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Abstract. Mathematical morphology is a methodology of pro-
cessing binary (black-and-white) images. Morphological operations
have a clear geometric meaning: e.g., most of them can be described
via appropriate Minkowski sums. There exist many algorithms for
computing Minkowski sum and therefore, for computing the mor-
phological operations; however, in some cases, these algorithms
require too much time: for n X n images, they sometimes require
n* computational steps.

In this paper, we propose a new algorithm that requires only
O(n? - log(n)) steps. This new algorithm is not geometric: it is
based on using Fast Fourier Transform. Whether a purely geomet-
ric algorithm can be as fast is an open problem.

Morphological operations: what are they. Mathematical
morphology was invented in the 1970s to process binary (black-
and-white) images (see, e.g., [Matheron 1975], [Serra 1982], [Heij-
mans 1994], [Goutsias 1997], [Nguyen 1997]). Each such image can
be described by the set of its white points.

One of the main problems of image processing is “cleaning”
the image that is corrupted by noise. For black-and-white images,
random noise leads to accidental white spots in black areas and
accidental black spots in white areas. To delete accidental white
points, we can “erode” the image, by deleting all white points that
are close (e.g., e-close, for some € > 0) to black ones, and then re-
inserting back all the points that are e-close to the eroded image.
One can easily see that this combination of erosion and “dilation”
often achieves the desired result of eliminating the noise.



From the mathematical viewpoint, the second stage (dilation)
is nothing else but a Minkowski sum E & B. of the eroded set
E C R? and the ball B, = {z | |z| < €} of radius ¢ with a center in
0. Here,

A®B={a+blac A be B}. (1)

An erosion & can be defined in a similar way if we take into con-
sideration that, according to our description, the erosion A & B of
a set A means the same thing as dilation of its complement A€;
namely:
e the complement (AS B)¢ can be defined as the dilation A°® B,
and therefore,
e the erosion itself can be defined as

A6 B = (A°® B)-. (2)

Strictly speaking, this definition only works if the set B is sym-
metric. In some applications, we need to use Minkowski sum for
non-symmetric sets B. For general (not necessarily symmetric) sets
B, the erosion is defined as follows:

A© B=(A°®—-B)".

There are many other applications of these and similar operations
to processing black-and-white images.

Let us give an example of such a problem, in which we want
to check whether a given set A is convex or not. It is known that
convex objects on a mammogram are most probably benign, while
non-convex objects have a high probability of being malignant.
One way to check convexity is by using the fact that a set A is
convex if and only if 0.5 (A& A) = A, where 0.5+ A denotes
0.5-A={0.5-a]a e A} (for details, see [Popov 1997] and [Popov
1997al).

How morphological operations are computed now. Most
morphological operations can be reduced to dilation (which is
Minkowski sum) and erosion, which can also be easily expressed
in terms of Minkowski sum. So, in order to compute morphological



operations, we must be able to compute the Minkowski sum of the
two sets A and B. With image processing in mind, we can assume
that both A and B are (finite) subsets of a rectangular n x n lattice
(grid) L.

For such sets, the most straightforward algorithm for comput-
ing the Minkowski sum A @ B is to compute the sum a + b for
each pair (a,b), where a € A and b € B. This algorithm consists
of (#A) - (#B) additions, where #A and #B denote the number
of elements in the sets A and B. The largest number of elements
which each set can contain is n2, so in the worst case, this algo-
rithm requires n? - n2 = n* computational steps. Even for rather
crude, TV-quality images, for which n = 512, this number is too
huge: we need 512* ~ 6 - 10° computational steps.

There exist better algorithm that work much faster for reason-
able sets A and B (see, e.g., [Vincent 1993] and references therein
or [Dougherty 1994]).

For example, if B is a square of linear size k, i.e., if B = Sk,

then we can use the fact that

S, =85195:1D...95; (k times)
and compute A ® B as
A Sy =(..(A®S51)®S1)®...® S51) (k times).

Each dilation by S requires ~ n? steps, and thus, the whole
computation takes k- n? < n-n? = n3 <« n* steps.
However, no algorithm was known that would enable us to use
< n* steps and compute A @ B for all pairs A and B. Such an
algorithm is proposed in this paper.

The proposed algorithm: the main idea. Each set X C L
can can be uniquely described by its characteristic function, i.e., a
function xx (z) which is equal to 1 if z € X and 0 if z ¢ X. So, if
we have two sets A and B, this means that we have two membership
functions x4 (z) and xp(z). A typical image processing operation
of convolution is defined as follows:

(xa*xB)(@)=>_ xalt) x5z —1).



Each value (x4 * xB)(x) is a sum of non-negative numbers and
therefore, non-negative. This value is positive if and only if at
least one term in the sum is positive, i.e., if there exists a point
t for which t € A and x —t € B. In other words, the value
(xa * xB)(x) is positive if and only if z can be represented as the
sum of two points t € A and x —t € B. Recalling the definition of
the Minkowski sum, we can conclude that (x4 * xg)(z) > 0 if and
only if z € A® B.

Thus, if we can compute the convolution fast, we will be able
to compute the Minkowski sum fast too. The following two facts
are known:

o first, the Fourier transform of the convolution of two functions
is equal to the product of their Fourier transforms;

e second, both the Fourier transform and the inverse Fourier
transform of a function defined by its N = n? values can be
computed in time O(N-log(N)) = O(n?-log(n)) (see, e.g., [Op-
penheim 1989], [Cormen 1990], [Van Loan 1992]); the corre-
sponding algorithms are called Fast Fourier Transform (FFT,
for short).

In view of these two facts, we arrive at the following algorithm:

The algorithm. Given the characteristic functions x4(x) and
xB(z), we do the following:

e use the FFT algorithm to compute the Fourier transform A(w)
and B(w) of the characteristic functions x 4(x) and xp(x);

e compute C(w) = A(w) - B(w);

e use the FFT algorithm to compute the inverse Fourier trans-
form c¢(z) of the function C(w) (i.e., the convolution c¢(z) of
the characteristic functions x4 (z) and xp(z));

e finally, for each x € L, we can compute the value of the char-
acteristic function x agp(z) as xagn(x) = sign(c(x)), i.e.:

e if ¢(z) > 0, then xagp(z) = 1;
e if ¢(xz) =0, then xagp(z) = 0.

In the worst case, this algorithm is indeed faster. The above
algorithm requires O(n?-log(n))+O(n?)+0(n?-log(n))+0(n?) =
O(n?-log(n)) computation steps, which is indeed much faster than
O(n%).



Numerical experiments using the FFT package from [Davies
1995] show that this algorithm is indeed faster for n > 16 (for
n = 32, the new algorithm is almost 10 times faster than the
straightforward algorithm, and it is even faster for n = 512; similar
experimental results are described in [Kosheleva 1996] and [Koshel-
eva 1997)).

Other morphological operations can be also computed fast.
We have shown that FFT helps to compute dilations in

O(n* - log(n))

steps. This leads to the possibility of fast computation of other
morphological operations.

For example, we can use the formula (2) to compute the ero-
ston. This formula reduces the erosion to a dilation and two com-
plements. Since we represent a set X by its characteristic func-
tion xx(x), computing a complement means computing, for each
r € L, the value xxc(z) = 1 — xx(z), which takes #L = n?
steps. Thus, computing the erosion of the given two sets requires
O(n? -log(n)) + 2n2 = O(n%log,(n)) steps.

Other morphological operations can be represented as combina-
tions of dilation and erosion:

e an opening is an erosion followed by a dilation;

e a closing is a dilation followed by erosion,

e etc.
Each such combination can be, therefore, also computed in time
O(n? -log(n)).

Caution: for small B, the straightforward algorithm can
be faster. The new algorithm for the Minkowski sum is faster only
for the worst case, when both sets A and B are large. In a frequent
case when the set B is small, the straightforward algorithm requires
the time (#A) - (#B) < const - n? which is, for small # B, smaller
than n? - log(n). Thus, for small B, the straightforward algorithm
is faster.

(For larger sets A and B, e.g., in mammographic applications,
when we compute A @ A, the FFT-based algorithm is faster.)



Open problem. This new algorithm is not geometric: it is based
on using Fast Fourier Transform. Whether a purely geometric al-
gorithm can be as fast is an interesting open problem.
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