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Abstract

Expert knowledge consists of statements S;:facts and rules. The expert’s degree of confi-
dence in each statement S; can be described as a (subjective) probability. For example, if
we are interested in oil, we should look at seismic data (confidence 90%); a bank A trusts a
client B, so if we trust A, we should trust B too (confidence 99%). If a query @ is deducible
from facts and rules, what is our confidence p(Q) in Q7

We can describe () as a propositional formula F in terms of S;; computing p(Q) exactly
is NP-hard, so heuristics are needed.

Traditionally, expert systems use technique similar to straightforward interval compu-
tations: we parse F' and replace each computation step with corresponding probability
operation. The problem with this approach is that at each step, we ignore the depen-
dence between the intermediate results F}; hence intervals are too wide. For example, the
estimate for P(AV —A) is not 1.

In this thesis, we propose a new solution to this problem; similarly to affine arithmetic,
besides P(F}), we also compute P(F; & F;) (or P(Fj, & ... & F},)), and on each step, use
all combinations of [ such probabilities to get new estimates. As a result, for the above

stated e.g., P(AV —A) is estimated as 1.
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Chapter 1

Introduction

1.1 Why Do We Need Expert Systems

In many application areas (e.g., in medicine, geology, economy, engineering), we often
need to make decisions in the situation when we do not have the exact knowledge of the
situation, and therefore, we cannot even formulate (not to say solve) the decision problems
in precise mathematical terms. In some cases, we can formulate the problem precisely, but
this formulation leads to a complicated mathematical optimization problem of the type
that we cannot yet solve (e.g., control problems are in general computationally intractable,
and therefore, we need experts to solve them [26, 40, 49]).

In all these cases, we need human expertise to make decisions. There often exist experts
who make reasonably good decisions: expert doctors successfully cure diseases; expert
geologists find oil; expert astronauts know how to dock and land the Space Shuttle; expert
operators know how to operate a chemical plant, etc.

Usually, among the experts in the field, there are a few top experts whose decisions turn
out to be the most efficient. Since there are only a few top experts, they cannot solve all
the emerging problems. So, for all other problems, we have to rely on the expertise of those
experts who may not possess all the knowledge of the top ones. It is therefore desirable to
create an automated system that would incorporate the knowledge of top experts and use
it to respond to the emerging problems in a similar way as the top experts would. Such
a system would help other experts and lay people in making decisions. These systems are
called expert systems.

In control, there is additional reason for introducing expert systems: it is often desirable



to avoid using an expert altogether. Indeed, experts are expensive to use, error-prone,
and in some dangerous environments, it is desirable to make completely automatic control

systems: e.g., we want to control robots who travel into the volcanos or go to other planets.

1.2 Expert Knowledge

Expert systems contain expert knowledge. Expert knowledge usually consists of facts and
rules. The main objective is, given a query ), to check whether ) follows from the expert

knowledge. For example, in the knowledge base
Sy:a«b.

SQIb<—.
S3:a«— c.

Spic—.
S and Sz are rules, and S; and Sy are facts. If we ask a query @) % “a?”, then the answer is
13

yes”: e.g., ) follows from S; and S;. Prolog-type inference engines are tools that provide

such inference; see, e.g., [37, 43].

1.3 Degrees of Belief (Subjective Probabilities) and
Why They Are Necessary to Describe Expert
Systems

The goal of an expert system is to simulate the experts’ way of making decisions. For
that purpose, an expert system includes a knowledge base that contains the knowledge
of the experts. Some statements from the knowledge base are believed to be absolutely

correct. However, in their decisions, experts also use other statements, about which they



are not 100% sure that they are correct, and/or which are not formulated in exact terms.
For example, their knowledge can contain phrases like “If a patient has a fever, a sore
throat, and a headache, then most probably, he has a common cold”. To describe the
expert knowledge adequately, we must therefore store in the knowledge base not only the
statements themselves, but also the indication of the extent to which the experts believe
in these statements.

An intermediate degree of belief means that in addition to “true” and “false”, we must
label some statements by some intermediate labels, like “most probably true”, or “probably
false”, etc. Inside the computer, “true” corresponds to 1, and “false” to 0. Therefore, it is
natural to use numbers from the interval [0,1] to describe the intermediate degrees of belief.
So, to describe the expert’s degree of belief in a statement S, we must find an appropriate
number d(A) from the interval [0,1] (some expert systems use a different interval, e.g.,
[—1,1] [15, 39, 47, 48]).

There are several ways to assign d(S) (see, e.g.,[21, 28, 41, 53, 57]):

e We can ask an expert to estimate his degree of belief on a scale from 0 to 10. If he,

e.g., selects 8, then we take d(5) = 8/10.

This is the simplest and the most straightforward method of eliciting the degree
of belief from the experts. This method works well in many cases, but for some
experts (e.g., for most mathematicians), it is difficult to think this way: they
either know that a statement is true, or that it is false, or that they do not know.

For such experts, different methods are necessary.

e [f we have sufficiently many experts, and they are all definite in their beliefs, then we
can poll the experts. For example, if 8 out of 10 experts believe that S is true, we

assign d(S) = 8/10.

Polling is fine if we have many experts with reasonably definite ideas. However,

in many case, we have just a few experts, who are not certain about the statement



S, and who do now feel comfortable assigning a number to describe their degree
of belief. Our ultimate goal is to make an expert system that makes decisions as
well as these experts. So, these experts’ degrees of belief are indirectly revealed
by the decisions they make. Hence, to elicit the degrees of belief, we can simulate
different situations, ask experts what decisions they would have made in these

situations, and elicit the degree of belief from these decisions.

e One way of doing it is to ask an expert to choose between an alternative S in which he
will receive $100 if S is true and 0 otherwise, and a lottery L(p) in which he gets $100
with some given probability p. If for some p, these two alternatives are equivalent to
an expert, we can say that his degree of belief in S is equal to this probability p. To

determine p, we can use the following bisection procedure (see, e.g., [31]):

e Initially, we know nothing about d(S). We can express this by saying that the
interval [d~, d"] of possible values of d(S) coincides with [0, 1].

e If we know that d(S) € [d~, d"], then we compare the alternative S and a lottery
L(p) with p = (d~ +d")/2. If S is preferable to L(p), this means that for this
expert, the degree of belief in S is larger than p. So, we can take [p,d*] as a
new interval of possible values of degrees of belief. If L(p) is preferable, this
means that d(S) < p, and hence, we can take [d~, p|] as a new interval of possible
values of d(S). In both cases, we get a new interval that is half the size of the
original one. If we start with an interval [0, 1] of size 1, and repeat this procedure
k times, we get an interval of size 27%, i.e., we have determined d(S) with an

accuracy 2%,



1.4 How to Handle the Uncertainty in Expert Sys-
tems?

Since the statements S; are true with certain probabilities p(S;), a natural question is: if a
query @ is deducible from facts and rules, what is our confidence p(Q) in @ [12, 13, 34]7 For
example, to find oil, we must look for certain subterranean structures (confidence 80%);
to find these structures, we must analyze gravity data (confidence 90%). What is our
confidence that to find oil, we must analyze gravity data?

Let us describe this problem in detail. We can describe deducibility of () as a propo-
sitional formula F' in terms of S;. For example, for the above knowledge base, for @)
to be true, either S; and S must be true, or S3 and S; must be true. In this case,
F = (5&8;) Vv (S3&S,). The general algorithm for describing such a propositional for-
mula is given in [35].

As a result, we arrive at the following problem:

e we have a propositional combination F' of known statements Sj;
e we know the probabilities p(S;) of different statements;

e we must determine the probability p(F').

Since the events S; may be statistically dependent, we may get different values for p(F')

depending on whether the values are independent or, say, positively correlated.

1.5 Traditional Expert System Approach: AND and
OR Operations With Degrees of Belief

Suppose that an expert system contains statements A and B, and we have elicited the
degrees of belief d(A) and d(B) from the experts. Suppose now that a user wants to know
the degree of belief in a composite statement A & B.



In principle, knowing only the two numbers d(A) and d(B) is not sufficient to describe
the expert’s degree of belief in A& B: e.g., if d(A) = d(B), it could be that an expert
perceives A and B as equivalent, in which case d(A& B) = d(A), or as independent, in
which case the possibility of A and B being true is smaller than the possibility that one of
them is true: d(A& B) < d(A). So, the ideal situation would be to elicit from an expert
not only the degree of belief in the basic statements from the knowledge base, but also in all
possible logical combinations of these statements. However, this is practically impossible:
if we have N statements S, ..., Sy in the knowledge base, then for each of 2V — 1 non-
empty subsets {S;,, ..., 5, } of the knowledge base, we need to elicit the degree of belief
in the corresponding AND-statement S;, &... & S;,. For a realistic expert system, N is in
hundreds, so asking an expert 2V questions is impossible.

Therefore, although in some cases, we will be able to have the degree of belief d(A & B)
stored in the knowledge base, in general, we often have to deal with a following situation:
we know the degrees of belief d(A) and d(B) in statements A and B, we know nothing else
about A and B, and we are interested in the (estimated) degree of belief of the composite
statement A& B. Since the only information available consists of the values d(A) and
d(B), we must compute d(A& B) based on these values. We must be able to do that for
arbitrary values d(A) and d(B). Therefore, we need a function that transforms the values
d(A) and d(B) into an estimate for d(A & B). Such a function is called an AND-operation.
If an AND-operation fg : [0, 1] x [0,1] — [0, 1] is fixed, then we take fg(d(A),d(B)) as an
estimate for d(A & B).

Similarly, to estimate the degree of belief in A V B, we need an OR-operation f, :
[0,1] x [0,1] — [0, 1].

These operations must satisfy some natural conditions. For example, for an ex-
pert, A& B and B& A mean the same. Therefore, the estimates fg(d(A),d(B)) and
fe(d(B),d(A)) for these two statements should coincide. To achieve that, we must require
that fg(a,b) = fe(b,a) for all @ and b; in other words, the operation fg must be commu-

tative. Similarly, from the fact that A& (B & C') and (A & B) & C' mean the same, we can



deduce the requirement that fg, must be associative. If A is absolutely false (d(A) = 0),
then A& B is also absolutely false, i.e., fg(a,0) = 0 for all a. If A is absolutely true
d(A) =1, then A& B is true iff B is true, so, the degree of belief in A &, B must coincide
with the degree of belief in B: d(1,b) = b for all b. If our belief in A or B increases, then
the degree of belief in A & B must also increase, so fg must be monotonic. If the degree of
belief in A changes a little bit, then the degree of belief in A & B must also change slightly.

In other words, fg, must be continuous. So, we arrive at the following definitions:

Definition. By an AND-operation, we mean a commutative, associative, monotonic, con-

tinuous operation fg : [0,1]x[0, 1] — [0, 1] with the properties fg(1,a) = a and fg(0,a) = 0.

Definition. By an OR-operation, we mean a commutative, associative, monotonic, con-

tinuous operation f : [0,1]x [0, 1] — [0, 1] with the properties fy(1,a) =1 and f,(0,a) = a.

A complete classification of operations that satisfy these properties has been given in [36]
(see also [1, 14, 44, 45]). The simplest AND and OR operations were first used for degrees
of belief by L. Zadeh in [59]: fg (z,y) = min(z,y), fe(z,y) = zy, fu(z,y) = max(z,y), and
fu(z,y) = &+ y — xy. Since then, several other operations have been proposed.

One way to choose an operation is to choose many pairs of statements (A, By), ask
experts to estimate d(Ay), d(Bg), and d(Ag & By) for every pair, and choose a function
fe for which d(Ay & By,) is the closest to fg (d(Ag), d(By)) (e.g., in terms of least squares).
This empirical approach was first implemented by the authors of the first successful expert
system MYCIN [15, 47]. For different fields of expertise, different functions fg emerge (for
experimental results, see, e.g., [60]). This difference is easy to explain. If we know a = d(A)
and b = d(B), then we can have more optimistic estimates for d(A & B) (e.g., min(a,b))
and more cautious ones (e.g., fg(a,b) = a-b). In some applications (e.g., in medicine),
mistakes can be deadly, so more cautious estimates are needed. In other applications (e.g.,

in geology), we cannot measure as many parameters as in medicine, so, we have to rely more



on expertise, and hence, experts must take risks. In these applications, more optimistic
estimates are used: e.g., a geologist starts to drill in the uncertainty in which a surgeon is
not likely to start an incision.

Similarly, NOT operations f- : [0,1] — [0, 1] are defined. A usual choiceis f_(z) = 1—x

(for degrees of belief from [—1,1], it is z — —x).

1.6 From AND and OR Operations to Degrees of Be-
lief in Composite Statements

If we fix AND, OR, and NOT operations, then we can in principle, knowing the degree of
belief in the basic statements, determine the degree of belief in their logical combination
(). To do that, we represent the given formula () as a combination of &, Vv, and —, and
then consequently use our chosen operations with degrees of belief instead of these logical

symbols.

Definition. Let V' be a finite set. Its elements will be called Boolean (propositional) vari-
ables. By a propositional formula, we mean an arbitrary expression obtained from Boolean

variables by using the symbols &, V, and —.

Definition. Let us fir an AND-operation fi., an OR-operation f,, and a NOT oper-
ation f-. For every propositional formula F, and for all numbers ay,...,a,, we define

p;‘(aly sy a’N) as fOllOWS.'

If F' coincides with the variable A;, then pj = a;.

If F = F1&Fy, then py = f&(p?lap?a)-

) [fF — Fl \/FQ, th@n p} - fV(p}H?p}Q)'

If F = =Fy, then pp = f-(pF,)-



For example, a formula () of the type A — B can be represented as B V —A, and therefore,
as a degree of belief in @), we can take f,(d(B), f-(d(A)). So, if d(A) = 0.6, d(B) = 0.7, and
we use min, max, and x — 1—x for &, V, and —, then we get d(Q) = max(d(B),1—d(A)) =
max(0.7,1 — 0.6) = 0.7.

1.7 The Need to Use Intervals

We have already mentioned that for every propositional combination F' of the original
statements S;, the actual probability p(@)) depends not only on the probabilities P(.S;),
but also on whether these statements are independent or correlated.

In the traditional expert system approach, we provide a single numerical estimate for

p(Q). It is desirable to also determine the interval p(F') of possible values of p(F).

1.8 Intervals Are More Adequate: Additional Argu-
ment

In an ideal situation, degrees of belief can be described by exact real numbers. In practice,
the situation is more complicated, because experts cannot describe their degrees of belief

precisely. A review of eliciting degrees of belief describes this problem.

e If an expert describes his degree of belief by selecting, e.g., 8 on a scale from 0 to 10,
this does not mean that his degree of belief is exactly 0.8: if instead, we ask him to
select on a scale from 0 to 9, then whatever he chooses, after dividing it by 9, we will
never get 0.8. If an expert chooses a value 8 on a 0 to 10 scale, then the only thing
that we know about the expert’s degree of belief is that it is closer to 8 than to 7 or

to 9, i.e., that this degree of belief belongs to the interval [0.75,0.85].

Another possible source of interval uncertainty is when we have several experts,

and their estimates differ. If, e.g., two equally good experts point to 7 and 8,



then, if we are cautious, we would rather describe the resulting degree of belief as
the interval [0.7,0.8] (or, in view of the above remark, as the interval [0.65, 0.85])
[22, 54, 56, 57].

e [f we determine the degree of belief by polling, then the same argument shows that
the resulting numbers are not precise: e.g., if 8 out of 10 experts voted for A, then
we cannot say that the actual degree of belief is exactly 0.8, because, if we repeated
this procedure with 9 experts, we will never get exactly 0.8. In this case, there are

two other sources of uncertainty:

e Picking experts is sort of a random procedure, so, the result of voting is a
statistical estimate that is not precise (just like a statistical frequency estimate

of probability). A better description will be to give an interval of possible values

of d(A).

e The polling method of estimating the degree of belief is based on the assumption
that an expert can always tell whether he believes in a given statement S or not.
Then, we take the ratio d(S) = N(S)/N of the number N(S) of experts who
believe in S to the total number N of experts as the desired estimate. For -5,
we thus have N(=S) = N — N(S), and so, d(=S) = N(=S)/N =1 —d(S). In
reality, an expert is often unsure about S. In this case, instead of dividing the
experts into two categories: those who believe in S and those who do not, we
must divide them into three categories: those who believe that S is true (we will
denote their number by N(5)), those who believe that S is false (we will denote
their number by N(=.S)), and those who do not have the definite opinion about
S; there are N — N(S) — N(—S) of them. In this situation, one number is not
sufficient to describe the experts’ degree of belief in S, we need at least two.

There are two ways to describe it:

e We can describe the degree of belief in S as d(S) = N(S)/N and the degree
of belief in =S as d(—=S) = N(—5)/N. These two numbers must satisfy

10



the condition d(S) + d(—S) < 1. This description is known under three
different names: interval probability theory [16, 18, 42|, intuitionistic fuzzy
logic [2,3,4,5,6,7,8,9,10, 11, 24] or a vague set [25]. (The reason for the
word “intuitionistic” is that this logic is close to the original intuitionistic

idea that the law of excluded middle is not always true.)

e We can describe the degree of belief d(S) in .S and the degree of plausibility
of S estimating as the fraction of experts who do not consider S impossible,
ie., as pl(S) = 1 —d(—S). This representation is called Dempster-Shafer
formalism [20, 46, 50, 58] (for efficient algorithms, see, e.g., [32]).

e If we have chosen d(A) by comparing A with lotteries, then at some point, an expert
will be unable to make a reasonable choice. For example, hardly anyone can make
a meaningful choice saying that the alternative A is better than a lottery with, say
50.1% of winning, but worse than a lottery with a 50.2% of winning. If we use
bisection and do not allow an expert to say “I do not know”, then we are forcing the
expert to make some decision. The resulting decisions are arbitrary, and thus, may
be inconsistent: e.g., if three alternatives A, B, and C' are more or less equivalent to
an expert, but we force him to choose, then he may choose A from the pair (A, B), B
from the pair (B, ('), and C from the pair (C, A) (see, e.g., [30, 60]). A more realistic
estimate would emerge if we allow the experts to say “I do not know” as a result of
the comparison. In this case, at some point, we will reach an interval [p~,p*] that
definitely contains our degree of belief, but which cannot be narrowed (because for

the values p from this interval, the expert cannot meaningfully compare A with a

lottery L(p)).

So, to describe degrees of belief adequately, we must use intervals instead of real num-

bers.

11



1.9 Using Intervals in Expert Systems: Traditional
Approach and Its Drawbacks

It is known that in general, the problem of finding the exact bounds for p(F') is NP-hard;
see, e.g., [43]. This problem is NP-hard even if all the probabilities p(S;) are equal to
1 — because it is equivalent to the propositional satisfiability problem, a known NP-hard
problem.

Expert systems use technique similar to straightforward interval computations [29].
Namely, for simple formulas we know the corresponding probability bounds [52, 57]: if we

know the bounds [a, @] for p(A) and [b, b] for p(B), then:
e p(—A) is in the interval [1 —a, 1 — af;

e p(A& B) is in the interval [max(a + b — 1,0), min(a, b)];

e p(AV B) is in the interval [max(a, b), min(a + b, 1)].

In the general case, we parse F' and replace each computation step with the corresponding
probability operation.

For example, let ' = (A& B) V (A& —B) and p(A) = p(B) = 0.6. The compiler
would start with F; = A and F3, = B, then it would compute F; = =B, Fy, = F1 & F,
Fys = Fy & F3, and finally F' = F; V F5. Thus, according to the above procedure, we first
find the bounds for p(F3) = p(=B), then for p(Fy) = p(A& B) and p(F;) = p(A& —B),
and finally, the bounds for p(F'). As a result, we get p(-B) =1 — 0.6 = 0.4,

p(A& B) = [max(0.6 + 0.6 — 1,0), min(0.6,0.6)] = [0.2, 0.6],

p(A& —B) = [max(0.6 + 0.4 — 1,0), min(0.6,0.4)] = [0, 0.4],
p(F) = [max(0,0.2), min(0.4 + 0.6, 1)] = [0.2, 1.0].
In this problem, F' is equivalent to A, so p(F) = 0.6. Thus, similarly to interval

computations, we can see that the resulting interval contained excess width.

12



1.10 Formulation of the Problem

The main objective of the research is to develop techniques that will enable us to produce,

for different queries, more accurate estimates for the corresponding intervals of p(Q).

1.11 Structure of the Thesis

In Chapter 2, we describe the new techniques for handling uncertainty in expert systems,
techniques which are motivated by affine and Taylor arithmetic. We start with describing
interval computations — a situation where similar problems arise. We then describe affine
and Taylor arithmetic and show how the ideas behind affine and Taylor arithmetic can be
applied to expert systems. We end this chapter with the description of the corresponding
algorithm; first we describe it on a few examples, then in the general case.

In Chapter 3, we present numerical examples of using the new algorithm. Chapter 4
covers the software implementation of the new algorithm. Conclusions are presented in

Chapter 5.

13



Chapter 2

New Techniques for Handling
Uncertainty in Expert Systems
Motivated by Affine and Taylor

Arithmetic

2.1 Interval Computations — A Situation Where Sim-
ilar Problems Arise

Our main objective is to develop new more accurate techniques for estimating the range
of possible values of p(Q) for different queries (). To design such techniques, we will use
the experience of a situation where similar problems arise: namely, the situation of interval
computations.

The main problem of interval computations is as follows: In many application areas,
we are interested in the values of the quantity y that is difficult (or even impossible) to
measure directly. To estimate the value of this quantity, we measure related easier—to—
measure quantities x, ..., x,, and then use the known relation y = f(x1,...,z,) between
x; and y to estimate y.

Measurements are never 100% accurate; as a result, the measured value Z; of the i-th
quantity is, in general, different from the actual value x; of this quantity. Because of this

difference AZ; e T; —x; # 0, the estimated value y = f(Z4,...,7,) is, in general, different
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from the actual (unknown) value y = f(z1,...,z,).

Often, the only information that we have about the measurement error Ax; is its upper
bound A;, for which |Az;| < A;. In this case, when we get the measurement result Z;, the
only information that we have about the actual (unknown) value of the measured quantity
x; is that x; is in the interval x; = [Z; — A;, T; + A;]. In such situations, we must find the
range of possible values of y = f(z1,...,z,) when x; € [Z; — A;, T; + A;].

In other words, we arrive at the following problem:
e Given: n intervals
[T1 — AL, T+ Ay, [T — A, Ty + A
and an algorithmically defined function f(x1,...,z,),
e to estimate the range for f, i.e., the interval

{flz1, ... xn) |21 €[T1 — Ay, T+ Ay, ..o 2 € [T — Ap, Tn + Ay}

This problem of computing this range is called the main problem of interval computations.

2.2 Straightforward Interval Computations: Algo-
rithm, Example

For simple functions like f(x1,x9) = 21 +x9 or f(x1,22) = 2129, we have explicit formulas

for the corresponding range. For example; for f(zq,x2) = 21 + x9, the range is equal to:
21, T1] + [22, ] = [z + 25,71 + o).
For f(x1,x9) = 21 — xo, the range is equal to:

(21, T1] — [29, To] = [21 — Ta, T1 — 2.
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For f(zy,x9) = x1 - z9, the range is equal to:
21, %1] - [zo, To] =
(min(z, - 29, 2y - To, T1 - Ty, Ty Ta), Max(Ty - Ty, Ty - Ty, Ty - T, Ty + Lo, T1 * Ta)].
For f(x1) = 1/x4, the range is equal to:
V), @] = [1/71,1/2,]if0 & [z, 74].

Finally, for f(z1,x2) = x1/x9, the range can be computed as:

(21, 1] /22, To] = [21, 7] - (1/[22, To]).

These formulas form interval arithmetic.
For a more complex function f(z1,...,z,), in general, computing the range is NP-hard
[33]. We can however compute a reasonable enclosure for this range by using the following

straightforward interval computations algorithm:
e Parse a function f, i.e., represent it as a sequence of elementary arithmetic operations.

e Replace each elementary arithmetic operation with the corresponding operation from

interval arithmetic.

Let us illustrate this algorithm on a simple example of estimating the range of a function
f(z1) = 1 - (1 — x1) on the interval x € [0,1]. A compiler parses this function into the
following sequence of elementary operations. We start with the value r; = x1, and then

compute:
e ryi=1-—r1y;
® Yy :i=171"Ta.

Here, ry denotes the intermediate computation result. According to straightforward in-
terval computations, we replace each operation by a corresponding operation of interval

arithmetic:
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o1y :=1—ry
® y: !=1T- TIo.

Here,

ryi=1-1, =[1,1-[0,1] = [0,1],

and

y::rl'rZZ[Oal]'[0>1]:
min(0-0,0-1,1-0,1-1), max(0-0,0-1,1-0,1-1) = [0, 1].

How good is this estimate? For our simple function, it is easy to compute its actual
range. Namely, this function is smooth (differentiable) and, according to calculus, a min-
imum and a maximum of a differentiable function on an interval is attained either at one
of this interval’s endpoints, or at a point inside this interval where the derivative of this
function is equal to 0.

For the function f(z1) = x1 - (1 — z1) on the interval x; = [0, 1], the derivative is equal
to f(v1)=1-(1—a))+xy-21-(—1)=1—2-21. So, f (x1) = 0 when x = 1/2. Thus, to
find the minimum and the maximum of the function f(z1) = x1 - (1 — 1) on the interval
[0, 1], it is sufficient to compute the value of this function at three points: two endpoints
(0 and 1) and the point z; = 1/2 where the derivative is equal to 0. The smallest of these
three values if the lower endpoint y of the desired range [y, 7] and the largest of these three
values if the upper endpoint of the range [y,7]. For f(z1) = x1- (1 —21), f(0) = f(1) =0
and f(1/2) =1/4. So,

y = min(f(0), £(1), f(1/2)) = min(0,0,1/4) = 0
and
7 = max(f(0), f(1), £(1/2)) = max(0,0,1/4) = 1/4.

So, the range [y, 7] of the function f(x1) = x1- (1 — 1) is equal to [0,1/4]. We can see that

the estimate [0, 1] provided by the straightforward interval computations indeed encloses
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the actual range: [0,1] D [0,1/4]. We can also see that this estimate is much wider than
the actual range.

How can we improve the estimates?

2.3 Affine Arithmetic (a.k.a. Generalized Interval
Computations)

Why was our estimate for the range of f(x;) = x; - (1 — x1) too wide? For r = z1, we
had the exact range x; = [0, 1]. For 7, = 1 — 24, we also had the exact range ro = [0, 1] of
possible values. The excess width came from the fact that when we transformed the ranges
of r1 and r, into the range of y = r -7y, we used the formula for interval multiplication, the
formula that ignores the fact that r; and ry are actually related. To take this relation into
account, researchers developed the notion of affine arithmetic, a.k.a. generalized interval
computations; see, e.g., [19, 23, 27].

In the beginning, we start with n intervals [z,,71],. .., [z,,T,]. When intervals come
from measurements, then x; = 7, — A; and T; = T; + A;, where 7; is the measurement result
and A; is the guaranteed upper bound on the measurement error Ax; = T; — x;. Thus,
the actual (unknown) value x; of the measured quantity is equal to z; = ¥; — Az;, where
|Ax;| <A,

When we have the endpoints z; = Z; — A; and T; = Z; + A; of the interval [z;, T;], then

z,+T

we can reconstruct the value z; as a midpoint z; = ' of this interval, and the value

T —

A; as the half-width A; = of the corresponding interval.

When intervals do not come from measurements, we can still represent each value x;
from the corresponding interval [z;,7;] by the same expression z; = &; — Ax;, where Z; is
the interval’s midpoint and |Az;| < A;, where A; is the interval’s half-width.

In affine arithmetic, we start with expressions x; = 7; — Ax;, where Axq,...,Ax, are

new variables, and for each intermediate result r;, we not only keep the interval of its
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possible values, but we also keep the explicit expression for the dependence of 7; on Az;, as
rj =71jo+ 11 Axy+ ...+ 1, Az, + R;, where the interval R; contains non-linear terms
in the dependence. Specifically, for each intermediate result r;, we keep the coefficients
7j0,Tj1, - - - Tjn, and the endpoints of the interval R;.

We start with n variables z; = T; — Ax;. Each of these variables is represented as:

i.e., the corresponding coefficients are (7;,0,...,0,—1,0,...,0,[0,0]).

At every computational step, we then process such expressions instead of processing
numbers (as in original computations) or intervals (as in straightforward interval compu-
tations).

For each arithmetic operation a*b, if we start with a = ag+a,-Az1+...4a, Az, + A
and b="by+ by - Axy+ ...+ b, - Az, + B, we get the following formulas for ¢ = a * b. For

addition ¢ = a + b, we have
(ap+ay-Axy+...+a, Az, +A)+ (bg+ by - Axy + ...+ b, - Az, + B) =

(ao + bo) -+ ((Il + bl)Aﬂfl + ...+ (an + bn)A.’ﬂn + (A + B),

i.e., we have

C0:a0—|—b0,61:a1—|—b1,...,cn:an+bn,C:A+B.
Similarly, for subtraction ¢ = a — b, we have
(ag+ar-Axi+ ...+ a, - Az +A)— (bg+by - Axy + ...+ b, - Az, + B) =

((10 — b()) + (a1 — bl)A$1 + ...+ (an — bn)AIn + (A — B),

i.e., we have

cozao—b0,01:a1—bl,...,cn:an—bn,C:A—B.

For multiplication ¢ = a - b, we have

(a0+a1Ax1++anAa7n+A)(b0+ble1++bnA$n+B):
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ag-bo+ (ag - (by - Axy+ ...+ b, - Axy,) +bo- (a1 - Axy + ...+ a, - Axy,))+
ap-B+by- A+ (ay-Azy+...+a, Az, +A) - (by-Azy+ ...+ b, - Az, + B) =
ag - bo+ (ag by +ay - bo) - Axy + ...+ (ag - by + a, - bo) - Az, +
ap-B+by- A+ (a;-Axy+...+a, Az, +A) (by - Axy + ...+ b, - Az, + B).

The last term is approximated by the product of the corresponding intervals. Since Ax; €
[—A;, A;], the range of possible values for a; - Axy + ...+ a, - Az, is [— X |ai| Ay, 3 |ai| Adl,
and so:
Coz&o+b0,01 :a0~b1+a1-bg,...,cn:ao-bn+an~bo,
C=ap-b+a-bo+ ([ laild, D lailA] + A) - ([ X [bilAs, S bl A + B)
There are similar formulas for the inverse and the ratio a/b.

For a general function f(xy,...,z,), general interval computations algorithm for com-

puting the range of f is as follows:
e First, we parse the function f.

e Then, starting with expressions x; = z; — Ax;, we follow the computation of f
step-by-step, replacing each elementary arithmetic operation with the corresponding

operation of generalized interval (affine) arithmetic.

e As a result, we get an expression y = yo + y1Az1 + ... + y, Az, + Y for the result

y = f(x1,...,x,) of data processing.

e Based on this expression, we compute the range of y as

y=yo+ |— 2wl Y il Ai| +Y.

i=1 1=1

Let us illustrate this algorithm on the same simple example of estimating the range of a

function f(x1) = x; - (1 — z1). Here,
Ty =2,
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ro :=1—1q;
Y =TT
fl—xl

Here, the midpoint Z; of the interval [0, 1] is 0.5 and its half-width A; = Tf is

also 0.5. In accordance with the affine arithmetic algorithm, we start with the expression

r = fl — Al’l, i.e.,

Here, ay = 0.5, a; = —1, and A = [0,0].
In these terms, the value 1 is represented as 1 + 0 - Az; + [0,0], i.e., as by = 1, by = 0,
and B = [0,0]. Thus, for 7, =b —a =1 —ry, we have

ngbo—a0:1—0.5:0.5,

clzbl—ale—(—l)zl,

and

C=B-A=10,0]-10,0] =[0,0].
In other words, for ry, we have the expression
ro = 0.5 4+ Azy +[0,0]
corresponding to
ro0 = 0.5, 11 =1, Ry =10,0].

Now, for

y:=r1-19=(0.5—Ax)-(0.5+ Azy) +[0,0],

we get

Yo = Qg - T20 = 0.5-0.5 = 025,
Y1 = Qg -T21 + Q1 - T99 = (()5 . ].) + ((—1) . 05) = 0,

Y =ap-Ro+ A-royg+ ([—|ar|Aq, |ar|Ar] + A) - ([—|ra1] Ay, [ra1|Aq] + Ra) =
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0.5-[0,0] +[0,0] - 0.5 + ([—0.5,0.5] + [0,0]) - ([~0.5,0.5] + [0,0] =
[0,0] 4 [~0.5,0.5] - [~0.5,0.5] = [~0.25,0.25].

Hence, for y = f(x1), we get
y=1yo+y Ar;+Y =025+ [-0.25,0.25].
So, the estimated range of y is
0.25 + [—0.25,0.25] = [0,0.5].

This range is still wider than the actual range [0,0.25], but it is twice narrower than the
range [0, 1] obtained by straightforward interval computations.

How can we further decrease the range?

2.4 Taylor Models

The main reason why our estimate is still too wide is that, while we took into account the
linear part of the dependence on Axy, we did not account for non-linear dependence. To
take this into consideration, researchers developed Taylor methods [38], where at each step,
instead of representing r; as a linear combination of Ax;, we represent r; as a polynomial
of some order, k, with an interval remainder part containing terms of higher order. For
example, if we use quadratic methods, then for each intermediate quantity r;, we use the
following expression:

n n n

ri=rjo+ > rji A+ > > i Az - Az + Ry,
i=1 i=1 k=1

i.e., we represent each 7; as a sequence of values
T30, T515 - - -5 Vjny Tj115 -« 5 Tjin, U521, - - -5 7520, - - -5 Tgnls - - -5 Tinn,

and the endpoints of the interval R;.
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Similarly to affine arithmetic, we perform arithmetic operations with these expressions
and then include all higher order terms into the corresponding remainders. As a result, we
get better and better estimates for the range at the expense of longer and longer compu-

tations:

e for straightforward interval computations, instead of each operation with real num-

bers, we have at most four operations with interval endpoints;

e for affine arithmetic, each original arithmetic operation translates into O(n) opera-

tions with numbers; e.g., ¢; = a; + b;, 0 <1 < n for addition;

e for k-th order Taylor arithmetic, each original arithmetic operation translates into

O(n*) operations with O(n*) numbers ag, a;, aij, . .., @i, .

2.5 How to Apply the Main Ideas Behind Affine and
Taylor Arithmetic to Uncertainty in Expert Sys-
tems

In Chapter 1, we have described a traditional approach for providing guaranteed bounds
for the range of p(Q) for different propositional combinations @) of the original statements

S1,...,S,. This approach is as follows:

o first, we parse the expression @), i.e., represent it as a sequence of elementary propo-

sitional operations &, V, and —;

e next, we replace each elementary propositional operation by the corresponding oper-

ation with the intervals.

We can see that this algorithm is very similar to the algorithm of straightforward interval

computations. So, to decrease the width of the corresponding range p(Q), it is reasonable
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to use the same ideas that we used to decrease the range in interval computations: namely,
the ideas behind affine and taylor arithmetic.

In order to use these ideas, let us reformulate them in more general terms. In straight-
forward interval computations, at each intermediate step, we only keep the interval of
possible values of the corresponding intermediate quantity r;. In affine arithmetic, we also
store the coefficients rji, ..., 7;, that describe the dependence between r; and the original
variables x1,...,2,. In some versions of affine arithmetic [51], when we take into account
that every computational step adds round-off errors to the resulting uncertainty, we also
keep the coefficients r;;_1,7; 2, ..., describing the relation between r; and the previous
intermediate results.

For processing uncertainty in expert systems, it is therefore reasonable, for each in-
termediate step, to describe not only the interval p(F}) of possible values of p(Fj), but
also the possible values indicating possible dependence between F; and each of the original
statements Sy, ...,.5, and previous intermediate results.

For Boolean variables F' and S, the relation can be naturally described in terms of
probabilities of different Boolean combinations of F' and S, such as p(F' & S), p(F'V 5), etc.

For example:
e independence means that p(F' & S) = p(F) - p(9);

e the fact that F' and S cannot happen at the same time would mean that p(F'V S) =
p(F) + p(5);

e the fact that F' and S are equivalent would mean that p(F & —S) = p(=F & S) = 0,

ete.

Thus, to apply the ideas of affine arithmetic to handling uncertainty in expert systems,

for each intermediate result F}, besides an interval of possible values of
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for all previous intermediate expressions F; and for all possible propositional functions of

two variables.

2.6 Formulas for the Expert System Analogue of
Affine Arithmetic

In the expert system analogue of affine arithmetic, on each step i, we not only compute the
range of p(R;) but we also compute the range of probabilities for Boolean combinations of
R; and the previous values R;, j < 1.

In order to follow these computations, we must enumerate all possible Boolean com-
binations of two statements S and S’. Every such combination can be represented in the
DNF form, as a union of basic combinations S & S', S& —S", =S & S', and =S & —S’. First,
we must find the ranges of the probabilities of such combinations: p(S& S"), p(S & =S5,
p(=S & S"), and p(=S & —S").

Next, we must find the ranges of probabilities for unions of two different basic combi-
nations.

From four combinations, we can select six pairs. The union of two selected combinations
is equal to the complement of the union of two others. Since p(—=A) = 1 — p(A), hence
p(—A) =1—p(A), it is sufficient to describe the intervals of probability for one of the two
opposite combinations — we can always reconstruct the remaining one by subtracting the
corresponding interval from 1.

In this text, we will use the following unions:

e the union of S& S  and S & —S’, which is simply S;

e the union of S& S and =S & S’, which is simply S’

e the union of S& —S" and =S & S’, which is a symmetric difference SAS".

The remaining three unions are complements to these ones:
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e the union of and =S & —S’, which is =S — a complement of S;
e the union of S& S  and =S & =S, which is =S" — a complement to S ;
e the union of S& S’ and =S & —S’, which is S = 5" — a complement to SAS'".

Every union of three basic combinations is a complement to the remaining combinations,

so we do not need to separately compute the corresponding probability. For example:

e the union of S& S, S& -5, and ~S&S is SV S  — which is a complement to
-5 & =5'; actually, we will use p(S Vv S') instead of p(-S & =S") =1—p(SVv S);

e the union of S& S, S& S, and =S &S  is SV =S  — a complement to =S & S’
e the union of S& S', =S & S, and =S &S  is SV S — a complement to S & =S’
e the union of =S & S’, S& -5, and =S & -5 is S & 5.

Finally, the union of all four basic combinations is a true statement whose probability is
always 1.

So, in this approach, for every two statements S and S, in addition to estimating the
range of probabilities p(S) and p(S’) for S and S" for S and S', we also estimate the range
of probabilities for the following Boolean combinations of S and S": p(S& S"), p(S & —S"),
p(=S&S"), p(SV S, and p(SAS").

We already know how to compute the range of p(S& S') and p(S Vv S'). Let us know
explain how we can do it for SAS".

For Ri{AR,, we know that
P(R1ARy) = p(R1) +p(R2) — 2 - p(R1 & Ry),

so the largest possible value of p(R1ARs) is when we have the smallest possible value of
p(R1 & Ry), i.e., min(p; + po — 1,0). Hence, the possible value of p(R;AR3) is equal to

p1+p2 —2-min(p; +p2 — 1,0).
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Let us simplify this expression. We know that changing the sign changes the order of
the numbers, i.e.,

—min(a, b) = max(—a, —b).
We also know that adding a number ¢ to both sides does not change the order, so
¢+ max(a,b) = max(c+ a,c+ b),

Similarly, multiplying both sides by a positive number (¢ > 0) does not change the
order, so

¢-min(a,b) = min(c- a,c-b).
In our case,
2-min(p; +p2 — 1,0) = min(2 - (p; + p2) — 1,0),
hence,
—2-min(p1 +p2 — 1,0) = —min(2 - (p1 +p2) — 1,0) =
max(—2- (p1 + p2) — 1,0) = max(=2- =2+ (p1 + p2),0),

S0,

p1+p2—2-min(p; +p2 —1,0) = p1 + po + max(2 — 2 (p1 +p2),0) =
max(py + p2 — 2+ (p1 + p2),p1 + p2) = max(2 — py — p2, p1 + p2).

Hence, if we know the probability p; of a statement R;, and the probability p, of the
statement Ry, then the largest possible value of p(R;ARs) is equal to

max(2 — p1 — p2, p1 + Pa).

Similarly, the smallest possible value of p(R1AR;) is attained when we have the largest

possible value of p(R; & Ry), i.e., min(p;, p2). Hence, this smallest value is equal to

p1+ p2 — 2 - min(py, pa).

Similarly to the case of p(R;ARs), we conclude that
2 - min(py, p2) = min(2 - p1, 2 - pa),
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hence,
—2-min(py, pp) = —min(2 - py,2 - p2) = max(—2-p1, =2 pa),
and
p1+p2 —2-min(pr, pa) = p1 + po +max(—2-p, —2-py) =
max(p; +pa — 2 p1,p1 +p2 — 2+ pa) = max(py — p1,p1 — p2)-

i.e., T)(RlAB)@) = ‘pl —p2|
In other words, if we know the probabilities p; = p(R;) and ps = p(Rz), then the range
p(R1ARy) of possible values of p(RiARy) is

[|pr = p2|, (2 — p1 — P2, p1 + p2)).

If, instead of the exact values of p(R;) and p(Rj), we only know the intervals [p ,p;] and
[p,; Do) of possible values of p(R;) and p(Ry), then, to estimate p(R1ARy), we must find

the largest possible value of

min(2 — p; — p2, p1 + p2)

when p; € [p,,P;] and py € [p,,P,] and to estimate p(R1ARy), we must find the smallest
possible value of (p; — p2) when p; € [}21,]71} and py € [BZ,@].
Let us start with the bound p(R;ARy). The value

min(2 — (p1 + p2), p1 + p2)

depends only on p; 4 py. It increases from 0 to 1 when p; + ps goes from 0 to 1, and then
it decreases from 1 to 0 when p; + ps goes from 1 to its largest possible value 2.

When p; € [p,,p] and pa € [p,, P,], then the interval of possible values of p; + ps is

[Blaﬁl] + [BQ@Q] = [Bl + Py D1 + Do)

It

221 +Bz S 1 §p1+?27
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then the largest possible value of this expression is attained at p; + py = 1, and it is equal
to 1.

If p; +p, < 1, then we always have p; + ps < 1, so

min(2 — (p1 + p2),p1 + p2) = p1 + p2,

and the largest value of this expression is attained when p; + po is the largest, i.e., when
D1 + p2 = P; + Po; this largest value is Dy + Ps.
If p, +p, > 1, then we always have p; +ps > 1, so

min(2 — (p1 + p2), p1 +p2) =2 — (p1 + p2),

and the largest possible value of this expression is attained when p; 4+ py is the smallest,

i.e., when py + p = p, + p,; this largest value is equal to 2 — (p, + p,). So:
e if p +p, <1 <Py +Dy, then P(R1ARy) = 1;
o if p, + P, < 1, then p(R1ARs) = Dy + Do;
e if p +p, > 1, then p(R1ARy) =2 — (p, +p,).
One can check that we can combine these three cases into a single formula:
P(R1ARz) = min(p; + Ps, 2 — (p, +p,), 1)
Indeed:

e ifp +p,<landp, +p, > 1, thenp; +p, > 1, and 2 — (p1 + p2) > 1 so 1 is indeed

the smallest of these three values;

e if py + Dy <1, then p +p, <P; +Dy <1, hence 2 — (p1 +p2) > 2 —1=1; in this

case Pp; + P, is the smallest of the three values;

e if p +p, > 1, then p; + P, > p, +p, > 1, hence 2 — (p1 + p2) is the smallest of the

three values.
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Similarly, the value
[p1 — p2| = max(p1 — pa2, p2 — p1)

depends on the difference p; — ps. When p; € [0,1] and py € [0, 1], the difference p; — po
takes possible values from —1 to 1. When p; — p, increases from —1 to 0, the value |p; — ps|
decreases from 1 to 0; when p; — py increases from 0 to 1, the value |p; — pa| decreases from

0 to 1.

When p; € [p,,p;] and py € [p,, D5, then the interval of possible values of p; — ps is

2,.71] = [, 5] = [p, = 5oy -

If 0 is a possible value i.e., if p. — P, < 0 < p; — p,, then the smallest possible value of
[p1 — pa| is 0.

If p, — Py > 0, this means that p; — p, is always greater than 0, so |p; — p»| attains
its smallest possible value when p; — ps is the smallest, i.e., when p; — ps = p, — Py; this
smallest value is equal to p, — p,.

If p, — P, < 0, this means that p; — p is always negative. So, |p1 — pof attains its
smallest value when p; — ps is the largest, i.e., when p; — p» = p; — p,; this smallest value
is equal to [py — p2| = p, — Py

Let us check that we can combine these three cases into a single expression:
B(RlAR2) = max(]gl — D2, Py — D1s 0).
Indeed:

e ifp —p, <0<p —p,, thenp —p, <0and p, —p; <0, so 0 is indeed the largest

of these three expressions;

e if p —p, <0, then p, —p; > 0, so p, — P, is indeed the largest of these three

expressions;

e if p —p, > 0, then p, —p; < 0, so p — P, is indeed the largest of these three

expressions.
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So,

p(RlARQ) = [E(RlARQ)vp(RlARQ)] = [maX(Bl _p27]32_p170)7min(p1+p272_(£1+£2)a ]-)]

Let us illustrate this formula on a simple example. Let us assume that we know that
p1 € [0.2,0.3] and ps € [0.4,0.5], and we need to find the interval of possible values of
p(R1ARy). According to the formulas:

B(RlARQ) = max(ﬁl - ﬁ27£2 — P1s 0)7

and
P(R1ARy) = min(p; + Py, 2 — (p, +p,), 1)
Here,
p(R1AR;) = max(0.2 — 0.5,0.4 — 0.3,0) = 0.1,
and

P(RyARy) = min(0.3 +0.5,2 — (0.2 4+ 0.3),1) = 0.8.

Hence, p(R1AR,) € [0.1,0.8].

2.7 Example of Applying the New Idea: AV —A

Let us start with the simple case when we know the probability a = 0.6 of a statement
A, and we are interested in computing the probability of a propositional combination
QL Av-A

From the commonsense viewpoint, () is always true, so we should get p(Q)) = 1. Let us
find out what we will get if we apply the interval version of the traditional expert system
approach.

According to this approach, first, we parse the expression A V —A. As a result, we get
the following sequence of elementary propositional operations. We start with Ry = A, then

compute:
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e Ry :=-A=-Ry
OQZ:A\/RQZRl\/RQ.

In accordance with the expert system approach, we start with p(A) = 0.6 = [0.6,0.6].
Then, we perform, one by one, the interval versions of the corresponding propositional

operations:
e first, we compute p(Rz2) as p(R2) =1 —p(R;) =1—0.6 = 0.4;
e next, we compute p(Q) as p(R; V Ry) =[0.4,1].

Thus, we get excess width.

Let us now apply the new approach to the same problem. In the beginning, we still
have only one statement Ry = A, with probability p(R;) = 0.6.

At the next step, when we consider Ry = —R;, we not only compute the range of
probabilities for R;, we also compute the range of possible values of the probabilities of
all possible boolean combinations of R; and Rs. In particular, one of such combinations is
Ry V R,. Since Ry = =Ry, the probability of this boolean combination is 1.

Another combination is R; & Rs. Since R, = —R;, the probability of this boolean
combination is 0. So, after we have performed the first step, we know not only that
p(R2) = 0.4, we also know that p(Ry & R2) =0, p(Ry V Ry) = 1, ete.

On the next step, when we compute the probability of @) o Ry V Ry, we can use all this
information. Since we already know that p(R; V Ry) = 1, we thus conclude that p(Q) = 1.

So, instead of the interval [0.4, 1] with excess width, we get the exact value 1.

2.8 Example of Applying the New Idea: (A& B) V
(A& —B)

Let us now describe a slightly more complex example, when we know the probability a = 0.6

of a statement A, and the probability b = 0.7 of a statement B, and we are interested in
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computing the probability of a propositional combination ) L (A& B)V (A& —B).
From the commonsense viewpoint, @ is equivalent to A, so we should get p(Q) = 0.6.
Let us find out what we will get if we apply the interval version of the traditional expert
system approach.
According to this approach, first, we parse the expression (A& B) V (A& —B). As a
result, we get the following sequence of elementary propositional operations. We start with

Ry = A and R, = B, then compute:
o R3:=A&B =R, &Ry;
e Ry:=-B=-Ry;
o Ry :=A&—-B=R &Ry
e ():=R;3 V Rs.

Substituting values of the probabilities, we get p(R;) = 0.6 = [0.6,0.6] and p(Ry) =
0.7 = [0.7,0.7]. Then, we perform, one by one, the interval versions of the corresponding
propositional operations. So, in accordance with traditional expert system approach, we

compute the ranges of the corresponding Boolean combinations.
e first, we compute p(R3) as p(R3) = p(R; & Rs) = [0.3,0.6];
e next, we compute p(Ry4) as p(Ry) = p(—=Rz) = [0.3,0.3];
e next, we compute p(R5) as p(Ry & ~Ry) = p(Ry & Ry) = [0,0.3];
e next, we compute p(Q) as p(Rs V Rs) = [0.3,1].

Thus, we get excess width.
Let us now explain how this will be done for our new approach. At first, we have a
value p(R;) = 0.6 for Ry = A. On the next step, we add another statement Ry, = B with

p(R2) = 0.7. Hence, we get:

p(-R) =1-p(R)=1-0.6=0.4
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and

p(—Ry) =1 —p(Ry) =1—0.7=0.3.

To compute the range of p(R3) = p(R; & Rs), we use the known formulas for the
ranges of p(S & S'), p(SV.S'), and p(S A S') to estimate the ranges for R, & Ry, R; & ~Ry,
_|R1 &RQ, R1 V RQ and R1 ARQ:

P(F1 & Ry) = [max(p(Ry) + p(Rs) — 1,0), min(p(Ry), p(R2))] =
(max(0.6 + 0.7 — 1,0), min(0.6,0.7)] = [0.3,0.6];

p(Ry & —Ry) = [max(0.6 + 0.3 — 1,0), min(0.6,0.3)] = [0,0.3];

p(—R; & Ry) = [max(0.4 + 0.7 — 1,0), min(0.4,0.7)] = [0.1,0.4];
P(l1 V Ry) = [max(p(R1), p(R2), min(p(R) + p(R2) + 1)] =

[max(0.6,0.7), min(0.6 + 0.7, 1)] = [0.7,1];
P(R1 A Ry) = max(p, — Py, p, — Py, 0), min(p; + Py, 2 — (p, +p,),1)] =
[max(—0.1,0.1,0), min(1.3,0.7,1) = [0.1,0.7].

On each step i, we not only compute the range of p(R;) but we also compute the range of
probabilities for Boolean combinations of R; and the previous statements R, j < 1.

Hence, for R3 = Ry & Ry, we not only compute the range of p(R3) but we also compute
the range of probabilities for Boolean combinations of R3 and the previous statements Ro
and R;.

For that, we use the known relation Rs = R; & Ry between the new statement Rs; and
the previous statements R; and Rs, and the known ranges for p(R; * Rs) for different
Boolean combinations of R; and Rs.

Since R3 = R; & Rs, we conclude that

p(Rs) = p(R; & Ry) = [0.3,0.6].
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For R3 & Ry, from the fact that Rz = R; & Ry, we conclude that
R3& Ry = R &Ry & Ry = R & Ry,

therefore,

p(Ry & Ry) = p(R1 & Ry) = [0.3,0.6].

For R3 & — Ry, from the fact that R3 = R; & R, we conclude that
Rs& —Ry = R & Ry & Ry,
i.e., R3& —R; is impossible. The probability of an impossible event is 0, i.e.,
p(R3; & —Ry) = [0,0].
For —=R3 & Ry, from the fact that R3 = R; & R, we conclude that
“R3& Ry = (R & Ry) & Ry = Ry & Ry,

hence,

p(—R3& Ry) = p(R; & —Ry) = [0,0.3].

For R3V Ry, we have R3V Ry = R1 & Ry V R; = Ry, hence,
p(R3V Ry) = p(R;) = [0.6,0.6].
For R3 A Ry, we have
R3s ARy = (R3&—Ry)V (mR3& Ry) = Ry & Ry,

SO

p(R3 A Ry) = p(Ry & —Rs) = [0,0.3].

Similarly, for combinations of R3 and Ry, we have

p(Rg & Rg) = p(Rl & RQ) = [03, 06],
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p(Rs & —Ry) = [0,0;
p(~Rs & Ry) = p(—Ry & Ry) = [0.1,0.4];
p(RsV Ry) = p(Ry) = [0.7,0.7];
p(R3 A Ry) = p(Ry& —Ry) = [0.1,0.4].

Since, Ry = —Rs, we have p(Ry) = 1 — p(R2) = 1 — 0.7 = 0.3, the formulas for
combinations of Ry and Ry, R3 can be easily deduced from the formulas for the combinations

of Ry with Ry, R3. For example, Ry & Ry = —~Ry & Ry, so
P(Ry& Ry) = p(—R2 & Ry) = [0,0.3].
Similarly,
P(R & —Ry) =p(mR: & Ry) =1—p(R, V Ry) =1—[0.7,1] = [0,0.3];

p(~Ri & Ry) = p(Ry & Ry) = [0.3,0.6];
p(R4 vV Rl) = p(—|R2 vV Rl) =1- p(Rg &_\Rl) =1- [01, 04] = [06, 09]

For Ry A Ry, we have

RiAR; = Ry ARy = (~Ry & —R)) V (Ry & Ry),

ie.,
RiA Ry = —(Ri ARy),
hence,
p(RyAR)=1—-p(RiARy)=1-10.1,0.7] = [0.3,0.9].
Similarly,

p(R4 & Rg) = p(ﬁRg & Rg) = [O, 0],

p(RiV Rs) =1—p(Ry&—R3) =1—1[0.1,0.4] = [0.6,0.9]:
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p(R{AR;) =1—p(RaARs) =1—10.1,0.4] = [0.6,0.9].

Since Ry = — Ry, the ranges of probabilities for propositional combinations of Ry * R
are straightforward.

Since Ry = —R», it is impossible to have R, & Rs, so
p(Rs& Ry) = [0,0].

For Ry & =Ry, we get
R, & Ry = - R,

SO

P(Ry& —Ry) = p(—Rs) = [0.3,0.3].

For =R, & Rs, we get
—Ry4& Ry = R,

SO

p(-Rs & Ry) = p(R,) = [0.7,0.7].

For R4V R», since Ry = —R,, disjunction is always true, so
p(R4V Ry) =[1,1].
Similarly,
Ri{ARy=-RyARy=("Ro&—Ry)V (Ry& Ry) = (mRy V Ry)

is always true, so

p(Ry A Ry) = [1,1].

We know that Ry = R, & Ry, so
p(Rs) = p(Rs & Ry) = [0,0.3].

To find the ranges for probabilities p(Rs * R;), we will use the known probability ranges
and the relation Rs = Ry & R,.
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For R5 & Ry, from the fact that R5 = R; & Ry, we conclude that
R5&R1 - Rl&R4&R1 = Rl&R4,
SO
p(Rs & Ry) = p(R & Ry) = [0,0.3].

Similarly,
p(Rs & —Ry) = [0,0];

p(—Rs & Ry) = p(R1 & —R,) = [0.3,0.6];
p(RsV R;) = p(Ry) = [0.6,0.6];
p(Rs AR;y) =p(R1 & Ry) =[0.3,0.6].
For combining R and Ry, we have similar formulas:
p(Rs & Ry) = [0,0.3];
p(Rs & —Ry) = [0,0];
p(—R5& Ry) = p(—R1 & Ry) = [0,0.3];
p(Rs V Ry) = p(Ry) = [0.3,0.3];
p(Rs A Ry) = p(Ry & —Ry) = [0,0.3].

For combining R5 and Ry, we can use the previously known ranges. For example, we
know that Rs = Ry & R4, and we know that R, and Rs are incompatible p(Ry & Ry) = 0,

so R5 and R, are also incompatible:

For Rs & =Ry, we know that p(Ry A Ry) = 1, which means that R, is exactly the comple-
ment to Ry, so R5& Ry = R5& R4, and

p(R5 & _\Rg) = p(R5 & R4) = [O, 03]
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Comment. Please note that on this stage, the only information we use is the relation
between Rj; and the previous statements, R;, and the probability ranges for the Boolean
combinations of the previous statements R;. We can no longer use the logical relation
between these previous statements. So, we could not use the relation Ry = =Ry, we had

to deduce it from the known probability ranges.

For = R5 & Ry, we similarly conclude that
p(—|R5 &Rg) = p(—|R5 &R4) =1- p(R5 V R4) =1- [03, 03] = [07, 07]
For R5V Ry, we conclude that

R5 V R2 = R5 V _'R4 = ﬁ(_‘}%5 &R4>7

SO
p(RsV Ry) =1—p(—Rs& Ry) =1—10,0.3] = [0.7, 1].
For R; A Ry, we conclude that
Rs ARy =Rs A-Ry = (R5 & Ry) V (-R5 & —Ry) = ~(R5 A Ry),
SO

p(Rg,ARQ) =1- <R5 AR4) =1- [0,03] = [07, 1]

For R5 & R3, we have p(R3 & —Ry) = [0,0] and p(R5 & Ry) = [0, 0], so we conclude that
R3 only occurs when R is true and Rj only occurs when Rj is false. Therefore, we cannot

have both R3 and Rj true at the same time, i.e.,
For Rs & —R3, since Rs and R3 cannot happen together, we get Rs & ~R3 = R, so

p(Rs & —R3) = p(Rs) = [0,0.3].
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For —R5 & Rj3, we similarly have =Ry & R3 = R3, so
p(—15 & R3) = p(R3) = [0.3,0.6].
For R5V Rg, since R3 and R5 cannot happen together, we have
p(Rs V R3) = p(R5) + p(Rs),
hence,

We also know that p(R;& —R;) = 0 and p(Rs & —R;) = 0, which means that each Rs
and Rj can only occur when R; is true. Thus, Rs V Rz can only occur if R; is true, so
p(Rs V R3) < p(R;) = 0.6. Hence, out of the interval [0.3,0.9], only values € [0.3,0.6] are
possible:

p(R5 \ Rg) = [03, 06]

For R5 A R3, since R3 and Rj cannot occur together, we have Rs A R3 = R5 V R3, so
P(R5 A R;) = p(R5 V R3) = [0.3,0.6].

Finally, we are interested in the probability range for ) = R3 V Rs;. We already know
the range for R3 V Rs, so we get

p(Q) = [0.3,0.6].

This estimate still contains the excess width in comparison to the correct value 0.6, but
the resulting interval [0.3,0.6] is much narrower than the interval [0.3, 1] that we obtained
when we only estimated p(F;).

To get an accurate estimate, we must consider probability ranges for triple combinations,

etc.
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2.9 Expert System Analogue of Affine and Taylor
Arithmetic: Towards an Efficient Algorithm

2.9.1 Main Idea Behind the Proposed New Algorithm

In the above example, most computations were rather straightforward applications of the
previously derived formulas. However, in some of these computations, especially when we
computed bounds for p(Rs * R3) for different propositional combinations *, we have to use
a lot of reasoning to figure out how to combine known bounds p(R; * R;) into bounds for
combinations involving the newly added statement Ry (in the above example, (R5).

Our objective is to come up with a computationally efficient algorithm that would find
the desired estimate without the need for any expert reasoning. To come up with such an
algorithm, let us recall, e.g., how we estimated p(RsV R3). First, we considered the fact that
p(R5& Ry) = [0,0] and p(R3& —Ry) = [0,0] and concluded that p(Rs V R3) € [0.3,0.9].
Next, we considered the fact that p(R3& —R;) = [0,0], and p(Rs & —R;) = [0,0], and
concluded that p(Rs V R3) € [0,0.6]. Then, as the estimated range for p(R5 V R3), we took
the intersection

[0.3,0.6] N [0,0.6] = [0.3,0.6]

of these two estimates. Let us transform this idea into the actual algorithm. We have
already decided to select a parameter k indicating for which combinations p(R;, *...* R;,)

of the statements R; we will estimate probability ranges:

e k& = 1 means that we only estimate ranges for p(R;) for the probabilities p(R;) — as

in the original interval-valued expert system approach;

e k=2 means that we also estimate ranges p(R; * R;) for propositional combinations

of pairs R;, R;;

e &k = 3 means that, in addition to probabilities of statements and combinations of pairs,

we also estimate ranges p(R; * R; * Ry,) for propositional combinations of triples, etc.
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2.9.2 New Algorithm: Description

In addition to the parameter k, let us now introduce another parameter [ such that, when
estimating interval for p(R; *...), we take into account only < [ known probability bounds
— and then take the intersection of the resulting estimate intervals corresponding to all
possible sets of [ probability bounds.

As a result, we arrive at the following algorithm. For each new statement R;.; =
R;, * R;,, where * is any propositional operation, we must estimate the probabilities of all

combinations f(R;i1, R, ..., Rj,_,), i.e., combinations
f(Rh * Riz? le’ s 7Rjk—1)

involving k + 1 formulas R;. We assume that we know the probability intervals for [
such combinations of < k values R;. Between these [ 4+ 1 propositional combinations,
we involve m < (k + 1) + [ - k variables Ry,,...,Ry,,. We can describe both known
and estimated probabilities as sums of probabilities of atomic statements R;' & ... & R;™,
where ¢ € {—,+}, R" means R, and R~ means —R. Then, we use linear programming
(LP) to get desired bounds on the unknown probability.

In the following chapter, we give details on how to use LP and what are the results of

using LP.

2.9.3 Computational Complexity of the New Algorithm

A propositional function f(z1,...,x)) of k propositional variables can be described as a
function from the set {0,1}* of 2* possible combinations z; to the set {0,1} of possible
truth values. Thus, there are exactly 22* such functions. For fixed k and [ , this means that
we have O(1) such functions.

One the j-th step, we have j intermediate results Ry, ..., R;. We have O(j*) possible
combinations of < k such values, so we have O(j*) probability bounds. To compute each of

O(j%) new bounds, we consider all possible subsets of [ probabilities. There are O((;*)!) =
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O(j%1) such subsets. For each subset, for fixed k¥ and [, the value m is bounded by a
constant: m = O(1). There are 2™ = O(1) possible combinations, so each LP requires
O(1) time. So, overall, on step j, we need O(j*) - O(j*!) < M - j#(+1 steps for some
constant M.

Overall, we need < M (17D 4 4k (+1) steps, where the number n of parsing steps
is bounded by the length of the formula R. Tt is known that 1¢+2%+...4+n® = O(n*™!), so
overall, this algorithm requires O(n*(#+1+1) steps. In other words, the running time grows

polynomially with the length of the formula R — so this algorithm is feasible [17].

Comment. It is worth mentioning that when & — oo and | — oo, we get exact results;
however, computation time grows exponentially with £ and [, so we cannot realistically use

too large values k£ and [.
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Chapter 3

Using the New Algorithm:

Numerical Examples

3.1 Estimating p(AV B)

Let us first illustrate the new algorithm described in Chapter 2 on the example when we
already know the analytical solution: we know p(A) = a = 0.6 and p(B) = b = 0.6 and we
want to estimate p(A V B).

In accordance with the algorithm, we consider all 22 = 4 combinations A®! & B2, where
e€{—,+}, AT means A, and A~ means —A. In our case, we must consider 4 combinations
A& B, A&—-B, “A& B, and ~A& —B. Let us use the following mnemonic notation to

describe the (unknown) probabilities of these propositional combinations:

p++ =p(A& B),
pi- = p(A&—B),
p—+ =p(nA& B),
p-- =p(-A&=B).

The four events A& B, A& —-B, ~A& B, and = A & =B are disjoint and every situation

belongs to one of them, so
p(A& B)+p(A& —-B)+p(—mA& B) + p(—mA& -B) = 1.

In terms of our notations, this equality takes the form p,, +p,_ +p_ +p__ =1.
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Here, A= (A& B)V (A& —B), so
p(A) =p(A& B)Vp(A&—B) =pis +pi-.
Since we know that p(A) = a = 0.6, we conclude that
P+ +py—=a=0.6.
Similarly, B = (A& B) V (A& B), so
p(B) =p(A& B)V p(mA&=B) =piy +p_.
Since we know that p(B) = b = 0.6, we conclude that
P+ +p-4 =0.6.

Finally,
AVB=(A&B)V (A& -B)V (-A& B).

Since different disjunctions A®' & B2 cannot occur at the same time, we conclude that
p(AV B) =p(A& B)+p(A&—-B) +p(-A& B),

i.e., in our notations,
P(AV B) =piy +pi +p_y.

Thus, to find the largest possible value of p(A Vv B), we must solve the following opti-
mization problem:

Maximize pyy + ps— + p_, under the constraints
P+t +pr+p_ =1

P+ TP = a;
Pyt TPy =b;

pP++20; py—>0; py >20; p__ >0.
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Similarly, to find the smallest possible value of p(A VvV B), we must solve the following
optimization problem:

Minimize pyy + p+— + p_ under the constraints
P4+ 04— +p4 +p— =1

Dot TP4— =G5
Pyt + Py =b;
pP++20; py—>0; pyp >20; p__ >0.

In both optimization problems, we optimize a linear function under constraints which
are linear equalities and inequalities, so both problems are particular cases of a general
linear programming problem.

In particular, in our case, when a = b = 0.6, we have the following two linear program-
ming problems:

Maximize py, + py— + p_, under the constraints
P+t +pr+p_ =1

P++ +py— = 0.6
P+ +p—4 = 0.6
p++20; py2>20; py 20; p__ >0.

Minimize py, + p._ + p_ under the constraints
P+t +pr+p_ =1

P++ +py— = 0.6
P+ +p—4 = 0.6

p++20; py>0; py >20; p__ >0.
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It is known that in general, the solution of a LP problem is attained at one of the
vertices of the corresponding set, i.e., when the largest possible number of inequalities
become equalities.

In our constraints, we have 3 linear equalities and 4 unknowns. In general, once we
have as many equalities as unknowns, we can get a unique solution. So for 4 unknowns,
we can have at most 4 linear equalities. Thus, we can have at most 1 inequality becoming
an equality.

So, to find the minimum and the maximum of p(A V B), we must consider 4 situations

in which each of the 4 inequalities
P++ 2 0ipp— > 0p—y > 0;p—— >0

becomes an equality. Let us consider these situations one by one.
If ppy = 0, then from p,, + p,_ = 0.6, we conclude that p,_ = 0.6, and from
P4+ + p—y = 0.6, we conclude that p_, = 0.6. So,

Piy + 0+ +p_y+p_=0+064+06+p__ >1.2>1.
This is inconsistent with the constraint

Py+ t Py +pr+p_ =1,

so, the case py = 0 is impossible.
If p,_ =0, then from p,, + p,_ = 0.6, we conclude that p,, = 0.6. Now, from the

constraint p, + p_, = 0.6, we conclude that
p—y =06—-p; 1 =06-0.6=0.
Finally, from the constraint
P+t +pr+p_ =1,
we conclude that

po=1—pyy +p-+p-y=1-06-0-0=04.
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In this case,

p(AVB)=pir+ps_+p-+=06+04+0=0.6.

If p_ =0, then from p,, + p_, = 0.6, we conclude that p,, = 0.6. Now, from the

constraint p;4 4+ p4— = 0.6, we conclude that
pr-=06—-p . =06-0.6=0.

From the constraint
P+ +P4—+ P +p— =1,

we conclude that
po=1—pyy +pi-+p-y=1-06-0-0=04.

In this case,

Finally, if p__ = 0, then from
P4+ 04— +p—4 +p— =1,
we conclude that
P+t +tpy=1-p _=1-0=1

Since, py+ + py— = 0.6, we thus conclude that

P—t = (P4t + P4— +P—4) = P4+ +p1-) =1 -06=04
Similarly, since p; + p_; = 0.6, we conclude that

Pi— = (P4t + P+ 1) = (P4s +p-4) =1-06 =04

Since, p, 4+ +p,_ = 0.6 and p,_ = 0.4, we conclude that p,, = 0.6 — 0.4 = 0.2.
In this case,

p(AVB)=p, +pi_+p-+=02404+04=1.
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We know that the minimum and maximum of p(AV B) is attained at one of the vertices.
We have shown that at the vertices, p(AV B) takes the values 0.6, 0.6 and 1. The smallest
of these 3 values is 0.6, the largest of these 3 values is 1, so we conclude that the range of
possible values of p(AV B) is [0.6, 1].

This conclusion is in perfect accordance with the formulas for the range p(A V B),

according to which

p(AV B) = [max(a,b), min(a + b, 1)] = [max(0.6,0.6), min(0.6 + 0.6, 1)] = [0.6, 1].

3.2 Estimating the Probability Range for p(A& B) V
p(A& —B): First Example

In the estimation presented in Chapter 2, when we estimated the probability p(Rs & R3),
we used the formulas p(R; & Re) = [0,0] and p(R3& —Ry) = [0,0] to conclude that
P(Rs & R3) = [0,0].

In Chapter 2, to come up with this conclusion, we used some reasoning. Let us show
that we can make the same conclusion by using linear programming.

Here, we have 3 basic statements used: Rs, R3, and Ry, so we have 23 = 8 possible

combinations
£5 £3 £o
R & RS & R3?,

and thus, 8 unknowns:

p—— =p(~Rs & ~R3 & ~Ry),
P =p(mRs & ~R3 & Ry),
P =p(Rs & R3 & —Ry),

Pt =p(Rs & B3 & Ry),

Pi—— =p(Rs &~ R3& ~Ry),
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pr—t =p(s & R3& Ry),
Pir— = p(Rs & R3 & ~Ry),
Pt = P(Rs & Ry & Ry).

Here,
Pt TP P4t F 04—+ Py P Fp 4 Fp_ =1

The condition p(Rs & Ry) = 0 means that

P4+ + P-4 =0.

Since, all the probabilities are non-negative, the sum of two probabilities can be equal

to 0 only if each of them is equal to 0, i.e.,

P+ = Py—+ = 0.

Similarly, the condition p(R3 & = R2) = 0 means that p,,_ +p_,_ = 0. Since, the proba-

bilities are non-negative, we conclude that
Pit— =P—4- = 0.
We are interested in the value of
p(Rs& R3) = pigq +Pig
We already know that under the constraints, p,.+ = 0 and p,,_ = 0, hence,
p(Rs& R3) =040 =0.

Thus, both the largest and the smallest possible value of p(Rs & R3) under the given con-
straint are 0, i.e.,

p(R5 & RS) = [07 0]-
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3.3 Estimating the Probability Range for p(A& B) V
p(A& —B): Second Example

Another case when we used this approach when estimating p(A & B)Vp(A & —B) was when
we estimated p(Rs V R3). For that, we used two different estimates.

In the first estimate, we used the facts that p(Rs & R3) = 0, p(R5) € [0,0.3], and p(R3) €
[0.3,0.6]. Here, we only have 2 variables Rs and R3, so we only have to consider 22 = 4

possible combinations Rs & R3, R5 & —R3, - R5 & R3, and —~R5 & —Rj3, with probabilities

P+ = p(R5 & Ry),

p+— = (Rs & —Ry),

p—y = ("R; & Ry),
p—— = (-R5 & —Ry3).

Here,

Rs = (R5 & R3) V (Rs & —R3),

hence,

p(Rs5) = p(Rs & Rs) V p(R5 & R3) = piy + pi—.
So, the fact that we know that p(Rs) € [0,0.3] can be described as
0<pyy +p <03

Similarly,

Rs = (Rs & R3) V (~R5 & Ry)

hence,

p(Rs) = p(Rs & R3) + p(—Rs & R3) = pyy +p_y.

So, the fact that we know that p(R3) € [0.3,0.6], means that

03 S p++ +p_+ S 06
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The information p(R; & R3) = 0 is directly translatable into

p++ = 0.

We are interested in the probability of
RsV Ry = (Rs & R3) V (Rs & —R3) V (- R5 & R3),
i.e., in the probability
p(Rs V R3) = p(Rs & R3) + p(Rs & —R3) + p(~R5 & R3) = pyt + Dy + D1

So, to find the largest possible value of p(Rs V R3), we must solve the following linear
programming problem:

Maximize: py; + pi— + p—4 under the constraints

P4t 04— +p—y +p— =1
0<piy+pi- <03
0.3 <pyy+p-y <06

P++ =0;
P+ 205 pyo 205 poy 20; p-_ >0.

Similarly, to find the smallest possible value of p(Rs5 V R3), we must solve the following
linear programming problem:

Minimize: py, + ps— + p_, under the constraints

P+t -+ +p_ =1

0<piy +p:- <03
0.3 < pi+ +p—4 <0.6;

P+ =0;
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p++20; pyo>20; py >20; p__ >0.
The constraint 0 < p, . + py_ automatically follows from p,, > 0; p,_ > 0; so it is

sufficient to consider the simplified constraint

P+ +py— < 0.3.

As we have mentioned, both the smallest and the largest possible values are attained

when the largest number of inequalities become equalities. In our case, we have 2 equalities:
P+t Py +py+p_ =1
and
P+ =0,
and 4 unknowns. Thus, we can have 2 inequalities become equalities.
In our system, we have 7 inequalities:

P+ + Py < 0.3;

0.3 < pyy +p—1;
P+ +p—+ < 0.6;
P+ = 0;

p+— = 0;

Since p,, = 0, the inequality
P+ 20

is automatically satisfied, and the first three inequalities can be simplified. So, we arrive

at the following 6 inequalities:

p+— < 0.3;
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Since, 0.3 < p_., it automatically implies p_, > 0, so we need only 5 inequalities:
p+- <0.3;

0.3 <p_4;

p—+ < 0.6;

To find the range for p(R5 V R3), we must consider all possible pairs of such inequalities.
Let us consider these pairs one by one.

For p,_ =0.3 and p_, = 0.3, we have
p,, - 1 —p+, —p,+ —p++ - 1 —03—03_0 - 04

and

p(R5 vV Rg) =Pyt P4 +Dpiyp = 0.3+0.3+0=0.6.

For p,_ =0.3 and p_, = 0.6, we have
p,, - 1 —p+, —p,+ —p++ - 1 —03—06_0 - 01

and

P(RsV Rs) =pi_ +p_y +prs =03+06+0=0.09.

The combination of p,_ = 0.3 and p,_ = 0 is impossible.
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If p,- =03and p__ =0, then from p,, =0 and
P+t +pp+p_ =1,
we conclude that
pop=1—pyy —p4-—p-—=1-0-03-0=0.7,

which contradicts to the constraint

D—+ S 0.6.

The combination of p_, = 0.3 and p_, = 0.6 is impossible.

Ifp . =0.3and p,_ =0, then
p,, :1—p+,—p,+—p++:1—0_03_0:07

and

p(R5 vV Rg) =Pttt Py + Py = 0+03+0=0.3.

Ifp., =03and p__ =0, then
o —— 1 — P =P — Py = 1-03—-0—-0= 07,

which contradicts to our constraint p,_ < 0.3.

If p.y =0.6 and p;_ =0, then
o — :1—p+_—p_+—p++:1—0.6_0_0:0.4

and

p(R5 V Rg) =Pi_+ Py + P4y = 04+0.64+0=0.6.

Ifp_ . =0.6and p__ =0, then
Pr—=1—p_y —p_ —p+=1-06-0-0=04,
which contradicts to our constraint p,_ < 0.3.
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Finally, if p, - =0 and p__ = 0, then

P—y=1=p——p— —pip =1,

which contradicts to our constraint p_, < 0.6.

We know that the minimum and maximum of p(Rs V R3) is attained at one of the
vertices. We have shown that at the vertices, p(Rs V Rj3) takes the values 0.6, 0.9, 0.3,
and 0.6. The smallest of these values is 0.3 and the largest of these values is 0.9. So, we

conclude that the range of possible values of p(RsV R3) is contained in the interval [0.3,0.9].

3.4 Estimating the Probability Range for p(A& B) V
p(A& —B): Third Example

In the estimation presented in Chapter 2 when we estimated the probability p(RsV, R3),
we used the formulas p(R3 & —R;) = [0,0], p(Rs & —R;) = [0,0], p(R;) = [0.6,0.6], and
p(R3) = [0.3,0.6], to conclude that p(Rs V R3) = [0.3,0.6].

Here, we have 3 basic statements used: Rs, R3, and R;, so we have 23 = 8 possible

combinations
R & RS & RYY,
and thus, 8 unknowns:
p——— =p(-~Rs & ~R3& - Ry),
p——+ =p(—R5 & "R3& Ry),
P =p(Rs & R3 & Ry),
Pyt =p(Rs & R3& Ry),
P = p(Rs &Ry & —Ry),
pi—y = p(R5& —~R3& Ry),

Pii- =p(Rs & Ry & = Ry),
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Pit+ =DP(R5 & Rs & Ry).

Here,

P+ + Py + D4+ +p i +py Fp—y+p__ =1

The condition p(Rs & = R;) = 0 means that

Pit- +py—— =0.

Since all the probabilities are non-negative, the sum of two probabilities can be equal to 0

only if each of them is equal to 0, i.e.,

Pit— = Ppr—— =0.

Similarly, the condition p(R3 & —R;) = 0 means that p,, +p_,_ = 0. Since, the proba-

bilities are non-negative, we conclude that
P4 =p—4- =0
Here,
Ry = (Rs & R3& Ry) V (R & R3& Ry) V (Rs & Rs & —Ry) V (- R; & Rs & —Ry),

hence,

p(Rs) = p(Rs & Ry & Ry) + p(—Rs & Ry & Ry)+
p(Rs & Ry& —Ry) + p(-R5 & Ry & —R1) = pyivy + Pt + P 04—

The condition p(R3) = [0.3,0.6] can be therefore described as follows:
0.3 < pyyt + Pt + Py +p—4- <06

The condition that p(R;) = [0.6,0.6] can be described as

Pitt T Pt + P4—t + Py = 0.6.
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We are interested in the probability of
RsV Ry = (Rs & R3& Ry) V (Rs & —R3& Ry) V (Rs & Ry & =Ry )V

(Rs & ~R3 & —Ry) V (~Rs & Ry & ~Ry) V (~Rs & Ry & ~Ry),

i.e., in the probability
p(R5 V Rg) = p(Rg, & Rg & Rl) + p(R5 & _'Rg & Rl) + p(R5 & R3 & _|R1)+

p(R5 & _'R3 & _'R1> + p(_'R5 & Rg & _'Rl) + p(_'R5 & R3 & _'R1> =

Pitt TPt T P4+ P TPy TP

So, to find the largest possible value of p(Rs V R3), we must solve the following linear
programming problem:

Maximize:
Pit+ TP+t TP+ P TP+ P

under the constraints
Pttt TPt + P4t + 04—+ P+ Fp Fp—— =1

Pitt T P——4 + P4t + Pty = 0.6;
0.3 <piit+ +P—tt + Pt + P-4 < 0.6
Pt = P4 = 0;
Pit— = P—g— = 0;
Pr++ 200 pry 20 pyy 20, py >0; p—_ >0.

Similarly, to find the smallest possible value of p(Rs5 V R3), we must solve the following
linear programming problem:
Minimize:

Pitt TP4—4 TPt TP + Dy T P4
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under the constraints

Pt TP P4t F P4 P P Fp Fp =1

Pt T P——t + P4t + Py = 0.6;
0.3 < pivy + P-4t + P4y +p—y— < 0.6
Pt =p+—— =0;
P—t— =0;
P4+ 205 proy 205 poyy 205 poy >20; p_—_ >0.

Since p,,_ =py__ =p_,_ =0, we have 5 unknowns, and the problems take the following
form:

Maximize:
Pttt + Pr—t + P14

under the constraints
Pitt TP+—4 + P4 +p—y+p—— =1
Pt TPt + P4t + Py = 0.6;
0.3 < pyyt + P-4+ < 0.6

P4+ 20y pry 205 pyy 205 po—y >20; p_—_ >0.
and
Minimize:
Pt T Pr—t TPt

under the constraints

Pitt T P4t + Dy +0-p +p—— =1

P+ + Pt + P44 +p—4r =0.6;
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0.3 < pyyt + g4 < 0.6
P4+ 205 proy 205 poyy 205 poy >20; p—_ >0.

These LP problems can be further simplified if we notice that the difference between

Pitt + P4t +Pgy + Py + P

and
Pitt+ TPt TPt + Pty

is exactly p___, so we can replace the first equality with p___ = 0.4.

The objective function does not depend on p___, and neither of the constraints depend
on p___, so we can simply ignore the variable p___ and reformulate our problems in terms
of the remaining 4 variables:

Maximize:
Do+t T P-4 TPt
under the constraints
Pitt T P4—t + P4+ +P——y = 0.6;
0.3 < pipy +p—14 < 0.6
P4+ 205 pry 20, pyy 20; p-—y 20.
and
Minimize:
Pitt + Pyt + P4 v
under the constraints
P+ T P4—t + P4+ +P——y = 0.6;

0.3 < piyy +p—14 < 0.6

P4+ 20y pry 205 pyy 205 p_—y >0.
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In our constraints, we have linear equality and 4 unknowns. In general, once we have
as many equalities as unknowns, we can get a unique solution. So for 4 unknowns, we
can have at most 4 linear equalities. Thus, we can have at most 3 inequalities becoming
equalities.

So, to find the minimum and the maximum of p(Rs5V R3), we must consider all possible
triples of inequalities.

Out of two inequalities
0.3 < pyst + P+
and

Pitt T P-4+ < 0.6,

only one can be an equality. So, we must consider two types of cases:
e case when all 3 equalities are of the form pi4y = 0;
e case when one of the equalities is of the type p4 1 +p_1+ = 0.3 or p44++p_4+4+ = 0.6.

Let us consider these cases one by one.
If 3 out of 4 variables are 0, this means that only one is allowed to be non-0. This one
has to be either p, . or p_,, because otherwise the sum p,,, +p_, would be equal to

0, and we know that
0.3 < pyst + P14

So, in the situations of the first type, we only need to consider two possibilities:
e p, . # 0 and 3 other variables are 0;
e p_.. # 0 and 3 other variables are 0.

In the first case, the original equality leads to

P4++ = 0.6.
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Here, py++ +p—4y4+ =0+ 0.6 = 0.6, so the inequality

0.3 < pyiq +p—4+ <06

is satisfied. In this case, the objective function p;,4 + py—+ + p_44 attains the value
0.6+0+0=0.6.

In the second case, the original equality leads to

P+ = 0.6.
Here, py++ +p—44+ = 0.6 + 0 = 0.6, so the inequality
0.3 < pyit +p—4+ <06

is satisfied. In this case, the objective function p;,4 + py—+ + p_44 attains the value
0+0+0.6=0.6.
Let us now consider the cases when p,, +p_, = 0.3. Subtracting this equality from

the original one, we can reformulate the original equality in the following simplified form:
D+—+ +p__+ = 06 — 03 = 03

We need two inequalities to become equalities, so we need two more equalities of the

type p+++ = 0. We cannot have p,,, = p_,, = 0, because otherwise, we would get
P+ =P+ =0+0=0#03.

So, we must pick one pri, from each of these pairs to be equal to 0. Let us describe
all 2 x 2 =4 possible picks.

Ifp,yy =0and p,_, =0, then

Pty =Dy = 03 — 0 = 03,

and

Pyt+ T P4—t + P4+ = 0.3

62



Ifp,yy =0and p__, =0, then

P—tt = Py—t+ = 0.3,

and
Pitt T P4—t + P-4y = 0.6.

If P+ = 0 and Pyr—g = O, then

Pitt = P——t = 0.3,

SO
A +p+7+ +p,++ = 03 + O + 0 = 03
Finally, if p_,, =0 and p__, =0, then
Pitt = P4—+ = 0.3,
SO
P+t +p+_+ +p_++ = 03 + 03 + 0 = 06
To complete this case, we must consider situations when p, . +p_, = 0.6.
Subtracting this equality from the original one, we can conclude that
Pr—t +tp——4 = 0.6 —-0.6= O,
SO

Py—t =p——3 = 0.
In this case, the objective function takes the form
Pi++ T P4—t + Pt = Dy + P-4 = 0.6.

We know that the minimum and maximum of p(Rs V R3) is attained at one of the
vertices. We have shown that at the vertices, p(Rs V Rj3) takes the values 0.3 or 0.6. The
smallest of these values is 0.3 and the largest of these values is 0.6. So, we conclude that

the range of possible values of p(R5 V Rj3) is contained in the interval [0.3,0.6].
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Chapter 4

Software Implementation of the New

Algorithm

4.1 Linear Programming Tool - Ipsolve

Linear programming (LP) is a known problem for which many tools exist. To find the best
tool, I checked on Google and got an impression that out of free tools, one was most widely
used — lpsolve (also known as LPSOLVER). 1psolve is written in ANSI C; it can be
called as a library not only from C, but from Java, Excel, Virtual Basic, and many other
languages.

lpsolve can also solve integer programming problems, but we will only use its ability
to solve linear programming problems.

This program was developed by Michel Berkelaar, Kjell Eikland, Peter Notebaert under
the GNU LGPL (Lesser General Public License). In this thesis, I am using version 5.0.10.1
dated 1 May 2004.

lpsolve can be downloaded from a web-group on www.yahoo.com. This is an free
open source software, but you do need to register at www.yahoo.com to get access to this
information. Once you have a yahoo.com login, you can login with your username and
password at http://groups.yahoo.com/group/lp_solve/. Once logged in, you reach the
home page of the 1psolve group.

On this home page is a description of the software and an explanation of the different
links on the website. As with many free software packages, the instructions on the website

are not very user-friendly. Let us therefore describe here how to download this package.
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The files that you need to download to run 1lpsolve are under the Files link. Under
the Files link, you need to click on version 5.0 and look for the 1lpsolve source code
file-1p_solve_5.0_source.tar.gz.

Next, download this file to the hard drive of your computer and unzip the file into a
folder. Another file that needs to be downloaded from the same link is the LpSolveIDE.zip
which needs to be downloaded and extracted to the same folder on your computer’s hard
drive where the source code is saved.

Next, reboot the computer and click on the LpSolveIDE.exe file and it will open up

the Integrated Development Environment (IDE) to access the 1psolve.

4.2 Input File Format Needed for lpsolve

The 1psolve Integrated Development Environment (IDE) needs the input files to be in a
particular input format called 1p-format. A file in an 1lp-format consists of the following

3 parts:
e objective function;
e constraints;
e variable declaration and bounds (optional);

An objective function forms the first line of the file; it is a linear combination of variables

and constants ending by a semicolon, e.g.:
x1+4+x2 4 3;

or

2-x1+y—z;

By default, the program maximizes the objective function. If we want to minimize,

we should write min: (or, alteratively, Min:, MIN:, minimize:, or Minimise:) before the

65



actual expression for the objective function; e.g.:
Min : x1 + x2 + 3;

For clarification, 1psolve also allows the user to explicitly explain that we want maximiza-
tion, by writing max:, Max:, MAX:, maximize:, or Maximise: before the actual expression
for the objective function; e.g.:

Max : x1 + x2 + 3;

Each constraint is contained in a separate line; it contains a linear combination followed

by a relation symbol and a constant, e.g.:
x1 4+ 3*xx2 < 0.6;

Instead of < or >, the system allows the user to simply write < or >. So, in the above

example, we can describe the same inequality as
x1 4+ 3 xx2 < 0.6;
If one of the constraints is an equality, then we describe it as
x1 4+ 3% x2 = 0.6;
Alteratively, we can describe the same constraint as
0.6 > x1 + 3 * x2;

If for some linear expression, we have bounds on both sides, then we can represent both

bounds in a single constraint; e.g.,
0 <x1+4+3%x2<0.6;

By default, the system treats all variable names in the objective function and in the

constraints as real numbers. If we want to indicate that some of these variables only take
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integer values, we can do that by explicitly describing it in the optional declaration part of
an Ip-file, e.g.,

int x1, x2;

It is also possible to include variable bounds in the declarations and bounds part; this
additional feature is added to lpsolve to make it computationally efficient in solving
large-size LP problems. Since our LP problems are relatively small, we will not use this
feature.

The input file can be prepared beforehand or explicitly typed in line by line into the
input window of the 1psolve tool. When you type in, the header

/* Objective function */

and

/* Variable bounds */

automatically appear.

4.3 How to Use lpsolve: Instruction and Example

To use 1psolve, we need to input the problem into the 1psolve tool. This can be done
either by inputting a ready file or by typing in the problem into the input window.

Once the problem is entered, we go to the Action menu and click on Solve. The Log
window describes what the computer did and how long it took. The solution itself is viewed
by clicking on the Result button.

Let us illustrate the use of 1psolve on a toy example. Let us assume that we want to
minimize the objective function

$1+l’2+3

under the constraints

T 2> 1;
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Let us also assume that both variables z; and x5 are integers.

In this example, the smallest possible value of x1 + x5 + 3 is attained when both z; and
xo take their smallest possible values 1 = 1 and x5 = 1. The resulting minimal value of
the objective function is

In accordance with the above instructions, this problem is represented as the following

Ip-file:

/* Objective function */
Min: x_1 + x_2 + 3;

/* Constraints */
x_1>1;

x_2 > 1;

/* Variable bounds */

int x_1, x_2;

It is worth mentioning that here, > actually means >.

Once we click on Solve, the following log appears; see Figure 4.1. In the process of
solving the given LP problem, the LP solver transforms the original problem into a matrix
form:

aj-xr1+as-ro+ ...+ a,  x, +ay — max (min)

under the constraints of the type
C11 @1+ Cl12 T2+ ...+ Cip - Ty 2 Cr0;

Co1 " L1+ Co1 - Tg + ...+ Cop - Ty = Cp;

Cml " X1+ Cpa - Lo+ ...+ Cpp * Ty 2 Co-
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M| [PSolve IDE - 5.0.10.1

Flle Edt Search |@ckion| Wiew Options Help

D-EHpA| >Rk &
Source | Matrix ” %] Options " (#) Pesult|

oI| /% Objective Function */
2 min: x1 + x2+ 3;

3 x1x1;

4 MZr1l;

£ /# Variable bounds *#/

& int x1, =Z:

Log | Messages|

lp solve run # 1 for model '!'

Chisctive: Minimize (RO)

Model size: 0 constraints, 2 wvariakbles, 2 non-zeros.
Constraints: 0 egquality, 0 GUE, o 305,
Variables: 2 integer, 0 semi-cont., o 305,

Using DUAL simplex for phase 1 and PRIMAL simplex for phase 2.

Felaxed solution 5 found as BLE basis.

lp solve solution 5 final at iteration a, 0 nodes explored

Memo: Largest [etaPFI v1.0] inv(B) had 0 NI entries, 0.0x largest hasis.
In the total iteration count O, 0 [100.0%) were minor/bound swaps.

There were 1 refactorizations, on average 0.0 major pivots/refact.

The maximum BLE level was 1, 0.3x NIP order with 0 compressions/node.
The B&B level was 1 at the optimal solution.

Total solver time was 0.015 seconds.

Figure 4.1: Toy Example: Input and Log
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M| [[PSolve IDE - 5.0.10.1

File Edt Search Action  Yiew Options  Help

@ Source Matrix @ Options || @ Result|

1 52 RHS
min 1 1 3

Log Messages |

lp_solve run # 1 for model '

Chjective: Minimize (RO}

Model size: 0 constraints, Z wvariables, Z non-zeros.
Constraints: 0 equality, 0 GUE, 0 503,
Varishles: Z integer, 0 semi-cont., 0 303,

Using DUAL simplex for phase 1 and PRINMAL simplex for phase 2.

Eelaxed solution 5 found as B&B basis.

lp_solve solution 5 final at iteration o, 0 nodes explored

Memo: Largest [etaPFI w1.0] inv(B)] had O NI entries, 0.0x largest basis.
In the total iteration count O, O [100.0%) were minor/hound swaps.

There were 1 refactorizations, on average 0.0 wmsjor pivots/refact.

The maximum ESE level was 1, 0.3x MIP order with O compressions/node.
The B&E level was 1 at the optimal solution.

Total solver time was 0.015 seconds.

s &

1216 INY: 4
[ - g » = T it *
i2 start & Blirb. ®mzw - BT | o | Dhpos S ERE -y

Figure 4.2: Toy Example: Matrix Window

The tool presents the coefficients a; and ¢;; of this representations in a separate Matrix
window; constraints on individual variables, like x1 > 1, are ignored.

For our toy problem, both constraints are thus ignored, and the matrix window only
contains the coefficients of the objective function; see Figure 4.2. The results appears in

the Result window, see Figure 4.3.
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LPSolve IDE -

Flle Edt Search Action  Wiew Options  Help

D-SHpE| oo R &
@ Source | I atrix ” Ej Dpliuns| @ Result |

Objective |m\

Wariables result
5
1 1
w2 1

Log | Messages|

lp solve run # 1 for model '1

Chisctive: Minimize (RO)

Model size: 0 constraints, 2 wvariakbles, 2 non-zeros.
Constraints: 0 egquality, 0 GUE, o 305,
Variables: 2 integer, 0 semi-cont., o 305,

Using DUAL simplex for phase 1 and PRIMAL simplex for phase 2.

Felaxed solution 5 found as BLE basis.

lp solve solution 5 final at iteration a, 0 nodes explored

Memo: Largest [etaPFI v1.0] inv(B) had 0 NI entries, 0.0x largest hasis.
In the total iteration count O, 0 [100.0%) were minor/bound swaps.

There were 1 refactorizations, on average 0.0 major pivots/refact.

The maximum BLE level was 1, 0.3x NIP order with 0 compressions/node.
The B&B level was 1 at the optimal solution.

Total solver time was 0.015 seconds.

Figure 4.3: Toy Example: Result Window
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4.4 Example: Estimating the Range of (A V B)

Let us start with the following simple example. We know that p(A) = a = 0.6 and
p(B) = b= 0.6, and we want to find the range of (A V B).

In this case, as we have mentioned in Chapter 3, we arrive at the following linear
programming problems:
Maximize

P+ +P1— Pt

under the constraints

P4+ 04— +p—4 +p— =1
Pyt TP4— =G5
Pyt TPy =b;
P++20; pr 205 py 20; p__ >0

and
Minimize
Pt + P4 Py

under the constraints

P+ +P4—+ P +p— =1
P+ TP = a;
Pyt + D =b;
P++20; pr2>20; py 20; p__ >0.

Let us denote Ppp = pyy, Ppom = p._, Pmp = p_,, and Pmm = p__. In these

notations, the above linear programming problems are represented by the following Ip-files:

/* Objective function */

max: Ppp + Ppm + Pmp;
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/* Constraints */

Ppp+ Ppm + Pmp + Pmm = 1;
Ppp + Ppm = 0.6;

Ppp + Pmp < 0.6;

Ppp > 0;

Ppm > O;

Pmp > O;

Pmm > O;

/* Variable bounds */
and

/* Objective function */
min: Ppp + Ppm + Pmp;

/* Constraints */

Ppp+ Ppm + Pmp + Pmm = 1;
Ppp + Ppm = 0.6;

Ppp + Pmp < 0.6;

Ppp > 0;

Ppm > O;

Pmp > O;

Pmm > O;

/* Variable bounds */

For the first problem, 1psolve returns 1.0; for the second problem, lpsolve returns 0.6
— exactly as we described in Chapter 3.

For the minimization problem, the Input/log window, the matrix window containing
the coefficients of the objective function, and the result window are shown in Figure 4.4,
4.5, and 4.6.

For the maximization problem, the Input/log window, the matrix window containing
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M [ PSolve IDE - 5.0.10.1

File Edt Search Action  Yiew Options Help
D-SEpPB| o~ BB &S
7 Source | Matiix | %] Options | () Result|

1 /* Objective Function */
z min: Fpp + Ppm + Pmop:

3 /# Constraints #/

4 Ppp + Ppm + Pmp + Pmm = 1;
& Ppp + Ppm = 0.6;

& Ppp + Pmp < 0.6;

7 Ppp = 0O;

& Ppm > 0O;

9 Fmp > 0:

10 Pren =02

11 f#Vapriable bounds #/

Log Messages|

lp solve solution 0.6 final at iteration 2 0 nodes explored ~
Memo: Largest [etaPFI +1.0] inv(B) had 0 NI entries, 0.0x largest basis.

In the total iteration count 2, 0 (0.0%) were minor/bound swvaps.

There were 0 refactorizations, on average 2.0 major pivots/refact. =
Total solver time was 0.015 seconds. »
£ I | >

42 ITE: 1 TME: 0.02

—_ 5
+2 start - B adobeR... T 2Inter..

Figure 4.4: A V B: Minimization - Input/log Window

the coefficients of the objective function, and the result window are shown in Figure 4.7,

4.8, and 4.9.

4.5 Example: Estimating the Range of p(A& B) Vv
p(A&—B)

In Chapter 3, for the estimation to find the range for p(A & B) V p(A & —B), we estimated
the probability p(R5V, R3), and we used the formulas p(R3 & —R;) = [0,0], p(Rs & " Ry) =
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M| PSolve IDE - 5

Flle Edt Search Action  Wiew Options Help

D-SHp A o[ AR &L

@ Source

Matriz | ] Options | ) Result|

Ppp Ppm Pmp Pram RHS

min 1 1 1 0 1]
Rl 1 1 1 1 1
R2 1 1 0 0 0E
R3: 1 1] 1 0 0E
log | Meszages|
lp_solve solution 0.6 final at iteration 2, 0 nodes explored

Memo: Largest [etaPFI v1.0] inv(E) had 0 NZI entries,
In the total iteration count 2, 0 (0.0%) were minor/bound swaps.

There were 0 refactorizations, on average 2.0 major pivots/refact.
Total solver time was 0.015 seconds.

0.0x largest hasis.

|

2]

Figure 4.5: A vV B: Minimization

5
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LPSolve IDE

Flle Edt Search Action  Wiew Options Help

D-ESH A [ 8k &Y

ol

IB Source “ Matrix ” E Dpliuns| @ Result |

Objective |m‘

Wariables result
0s
Fpp 06
Ppm o
Prp o
Frmm 04

Log | Messages|

lp_solve solution 0.6 final at iteration 2, 0 nodes explored
Memo: Largest [etaPFI v1.0] inv(E) had 0 NZI entries,
In the total iteration count 2, 0 (0.0%) were minor/bound swaps.
There were 0 refactorizations, on average 2.0 major pivots/refact.
Total solver time was 0.015 seconds.

| il |

0.0x largest hasis.

42 ITE: 1 TME: 0,02

Figure 4.6: A vV B: Minimization - Result Window
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LPSolve IDE

File Edt Search Action  Yiew Options Help

D-SHp Ao [ AR &L
Source | Matrix ” & Dptionz || & Hesulti

1 /* Objective Function */
z mad: Fpp + Ppm + Pmp:

3 /# Constraints #/

4 Ppp + Ppm + Pmp + Pmm = 1;
& Ppp + Ppm = 0.6;

& Ppp + Pmp < 0.6;

7 Ppp = 0O;

& Ppm > 0O;

9 Fmp > 0:

0 Pmn =02

1 /#Variable bounds */

Log | M sssages |

lp solve solution 1 final at iteration B
Memo: Largest [etaPFI +1.0] inv(B) had 8 NI entries, 0.7% largest basis.
In the total iteration count 3, 0 (0.0%) were minor/bound swvaps.

There were 2 refactorizations, on average 1.5 major pivots/refact.

Total solver time was 0.015 seconds.

0 nodes explored

INV: &

Figure 4.7: A vV B: Maximization
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M| PSolve IDE - 5

Flle Edt Search Action  Wiew Options Help

D-SHp A o[ AR &L

5 Souce Matriz | ] Options | ) Result|

FPpp Ppm Pmp Pram RHS
max 1 1 1 0 1]
R1 1 1 1 1 1
R2 1 1 ] ] 0.6
R3 1 0 1 ] 0.6

Log | Messages|

lp_solve solution

1 final at iteration

Memo: Largest [etaPFI v1.0] inv(E) had &
In the total iteration count 3, 0 (0.0%)
There were Z refactorizations,
Total solver time was 0.015 seconds.

HNZ entries,

3, 0 nodes explored

0.7x largest hasis.

were minor/bound swaps.

on average 1.5 major pivots/refact.

|

2]

Figure 4.8:

AV B

Maximization:
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LPSolve IDE

Flle Edt Search Action  Wiew Options Help

D-ESH A [ 8k &Y

ol

IB Source “ Matrix ” E Dpliuns| @ Result |

Obijsctive | Constraints |
Wariables result
1
Fpp 0.z
Ppm 0.4
Prp 0.4
Frmm 0
Log | Messages|
lp_solve solution 1 final at iteration 3, 0 nodes explored
Memo: Largest [etaPFI w1.0] inv(E) had § NZI entries, 0.7x largest basis.
In the total iteration count 3, 0 (0.0%) were minor/bound swaps.
There were 2 refactorizations, on average 1.5 major pivots/refact.
Total solver time was 0.015 seconds.
B il |
42 ITE: 2 TME: 0.02

Figure 4.9:

AV B: Maximization:
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[0,0], p(Rs) = [0.3,0.6], and p(R;) = [0.6,0.6] to conclude that p(Rs V R3) = [0.3,0.6].
In this case, we arrived at the following linear programming problems:

Maximize:
Pitt+ TP+t + P+ P TP+ P
under the constraints
Pt TP P4t F P4+ Py P Fp Fp =1
Pt T P——t + P4t + Py = 0.6;
0.3 < pyyt + Pt +Pr— +p—4- < 0.6
Pit— =Py = 0;
p—y—=0;
Pr++ 200 pry 200 pyy 20, py >20; p—_ >0;

and

Minimize:

P+ TPt TPt P Py P
under the constraints
Pitt T P4t— + P4t + 04— +Pyp +p o +pp +p— =1
P+ + Pt + P44 +p—4r = 0.6;
0.3 <pitt+ +P—tt + Pt + P-4 < 0.6
Pii— = P4 = 0;
p—-=0;
Pr++ 200 pry >0 pyy 20, p—y >0; p__ >0.
Let us denote Pppp = pi++, Popm = pyy—, Ppmp = pi—y, Ppmm = p,__, Pmpp =

sy, Pmpm =p_. , Pmmp = p__,, and Pmmm = p,_,,. In these notations, the

above linear programming problems are represented by the following lp-files:
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/* Objective function */

min: Pppp + Ppmp + Pppm + Ppmm + Pmpp + Pmpm;

Pppp + Pppm + Ppmp + Ppmm + Pmpp + Pmpm + Pmmp + Pmmm = 1;
Pppp + Pmmp + Ppmp + Pmpp = 0.6;

0.3 < Pppp + Pmpp + Pppm + Pmpm < 0.6;

0 < Pppp + Ppmp + Pppm + Ppmm < 0.3;

Pppm = O;

Ppmm = 0
Pmpm = 0
Pppp > 0
Ppmp > O;
Pmpp > O
Pmmp > O
Pmmm > O

/* Variable bounds */
and

/* Objective function */

max: Pppp + Ppmp + Pppm + Ppmm + Pmpp + Pmpm;

Pppp + Pppm + Ppmp + Ppmm + Pmpp + Pmpm + Pmmp + Pmmm = 1;
Pppp + Pmmp + Ppmp + Pmpp = 0.6;

0.3 < Pppp + Pmpp + Pppm + Pmpm < 0.6;

0 < Pppp + Ppmp + Pppm + Ppmm < 0.3;

Pppm = O;

Ppmm = 0
Pmpm = 0
Pppp > 0;
Ppmp > O
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Pmpp > O;
Pmmp > O;
Pmmm > O;

/* Variable bounds */

For the minimization problem, lpsolve returns 0.3; for the maximization problem
1psolve returns 0.6 — exactly as we described in Chapter 3.

For the minimization problem, the Input/log window, the matrix window containing
the coefficients of the objective function and the result window are shown in Figure 4.10,
4.11, and 4.12.

For the maximization problem, the Input/log window, the matrix window containing
the coefficients of the objective function and the result window are shown in Figure 4.13,

4.14, and 4.15.
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LPSolve IDE

File Edt Search Action  Yiew Options Help

D-SHp Ao [ AR &L
Source | Matrix ” & Dptionz || () Pesult|

1 min: Pppp + Ppmp + Fppm + Ppren + Prpp + Fmpms
Z Pppp + Pppm + Ppmp + Ppren + Pmpp + Pmprm + Prop + Promn = 1
2 Pppp + Prmmp + Ppmp + Propp = 0.6;
4 0.3 < Pppp + Pmpp + Pppm + Pmpm < 0.6;
& 0 < Pppp + Ppwp + Pppm + Ppmm < 0.3;
& Pppm = 0;
7  Ppmm = 0;
& Pmpm = 0;
9 Pppp > 0
10 Ppmp > O
11  Pmpp > 0O:
1z Prmmp > 0;
1z Proveen > 0
Log | Meszages|
lp solve solution 0.3 final at iteration B 0 nodes explored
Memo: Largest [etaPFI w1.0] inv(E) had 8§ NZ entries, 0.8x largest basis.
In the total iteration count 3, 0 (0.0%) were minor/bound swvaps.
There were 2 refactorizations, on average 1.5 major pivots/refact.
Total solver time was 0.000 seconds.
4 I |

INV: & TME: 0,00

Figure 4.10: p(A& B) V p(A & —B): Minimization
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M| | PSolve IDE - 5 i ents and Settings\Owner\My Documents\SanjeeviComputer:

Alpsolvelexample
File Edt Search Action  Yiew Options Help

D-SHp Ao AR &L

¥
@ Source Matrix @ Options || @ Hesulti

Fppp Pprp Pppm Ppmm  Prpp Propm  Pmmp | Pmmm  RHS

min 1 1 1 1 1 1 i} i} 1]
R1 1 1 1 1 1 1 1
Rz 1 1 0 0 1 1] 1 0 0
R3 1 1] 1 0 1 1 0 0 0.3
R4 1 1 1 1 1] 1] i} i} 1]

Log | M sssages |

lp solve solution 0.3 final at iteration B 0 nodes explored

>

Memo: Largest [etaPFI w1.0] inv(B) had 8 NI entries,
In the total iteration count 3, 0 (0.0%) were minor/bound swvaps.

There were 2 refactorizations, on average 1.5 major pivots/refact.
Total solver time was 0.000 seconds.

0.8x largest basis.

P
3

|ine

11:13 ITE: 2 b TME: 0,00

Figure 4.11: p(A& B) V p(A & —B): Minimization - Matrix Window
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LPSolve IDE - i ttings\Owner\My D: nts\SanjeeviComputer$ Alpsolvelexampl
File Edt Search Action  Yiew Options Help

D-SHp Ao [ AR &L
IE Source “ Matrix ” =l Dphnns| (#) Result |

Objective | Canstraints |

Wariables result
03
Pppp 0.3
Ppmp o
Pppm 1]
Ppmm o
Prpp o
Praprm o
Primp 0.3
Prornim 0.4

Log Massages!

lp solve solution 0.3 final at iteration B 0 nodes explored
Memo: Largest [etaPFI +1.0] inv(B) had 8 NI entries, 0.8x largest basis.

In the total iteration count 3, 0 (0.0%) were minor/bound swvaps. |
There were 2 refactorizations, on average 1.5 major pivots/refact. _
Total solver time was 0.000 seconds. |
4 il |

11:13 ITE: 2 INV: & TME: 0,00

Figure 4.12: p(A& B) V p(A & —B): Minimization - Result Window
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LPSolve IDE

File Edt Search Action  Yiew Options Help

D-SHp Ao [ AR &L
Source | Matrix ” & Dptionz || () Pesult|

1 mad: Fppp + Fpmp + Fppm + Ppmm + Pmpp + Pmpm;
Z Pppp + Pppm + Ppmp + Ppren + Pmpp + Pmprm + Prop + Promn = 1
2 Pppp + Prmmp + Ppmp + Propp = 0.6;

4 0.3 < Pppp + Pmpp + Pppm + Pmpm < 0.6;

& 0 < Pppp + Ppwp + Pppm + Ppmm < 0.3;

& Pppm = 0;

7  Ppmm = 0;

& Pmpm = 0;

9 Pppp > 0

10 Ppmp > O

11  Pmpp > 0O:

1z Prmmp > 0;

1z Proveen > 0

Log | M sssages |

lp solve solution 0.6 final at iteration B 0 nodes explored

Memo: Largest [etaPFI +1.0] invw(B) had 10 NI entries, 0.8x largest basis.
In the total iteration count 3, 0 (0.0%) were minor/bound swvaps.

There were 2 refactorizations, on average 1.5 major pivots/refact.

Total solver time was 0.000 seconds.

Figure 4.13: p(A& B) V p(A & —B): Maximization - Input/log Window
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M| | PSolve IDE - 5 i ents and Settings\Owner\My Documents\SanjeeviComputer:

Alpsolvelexample
File Edt Search Action  Yiew Options Help

D-SHp Ao AR &L

¥
@ Source Matrix @ Options || @ Hesulti

Fppp Pprp Pppm Ppmm  Prpp Propm  Pmmp | Pmmm  RHS
max 1 1 1 1 1 1 i} i} 1]
R1 1 1 1 1 1 1 1 1
Rz 1 1 0 0 1 1] 1 0 0
R3 1 1] 1 0 1 1 0 0 0.3
R4 1 1 1 1 1] 1] i} i} 1]
Log | Meszages|
lp solve solution 0.6 final at iteration B 0 nodes explored A
Memo: Largest [etaPFI +1.0] invw(B) had 10 NI entries, 0.8x largest basis.
In the total iteration count 3, 0 (0.0%) were minor/bound swvaps. i
There were 2 refactorizations, on average 1.5 major pivots/refact. ;
Total solver time was 0.000 seconds. o]
< i | >
51 ITE: 2 i TME: 0.00

Figure 4.14: p(A& B) V p(A & —B): Maximization: Matrix Window
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LPSolve IDE - i ttings\Owner\My D: nts\SanjeeviComputer$ Alpsolvelexampl
File Edt Search Action  Yiew Options Help

D-SHp Ao [ AR &L
IE Source “ Matrix ” =l Dphnns| (#) Result |

Objective | Canstraints |

Wariables result
06
Pppp 0.3
Ppmp o
Pppm 1]
Ppmm o
Prpp 0.3
Praprm o
Primp 1]
Prornim 0.4

Log Massages!

lp solve solution 0.6 final at iteration B 0 nodes explored
Memo: Largest [etaPFI +1.0] invw(B) had 10 NI entries, 0.8x largest basis.

In the total iteration count 3, 0 (0.0%) were minor/bound swvaps. |
There were 2 refactorizations, on average 1.5 major pivots/refact. _
Total solver time was 0.000 seconds. |
4 il |

5:1 ITE: 2 INV: & TME: 0,00

Figure 4.15: p(A& B) V p(A & —B): Maximization: Matrix Window
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Chapter 5

Conclusion

Procedures for handling uncertainty are crucial for making an effective expert system, in
particular, expert systems in geoinformatics. Uncertainty of different statements is usually
described as their (subjective) probability. In many real-life situations, we only have partial
information about the uncertainty, so, instead of the actual probabilities, we only have
intervals of possible values of these probabilities. Based on this information, we must find
the intervals of possible values of probability p(Q) of different queries Q.

In general, the problem of finding the exact bounds on the corresponding probabilities
is NP-hard — simply because the propositional satisfiability problem, the known NP-hard
problem, is a particular case of this problem, with probabilities equal to 1. There exist effi-
cient heuristic approaches to handling such interval-valued uncertainty, but these heuristic
approaches often lead to excess width.

In this thesis, we used the ideas of the generalized interval approach to we get narrower
intervals. Specifically, we have shown that the traditional expert system approach is, in
some reasonable sense, similar to the straightforward interval computation techniques. In
interval computations, there exist sophisticated techniques such as affine arithmetic or,
more generally, Taylor arithmetic, that lead to narrower interval estimates.

In this thesis, we show how the ideas behind affine and Taylor arithmetic can be applied
to handling interval-valued probabilities in expert systems. As a result, we get a better
handling of uncertainty and more effective expert systems.

The new approach is tested on several examples, and it gives satisfactory results, with
narrower intervals. To perform a linear programming part of the algorithm, we use an

efficient and free package 1psolve.
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Future work could include testing and implementing this approach in different expert
system applications, in particular, in geoinformatics. It is also desirable to make this
approach more user-friendly, so that a user will simply describe the knowledge statements
and the corresponding probabilities without the need to learn anything about the algorithm
and/or about 1lpsolve. We may also want to use other ideas from interval computations

to further improve our algorithms.
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