
def
def 1
∆sj and δj = ∆sj − E, so that
δj = 0. In these notations, ∆sj − ∆sj 0 =
E =
c j
j
δj − δj 0 , so
X
X
X
XX
(δj − δj 0 )2 =
δj2 +
δj20 − 2 ·
δj · δj 0 .
j,j 0

j

j0

The last term is the product of the two 0 sums

Ã

j0

j

P

! Ã
δj

·

P
j0

j

!

δj 0 , and the first two terms

contain 2c2 expressions δj2 – these two terms cover each of c squares δj2 the same number
P
of times (namely, 2c2 /c = 2c times). Thus, the objective function is equal to 2c · δj2 .
j

So, minimizing the objective function is the same as minimizing the population variance
1 X 2
δ of the population ∆sj .
V = ·
c j j
P
In the case when we do not have the linear constraint
`ij · ∆sj = ∆ti , there exist
j

efficient algorithms for minimizing variance under interval uncertainty in time O(c · log(c))
(which is faster than O(c2 )); see, e.g., [81, 118]. Let us show that these algorithms can be
P
modified to the case when have the linear constraint
`ij · ∆sj = ∆ti .
j
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Third idea: towards a faster algorithm. Let us consider the case ∆ti > 0. The case
∆ti < 0 can be treated similarly.
If we have ∆sj ∈ [∆j , ∆j ) for two different values j and j 0 for which ∆sj 6= ∆sj 0 , then
`ij · ∆sj + `ij 0 · ∆sj 0
we can replace both values ∆sj and ∆sj 0 by their weighted average
∆sj + ∆sj 0
without changing ∆ti , and the variance will only decrease. Similarly, if for some j, we have
∆sj < ∆j , and for some other j 0 6= j, we have ∆sj 0 = ∆j 0 > ∆sj , then we can replace both
values by their weighted average and thus, decrease the variance.
Thus, when the variance attains its minimum, all the values ∆sj which are not “maxed
out” to ∆j are equal to each other, and all the maxed-out values do not exceed the common
non-maxed-out value. Let p denote the overall number of the values ∆sj which are maxed
out when the variance is minimized. So, if we sort the bounds ∆1 , . . . , ∆c into a nondecreasing sequence
∆(1) ≤ ∆(2) ≤ . . . ≤ ∆(c) ,
then the smallest value of the variance is attained when ∆s(1) = ∆(1) , ∆s(2) = ∆(2) , . . . ,
∆s(p) = ∆(p) , and ∆s(p+1) = . . . = ∆s(c) = δ. The common non-maxed-out value δ can be
P
found from the condition that
`ij · ∆sj = ∆ti , i.e., that Ap + Lp · δ = ∆ti , where
j
def

Ap =

p
X

def

`i(j) · ∆(j) and Lp =

c
X

`i(j) .

j=p+1

j=1

∆ti − Ap
. Thus, once we know the value p, we can easily compute the
Lp
corresponding slowness corrections ∆sj . The only remaining problem is how to find the
Therefore, δ =

value p.
To find p, we must use the fact that since only p values ∆sj are maxed out, the (p+1)-st
value ∆s(p+1) is not maxed out, so δ = ∆s(p+1) < ∆(p+1) . Hence, from the above equation
def

for ∆ti , we conclude that ∆ti < Sp = Ap + Lp · ∆(p+1) . (For p = c, a similar inequality
holds if we take ∆c+1) = ∞.)
Similarly, from the fact that the non-maxed-out value δ should be larger than all the
maxed-out ones, we conclude that δ ≥ ∆(p) , hence ∆ti ≥ Ap + Lp · ∆(p) . Let us simplify
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this condition. By definition,
Ap + Lp · ∆(p) =

p
X

`i(j) · ∆(j) +

j=1

c
X

`i(j) · ∆(p) .

j=p+1

By moving the term proportional to ∆(p) from the first into the second sum, we conclude
that
Ap + Lp · ∆(p) =

p−1
X

`i(j) · ∆(j) +

j=1

c
X

`i(j) · ∆(p) = Ap−1 + Lp−1 · ∆(p) = Sp−1 .

j=p

So, the two conditions on ∆ti take the form Sp−1 ≤ ∆ti < Sp .
It is easy to check that for every p, when we go from Sp−1 to Sp , then for every j,
the coefficient at `i(j) can only increase, so Sp−1 ≤ Sp . Thus, the sequence S0 , . . . , Sc is
non-decreasing: S0 ≤ S1 ≤ S2 ≤ . . . ≤ Sc , and p can be found as the only value for
which ∆i belongs to the corresponding subinterval [Sp−1 , Sp ). So, we arrive at the following
algorithm for computing slowness corrections for each path.
The resulting new algorithm for interval uncertainty. We start with the initial
(0)

slowness values sj which are within the given intervals [sj , sj ].
(k−1)

On each iteration of the new procedure, we start with the slowness values sj

which

are within given intervals [sj , sj ]. We then compute, for each cell j, the values ∆j =
(k−1)

sj − sj

(k−1)

and ∆j = sj − sj

.

Based on these slownesses, we find the paths from the sources to the sensors, compute
the predicted traveltimes ti along each path, and the discrepancies ∆ti = e
ti − ti .
Let us describe how we compute the correction ∆sj along the i-th path. Once we have
computed these corrections for all the paths, then for each cell j, we take the average (or
weighted average) of all the corrections coming from all the paths which pass through this
cell.
We will consider the case when ∆ti > 0; the case when ∆ti < 0 is treated similarly. In
this case, we first sort all c values ∆j along the i-th path into a non-decreasing sequence
∆(1) ≤ ∆(2) ≤ . . . ≤ ∆(c) .
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Then, for every p from 0 to c, we compute the values Ap and Lp as follows:
A0 = 0, L0 = Li , Ap = Ap−1 + `i(p) · ∆(p) , Lp = Lp−1 − `i(p) .
After that, for each p, we compute Sp = Ap + Lp · ∆(p+1) , and we find p for which Sp−1 ≤
∆ti < Sp . Once this p is found, we take ∆s(j) = ∆j for j ≤ p, and for j > p, we take
∆ti − Ap
∆s(j) =
.
Lp
When ∆ti < 0, we similarly sort the values ∆j into a decreasing sequence, and find p
so that the first p corrections are “maxed out” to ∆j , and the rest c − p corrections are
∆ti − Ap
.
determined from the condition ∆s(j) =
Lp
Computational complexity of the new algorithm. Let us show that this new algorithm is indeed faster.
• Sorting c values requires time O(c · log(c)).
• Computing each of c values Ap , Lp , and Sp requires a finite number (O(1)) of elementary arithmetic operations, so the overall computation time for this step is O(c).
• Finally, once p is found, we need a finite number of step to compute each of c slowness
corrections ∆sj , so we also need O(c) steps.
Overall, we thus need O(c · log(c)) + O(c) + O(c) = O(c · log(c)) steps.

3.5

Example Showing that the Use of Expert Knowledge Drastically Improves the Performance of Algorithms for Solving the Seismic Inverse Problem

Let us show, on a simple example in which we will be able to analytically trace all the
computations, that the new algorithm is indeed faster than the original Hole’s algorithm.
In this example, we have two vertical layers of the same height d. The lighter rocks
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eventually lift up, so, closer to the surface, the densities are usually smaller, hence, the
sound velocities are lower and the slownesses are larger. Thus, we assume that s1 > s2 .
To avoid the need to consider deeper layers, we assume that the structure below the
second layer is so heavy that all the signals simply bounce back from the bottom of the
second layer (in real geological situations, this is what happens, e.g., at the Moho surface).
To be able to analytically handle ray tracing, we restrict ourselves to the situations
when in the Snell’s law, all the angles αi are small (αi ¿ 1), and thus, we can safely
assume that sin(αi ) ≈ αi .
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The deeper the layers, the more difficult it is to explore them. As a result, we usually
have more information about the upper layers than about the deeper layers. In accordance
with this general idea, in our simplified example, we assume that we know the exact value
of slowness s1 at the upper layer, but we only know an approximate value se2 ≈ s2 of the
slowness at the lower layer. For simplicity, we can assume that the value se2 is close to
the actual value s2 – so that in our computations, we can safely ignore terms which are
def

quadratic in ∆s2 = se2 − s2 .
For simplicity, we will only consider one signal. (Actually, in this simplified example,
the conclusion will be the same if we consider several signals.) Both for the original Hole’s
code and for the new layer, we consider the values s1 and se2 as the first approximation.
In the new algorithm, we also impose the interval constraint [s1 , s1 ] on the slowness in
the upper layer. We will show that in this example, the new algorithm is better in the
following sense: in the new algorithm, after a single iteration, the difference between the
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current approximations (s1 , s02 ) and the actual (unknown) slownesses decreases practically
to 0, while in the original Hole’s iterative method, this difference, while decreasing, stays
within the same order of magnitude. For example, if αi ≈ 0.1, we get 10 times error
decrease in the new methods and only ≈ 2 times decrease in the original one.
Let us perform the corresponding computations. Let α1 and α2 be the angles of the ray
corresponding to the actual (unknown) slownesses s1 and s2 , and let α
e1 = α1 + ∆α1 and
α
e2 = α2 + ∆α2 be the angles obtained by ray tracing from the approximate values s1 and
se2 .
The horizontal distance between the source and the sensor can be computed as the
sum of the four horizontal distances corresponding to the four parts of the path, i.e., as
2d · (tan(α1 ) + tan(α2 )). Since the angles are small, we have tan(αi ) ≈ αi , so this distance
takes the form 2d · (α1 + α2 ). We should get the same distance whether we consider the
original slownesses (and the corresponding angles αi ), or computed slownesses and the
corresponding angles α
ei = αi + ∆αi . Thus, we conclude that α1 + α2 = (α1 + ∆α1 ) + (α2 +
∆α2 ), i.e., that ∆α2 = −∆α1 .
To find the relation between ∆αi and the slownesses, we must use Snell’s law. Since
we assume that the angles are small and sin(αi ) ≈ αi , Snell’s law for the actual angles
takes the form s1 · α1 = s2 · α2 , and Snell’s law for the computed angles takes the form
s1 · α
e1 = se2 · α
e2 , i.e., s1 · (α1 + ∆α1 ) = (s2 + ∆s2 ) · (α2 + ∆α2 ). Subtracting these two
equations from each other, and ignoring second-order terms like ∆s2 · ∆α2 , we conclude
that s1 ·∆α1 = s2 ·∆α2 +∆s2 ·α2 . Since ∆α2 = −∆α1 , we thus get ∆α1 ·(s1 −s2 ) = ∆s2 ·α2 ,
hence
α2
.
s1 − s2
2d
The actual path in the first layer is equal to `1 =
, the actual path in the second
cos(α1 )
2d
. Since we assume that the angles αi are small and we can
layer is equal to `2 =
cos(α2 )
ignore quadratic and higher order terms in terms of αi , we conclude that cos(αi ) ≈ 1 and
∆α1 = ∆s2 ·

`1 = `2 = 2d. Thus, the actual traveltime is equal to s1 · `1 + s2 · `2 = 2d · (s1 + s2 ).
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For simplicity, we can assume that traveltimes are measured with high accuracy, hence the
measured traveltime e
t is equal to 2d · (s1 + s2 ).
For the computed trajectory, we similarly conclude that the computed travel time is
equal to t = 2d · (s1 + se2 ) = 2d · (s1 + s2 + ∆s2 ). Thus, the discrepancy in the traveltimes
is equal to ∆t = e
t − t = −2d · ∆s2 .
In the original Hole’s algorithm, we divide this discrepancy by the entire path L =
∆s2
`1 + `2 = 4d, and add the resulting value −
to both slownesses. As a result, we
2
replace the original approximate slowness se2 = s2 + ∆s2 with a more accurate estimate
∆s2
se2 = s2 +
. In other words, the approximation error decreases by a factor of two. This
2
is not bad at all: if we can decrease the approximation error by half in each iteration,
then in, say, 7 iterations we reduce the original approximation error to less than 1% of the
original one. However, as we will see, the new method leads to an even faster convergence.
Indeed, in the new method, since the value s1 is already at the endpoint of the corresponding interval [s1 , s1 ], we divide the traveltime discrepancy ∆t = −2d · ∆s2 only by the
length `2 = 2d of the second part of the path. As a result, according to the new algorithm,
−2d · ∆s2
∆t
=
= −∆s2 .
to the original estimate se2 = s2 + ∆s2 , we add the correction
`2
2d
After adding this correction, we get the new value (s2 + ∆s2 ) − ∆s2 = s2 .
In other words, while in the original Hole’s algorithm, after a single iteration, the error
decreased in half, in the new algorithm, the approximation error – in this first approximation – disappears completely.
In reality, the approximation error does not disappear completely: In our computations,
we ignored terms of higher order in terms of αi . In other words, all the above equalities are
actually equalities modulo terms proportional to αi . Thus, if, e.g. αi ≈ 0.1, then we do not
get exactly 0 error, we may get a 0.1 of the original error. Still, it means that in a single
iteration, we get a 10 times decrease in approximation error and thus, our convergence is
much faster than for the original Hole’s code where the error decreases only 2 times in each
iteration.

77

3.6

Computational Complexity of the Seismic Inverse
Problem and Why Traditional Methods of Solving Inverse Problems Do Not Work Well in the
Seismic Case

Motivation. In the above sections, we use sophisticated techniques to come up with
approximate solutions to the original problem. Moreover, we used methods like Hole’s
algorithm for which even convergence is not always guaranteed. To justify the use of such
heuristic approximate techniques, let us show that the corresponding problems are indeed
computationally difficult – namely, NP-hard.
Most inverse problems in science and engineering are ill-posed. The above illposedness of the seismic problem is a common feature in applications: most inverse problems in science and engineering are ill-posed; see, e.g., [213].
Smoothness: traditional approach to solving ill-posed inverse problems. A typical way to solve an inverse problem is to find a natural physically meaningful property
of actual solution, and use this a priori information to select a single most physically
meaningful solution among many mathematically possible ones. This process is called
regularization.
Typically, in inverse problems, this natural property is smoothness. Smoothness can be
naturally described in precise mathematical terms. For example, when we reconstruct a 1D signal x(t), then the degree of smoothness can be defined as follows. At a given moment
of time t, the larger the absolute value |x0 (t)| of the derivative x0 (t), the less smooth the
signal is. Thus, at a given time t, the value |x0 (t)| is a natural degree of the signal’s nonsmoothness. Overall, a natural degree of non-smoothness can be defined as a mean square
def R
of these degrees corresponding to different moments t, i.e., as J = (x0 (t))2 dt.
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Most regularization techniques try to find, among many signals that are consistent with
given observations, the smoothest signal, i.e., the signal with the smallest possible value of
the degree of non-smoothness J.
Smoothness: discrete case. In real life, we only have the values
x(t1 ), x(t2 ), . . . ,
of the signal x(t) at discrete moment of time
t1 , t2 = t1 + ∆t, . . . , ti+1 = ti + ∆t, . . .
Based on this discrete data, we can approximate the derivative x0 (t) as a difference
x(ti+1 ) − x(ti )
,
∆t
so minimizing the integral J is equivalent to minimizing the corresponding integral sum
X
def
Jdiscr =
(x(ti+1 ) − x(ti ))2 .
i

Smoothness: 2-D case. For a 2-D velocity distribution f (n1 , n2 ), similarly, a natural
assumption is that this distribution is smooth. Similarly to the 1-D case, a natural way to
describe the degree of smoothness of a given distribution is to use the integral sum
def

J =

X

s(n1 , n2 ),

n1 ,n2

where
def

s(n1 , n2 ) =

(f (n1 + 1, n2 ) − f (n1 , n2 ))2 + (f (n1 , n2 + 1) − f (n1 , n2 ))2 .
Alternatively, we can describe this criterion as the sum of the squares of the differences
in intensity between all possible pairs (p, p0 ) of neighboring pixels p = (n1 , n2 ) and p0 =
(n01 , n02 ):

X

J=
p,p0

(f (p) − f (p0 ))2 .

are neighbors
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Smoothness makes problems computationally solvable. A practically useful property of the above degrees of non-smoothness J is that the expression J is a convex function
of the signal x(ti ) or f (n1 , n2 ). Thus, if the conditions describing the fact that the unknown
velocity distributions is consistent with the observations is also described by linear or, more
generally, smooth inequalities, then the problem of finding the regularized solution can be
reformulated as a problem of minimizing a convex function J on the convex set.
Similarly, if we fix the degree of non-smoothness and look, among all the solutions with
a given degree of non-smoothness, for the one that is the closest to the original approximate
solution, we also have a problem of minimizing a convex function (distance) on the convex
set (of all functions that are consistent with the observations and have the desired degree
of smoothness).
It is known that, in general, the problems of minimizing convex functions over convex
domains are algorithmically solvable (see, e.g., [220]), and smoothness-based regularization
has indeed been efficiently implemented; see, e.g., [213].
For the seismic inverse problem, we only have piecewise smoothness. In geophysics, we have clear layers of different types of rocks, with sharp difference between
different layers, so we face an inverse problem with only piecewise smoothness; see, e.g.,
[169].
Traditional smoothness measures are not adequate for piecewise smoothness.
In the piecewise smooth case, the above measure of non-smoothness is not applicable,
because it would include neighboring pixels on the different sides of the border between the
two layers.
Appropriate smoothness measures for piecewise smoothness case. To avoid the
above problem, we need to only take into account the pairs of neighboring pixels that
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belong to the same zone (layer), i.e., consider the sum
X

J(Z) =
p∼p0

(f (p) − f (p0 ))2 ,

are neighbors in the same zone

where Z denotes the information about the zones, and p ∼ p0 means that p and p0 are
neighbors in the same zone. This measure makes computational sense only if we know
beforehand where the zones are – i.e., where is the border between the two zones.
However, in real life, finding the border is a part of the problem. In this case, we can
use the same smoothness criterion not only to reconstruct the original velocity distribution,
but also to find the border location. Specifically, we want to look for the zone distribution
and for the zone location for which the above criterion J takes the smallest possible value.
In other words, we fix the number of zones, and we characterize the non-smoothness of
an velocity distribution by a criterion
J ∗ = min J(Z),
Z

where the minimum is taken over all possible divisions Z into zones.
The resulting problem is no longer convex. The resulting functional is no longer
convex, because the division into zones is a discrete problem. It is known that non-convex
problems are, in general, more computationally difficult than the corresponding convex
ones (see, e.g., [98]), and adding discrete variables makes the problems even more computationally difficult; see, e.g., [168].
Complexity of piecewise smooth inverse problems. In the following sections, we
show that in general, the inverse problem for piecewise smooth case is computationally
intractable (NP-hard) even when the relation expressing the consistency between the measured results and the desired velocity distribution is linear.
This proof will follow the proof of NP-hardness of different signal processing problems
described, e.g., in [34, 106].
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Let us prove that in general, the inverse problem for piecewise smooth case is computationally intractable (NP-hard).
Main idea of the proof: reduction to a subset problem. To prove NP-hardness of
our problem, we will reduce a known NP-hard problem to the problem whose NP-hardness
we try to prove: namely, to the inverse problem for piecewise smooth velocity distributions.
Specifically, we will reduce, to our problem, the following subset sum problem [106, 168]
that is known to be NP-hard:
• Given:
• m positive integers s1 , . . . , sm and
• an integer s > 0,
• check whether it is possible to find a subset of this set of integers whose sum is equal
to exactly s.
For each i, we can take xi = 0 if we do not include the i-th integer in the subset, and
xi = 1 if we do. Then the subset problem takes the following form: check whether there
exist values xi ∈ {0, 1} for which

X

si · xi = s.

We will reduce each instance of this problem to the corresponding piecewise smooth
inverse problem.
Reduction to a subset problem: details. Let us consider the following problem. We
want to reconstruct an m × m velocity distribution f (n1 , n2 ). Let d = bm/2c. We want a
piecewise smooth velocity distribution f (n1 , n2 ) that consists of two zones.
The following linear constraints describe the consistency between the observations and
the desired velocity distribution:
• f (n1 , n2 ) = 1 for n2 > d;
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•

m
P

si · f (i, d) = s; and

i=1

• f (n1 , n2 ) = 0 for n2 < d.
The problem that we consider is to find the solution with the smallest possible value of
smoothness J ∗ among all the velocity distributions that satisfy these linear constraints.
Let us show that the minimum of J ∗ is 0 if and only if the original instance of the subset
problem has a solution.
Indeed, if J ∗ is 0, this means that all the values within each zone must be the same.
Since we have values 1 for n2 > d and values 0 for n2 < d, we must therefore have every
value to be equal either to 0 or to 1. Thus, if we have such a solution, the corresponding
P
values f (i, d) ∈ {0, 1} provide the solution to the original subset problem
si · xi = s.
Vice versa, if the selected instance of the original subset problem has a solution xi , then
we can take f (i, d) = xi and get the solution of the inverse problem for which the degree
of non-smoothness is exactly 0.
So, if we can solve the inverse problem for piecewise smooth velocity distributions, we
will thus be able to solve the subset sum problem.
This reduction proves that the inverse problem for piecewise smooth velocity distributions is indeed NP-hard.
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Chapter 4
Interval Methods in Estimating How
Close Is the Solution to the Inverse
Problem to the Actual Image: Case
Study
4.1

Need to Estimate How Close Is the Solution to
the Inverse Problem to the Actual Image

In the previous chapter, we explained that interval methods are needed to incorporate
expert knowledge into the solution of an inverse problem. When solving an inverse problem,
we also need to estimate how close the resulting solution is to the actual image. In this
dissertation, we show how interval methods can be used to estimate this closeness, and we
illustrate these methods on a simple example.
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4.2

Main Reasons Why the Solution to the Inverse
Problem Is Different from the Actual Image: In
Brief

In order to gauge how close the solution is to the actual image, we need to recall the main
reasons why the solution is different from the actual image.
Differences caused by modeling errors. First, as we have mentioned in Chapter 1,
the solution is based on a model for the desired real-life objects and processes. Models
are always approximate; there is always a modeling error. Since the solution is based on
a model which describes the real-life processes only approximately, this solution itself can
only be an approximation to the actual image. As we have mentioned, for good models,
this error is usually small, but it still needs to be taken into account.
This modeling error is usually estimated during the process of validating the model, a
process that precedes the solution to the inverse problem.
One of the main reasons why there often is a substantial modeling error is that we do
not have enough information about the real-life process. In principle, the more resources
we have, the more data we can gather, and we will thus get a model which is more and
more adequate in describing the real objects and processes.
Differences caused by the incompleteness of data. Second, there is an additional
source of the difference between the solution and the actual image: the incompleteness of
the measurement results. For example, in the seismic inverse problem, if we knew the exact
travel times between every two points, we would be able to determine the velocity of sound
v(x) at different 3-D points x. In practice, we only know the travel times between finitely
many pairs of points; as a result, some 3-D points y are not covered by the corresponding ray
paths. Therefore, based only on the available travel times, we cannot uniquely determine
the velocity v(y) at these points. So, the value v(y) from the solution is, in general, different
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from the actual value of the velocity of sound at this point. This difference is very difficult to
gauge, because gauging it requires a deep expertise in the corresponding area of knowledge.
Differences caused by the approximate character of the numerical algorithms.
Third, the existing methods of solving the corresponding equations are approximate. One
of the main reasons why the solutions are approximate is that the actual images can be
reasonably arbitrary functions (e.g., smooth or piece-wise smooth). In general, to describe
such a function exactly, we need to know the exact values of infinitely many parameters:
e.g., the exact values of the actual image v(x) at infinitely many points x, or the exact
values of its Fourier transform at infinitely many different spatial frequencies. Inside the
computer, however, we can only describe and process finitely many real numbers, and
for each of these real numbers, we can only store finitely many bits describing this real
number. In other words, in order to solve the problem, we discretize the actual image
(i.e., approximate it by images from a finite-parametric family), and we approximate the
actual values of the corresponding parameters by close computer-representable numbers.
These discretization and approximation are one more reason why the resulting solution is,
in general, different from the actual image.
This difference depends on our selection of the number of parameters and of the accuracy with which we represent and process each of these parameters. In other words, this
difference depends on the actual program implementation of the corresponding numerical
method. One of the main objectives of numerical mathematics is to find, within given
computational restrictions, a numerical methods which provides the best possible accuracy
– i.e., for which this component of the difference between the solution and the actual image
is as small as possible. As a result, in numerical mathematics, there are many methods to
estimate this accuracy – and to improve this accuracy. In other words, this component of
the difference is among the most well-studied.
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Difference caused by the uncertainty of the input data. In addition to the above
three sources of the difference between the numerical solution to the inverse problem and
the actual image, there is yet another reason for the difference between the solution and
the actual value.
Even when the model is perfect, the measurements are practically complete, and the
numerical algorithms provide an almost exact solution to the corresponding equations, we
still have an uncertainty. Indeed, to be able to find the exact values of the corresponding
image, we need to know the exact values of the directly measured quantities. In reality,
measurements are never 100% accurate, the measured value x
e is usually somewhat different
from the (unknown) actual value x of the measured quantity. In other words, in practice,
def

there is a non-zero measurement error ∆x = x
e − x.
Our numerical methods process the measured values x
e – which serve as the input data
to the corresponding numerical algorithms. Since these values are, in general, different from
the actual value x, the resulting solution is different from the actual image. It is therefore
desirable to estimate the difference between the numerical solution and the actual image
which is caused by the uncertainty with which we know the inputs.
The analysis of this effect is sometimes called sensitivity analysis. This analysis is what
we will do in this chapter.

4.3

Input Uncertainty and How It Affects the Results
of Data Processing: A Brief Reminder

It is important to have some information about the input uncertainty. In order to gauge the effect of the input uncertainty on the difference between the numerical
solution and the actual image, we must have information about the input uncertainty, i.e.,
the information about the measurement errors ∆x = x
e − x of the corresponding (direct)
measurements.
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Upper bound on the measurement error. How can this measurement error be described? First, the manufacturer of a measuring instrument must provide us with an upper
bound ∆ on the absolute value |∆x| of the measurement error ∆x. If no such bound was
guaranteed, this would mean that the difference ∆x can be arbitrarily large; in this situation, after getting a measurement result, say, x
e = 1, we cannot be sure whether the actual
value x of the measured quantity is 1, 0, 10, 100, or 1,000,000. In this situation, x
e = 1 is a
wild guess, not a measurement result.
When we know this upper bound ∆, this means that the actual value ∆x of the measurement error must be inside the interval [−∆, ∆].
Probabilistic information. In addition to the upper bound ∆, we often also know the
probabilities of different values ∆x from the interval [−∆, ∆].
This situation of probabilistic uncertainty is traditionally used in engineering and scientific practice, especially the case when the measurement error is normally distributed.
In particular, there exist well-developed method for determining how this probabilistic uncertainty in the inputs affects the difference between the numerical solution and the actual
image.
Case when probabilistic information is not readily available. In many important
practical situations, we do not have the information about the probabilities of different
values of ∆x, we only know the upper bound ∆.
The reason is that the probabilistic information usually comes from comparing the
results of measuring the same quantity with two different measuring instruments: the one
used for actual measurements and the standard (much more accurate) one – whose results
are so much closer to the actual values that we can ignore the corresponding measurement
errors and consider these results actual values.
There are two situations when this comparison is not done. The first such situation is
the situation of cutting-edge measurements, when we are actually using the best possible
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measuring instrument. For example, if we perform some protein measurements by using a
state-of-the-art electronic microscope, it would be nice to be able to compare the results
with a much more accurate microscope – but ours is already the best.
Another case when the probabilities are not determined is when we have limited resources. For example, in geophysics, in every seismic experiment, we use a large number
of sensors to measure the corresponding travel times. It would be nice to be able to compare all these sensors with more accurate ones. However, the detailed comparison of each
sensor requires the use of costly standard sensors and, as a result, costs several orders of
magnitude more than the cost of buying a new sensor – so we often cannot do this detailed
probabilistic “calibration” within our limited resources.
In both cases, the only information we have about the measurement error ∆x = x
e−x
is the upper bound ∆: |∆x| ≤ ∆. In such situations, once we have the measurement result
x
e, the only conclusion that we can make about the (unknown) actual value x is that x
def

def

belongs to the interval xi = [xi , xi ], where xi = x
e − ∆ and xi = x
e + ∆. This situation is
called the situation of interval uncertainty.
In this chapter, we will concentrate on interval uncertainty. While, as we have
just mentioned, interval uncertainty is practically important, the analysis of this uncertainty
is much less developed that the analysis of the probabilistic uncertainty. Because of this
fact, in this chapter, we will concentrate on the analysis of how interval input uncertainty
affects the difference between the numerical solution and the actual image.
Interval computations. Let us describe the general situation of data processing under
interval uncertainty in precise terms. We have an algorithm f (x1 , . . . , xn ) which transforms
the values x1 , . . . , xn of directly measurable quantities into the value y = f (x1 , . . . , xn ) of
the desired quantity y. We do not know the actual values xi ; instead, we only know the
intervals [xi , xi ] of possible values of xi .
Different values xi ∈ [xi , xi ] lead, in general, to different values of y = f (x1 , . . . , xn ). It
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is therefore desirable to find the range y of possible values of y:
y = {f (x1 , . . . , xn ) | x1 ∈ [x1 , x1 ], . . . , xn ∈ [xn , xn ]}.
The function f (x1 , . . . , xn ) computed by this algorithm is usually continuous. It is
known that the range of a continuous function f (x1 , . . . , xn ) over a connected bounded
closed set [x1 , x1 ] × . . . × [xn , xn ] is a closed interval. So, the desired range y is an interval:
y = [y, y] for some values y and y. Thus, to compute the range y means to compute the
endpoints y and y of the corresponding interval. The problem of computing these endpoints
is known as the problem of interval computations; see, e.g., [94].
Monotonicity: simplest case of interval computations. The simplest case in which
we can estimate the range of a function f (x1 , . . . , xn ) over a given box [x1 , x1 ]×. . .×[xn , xn ]
is the case when the function f (x1 , . . . , xn ) is monotonic in each of the variables.
For example, when the function f (x1 , . . . , xn ) is increasing in each of the variables xi ,
then its value is the smallest when all the inputs xi attain their smallest values xi = xi ,
and its value is the largest when all the inputs xi attain their largest values xi = xi . In
other words, in this case, y = [y, y], where y = f (x1 , . . . , xn ) and y = f (x1 , . . . , xn ).
Similar formulas can be written when the function f (x1 , . . . , xn ) is decreasing in all of
its variables, or when it is increasing in some of the variables and decreasing in some other
variables. For example, if a function f (x1 , x2 ) is increasing in x1 and decreasing in x2 , then
its range on the box [x1 , x1 ] × [x2 , x2 ] is equal to [y, y] = [f (x1 , x2 ), f (x1 , x2 )].
How typical is a monotonic case? According to calculus, a function f is increasing
∂f
in xi if its partial derivative is non-negative:
≥ 0. Similarly, a function f is decreasing
∂xi
∂f
in xi if its partial derivative is non-positive:
≤ 0. So, to make sure that a function
∂xi
f is either increasing or decreasing on a box, it is sufficient to make sure that its partial
derivative stays non-negative or stays non-positive, and never crosses 0.
∂f
For most functions f (x1 , . . . , xn ), the equation
= 0 defines an (n − 1)-dimensional
∂xi
surface in the n-dimensional space. In practice, the actual values of x1 , . . . , xn are randomly
90

distributed in the n-dimensional space. Thus, it is reasonable to expect that the probability
of having the partial derivative to be 0 is equal to 0. In other words, with confidence 1, we
can conclude that the values of all the partial derivatives are non-zeros.
We want the derivative to be not crossing 0 not only at the point x = (x1 , . . . , xn )
corresponding to the actual (unknown) values of the input quantities x1 , . . . , xn , but also
for all the values for which xi ∈ [xi , xi ]. Since the derivative is usually continuous, when the
values xi are close, the values of the derivative are also close. Thus, if the measurements
are accurate enough – and the corresponding intervals [xi , xi ] are narrow enough – each of
∂f
n partial derivatives
retains the same sign throughout the entire box – the same sign
∂xi
as it has for the actual values.
So, if the measurements are accurate enough, we can use monotonicity to compute the
range of the function f (x1 , . . . , xn ).
For wider input intervals (corresponding to slightly less accurate measurements), a
reasonable idea is to divide the original box into narrower subboxes; on most of these
subboxes, the function is monotonic, so interval computations are straightforward; see,
e.g., [94].
Interval computations in the general non-monotonic case. How can we estimate
the range of a function f (x1 , . . . , xn ) on a box on which this function is not monotonic?
In general, the problem of computing this range is known to be NP-hard. This means,
crudely speaking, that we cannot expect an efficient algorithm that would always compute
the exact range.
There are, however, reasonable algorithms which provide the enclosure Y ⊇ y for the
desired range. Historically, the first approach to such an estimation is based on the so-called
straightforward interval computations techniques. The main idea behind these techniques
is that elementary arithmetic operations (addition, subtraction, multiplication, division)
are monotonic and thus, for these operations, the range is easy to compute. For example,
the addition function f (x1 , x2 ) = x1 + x2 is increasing in both variables, so its range can
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be computed as
f ([x1 , x1 ], [x2 , x2 ]) = [x1 + x2 , x1 + x2 ].
Since the function f (x1 , x2 ) = x1 + x2 is usually described by using an infix notation –
with the function symbol between the inputs, it is reasonable to denote this range by using
infix notations too, as [x1 , x1 ] + [x2 , x2 ]. In these notations, the above formula for the range
takes the form
[x1 , x1 ] + [x2 , x2 ] = [x1 + x2 , x1 + x2 ].
Similarly, subtraction f (x1 , x2 ) = x1 − x2 is increasing in x1 and decreasing in x2 ; so, in
the infix notations, the formula for the range of the subtraction takes the following form:
[x1 , x1 ] − [x2 , x2 ] = [x1 − x2 , x1 − x2 ].
For multiplication f (x1 , x2 ) = x1 · x2 , the direction of monotonicity depends on the signs of
x1 and x2 . In all cases, however, whether the function is increasing or decreasing in each
of the variables, both its minimum and its maximum are attained at some combination of
endpoints. Thus, we can conclude that
[x1 , x1 ] · [x2 , x2 ] = [min(x1 · x2 , x1 · x2 , x1 · x2 , x1 · x2 ), max(x1 · x2 , x1 · x2 , x1 · x2 , x1 · x2 )].
For division f (x1 , x2 ) = x1 /x2 , similar formulas hold but we need to make sure that 0 is
not in the range of possible values of x2 : if 0 6∈ [x2 , x2 ], then
[x1 , x1 ]/[x2 , x2 ] = [min(x1 /x2 , x1 /x2 , x1 /x2 , x1 /x2 ), max(x1 /x2 , x1 /x2 , x1 /x2 , x1 /x2 )].
These formulas are called formulas of interval arithmetic.
For functions f (x1 , . . . , xn ) which are more complex than simple arithmetic operations,
we can take into account that inside the computer, each algorithm is translated (“parsed”)
into a sequence of elementary (arithmetic) operations. It turns out that if we replace each
operation with numbers with the corresponding operation of interval arithmetic, then at
the end, we get an enclosure for the desired range. This technique is called straightforward
interval computations.
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There exist more efficient techniques for computing the interval range, e.g., techniques
based on the centered form [94]. In a nutshell, however, these techniques are also based
on the use of straightforward interval computations. The main innovation is that, crudely
speaking, the straightforward interval computations are applied not to the original parsing
of an algorithm but to a parsing which is designed to improve the resulting enclosures.
How do we check monotonicity? As we have mentioned, if a function f (x1 , . . . , xn )
is monotonic on the whole box, then the corresponding interval computations problem is
easy to solve. If it is not monotonic on the entire box, then for each subbox for which
it is monotonic, the computations of the corresponding range become much faster. It is
therefore important to be able to check whether a given function is monotonic on a given
box.
Since monotonicity means the constant sign of the corresponding partial derivative, a
natural way to check monotonicity is to compute the range of this partial derivative, and
to make sure that this range does not cross 0. For computing range, as we have mentioned,
we can use interval computations techniques. Thus, a natural way to check monotonicity
is to use interval computation techniques.
What we will do. In this chapter, we will use interval computations to check monotonicity for a simple case study.

4.4

Case Study: A Description

Case of images: reminder. We are interested in the situation when the desired values
form a 2-D or 3-D image, i.e., they correspond to the values u(~x) of a certain quantity
(such as intensity or velocity of sound) at different points ~x in the 2-D or 3-D space.
In this chapter, we consider the situation when we cannot measure the values u(~x)
directly, we can only measure the values f (~x) of some other field which is related to u by
a known relation.
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In more precise terms, we have a mapping M which maps functions into functions; such
mappings are usually called operators. In terms of this known mapping (operator), the
relation between the unknown image u(~x) and the directly measurable (known) image I(~x)
can be described as M (u) = I. In this setting, we must determine u from the equation
M (u) = I.
Linear operators: an important practical case. In general, the dependence of I on
u can be non-linear. In many practical situations, however, the values of the unknown
image u(~x) are reasonably small, so that we can safely ignore terms which are quadratic or
higher order in terms of u.
In the discrete case, when we only consider finitely many points ~x, if we expand the
dependence M of each value I(~x) on the values u(~y ) in Taylor series and ignore all quadratic
and higher-order terms, we end up with a linear dependence
I(~x) = I0 (~x) +

X

L(~x, ~y ) · u(~y )

~
y

for some coefficients I0 (~x) and L(~x, ~y ).
It is usually convenient to keep all the terms depending on the unknown on one side of
the linear equation, and move all other terms to other side. By moving the term I0 (~x) to
the other side, we obtain a linear equation
X

L(~x, ~y ) · u(~y ) = I(~x) − I0 (~x).

~
y

We know the values I(~x) from measurements; we can determine the values I0 (~x) by plugging
in the zero function u(~x) = 0 into the operator M . Thus, we can determine the difference
def

f (~x) = I(~x)−I0 (~x) in the right-hand side of the above equation. We can therefore simplify
the description of the problem by saying that we need to determine the values u(~y ) from
the system of linear equations
X

L(~x, ~y ) · u(~y ) = f (~x),

~
y
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in which we know the right-hand side f (~x) and the coefficients L(~x, ~y ).
In the continuous case, we have a similar linearized problem: we know the function
f (~x), we know a linear operator L(u), and we must find the function u(~x) which satisfies
the equation L(u) = f .
Case of interval uncertainty. As we have mentioned earlier, in practice, after measurements, we often do not get the exact values f (~x). Instead, for each ~x, we get the interval
[f (~x), f (~x)] of possible values of f (~x).
Different functions f (~x) which satisfy the interval constraints f (~x) ∈ [f (~x), f (~x)] lead,
in general, to different functions u(~x).
It is therefore desirable to find, for each ~x, the interval [u(~x), u(~x)] of possible values of
u(~x).
Computing the range is easier in the monotonic case. The problem of computing
the interval [u(~x), u(~x)] becomes much simpler if the “inverse” mapping L−1 that maps each
function f to the solution u of the equation L(u) = f is monotonic in the following sense:
if f1 (~x) ≤ f2 (~x) for all ~x, then the corresponding solutions, i.e., the functions u1 and u2
which satisfy the equations L(u1 ) = f1 and L(u2 ) = f2 , satisfy the inequality u1 (~x) ≤ u2 (~x)
for all ~x.
In this case, the desired bounds for u(~x) can be found easily. Indeed, we know that
for every ~x, we have f (~x) ≤ f (~x) ≤ f (~x). Thus, due to the monotonicity of the inverse
mapping, we have u(~x) ≤ u(~x) ≤ u(~x), where:
• u is the solution to the equation L(u) = f ;
• u is the solution to the equation L(u) = f ; and
• u is the solution to the equation L(u) = f .
Thus, for every ~x and for each of these solutions, we get u(~x) ∈ [u(~x), u(~x)]. Since both
endpoints u(~x) and u(~x) are possible values of u(~x) – they correspond to the functions
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f (~x) ∈ [f (~x), f (~x)] and f (~x) ∈ [f (~x), f (~x)] – the interval of possible values of u(~x) is
exactly the interval [u(~x), u(~x)] formed by the functions u = L−1 (f ) and u = L−1 (f ).
Terminological comment: how to avoid confusion between different notions of
monotonicity. Before we start checking monotonicity of different mappings, let us first
clarify the terminology.
In our analysis, we use the notion of monotonicity which comes from calculus, from analyzing the properties of general functions. In general, monotonicity is a very straightforward
notion which should not cause any confusion.
However, in the linear case, there is a potential confusion. This potential confusion is
caused by the fact that in the linear case, the mapping L−1 from functions to functions is
a linear operator. For linear operators on a Hilbert space, e.g., for mappings defined on
R
the set H of real-valued square integrable functions u(~x) with u(~x)2 d~x < +∞, there is
a different notion of monotonicity: namely, an operator A from a Hilbert space to itself
is called monotonic if hAu, ui ≥ 0 for all elements u, where for the space H, we have
def R
hu, vi = f (~x) · g(~x) d~x.
This condition is, in general, different from the notion of monotonicity in the calculus
sense. For example, if we consider a mapping Au(x) = −u00 which translates every function
u(x) of one variable into its second derivative, and limit this mapping to functions defined
on some interval [a, b] which are equal to 0 at the endpoints of this interval, then we get
Z b
Z b
hAu, ui =
(Au)(x) · u(x) dx = −
u00 (x) · u(x) dx.
a

a

Integrating by parts and taking into account that u(a) = u(b) = 0, we conclude that
Z b
hAu, ui =
(u0 (x))2 dx
a

and thus, that hAu, ui ≥ 0 – i.e., that this operator A is monotonic in the operator sense.
On the other hand, it is easy to show that this operator is not monotonic in the calculus
sense. For example, a function u1 (x) = 0 is defined on the interval [0, 2π] and is equal
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to 0 at both endpoints of this interval. Similarly, the function u2 (x) = 1 − cos(x) is
defined for all x ∈ [0, 2π] and is also equal to 0 at both endpoints of this interval. It
is easy to check that u1 (x) ≤ u2 (x) for all x ∈ [0, 2π]. If the operator Au = −u00 was
monotonic in the calculus sense, then we would have −u001 (x) ≤ −u002 (x) for all x. For these
two functions, however, −u001 (x) = 0 and −u002 (x) = cos(x), so, e.g., for x = π, we have
−u001 (π) = 0 > −u00 (π) = cos(π) = −1.
What is the proper linear operator description of the calculus-motivated notion of monotonicity? To answer this question, let us use the fact that in the above example, it was
sufficient to consider the cases when u1 (x) = 0. When restricted to such cases, the calculusmotivated monotonicity property takes the following form: if 0 ≤ u(~x) for all ~x, then
0 ≤ (Au)(~x) for all ~x. Vice versa, if we have this property for all functions u, then whendef

ever we have u1 (~x) ≤ u2 (~x) for all ~x, we have ∆u(~x) ≥ 0, where ∆u(~x) = u2 (~x) − u1 (~x).
Thus, we have (A∆u)(~x) ≥ 0. Since A is a linear operator, A(∆u) = Au2 − Au1 , so
(A(∆u))(~x) ≥ 0 means that (Au1 )(~x) ≤ (Au2 )(~x) – i.e., monotonicity in the calculusmotivated sense.
So, in terms of linear operators A, calculus based monotonicity means that if u ≥ 0,
then Au ≥ 0. In other words, the operator A must transform non-negative functions into
non-negative ones – i.e., preserve non-negativity. This is exactly how this property is called
in the analysis of linear operators – non-negativity preservation.
So, for linear operators, monotonicity in the calculus-motivated sense means nonnegativity preservation. In these terms, we are looking for situations in which the inverse
operator L−1 is non-negativity preserving.
Simple example of a non-negativity-preserving inverse operator. A simple example of a non-negativity-preserving inverse operator is given by the solution to the following
simple differential equation
−u00 = f
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(4.1)

on a given open interval, e.g., on an interval Ω = (−1, 1), with the boundary condition that
the solution u(x) is equal to 0 at the endpoints of this interval: u(−1) = u(1) = 0.
Non-negativity means that if the right-hand side f (x) is everywhere non-negative, i.e.,
f (x) ≥ 0 for all x, then the solution u(x) is also non-negative. For this simple equation, this
is indeed the case: if f (x) ≥ 0, this means that u00 (x) ≤ 0 for all x, i.e., that the function
u(x) is concave, i.e., u(αx + (1 − α) · y) ≥ α · u(x) + (1 − α) · u(y). Since u(−1) = u(1) = 0,
we can conclude that u(x) ≥ 0 for all x ∈ (−1, 1). Thus, the above inverse operator is
indeed non-negativity preserving.
Comment. It is worth mentioning that the operator −u00 is elliptic, and that the above
non-negativity preservation property is a particular case of the maximum principle for
elliptic problems.
The need for approximations. In the above example, we (implicitly) assumed that
we can have an arbitrary function f (x). To describe an arbitrary function f (x), we need
infinitely many parameters – e.g., the values of this function at different points x. A
computer program can only process a finite amount of bits, so in the computer, we can
only represent finitely many parameter values. Thus, in practice, we must consider the
case when the right-hand side f (x) is described by a finite-parametric family of functions.
Similarly, instead of the exact solution u(x) to the above equation, we only look for functions
from the similar finite-parametric family.
Polynomial and piece-wise polynomial approximations. In principle, we can select different approximating families. Since our objective is computations, between different
families, it is reasonable to select families of functions which are the easiest to compute.
In the computer, the fastest operations with real numbers are directly hardware-supported
arithmetic operations, i.e., addition, subtraction, and multiplication. It is therefore reasonable to restrict ourselves to functions which are obtained from the unknowns and constant
by using addition, subtraction, and multiplication. These functions are exactly polynomials,
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so a natural idea is to use polynomial approximations to the actual functions.
This is how many elementary functions such as sin(x), cos(x), exp(x), etc., are implemented in most computer systems – by using appropriate polynomial approximations to
these functions.
Finite element method (FEM). It is worth mentioning that for some of these elementary functions, the computer implementations use different approximating polynomials on
different parts of the input range. So, in general, we can use piece-wise polynomial functions composed of different polynomial pieces. Such piece-wise polynomial approximations
are the basis of one of the most widely used techniques for solving differential equations
– the Finite Element Method (FEM); see, e.g., [198, 200]. In this method, the domain is
divided into “elements” (usually, polyhedra), and each desired function is described, on
each element, by a polynomial of a given degree. Traditionally, linear functions are used
on each element, but P. Šolı́n and others have successfully shown that in many practical
situations, the use of higher-order approximating polynomials is extremely beneficial – it
leads to higher accuracy for the same computations or, equivalently, to a drastic decrease
of computation time which is needed to achieve a given accuracy [198, 200].
FEM notations. The corresponding approximations to the functions f (x) and u(x) are
usually denoted by fh,p (x) and uh,p (x), where h is the size of the element, and p is the order
of the corresponding approximating polynomials.
The class of all possible right-hand sides (i.e., the class of all piece-wise polynomial
functions) is usually denoted by Wh,p , and the class of all possible solutions – i.e., all piecewise polynomial functions which satisfy the corresponding boundary conditions – is usually
denoted by Vh,p . By this definition, the class Vh,p is a subclass of the class Wh,p : Vh,p ⊆ Wh,p .
Restriction to polynomial approximations. In this section, we want to explain the
use of interval techniques on the simplest possible (non-trivial) example. Because of this
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need for simplicity, we will restrict ourselves to the simplest case – of polynomial approximations.
Comment. In FEM terms, this restriction means that we consider the cases when the
whole domain is used as a single element. For traditional FEM, when we approximate
a function on each element by a linear expression, this restriction may sound too crude.
However, in higher-order FEM methods, when we use approximating polynomials of higher
order, this restriction is actually not that restrictive: it is well known that an arbitrary
continuous function can be, for any given approximation accuracy, approximated by a
polynomial (of a sufficiently high order).
Towards a finite element formulation of the original problem. In the FEM, we
assume that function fh,p (x) belongs to the class Wh,p = P p (−1, 1) of all polynomials of
p-th order defined on the interval (−1, 1). We are looking for a function uh,p (x) from the
class Vh,p = P0p (−1, 1) of all the polynomials of p-th order which vanish at the endpoints
x = −1 and x = 1 of this interval.
At first glance, it may sound reasonable to consider the same equation like −u00 = f
for the polynomial approximations as well. In other words, it may sound reasonable to
consider the equation −u00h,p (x) = fh,p (x), or, equivalently, u00h,p (x) + fh,p (x) = 0 for all
x ∈ (−1, 1). In reality, this is not possible. For example, if we follow the traditional FEM
approach and consider linear approximations uh,p (x) to u on each element, then the second
derivative u00h,p (x) is always 0 – as a second derivative of a linear function, and thus, the
equation −u00h,p (x) = fh,p (x) cannot be satisfied for fh,p (x) 6= 0.
def

This example shows that we cannot require that the value z(x) = u00h,p (x) + fh,p (x) be
equal to 0 for all x ∈ (−1, 1). We still want to claim that within this approximation, the
auxiliary function z(x) is, in some reasonable sense, indistinguishable from 0.
Let us recall that in reality, we rarely observe the actual value I(~x) of the image I at a
single point ~x; usually, every measuring instrument covers a region around the point, and
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the observed value is the weighted average over this region, i.e., the value

R

I(~x) · w(~x) d~x

for some weight function w(~x). So, to claim that the function z(x) is indistinguishable from
R
0 means that the corresponding “observable” integral z(x) · w(x) dx is equal to 0 for all
appropriate weight functions w(x). Since we restricted all the approximating functions to
polynomials of given order p, it is reasonable to consider only polynomials of this order
as appropriate weight functions w(x). Since we are only interested in the values x from
the open interval (−1, 1), we should require that the weight function turns into 0 at the
endpoints of this interval.
Thus, we arrive at the following finite element reformulation of the original problem:
Z
Z
z(x) · wh,p (x) dx = (u00h,p (x) + fh,p (x)) · wh,p (x) dx = 0
Ω

Ω

for all the functions wh,p from the space Vh,p = P0p (−1, 1) of all polynomials of order p that
R
vanish at the endpoints x = −1 and x = 1. Integrating the integral Ω u00h,p (x) · wh,p (x) dx
by parts and taking into account that wh,p (−1) = wh,p (1) = 0, we conclude that
Z
Z
0
0
uh,p (x) · wh,p (x) dx =
fh,p (x) · wh,p (x) dx for all wh,p ∈ Vh,p .
Ω

(4.2)

Ω

This is the desired finite-element analog of the original differential equation.
How to get from an arbitrary function f to its finite-parametric approximation
fh,p . A similar idea can be used to describe how to transform the original right-hand
side f (x) to the finite-parametric approximation fh,p (x). Indeed, ideally, we would like
def

to have f (x) = fh,p (x) for all x, i.e., z(x) = f (x) − fh,p (x) = 0. Since we cannot have
z(x) = 0 for all x, we must therefore require that all corresponding “observable” quantities
z(x) · w(x) = 0, i.e., that
Z
Z
z(x) · wh,p (x) dx = (f (x) − fh,p (x)) · wh,p (x) dx = 0 for all wh,p ∈ Wh,p .
Ω

The operation

Ω

R

f (x)·g(x) dx is a dot-product between the two functions f (x) and g(x); this

interpretation is a continuous analog of the dot-product a·b = a1 ·b1 +. . .+ai ·bi +. . .+an ·bn
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between two vectors a = (a1 , . . . , ai , . . . , an ) and b = (b1 , . . . , bi , . . . , bn ), an analog in which
we have a continuous variable x instead of a discrete variable i. Similar to the case of the
two vectors, two functions for which the dot-product are 0 are called orthogonal to each
other.
In these terms, we represent the original function f (x) as a sum of the two terms: the
term fh,p (x) ∈ Wh,p and the term f (x) − fh,p (x) which is orthogonal to all the functions
from Wh,p . For vectors, this is called projection; so we can say that the corresponding
finite-parametric function fh,p (x) is a projection of the original function f (x) ≥ 0 on the
finite-parametric space Wh,p .
Does the non-negativity preservation property hold for this finite-parametric
approximation? We have already mentioned that the original inverse operator is nonnegativity preserving in the following precise sense: If the right-hand side is non-negative,
i.e., if f (x) ≥ 0 for all x, then the solution u(x) is also non-negative, i.e., u(x) ≥ 0 for all
x.
It is reasonable to expect that the same will be true for the finite-parametric approximation to the inverse operator, i.e., that if the original right-hand side is non-negative
(f (x) ≥ 0 for all x), then:
• the corresponding projection fh,p (x) is also non-negative, i.e., fh,p (x) ≥ 0 for all x,
and
• the resulting solution uh,p (x) should also be non-negative, i.e., uh,p (x) ≥ 0 for all x.
Results of this type are called discrete nonnegativity conservation principles (DNCP). Such
results are known for some operators. However, for many linear operators, it is still an open
problem whether DNCP holds – because DNCP results are very difficult to prove even for
the simplest PDEs discretized by the simplest numerical methods [43, 44].
DNCP results are known for various types of linear-order methods, such as for piecewiseaffine FEM; see, e.g., [96, 119, 121, 221, 222]. For higher-order finite element methods,
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methods which are often more efficient (see, e.g., [198] and the references therein), virtually
no DNCP results have been available until our recent paper [202].
Counterexample. In the early 1980s, Höhn and Mittelmann [90] have shown that for
higher-order FEM, DNCP (as formulated above) does not hold even for the simplest equations. This negative result can be illustrated on the above example of the equation −u00 = f
on the interval (−1, 1). For the non-negative right-hand side
f (x) = 200e−10(x+1) ,

(4.3)

with p = 3, the resulting third order finite-element solution
uh,p (x) =

¤¡
¢
1 £
54 + 66e−20 − (73 − 133e−20 )x 1 − x2
40

(4.4)

is negative for some points x ∈ Ω – e.g., at x = 0.9.
Analysis of the counterexample. A detailed analysis of this example shows that in
this case, already the approximating function fh,p (x) is negative at some points x. So, a
natural question is: what if we only consider functions for which fh,p (x) is non-negative?
Will then the non-negativity preserving property hold, i.e., will then the solution uh,p (x)
also be non-negative?
New formulation of DNCP. This natural question leads to a new formulation of
DNCP: if fh,p (x) ≥ 0, then uh,p (x) ≥ 0.
What we prove. In this chapter, we use interval computations to prove that for the
equation −u00 = f and for realistic values p (specifically, for p ≤ 10), the above DNCP
property indeed holds.
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4.5

Proof of Non-Negativity Preservation of the Simple Inverse Operator: Main Ideas and the Need
for Interval Computations

From a standard representation of a polynomial to Legendre polynomials. In
our problem, the right-hand side fh,p (x) and the desired solution uh,p (x) are polynomials
of p-th order. To describe each polynomial, we need finitely many parameters.
One possible way to describe a general polynomial of p-th order f (x) = a0 + a1 · x +
. . . + ap · xp is to describe it by its coefficients a0 , a1 , . . . , ap . In linear algebra terms, this
means that we select a basis consisting of monomials 1, x, x2 , x3 , . . . , and we represent
each polynomial by the coefficients of its representation as a linear combination of different
functions from this basis.
The problem with this seemingly natural choice of a basis is that the most convenientto-use bases are orthogonal bases – especially since some approximation properties are
naturally formulated in terms of orthogonality – and the monomials are not orthogonal on
the interval (−1, 1). It is therefore reasonable to use instead a basis which is orthogonal on
the interval (−1, 1). This basis can be formed by a standard orthogonalization procedure
applied to the monomials. Specifically, we start with the monomial L0 (x) = 1. It so
happened that x is orthogonal to 1 on the interval (−1, 1), so we take L1 (x) = x. The
monomial x2 is not orthogonal to 1 and x, so instead of x2 , we take a linear combination
of 1, x, and x2 which is orthogonal to x. If we additionally require that L2 (1) = 1, we
1
get L2 (x) = · (3x2 − 1). The resulting orthogonal polynomials are known as Legendre
2
polynomials.
p
√
Comment. Similar to the vector’s length (norm) kak = a · a = a21 + . . . + a2n , we can
qR
1
define the norm of a function as kf kL2 =
f (t)2 dt. It is known that the norm of the
−1
p
Legendre polynomial is equal to kLk kL2 = 2/(2k + 1).

104

From Legendre polynomials to Lobatto shape functions. Since the Legendre polynomials are orthogonal to each other on the interval (−1, 1), all Legendre polynomials Lk (x)
R1
of order k ≥ 1 are orthogonal to L0 (x) = 1, i.e., −1 Lk (x) dx = 0. So, for each k, the inRx
tegral function F (x) = −1 Lk (t) dt is a polynomial of order k + 1 which has the property
that F (−1) = F (1) = 0.
Since we are interested in solutions for which u(−1) = u(1) = 0, it is reasonable to use
these integral functions as a basis for our solutions. For convenience, let us “normalize” the
Legendre polynomials so that their norm is equal to 1. The integrals of such normalized
Legendre polynomials are known as Lobatto shape functions (see, e.g., [200]):
Z x
1
lk (x) =
Lk−1 (ξ) dξ, 2 ≤ k,
kLk−1 k −1
where

sZ
def

(4.5)

1

Li (x)2 dx.

kLi k =

−1

Each Lobatto shape function lk (x) is a polynomial of the corresponding order. Since this
function is equal to 0 for x = −1 and for x = 1, the corresponding polynomial divides
x − (−1) = x + 1 and x − 1 hence, divides x2 − 1, i.e., lk (x) = (x2 − 1) · e
lk (x) for some
polynomial e
lk (x). Here are the explicit expressions for the functions e
lk (x) for k = 2, . . . , 10:
r
r
r
3
5
7
1
1
1
e
; e
l3 (x) = ·
· x; e
l4 (x) = ·
· (5x2 − 1);
l2 (x) = ·
2
2
2
2
8
2
r
r
1
9
1
11
2
e
l5 (x) = ·
· (7x − 3) · x; e
l6 (x) =
·
· (21x4 − 14x2 + 1);
8
2
16
2
r
1
13
e
l7 (x) =
·
· (33x4 − 30x2 + 5) · x;
16
2
r
1
15
e
l8 (x) =
·
· (429x6 − 495x4 + 135x2 − 5);
128
2
r
1
17
e
l9 (x) =
·
· (715x6 − 1001x4 + 385x2 − 35) · x;
128
2
r
1
19
e
·
· (2431x8 − 4004x6 + 2002x4 − 308x2 + 7).
l10 (x) =
256
2
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1

From our construction (4.5), it follows that lk0 (x) =
Z

1
−1

li0 (x) · lj0 (x) dx =

1

1

·

kLi−1 k kLj−1 k

· Lk−1 (x); thus,
kLk−1 k
Z 1
·
Li−1 (x) · Lj−1 (x) dx.

(4.6)

−1

The fact that the Legendre polynomials are orthogonal to each other means that
Z 1
Li−1 (x) · Lj−1 (x) dx = 0
−1

for i 6= j and thus, for i 6= j, we have
leads to

Z

1
−1

(li0 (x))2

R1

l0 (x)
−1 i

dx =

By definition of kLk k, this means that

· lj0 (x) dx = 0. For i = j, the above formula
Z

1
kLi−1 k2

R1

−1

1

·
−1

L2i−1 (x) dx.

(4.7)

(li0 (x))2 dx = 1. By combining the cases i 6= j

and i = j, we conclude that
Z

1
−1

li0 (x) · lj0 (x) dx = δij ,

2 ≤ i, j.

(4.8)

The functions l2 , l3 , . . . , lp can be used as a basis in the space Vh,p = P0p (Ω) of all polynomials
of order p that vanish at the endpoints of the interval Ω = (−1, 1). The desired solution
uh,p belongs to this space Vh,p and therefore, it can be represented as linear combination of
the basis functions l2 , . . . , lp . If we denote the coefficient at lj+1 by yj , we get the following
representation:
uh,p (x) =

p−1
X

yj · lj+1 (x).

(4.9)

j=1

We want to find the solution uh,p (x) which satisfies the condition (4.2) for all wh,p ∈ Vh,p .
Since the condition (4.2) is linear in wh,p and the functions l2 , . . . , lp form a basis in the space
Vh,p , it is sufficient to test the condition (4.2) only for these basis functions wh,p (x) = li+1 (x).
For each of these functions, the condition (4.2) takes the form
Z 1
Z 1
0
0
fh,p (x)li+1 (x) dx.
uh,p (x) · li+1 dx =
−1

−1

Substituting (4.9) into this formula, we conclude that
!
Z 1 ÃX
p−1
0
0
(x) · li+1
(x) dx =
yj · lj+1
−1

j=1
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(4.10)

p−1
X
j=1

µZ

¶

1

yj ·
−1

0
lj+1
(x)

·

0
li+1
(x) dx

Z

1

=

fh,p (x) · li+1 (x) dx.
−1

Due to (4.8), we conclude that the left-hand side of this equality is equal to yi , hence
Z 1
yi =
fh,p (x) · li+1 (x) dx,
1 ≤ i ≤ p − 1.
(4.11)
−1

Substituting the values yi from the equation (4.11) into the formula (4.9) for uh,p (x), we
conclude that
uh,p (x) =

p−1 µZ
X
i=1

¶

1

fh,p (z) · li+1 (z) dz

· li+1 (x).

(4.12)

−1

This formula can be rewritten as
Z

1

uh,p (x) =

fh,p (z) · Φp (x, z) dz,

(4.13)

−1

where
def

Φp (x, z) =

p−1
X

li+1 (x) · li+1 (z).

(4.14)

i=1

Our objective is to show that the inverse operator fh,p → uh,p is nonnegativity preserving,
i.e., that once fh,p (z) is non-negative for all z ∈ (−1, 1), the resulting solution uh,p (x) is
nonnegative for all x ∈ (−1, 1). A possible way of proving this nonnegativity preservation
property was provided by P. Šolı́n and T. Vejchodský in [201] as the following 2-step
procedure:
1. Identify a subdomain Ω+
p of (−1, 1) where the function Φp is positive.
2. Find a quadrature rule of the order of accuracy 2p (exact for all polynomials of degree
less or equal to 2p) with positive weights and points lying in Ω+
p.
The subdomains Ω+
p and the corresponding quadrature rules were constructed in [201].
So, to complete the proof of nonnegativity preservation, we must prove that each function
Φp (x, y) is non-negative on the selected domain. For the quadratic case p = 2 and for the
cubic case p = 3, this non-negativity was proven in [201]. The proof for higher values of p
can be done by using interval computations.
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4.6

Application of Interval Arithmetics to the Proof
of Non-Negativity Preservation

4.6.1

Quartic case: first proof

Let us start with the quartic case p = 4. For this case, we want to prove that the function
def

Φp (x, z) =

p−1
X

li+1 (x) · li+1 (z)

i=1

is non-negative for all x, z ∈ (−1, 1), where li (x) are Lobatto shape functions
def
li (x) = (x2 − 1) · e
li (x),

and
1
e
l2 (x) = ·
2

r

3 e
1
; l3 (x) = ·
2
2

r

5
1
· x; e
l4 (x) = ·
2
8

r

7
· (5 · x2 − 1).
2

First of all, due to the above definition of li (x), we can see that
Φp (x, z) = (x2 − 1) · (z 2 − 1) · Ψp (x, z),
where
def

Ψp (x, z) =

p
X

e
li (x) · e
li (z).

i=2

When x ∈ (−1, 1) and z ∈ (−1, 1), we have x2 − 1 ≤ 0 and z 2 − 1 ≤ 0, hence
(x2 − 1) · (z 2 − 1) ≥ 0.
Therefore, to prove that Φ4 (x, z) is always non-negative, it is sufficient to prove that
Ψ4 (x, z) > 0 for all x, z ∈ [−1, 1].
By definition,
Ψ4 (x, z) = e
l2 (x) · e
l2 (z) + e
l3 (x) · e
l3 (z) + e
l4 (x) · e
l4 (z) =
1 3 1 5
1 7
· + · ·x·z+
· · (5 · x2 − 1) · (5 · z 2 − 1) =
4 2 4 2
64 2
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1
· (48 + 80 · x · z + 7 · (25 · x2 · z 2 − 5 · x2 − 5 · z 2 + 1)) =
128
1
· (55 + 80 · x · z − 35 · x2 − 35 · z 2 + 175 · x2 · z 2 ).
128
So, the problem is to prove that
def

f (x, z) = 55 + 80 · x · z − 35 · x2 − 35 · z 2 + 175 · x2 · z 2 > 0
for all x, z ∈ [−1, 1].
Before proving, let us further simplify the problem. Each value x ∈ [−1, 1] can be
represented as εx · X, where X = |x| ∈ [0, 1] and εx = sign(x) = ±1. If we plug in the
values x = εx · X and z = εz · Z into the formula for f (x, z), then we get
f (x, z) = 55 + 80 · εx · εz · X · Z − 35 · X 2 − 35 · Z 2 + 175 · X 2 · Z 2 .
The only term that depends on the signs is the term coming from 80 · x · z, and it attains
its smallest value when εx · εz = −1. So, to prove that f (x, z) > 0 for all x, z ∈ [−1, 1], it
is sufficient to prove that
def

F (X, Z) = 55 − 80 · X · Z − 35 · X 2 − 35 · Z 2 + 175 · X 2 · Z 2 > 0
for all X, Z ∈ [0, 1].
To prove this inequality, let us pick an integer n and subdivide the interval [0, 1] into n
equal parts

·

¸ ·
¸
·
¸
·
¸
1 2
i i+1
n−1
1
, ,
,..., ,
,...,
,1 .
0,
n
n n
n n
n

Then, the square [0, 1]2 gets divided into n2 small squares
·
¸ ·
¸
i i+1
j j+1
[X, X] × [Z, Z] =
,
×
,
.
n n
n n
The function F (X, Z) is a sum of several monomial terms: F (X, Z) =

m
P

Fk (X, Z). If

k=1

a monomial Fk (X, Z) has a positive coefficient, then it is an increasing function of both X
and Z, so it attains its minimum when X = X and Z = Z. Hence, for all X and Z from
the small box, we have Fk (X, Z) ≥ Fk (X, Z).
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If a monomial Fk (X, Z) has a negative coefficient, then it is an decreasing function of
both X and Z, so it attains its minimum when X = X and Z = Z. Hence, for all X and
Z from the small box, we have Fk (X, Z) ≥ Fk (X, Z).
Adding these inequalities, we conclude that for all X, Z ∈ [X, X] × [Z, Z], we have
2

2

F (X, Z) ≥ 55 − 80 · X · Z − 35 · X − 35 · Z + 175 · X 2 · Z 2 .
So, to prove that F (X, Z) > 0 for all X, Z ∈ [0, 1], it is sufficient to prove that the righthand side of the above inequality is positive for all n2 small squares, i.e., that
2

2

55 − 80 · X · Z − 35 · X − 35 · Z + 175 · X 2 · Z 2 > 0.
Substituting the explicit expressions for X, X, Z, and Z, we conclude that we need to
prove, for every i from 0 to n − 1 and for every j from 0 to n − 1, that
µ ¶2 µ ¶2
i+1 j+1
(i + 1)2
(j + 1)2
i
j
55 − 80 ·
·
− 35 ·
− 35 ·
+ 175 ·
·
> 0.
2
2
n
n
n
n
n
n
To check this inequality for all n2 combinations of i and j, we wrote a Java program that
computes the values of all n2 left-hand sides and returns the smallest of these values. For
n = 32, the minimum is attained when [X, X] = [0.3125, 0.34375] and [Z, Z] = [0.96875, 1],
and this minimum is equal to 4.402676. This is clearly a positive number.
We have selected n to be a power of 2 because in this case, the fractions are exactly
represented inside the computer, so all additions and multiplications are exact. We have
first tried n = 2, n = 4, n = 8, and n = 16, but for these n, the smallest bound is still
negative, so n = 32 is the smallest value for which this proof works.
To be on a completely safe side, we repeated the computations by replacing floatingpoint numbers with integers. Specifically, we multiplied the above lower bound for F (X, Z)
by n4 . Then, this lower bound turns into an integer
55 · n4 − 80 · (i + 1) · (j + 1) · n2 − 35 · (i + 1)2 · n2 − 35 · (j + 1)2 · n2 + 175 · i2 · j 2 .
We ran another Java program to compute this expression for all i, j from 0 to n − 1 and
to find the smallest of the resulting values. The smallest value is when i = 10, j = 31 (or
when i = 31 and j = 10), and it is equal to 4616540 > 0.
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4.6.2

Second proof for the quartic case and the general case

The above proof was based on a very specific transformation applied to the quartic expression. To describe how similar techniques can handle a more general case, let us provide an
alternative proof which is not using any such simplifying transformations at all and relies
instead on the original formulas for the Lobatto shape functions.
In the quartic case p = 4, we deal with the function
Φ4 (x, z) =

3
X

li+1 (x) · li+1 (z).

i=1

Substituting the explicit expressions for the Lobatto shape functions into this formula, we
conclude that

3
X
Φ4 (x, z) =
(x2 − 1) · (z 2 − 1) · Ψ4 (x, z),
i=1

where
Ψ4 (x, z) =

3 5
7
+ ·x·z+
· (5x2 − 1) · (5z 2 − 1).
8 8
128

(4.15)

We will prove that Φ4 (x, z) ≥ 0 for all x, z ∈ (−1, 1) by using interval computations.
In interval computations, as we have mentioned earlier, one deals with intervals instead
of numbers, and elementary arithmetic operations are extended from numbers to intervals
in a natural way. For example, [a, a] + [b, b] = [a + b, a + b], [a, a] − [b, b] = [a − b, a − b],
and so on. If we replace every operation with numbers by the corresponding operation of
interval arithmetic, we get an enclosure for the range of the analyzed function on given
intervals [94].
Let us use this technique to prove the nonnegativity of the function (4.15) in the square
[−1, 1]2 : Substituting a pair of intervals X = [x, x] and Z = [z, z] into (4.15), we obtain an
enclosure
[Ψ4 , Ψ4 ] ⊇ Ψ4 (X, Z) = {Ψ4 (x, z); x ∈ X, z ∈ Z}.
Moreover, since the function (4.15) is polynomial and it only contains rational coefficients,
its evaluation for rational intervals can be done using exact integer arithmetic.
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Consider the intervals X1 = Z1 = [−1, 1]. This box is shown in Figure 4.1; the yellow color
means that we do not know the enclosure [Ψ4 , Ψ4 ] for Ψ4 (X1 , Z1 ) yet.

Figure 4.1: Step 1: Ψ4 , Box X1 = Z1 = [−1, 1].

Step 1: The program computes:
[Ψ4 , Ψ4 ] = [−25/16, 95/32] ⊇ Ψ4 (X1 , Z1 ).
If the left endpoint Ψ4 of the enclosure interval [Ψ4 , Ψ4 ] was nonnegative, then the proof
would be finished. Since this is not the case, we refine the grid by halving both the intervals
X1 and Z1 . We obtain four subdomains [−1, 0] × [−1, 0], [−1, 0] × [0, 1], [0, 1] × [−1, 0], and
[0, 1] × [0, 1]. This new grid is shown in Figure 4.2

Step 2: The program computes the enclosures for these subdomains:
• for [−1, 0] × [−1, 0], we get [Ψ4 , Ψ4 ] = [5/32, 15/8] ⊇ Ψ4 ([−1, 0], [−1, 0]);
• for [−1, 0] × [0, 1], we get [Ψ4 , Ψ4 ] = [−15/32, 5/4] ⊇ Ψ4 ([−1, 0], [0, 1]);
• for [0, 1] × [−1, 0], we get [Ψ4 , Ψ4 ] = [−15/32, 5/4] ⊇ Ψ4 ([0, 1], [−1, 0]);
• for [0, 1] × [0, 1], we get [Ψ4 , Ψ4 ] = [5/32, 15/8] ⊇ Ψ4 ([0, 1], [0, 1]).
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Figure 4.2: Step 2: Ψ4 , Boxes [−1, 0] × [−1, 0], [−1, 0] × [0, 1], [0, 1] × [−1, 0], and
[0, 1] × [0, 1].

This proves that the function Ψ4 (and hence also Φ4 ) is nonnegative in the subdomains
[−1, 0] × [−1, 0] and [0, 1] × [0, 1]. This is shown in Figure 4.3, where these boxes are shown
in blue, which means the enclosure [Ψ4 , Ψ4 ] is non-negative for these boxes. As for the
remaining subdomains [−1, 0] × [0, 1] and [0, 1] × [−1, 0], we divide each of them into four
equal subdomains, compute the enclosure for each new subdomain, etc.
After six iterations of this procedure, we get a partition of [−1, 1]2 for which the left
endpoints of the enclosures are nonnegative, as shown in Figure 4.4. So we have proved
that Ψ4 (and hence also Φ4 ) is nonnegative in [−1, 1]2 .
A similar proof works for p = 5, . . . , 10. The Java programs and output files with details
on the computations for p = 4, 5, . . . , 10 are available at
http://www.math.utep.edu/Faculty/solin/intcomp.
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Figure 4.3: Step 3: Ψ4 Boxes [−1, 0] × [−1, 0] and [0, 1] × [0, 1] are non-negative,
boxes [−1, 0] × [0, 1], [0, 1] × [−1, 0] are partitioned again.

Figure 4.4: Step 2: Ψ4 is non-negative on Box X1 = Z1 = [−1, 1].
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Chapter 5
Conclusions and Future Work
General formulation of the problem. The more data we need to process, the more
computing power we need and thus, the more important it is to use (and design) faster
algorithms for data processing. Even processing 1-D data often is very time-consuming,
but processing 2-D data (e.g., images) and 3-D data is where we really encounter the limits
of the current computer hardware abilities. It is therefore desirable to speed up processing
of 2-D and 3-D data.
One possible way to speed up data processing algorithms is to take into account the
knowledge that the experts have about the domain, the knowledge that was not taken into
account in the existing algorithms. Taking this knowledge into account is also important
because the existing data processing algorithms sometimes produce results which contradict
the expert knowledge. For example, a mathematical solution to a seismic inverse problem
may lead to un-physically large values of density inside the Earth.
One of the common forms of expert knowledge is the knowledge of the bounds (i.e.,
intervals) on the actual values of the physical quantities. It is therefore desirable to use
this interval-related expert knowledge in processing 2-D and 3-D data.
What we do. In this dissertation, we have shown that interval-related expert knowledge
can be used in all types of 2-D and 3-D data processing problems.
Simplest case of data processing and the related referencing problem. In general, an input to the corresponding data processing algorithm is a 2-D or 3-D data set –
which consists of the values of certain quantities q(~x) at different spatial locations ~x.
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The simplest case is when these values q(~x) are directly measurable – a typical example
of such a situation is a satellite image. In this simplest case, usually, the main remaining
problem is that the spatial locations ~x are not known exactly. Thus, to combine several data
sets describing the same object, we must “match” (reference) the corresponding images.
There exist efficient algorithms for referencing 2-D images. In this dissertation, we use
expert knowledge about smoothness or abruptness of the corresponding images to extend
these 2-D algorithms to the more complex 3-D situation. Specifically, we consider situations
in which the images-to-be-matched differ from each other only by shifts and rotations.
Inverse problems: a general case of data processing. In practice, often, we cannot directly measure the values q(~x), we need to find them by first measuring the values
of some related quantity (or possibly several related quantities) and then by solving the
corresponding equations – i.e., by solving the corresponding inverse problem.
In this dissertation, we show, on the example of the seismic inverse problem in geophysics, how interval-related expert knowledge can help in solving such a problem. Specifically, we get the solution which is in better accordance with the interval-related expert
knowledge, and we get it faster than by using the existing ad hoc algorithms.
How close is the solution of the inverse problem to the actual image? Once we
have found a solution to the inverse problem, we need to estimate how close this solution is
to the actual image. In this dissertation, on the example of a simple 1-D inverse problem,
we show how interval techniques can help in this estimation.
General conclusion. In all the problems related to processing 2-D and 3-D data, the
use of interval-related expert knowledge can be very beneficial and productive.
Future work. In this dissertation, we have shown, on simple practically useful examples,
that interval-related expert knowledge can be used in processing 2-D and 3-D data. It is
desirable to extend these results to more general situations.
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For referencing, it is desirable to extend our algorithms:
• to generic images, i.e., images which may contain both smooth and abrupt parts, and
• to generic situations, i.e., situations like robotic vision and aerial images, when in
addition to shift, rotation, and scaling, we also have distortions caused by different
perspectives.
For solving inverse problems, it is desirable to extend our algorithm to generic inverse
problems and generic interval-related constraints.
For estimating how close is the solution of the inverse problem to the actual image, it
is desirable to extend our methods to more complex problems.
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[190] G. Schuëller. Computational stochastic mechanics – recent advances. Computers and
Structures, 79:2225–2234, 2001.
[191] K. Sentz and S. Ferson. Combination of evidence in Dempster-Shafer theory. Technical Report SAND2002-0835, Sandia National Laboratories, 2002.
[192] J.A. Sethian. Level Set Methods and Fast Marching Methods. Cambridge University
Press, 1999.

139

[193] G. Shafer. A Mathematical Theory of Evidence. Princeton University Press, Princeton, NJ, 1976.
[194] H. Shekarforoush, M. Berthod, and J. Zerubia. Subpixel image registration by estimating the polyphase decomposition of cross power spectrum. In Proceedings of
the IEEE Conference on Computer Vision and Pattern Recognition CVPR’96, pages
532–537, 1996.
[195] I. Shmulevich and W. Zhang. Binary analysis and optimization-based normalization
of gene expression data. Bioinformatics, 18(4):555–565, 2002.
[196] C. Bajaj, P. Djeu, V. Siddavanahalli, and A. Thane. Interactive visual exploration
of large flexible multi-component molecular complexes. In Proc. of the Annual IEEE
Visualization Conference, pages 243–250, Austin, TX, October 2004. IEEE Computer
Society Press.
[197] A.K. Sinha. Geoinformatics: Data to Knowledge. Geological Society of America
Publ., Boulder, CO, 2006.
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[209] N. Sukumar, D.L. Chopp, N. Moës, and T. Belytschko. Modeling holes and inclusions
by level sets in the extended finite element method. Computer Methods in Applied
Mechanics and Engineering, 190(46–47):6183–6200, 2000.
141

[210] E. Suli and A. Ware. A spectral method of characteristics for hyperbolic problems.
SIAM J. Numer. Anal., 28:423–445, 1991.
[211] P. Suppes, D. M. Krantz, R. D. Luce, and A. Tversky. Foundations of Measurement.
Vol. II. Geometrical, Threshold, and Probabilistic Representations. Academic Press,
San Diego, CA, 1989.
[212] A.R. Thompson, J.M. Moran, and G.W. Swenson Jr. Interferometry and Synthesis
in Radio Astronomy. Wiley, New York, 2001.
[213] A.N. Tikhonov and V.Y. Arsenin. Solutions of Ill-Posed Problems. W.H. Whinston
& Sons, Washington, DC, 1977.
[214] R. Tong and R.W. Cox. Rotation of nmr images using the 2d chirp-z transform.
Magnetic Resonance in Medicine, 41:253–256, 1999.
[215] A. Trautman. Pythagorean spinors and penrose twistors. In S.A. Hugget, L.J. Mason,
K.P. Tod, S.T. Tsou, and N.M.J. Woodhouse, editors, The Geometric Universe;
Science, Geometry, and the Work of Roger Penrose. Oxford Univ. Press, Oxford,
1998.
[216] R. Trejo and V. Kreinovich. Error estimations for indirect measurements. In S. Rajasekaran, P.M. Pardalos, J.H. Reif, and J.D. Rolim, editors, Handbook on Randomized Computing, pages 673–729. Kluwer, 2001.
[217] J. Van der Woerd, A.S. Meriaux, Y. Klinger, F.J. Ryerson, Y. Gaudemer, and P. Tapponnier. The 14 november 2001, mw = 7.8 kokoxili earthquake in northern tibet
(qinghai province, china). Seismological Research Letters, 73(2):125–135, 2002.
[218] N. Van Puymbroeck, R. Michel, R. Binet, J.P. Avouac, and J. Taboury. Measuring
earthquakes from optical satellite images. Applied Optics, 39(20):3486–3494, 2000.

142

[219] D.W. Vasco, J.E. Peterson Jr., and E.L. Majer. Resolving seismic anisotropy: Sparse
matrix methods for measuring earthquakes from optical satellite images. Geophysics,
63(3):970–983, 1998.
[220] S.A. Vavasis. Nonlinear Optimization: Complexity Issues. Oxford University Press,
New York, 1991.
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