Use of Modal Interval Analysis in Early
Engineering Design

1 Part I: Modal Interval Analysis

In order to describe possible applications of modal interval analysis in early
engineering design, let us start by briefly explaining what is interval computation
and what is modal interval analysis.

Direct and indirect measurements: uncertainty is ubiquitous. In
practice, how do we obtain the numerical values of different physical quanti-
ties?

For some quantities, we can obtain these values directly, either by performing
a measurement or by eliciting the value from an expert.

Measurements are never absolutely accurate; as a result, the result z of
the measurement is somewhat different from the actual (unknown) value z of
the desired physical quantity: = # x. In other words, from measurements,
we can only determine the value x with uncertainty: the approximation error

N is, in general, different from 0.

Expert estimates are usually even less accurate than measurements, so the
values Z obtained from the experts also always contain uncertainty.

For some quantities y, it is difficult (or even impossible) to measure them
directly. For example, while we can directly measure the temperature on the
Earth surface, it is not usually possible to directly measure the temperature
on the surface of a distant plant or a star. To estimate the values of such
difficult-to-measure quantities, we perform indirect measurements, i.e., we:

e find easier-to-measure quantities x1,...,x, which are related to the de-
sired quantity y by a known algorithm y = f(x1,...,2,);

e measure the values Z1,...,Z, of these auxiliary quantities; and then

e apply the algorithm f to the results of direct measurements, thus produc-
ing the estimate y = f(Z1,...,,) for the desired quantity y.

Since direct measurements are never absolutely accurate, the measurement
results Z; are, in general, different from the actual (unknown) values w;:

Ax; def Z;—x; # 0. Thus, our estimate y = f(Z1,...,T,) is, in general, different

from the actual value y = f(z1,...,z,) of the desired quantity: Ay et y—y #£ 0.



In other words, indirectly measured quantities are also only known with
uncertainty.

It is worth mentioning that the situation is usually even more complex be-
cause the dependence between y and x1,...,x, is also only known with uncer-
tainty: even if we knew the exact values of z1, . .., z,, the estimate f(z1,...,2,)
would still be somewhat different from the actual value y of the desired quantity.

Traditional engineering approach to describing uncertainty: using
probabilities. The need to take uncertainty into account is well understood in
engineering practice. Uncertainty processing techniques are part of the standard
engineering education and of the standard engineering practice; see, e.g., [9].

In this approach, it is usually assumed that we know the probability dis-
tribution of different measurement errors Az. For the analysis of the actual
measurement results, this assumption is realistic: In principle, to find out the
desired probability distribution, we can take a more accurate (“standard”) mea-
suring instrument, and perform several measurements of the same quantity by
both the tested and the standard instrument. From the resulting samples of
Ax, we can then determine the desired probability distribution.

Such a “calibration” of a measuring instrument is indeed frequently per-
formed. It is not always done:

e sometimes (like with a state-of-the-art instrument), we do not have a
better (standard) instrument to compare;

e sometimes, calibration is too expensive,

but usually, it is performed.
However, there are situations when we do not know these probabilities: sit-
uations of early engineering design.

Situations of early engineering design: it is difficult to estimate prob-
abilities. In the early stages of engineering design, we do not know the prob-
ability distributions because we are still planning the corresponding system —
and in particular, its measuring instruments.

An additional problem is often that the distribution of the measurement
errors depends on the environment, and we do not have enough information
about this environment: actually, the whole purpose of the design is often to
plan a mission that will provide us with information about this environment.
This is a reasonably typical situation for NASA missions to planets and to the
outer space.

Bounds and interval uncertainty. Instead of the probabilities of different
values of x, in the early engineering design problems, we often only know the
bounds x and T on the possible values of z: z < x < 7, and some partial
information about the probabilities of different possible values = € [z, T].

Let us start our description with the simplest situation in which we do
not have any information about the probabilities, we only know the bounds z



and T. In such situation, the only information that we have about the actual
(unknown) value of the desired quantity x if that  belongs to the interval [z, Z].
This situation is usually called the situation of interval uncertainty.

A typical example of such a situation is direct measurement, when we only
know the upper bound A on the (absolute value of) the measurement error
Az: |Az| < A. In this case, after we perform the measurement and get the
measurement result z, we know that the actual value x is in the interval

@ —AZ+ A (1)

Processing interval uncertainty for indirect measurements: interval
computations. As we have mentioned, the uncertainty in the direct measure-
ments leads to the uncertainty in the result ¥ = f(Z1,...,%,) of the indirect
measurement. In particular, if all the results of direct measurements are known
with interval uncertainty, i.e., if we know the intervals [z,, ;] that contain the
actual values x;, then the only information that we have about the actual value
y = f(x1,...,zy) is that y should be equal to f(x1,...,x,) for some z; € [z;, T,
i.e., in mathematical terms, that y belongs to the range y of the function f over
these intervals:

_ _ .y def
y= f([glvl'l]v R [gnaxn]) =

{fx1,...,zp) s 21 € [21,T1],..., 21 € [T, Tn]}. (2)

Usually, the function f(z1,...,z,) is continuous; thus, its range is also an

interval [y,7]. The problem of computing the endpoints y and 7 of the range y

of a known function f over known intervals is known as the problem of interval
computations; see, e.g., [6] and [7].

Interval computations: monotonic case. In general, the interval compu-
tation problem is NP-hard; see, e.g., [8]. However, in many practical cases, the

dependence f(x1,...,2,) is monotonic (increasing or decreasing) in each of the
variables x;. In such cases, it is possible to easily find the values x; at which
the function f(z1,...,,) attains its largest possible value 7:

e for each variable x; with respect to which f is increasing, we should take
the largest possible value of x;: x; = T;;

e for each variable x; with respect to which f is decreasing, we should take
the smallest possible value of z;: z; = z,.

It is similarly possible to find the values z; at which the function f(x1,...,z,)
attains its smallest possible value y:

e for each variable z; with respect to which f is increasing, we should take
the smallest possible value of z;: z; = z;;

e for each variable x; with respect to which f is decreasing, we should take
the largest possible value of z;: z; = Z;.



Monotonic case: formal description. In the following text, we will expand
this simple idea to the case of different design problems. To make this expansion
easier, let us describe this idea in precise terms. For each variable x;, let ¢;
describe the sign of monotonicity, i.e.,

e we take ¢; = 1 if the function f is increasing with respect to z;, and
e we take ¢; = —1 if the function f is decreasing with respect to z;.

In this case, the above advise means that

e to find the value 7, we must take z; =7; if¢;, =1 and x; = z; if ¢, = —1;
and
e to find the value y, we must take x; = z; ife; = 1 and x; =7; if &, = —1.

Let us make the following notations:

def _ . def .
o we define xj' =7, ife;=1and :1:;" = xz; if g, = —1;
_ def . _ def _ .
e we define z; = z; if e; =1 and «; =7, ife; = —1.
In this case, we have 7 = f(af,...,2}) and y = f(x7,...,z;,) and therefore,

the desired range [y,7] of y = f(x1,...,x,) has the form

vl =@y, 2n), fal, 2l (3)

Interval arithmetic. An important particular case if the case of arithmetic
operations y = f(x1,x2). For example, addition y = f(x1,22) = 21 + 2o is
increasing with respect to both variables z;; as a result, the range [y,7] of
possible values of y = x1 + x5 is equal to B

[y, 9] = [z1,T1] + [2o, Ta] = [T + 25, T1 + T2 (4)

For example, if we know that 27 € [1,2] and that x5 € [3,5], we can conclude
that

The subtraction function y = f(z1,22) = 1 — 22 is increasing with respect
to 21 and decreasing with respect to x»; as a result, the range [y, %] of possible
values of y = x1 — 2 is equal to

[y, 9] = [21,T1] — [22, %] = [27 — T2, 71 — 2] (6)

For non-negative values x; and o, the product y = f(x1,22) =21 - 22 is a
(non-strictly) increasing function of both x; and z. Thus, we have

[y, 9] = [21,71] - [29,T2] = [21 - 25, T1 - T2). (7)



For x; > 0 and x5 > 0, the ratio y = f(z1,22) = x1/x2 is increasing in z; and
decreasing in x3. Thus, we have

v, 9] = [21, 7]/ 22, o] = [21/T2, 71 /25). (8)

For general (not necessarily positive) values x;, the product is increasing for
some values and decreasing for others. Thus, in the general case, for the range,
we have a more complicated formula

[gl’jl] : [§27T2] =

[min(gl "Xy, Ty - T2, T1 * Ty, T1 'EQ)amaX(gl "Xy, Ty - T2, T1 * Ty, T1 fQ)] (9)

Similarly, when 0 ¢ [z,, T2|, we have
[@1, fl}/[i% TQ] =

(min(z, /2y, 21 /T2, T1/25,T1/T2), max(z, /Ty, 1 /T2, T1/2o,71/T2)].  (10)

The formulas (4), (6), (7), (8), (9), (10) for the range of the results of arithmetic
operations are known as formulas of interval arithmetic.

From interval arithmetic to general interval computations. Interval
arithmetic enables us to compute the range of arithmetic operations. As
we have mentioned, for more complex (not necessarily monotonic) functions
f(z1,...,2,), computing the exact range y = f(x1,...,Xy) over given intervals
X1, ..., Xy 18, in general, an NP-hard (computationally intractable) problem.

However, we can use interval arithmetic to efficiently find an enclosure’ Y 2y
for the desired range. This possibility is related to the fact that inside a com-
puter, every expression or algorithm f(z1,...,2,) is compiled into a sequence
of arithmetic operations (and elementary functions such as exp(z), min(z1, x2),
etc.). It turns out that if we simply replace each arithmetic operation with
the corresponding operation of interval arithmetic, we get an enclosure for
the desired range (for a proof by induction, see, e.g., [6]). This procedure
is called straightforward interval computations. For example, for a function
f(z1) = x1 - (1 — x1), a compiler would represent the expression as a sequence
of two arithmetic operations:

e first, we compute the intermediate result r{ = 1 — zq;
e then, we compute y = 1 - ry.

Thus, to estimate the range y of this function on the interval x; = [z,,71] =
[0, 1], we can do the following:

e first, we compute the range r; as

ri=1-x =[1,1]-[0,1] =[1—1,1-0] =[0,1]; (11)



e then, we compute

Y=x;-r; =1[0,1]-[0,1] =[0-0,1-1] =[0,1]. (12)
This clearly is a proper enclosure for the range, because for our quadratic func-
d
tion f(z1) = 1 — 2%, the maximum is attained for when e 1-2z; =0, 1ie.,
X1

for 1 = 0.5, and is equal to 0.5 — 0.5%2 = 0.25, and the minimum 0 is attained
at both endpoints z; = 0 and x; = 1. Thus, the range is [0,0.25] C [0, 1].

For some simple expressions (generalizing arithmetic operations), e.g., for
single use expressions like (x1 + x2) - 3, in which each variable occurs only
once, straightforward interval computations lead to the exact range. However,
in general, we have a proper enclosure.

There exist many techniques for reducing the width of the enclosure; most of
them are based on either changing the expression or repeating the computation
for several subintervals of the original intervals — and all use straightforward
interval computations as the main underlying tool; see, e.g., [6] and [7].

Design problems: direct application of interval computations. One of
the objectives of design is to find the values of the design parameters for which
the designed system satisfies given objectives.

Usually, we know the dependence of each of the corresponding quantities
y on the parameters x1,...,x, describing the design and the environment in
which the system is supposed to operate. Namely, we know an algorithm (or
even an explicit formula) f for which y = f(x1,...,2,). The desired constraints
are usually formulated as bounds y and yon y: y <y <7.

If we know the exact values of the design parameters and of the parameters
which characterize the environment, then we can simply compute the corre-
sponding value y = f(z1,...,2,) and check whether it satisfies the desired
inequality y <y <7.

In practice, we usually know the parameters characterizing the environment
with some uncertainty; also, in manufacturing, it is not possible to maintain the
exact values of the design parameters, these parameters can only be maintained
within a certain tolerance. As a result, for each of the parameters x;, instead
of the exact value we only know the interval x; = [x;,Z;] that contains the
(unknown) exact value. In this situation, we can use interval computations
to find the range f(xi,...,%,) of possible values of y — or, more generally,
the enclosure [Y,Y] for this range. Thus, we are guaranteed that the actual
(unknown) value of the characteristic y = f(z1,...,z,) belongs to this enclosure
Y, 7).

If this enclosure is within the desired interval: [Y,Y] C [y,7], i.e., if
<Y<Y <y, (13)

then we can be sure that the actual (unknown) value y € [Y, Y] is also within the
desired interval [y, 7] and thus, that for this design, the constraint is satisfied.



If the enclosure is not fully within the desired range [y,7] — and cannot be
placed into the desired range by applying better interval computation techniques
— then there is a possibility that the actual value y is outside the desired range.
In this case, the original design is not satisfactory.

For example, if f(z1,22) = 21 + 22, 1 € [1,2], 22 € [3,5], and the desired
range is [0, 10], then interval computations enable us to compute the range of
x1 + 22 as [1,2] 4+ [3,5] = [4,7]. Since [4,7] C [0, 10], this design is satisfactory.

On the other hand, if in the same example, the desired range is [0, 6], then
the range [4,7] of z1 4+ z2 is not contained in the desired range [0, 6] and thus,
the design is not satisfactory.

The problem of generating a design. In the previous section, we consid-
ered one specific design-related problem, when the design is already given, and
all we wanted was to check whether this design is satisfactory or not.

This checking is important, but in real-life design problems, the most im-
portant problem is not checking whether a proposed design is satisfactory, but
rather generating a design.

This design generation problem is usually simple to solve if we make an
idealized assumption that there is no uncertainty. Let us consider the simplest
possible example when:

e the quality y = f(x1,d) of the design depends on a single environmental
parameter x; and a single design parameter d;

e we know the exact value of the environmental parameter x;
e the dependence is described by a simple formula f(z1,d) = 21 + d, and
e we would like the quality to have the desired value y.

In this case, the problem is simple: we know x1, we know y, and we want to find
the value d for which z1 + d = y. The solution is straightforward: we should
take d =y — x1.

Generating a design: case of interval uncertainty. In practice, of course,
all the values are known with uncertainty:

e instead of the exact value of the parameter z; that describes the environ-
ment, we only know the bounds z; and Z; on z1, i.e., in other words, we
only know the interval [z;,%;] of possible values of z1;

e similarly, instead of a single allowed value of the characteristic y, we require
that y is within the given bounds y and ¥; in other words, we are given
the interval [y, 7] of possible values of .

In this case, we would like to describe all possible values of the design parameter
d with the following property: for every x1 € [z,,T1], we want to guarantee that
x1 +d € [y,7]. The set of all such d is called the tolerance solution.



Computing the tolerance solution for problem for the case of y = z;+d.
For the case when y = f(z1,d) = x1 + d, the problem of funding the tolerance
solution is relatively easy to solve. Indeed, for a given value d, the set of possible
values of 1 + d when x1 € [z, T1] is the interval

@lﬂfl] + [d7 d] = @1 +d, T + d]' (14)

Thus, the requirement that all the values from this interval be within the desired
range [y, ] mean that we should have

[&1 + d,Tl + d] g [yvyL (15)

i.e.,
y<z +dand 7 +d<7. (16)

The conditions (16) can be reformulated as
Y-z Sdgy—fl (17)

Thus, the conclusion is that the correct range of the design parameter d is the
interval
[y — 2,7 — 7. (18)
For example, when [z,,7;] = [1,2] and [y, 7] = [4, 7], then we get the possible
range [d,d] = [4 — 1,7 — 2] = [3,5] of the design parameter d.
The operation that transforms the intervals x; and y for x; and y into the
interval for d is called a backcalculation.

Case of no solution. It should be mentioned that in general, it is possible
that this problem does not have a solution: e.g., if the width 7 — y of the desired
interval [y,7] is smaller than the width Z; — z; of the environmental interval
[z,,71]. In this case, we can still prove that if d is the allowed value, then
y—z, <d<y—7Ty, but since y —x; >y — 71, there is no value d which would
satisfy that inequality and therefore, the interval [y — z,,7 — Z1] of possible
solutions is simply empty. B
We can say that the expression [y — z,,7 — T1] covers this case:

e indeed, the interval [a,b] is usually defined as a set of all the numbers
which are larger than or equal to a and smaller than or equal to b:

[a, b] =3 {z:a<z<b} (19)

o thus, for a > b, we can still define an “interval” [a,b] = {z : a < z < b},
but since no such x exists, the interval (19) will be simply an empty set.

For example, when [y, 7] = [5,6] and [z,,71] = [1, 3], we get
Y-z, =5—1=4>7—T =6-3=3, (20)
hence the interval [y — z,,7 — T1] = [4,3] of allowed values of d is empty —

meaning that this design problem does not have solutions.



Backcalculation: additional cases. In the previous text, we considered
the case when y = z1 + d. A similar formula can be derived when the desired
characteristic y is equal to the product y = x1 -d of the environmental parameter
1 > 0 and the design parameter d > 0. In the idealized exact case, we have
d = y/z1. In the interval case, once we know the range [z, 7] for z1 and the
desired range [y, 7] for y, we conclude that the interval of possible values of d is

[/, 7/71]- (21)

For other arithmetic expressions f, we can also get explicit formulas for the
range of d:

e when y = f(z1,d) = 21 —d (and d = z1 — y), then the range of possible
values of d is
@1 =7z —yls (22)

e when y = f(x1,d) =d — x; (and d = z1 + y), then the range of possible
values of d is
[T +y, 21 +7; (23)

e when y = f(r1,d) = x1/d (and d = x1/y), then the range of possible
values of d is
[Z1/9, 21 /y); (24)

e when y = f(z1,d) = d/x; (and d = 1 - y), then the range of possible
values of d is
(1 -y, 21 7). (25)

Modal intervals as a natural way to describe backcalculation. The
above section provides a large number of different formulas, each of which can
be deduced. However, in contrast to easier-to-understand interval computa-
tions, this deduction did not leads us to an easier general way to generate these
formulas. Such a general way would be welcome. And it would be also desirable
to have such general guidance on how to generate such formulas in more general
situations.

Such a general approach was indeed discovered, under the name of Kaucher
arithmetic, or, as it was called later, modal interval analysis; see, e.g., [5, 10,
11, 13]. To explain this approach, let us go back to the our very first example
of a tolerance solution. In this first example, we have a dependence d = y —
x1 between the value y of the quality, the parameter x; characterizing the
environment, and the parameter d which characterizes the design. We assume
that:

e we know the interval [y, 7] of allowed values of y,

e the interval [z, ;] of possible values of x1, and

e we want to find the interval [d, d] of all allowed values of d — i.e., all the
values for which, for every x; € [z,,71], we have y € [y,7].



Our objective is to produce some description for the tolerance solution which
is similar to the formulas of interval arithmetic. Our (“tolerance”) solution to
this problem is the interval

ly — 21,y — T1]. (26)

For the expression d = y — x1, we can also describe what interval arithmetic
would produce if we knew the interval [y, 7] of possible values of y and the inter-

val [x;,T1] of possible values of x1; the resulting interval (6) has the following
form:

[y — 71,7 -z (27)
By comparing the two expressions (26) and (27), one can see that formally,
the expression for the tolerance set can be obtained from the standard interval
expression (27) if we simply (formally) replace the interval [z,,Z;] with an
expression [Ty, xz,].

Let us emphasize the word “formally” because, as we have mentioned in the
previous section, if we simply plug in the values a > b into a usual mathematical
definition of an interval [a,b] (in our case, a = T; and b = z;), we simply get
an empty set.

Formal expressions of the type [Z1,x,] are called dual intervals; we will also
say that the dual interval [Z1,z,] is dual to the original interval [z,,Z;]. Both
original intervals and dual intervals are together called modal intervals, and
techniques for processing such intervals is known as modal interval analysis.

The term “modal” comes from the fact that we need such intervals in design
situations, when

e some intervals — in our case, the interval [z,,T;] — describe the set of
possible values; while

e some other intervals — in our case, the interval [y, 7] — describe the set of
values which are necessary to achieve.

The area of mathematical logic which formalizes the notions of “possible” and
“necessary” is known as modal logic; thus, the version of interval analysis which
takes into account that some intervals describe possibility and some necessity
was called modal interval analysis.

Backcalculation by using modal interval analysis: case of y = z; + d.
With modal interval analysis, the solution to the tolerance problem d = y —
x1 looks as follows: once we have the intervals [y,7] and [z,,7:], we find the

dual interval [Z1,z;] and use the standard interval arithmetic formula (6) for
subtraction to compute the range of d as

d,d] = [y, 9] = 71, 2] = [y — 2,5 — 7). (28)

For example, when [z,,7;] = [1,2] and [y,7] = [4,7], we find the dual interval
[Z1,z,] = [2,1] and then compute the desired range of d as

d.d] = [y.9] = [F1, 2] = [4,7] = [2,1] =4 - 1,7 = 2] = [3,5].  (29)
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Backcalculation: additional cases of arithmetic functions f(z1,d).
One may ask: is there any benefit in using this somewhat complicated and
not-easy-to-understand way to compute the same tolerance solution — that we
already know how to easily compute by backcalculation? If this reformulation
only worked for this particular case d = y — 1, then the above skepticism would
be completely justified. The good news is that this same simple idea works for
all cases for which we have described the backcalculation solution.

Thus, we do have a “magic” unified way of describing all these backcalcula-
tion solution: all we do is use the standard interval arithmetic (4), (6), (7), (8),
but with a dual interval for z;. Indeed:

e when d = y/x1, we get

d,d] = [y, 9]/ [T, 21] = [y/z1,7/71; (30)

e when d = 1 — y, we get

[d,d] = [Ty, 2,] = [y, 9] = [F1 = J, 21 — y]; (31)

e when d = x1 + y, we get

[d7 d] = [flvzl] + [ﬂvy} = [El +ﬂ7£1 +y]a (32)

e when d = z1/y, we get

d, d] = [Z1, 2,/ 1y, 5] = [Z1/7, 2, /y); (33)

e when d = ;1 -y, we get

[dv ] = [jlvgl] ) [Qv ?] = [fl Y X @] (34)

Let us show that this technique works for the general case of a monotonic depen-
dence as well — and moreover, it is true if we have several variables describing
the environment.

Modal arithmetic as a general way to describe backcalculation for a
monotonic dependence: a proof. Let xq,...,x,, denotes variables describ-
ing the environment, let d denote the design parameter, and let y is a numerical
measure of quality of the given design in the given environment.

We assume that we know how exactly the quality depends on the de-
sign d and on the environment, i.e., we know the algorithm f for which
y = f(x1,...,2m,d). We assume that with respect to each of the variables
x;, the dependence is monotonic: i.e., either increasing or decreasing. We also
assume that with respect to d, the dependence is strictly monotonic, i.e., either
strictly increasing or strictly decreasing.

For simplicity, let us start with the case when the function f is increasing
with respect to each of the unknowns z; and with respect to d.

11



If we knew the exact values x1,...,x,, of the environmental variables, and
the desired value y of the quality, monotonicity with respect to d enables us to
conclude that there can be at most one value of d for which y = f(z1,...,zm, d).
Let us denote this value by F(x1,...,Zm,y).

Since the function f is increasing with respect to all its variables, we can
conclude that the dependence F(x1,...,Zn,y) increases with respect to y and
decreases with respect to all the environmental variables z1, ..., Z,,.

Indeed, if we increase the value y without changing the values of the en-
vironmental variables, then we need to increase d to accordingly increase the
value of f(x1,...,Zm,d). Thus, the dependence F of d on y is increasing.

On the other hand, for given y, if we increase the value of one of the environ-
mental variables x; without changing the values of all the other environmental
variables, then the value of y = f(z1,...,2Zm,d) increase. Thus, to get to the
same value of the quality y, we must decrease the corresponding value d. So,
the dependence F' of d on x; is indeed decreasing.

In the above particular cases, when f(z1,d) is a simple arithmetic operation,
we have the following expressions for F':

e when y = f(z1,d) =21 +d, we have d = y — 1, so F(z1,y) =y — x1;
e when y = f(x1,d) = x1 - d, we have d = y/x1, so F(x1,y) = y/x1;
e ctc.

In practice, we do not know the exact values of x; and y. Instead, for each
of the environmental variables z1,...,2,,, we know the interval [z;,Z;] of its
possible values, and we also know the interval [y,7] of allowed values of the
quality y. Our objective is to find all the values d of the design parameter for
which, for all possible values z; € [z;,Z;] of the environmental parameters, the
resulting value y is within the allowed interval.

For each value d, the set of all possible values of y = f(z1,...,Zm,d) when
x; € [z;,T;] can be computed by using interval computations. Specifically,
since the dependence of f on each of the variables z1,...,z,, is increasing,
this range is equal to [f(zq,...,2,,,d), f(T1,...,Tm,d)]. To check that all the
values from this range are within the desired interval [y,7], it is sufficient to
check that the endpoints of this range are within the desired interval, i.e., that
yS f(gla”'vgmvd) and f(fh...,fm,d) <y

Since the function f is increasing with respect to d as well, the inequality y <

f(zy,...,2,,,d) is equivalent to d > F(z,,...,z,,,y), where, by the definition

of the inverse function F', the value d def F(zy,...,z,,,y) is the one for which
f(gh ce 7£m7d) = y
Similarly, the inequality f(Z1,...,Tm,d) < T is equivalent to d <

F(ZT1,...,Tm,y), where, by the definition of the inverse function F, the value

a4 F(Z1,...,Zm,7y) is the one for which f(Z1,...,Tpm,d) =7.

Thus, the range of allowed values of d has the form

[d,d] = [Flzy, s 2, 9), F(T1s - T, Y- (35)
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How does this compare with the result of applying interval computations to the
function F(z1,...,Zm,y) over the intervals [z,,71], ..., [Z,,,Tm], [y,7]7 Since

the function F' is decreasing with respect to x1,...,z, and increasing with
respect to y, the interval range (3) is equal to

F([@lvfl]a"'a[Qmafmh[gvy]) = [F(fla-”yfnuy)’F(ila---aimvy)]' (36)

By comparing this expression (36) with the design-related interval (35) of possi-
ble values of d, we conclude that the interval (35) can be indeed obtained from
the general range expression (36) if we formally replace each of the environmen-
tal intervals [z,,T;] with the corresponding dual interval [Z;, z,]:

[dv d] = F([flaﬁl]? ceey [fmaim}v [Q7?]) =
(F(zy,. 2y ¥), F(Z1, . T, §)]- (37)
We have proved this fact only for the case when the function f(z1,...,zm,d)
is increasing with respect to all of its variables z1, ..., z,,,d. However, one can

check that a similar result holds also if it is decreasing with respect to some (or
all) of these variables.

Example. Let us assume that the quality y is determined by the distance
y = \/x? + d? from the desired point (0,0) to the actual relative location (1, d)
of the object with respect to the desired location relative to the space station.
For simplicity, let us assume that in one direction, the deviation x; is determined
exclusively by the environment (e.g., by the pressure of the atmosphere), and
that the deviation x5 = d is determined exclusively by the design (i.e., by the
design inaccuracy).

This function f is increasing with respect to each of its variables, so the
above analysis is applicable. Here, d = F(z1,y) = 1/y? — 27 is a function which
is increasing in y and decreasing in xy. Thus, for the standard interval range
computation, we get

Pl 7)) = @), Fand) = |V - @007 - 2f . 39)

Thus, if we know the interval [0,7] of allowed values of the distance and the
interval [0, A] of possible environmental deviations, we can find the interval
of allowed values d by substituting the dual interval [A,0], with z; = A and
T1 = —A, into the above formula. As a result, we get

d,d) = 12 - 23 V@ - @2] = oV - A7 (39)

In particular, for 7 =5 and A = 4, we get [d,d] = [0, 3].
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Reformulation without the use of modal intervals. Since modal inter-
vals are a new (and somewhat counterintuitive) tool, it may be advantageous
to reformulate the formula for the interval [d, d] in terms that do not explicitly
include modal intervals. This reformulation can be done as follows.

Let us recall the problem:

e we know the dependence y = f(z1,...,2Zm,d); we know that this depen-
dence is monotonic in terms of each of the variables and strictly mono-
tonic in d; the value d for which the above equality holds is denoted by
d=F(x1,...,Tm,Y);

e we know the desired interval [y, 7] of quality values, and

e we know the intervals [z,,Z1], ..., [z,,, Tm] that characterize the environ-
ment.

Our objective is now to describe the set [d, d] of all the values d which have the
following property:

e for all possible values z1 € [z, T1], - .., [Ty, Timls

e the quality y = f(z1,...,%m,d) is within the given interval [y, 7).

The solution to this problem is as follows. Since the original function f is
monotonic with respect to each of its variables, the inverse function F' is also
monotonic with respect to each variable.

For each variable z; (1 <i <m),

. .. . . — def def _
e if F' is increasing in x;, we define x; = z; and J:j = T;;

. . . _ def _ def
o if F' is decreasing in x;, we define z; = 7, and xj' = z;.
Similarly,
. . . _ def def _
e if F is increasing in y, we define y~ = y and y+ = 7;

e if F' is decreasing in y, we define y~ = 7 and yT def Y-

Then, B
[d,d] = [F(SCT,...,l’;,yi),F(Z‘l_,...,:L';l,y+)}. (40)

When tolerances are small, most dependencies are monotonic. The
monotonicity requirement is not as restrictive as it may sound, because it is
usually satisfied when the tolerances are small and the intervals are narrow.

Indeed, in many practical situations, for each environmental parameter x;, we

know the approximate value 7; and we know that the possible deviations Ax; def

x;—Z; are small: Ax; < Z;. Similarly, we know the desired value 3 of the quality,
and we require that the deviations Ay = y — 3 be small: Ay < 7.
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Since 1 & Z1, . .., Ty = Ty, and y & y, we can therefore conclude that, for
every i, we have:

oF oF ~
8x_($17---7$may) ~ am_(xla-"7xm7g)a (41)

and thus, for all possible values, the partial derivative has the same sign as for
the “nominal” values Z1,...,Tmy,y. So:

e if the partial derivative at the nominal values is positive, it is everywhere
positive and thus, the function F' is increasing with respect to x;;

e if the partial derivative at the nominal values is negative, it is everywhere
positive and thus, the function F' is decreasing with respect to x;.

In both cases, we conclude that the function F' is monotonic with respect to x;.
Similarly, we can conclude that the functions F' is monotonic with respect to y.

This monotonicity can be explained in a different way: when the devia-
tions Az; and Ay are small, we can apply the usual engineering linearization
technique: namely, we can expand the value

F(z1, ... ,@m,y) = F(T1 + Azy, ..., T + Az, T+ Ay) (42)

in Taylor series in terms of Ax; and Ay and ignore quadratic and higher order
terms in this expansion. The resulting linear dependence

F(I’l,,.’L’m,y):F(g1+Al'1,,Em‘i’AIm,g‘i’Ay)%

F(fla"'aiﬂwg/)_FZCi'A$i+C'Ay7 (43)
i=1
where aF P
o Sy (1o T, ) and ¥ 87(@,...,%,@) (44)

is clearly monotonic.

What if the dependence is not monotonic? If the dependence
f(z1,...,&m,d) is not monotonic with respect to some variables, the situation
is much more complicated — just like it is more complicated when we find the
interval range for a non-monotonic function. And just like interval arithmetic
helps in estimating the range of non-monotonic functions (see, e.g., [6]), modal
interval analysis helps in finding tolerance solutions in non-monotonic cases as
well; see, e.g., [5, 10, 11] and especially [13].

From design of passive systems to design on active (controllable) sys-
tems. All above design examples were passive in the following sense: we as-
sumed that the quality y of the resulting system is uniquely determined by the
environment (parameters x1, ..., Z,,) and by the design (parameter d). In these
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examples, once the design has been selected, the quality is uniquely determined
by the environment.

To explain this passivity, let us give a simple example. Suppose that for some
special experiments, we want to maintain a certain orientation y of a spaceship
relative to its orbit (a similar example can be produced by using torque and
other characteristics). We want the corresponding angle y not to exceed a given
value A, i.e., we want to make sure that y € [y,7] = [-A, A]. Let us assume
that in the idealized environment, this orientation is determined by the design;
let us denote the corresponding angle by xs.

In reality, external forces may slightly change the actual orientation. As a
result, the actual angle y has the form y = 1 4+ z2, where x; denotes the angle
deviation caused by the environment. In line with the above description, we
assume that we know the interval [z,,%1] = [-A1, Aq] of possible values of z;.
In this example, we need to limit the original orientation x5 is such a way that
no matter what is the environmental contribution zy € [—Aj, A4], the resulting
spaceship orientation will always be within the given bounds.

Such an accurate passive design may be possible for a crude orientation,
but for a very accurate orientation (e.g., if we want to perform some precise
astronomical observations), we often need an accuracy which is even higher
than the environmental deviations in the case of a perfect design: A < Aj.
Clearly, the only way to achieve such an accurate orientation is to be active,
i.e., to bring the space station to the desired position by actively rotating the
spaceship.

Active systems: formulation of the design problem. For such active
systems, the design problem becomes more complicated. For such systems, the
quality y of the resulting system depends not only on the parameters x1, ..., T,
characterizing the environment and on the parameter d characterizing the de-
sign, it also depends on the parameters ci,...,c, describing the control. We
assume that we know how the quality y depends on these parameters, i.e., that
we know the dependence y = f(x1,...,2m,d, c1,...,¢p).
Similarly to the design of passive systems,

e we know the desired interval [y, 7| of quality values, and

e we know the intervals [z,,71], ..., [z,,, Tm] that characterize the environ-
ment;
e in addition, we also know the intervals [c;,1], ..., [c,,p] of possible

values of control.

Our objective is now to describe all the values d of the design parameter which
have the following property: no matter what the environment, we should be
able to find controls for which the desired in within the desired range. To be
more precise:

e for all possible values z1 € [z, T1], - -, [Ty, Tm)s
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e there exist control parameters c; € [¢;,¢1], ..., ¢ € [c), Cp)

e for which the quality y = f(21,...,%m,d,c1,...,¢p) is within the given
interval [y, 7).

In interval computations, this is called a control solution. Following ideas out-
lined in [15], we will show that modal intervals can be helpful in computing the
control solutions as well.

Example: gap-fitting problem and flexible materials. Let us start with
an example analyzed in [15]. A typical example of a passive design problem in
manufacturing is the following gap-fitting problem: We have a gap of a given
size that is designed to contain several components. The total width y of all
these components should not exceed the width of the gap. Due to manufacturing
variability, the values of this gap may be slightly different. We want to make
sure that the total width y is always smaller than or equal to the size of the
gap. Thus, we must require that y idoes not exceed the smallest allowable gap
width. Let us denote this upper bound for y by 3.

On the other hand, this total width cannot be too much smaller than the
width, because then, these components may fall off; thus, a lower bound y is
also given, with the requirement that y > y. . a

In general, the actual width must always be between the two given bounds
y and .
~ Some of these components have been pre-selected as off-the-shelf (OTS)
components. For these components, we have no control over widths, but we
know the bounds on their widths guaranteed by the manufacturer: we know
that:

e the width z; of the first OTS component is within a given interval [z, Z1];

the width zo of the second OTS component is within a given interval
22, To];

and the width z,, of the m-th OTS component is within a given interval
@, Tin]-

If all the components are OTS, then the total width of all the components is
equal to y = x1 + ...+ x,,. In this case, the problem of estimating the range of
possible values of y is a typical problem of interval computations, and so, the

interval [Y, Y] of possible values of the resulting range is equal to

Y, Y] =z, Z1)+ .. 4+ 2 T = [21 + -+ 2, T1 + oo+ T). (45)

If this range [Y,Y] is completely within the desired interval [y,7], then our
problem is solved. But in practice, such perfect fittings are rare. Often, to be
able to provide a fit, we must specifically design at least one of the components.

If we denote the width of this component by d, then we have the previously

discussed passive design problem:
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e wehavey=x1+ ...+ 2y +d,

e we know the desired interval [y, 7] for v,

e we know the intervals [z,,Z1], ..., [Z,,, Tm] of possible values of the OTS
component widths, and

e we must find all possible values d for which for all possible widths of the
OTS components, the overall width is within the given range.

We already know how to solve this problem: the set of all such values d is the
interval
dodl=[y—z;—...—2,,7—T1—... — 2, (46)

In some practical situations, this interval is non-empty, so we can indeed solve
the gap-fitting problem by designing an appropriate component. However, often,
the widths of the OTS components vary a lot; as a result, the interval of possible
values of x1 +. ..+ x,, is very wide, and no matter what d we add, we will not be
able to guarantee that the result is always within the (relatively narrow) desired
interval [y, 7].

For example, in a realistic case when we have two OTS components with
10% width uncertainty

[2,,71] = [2g,T2] = [1 — 0.1,140,1] = [0.9,1.1], (47)

and for the desired overall width [2.9, 3.0], the above formula produces an empty
interval B
dd=[y—2— . 2,7 —T1— ... —2,] =

[29-09-09,3.0—1.1—1.1] =[1.1,0.8], (48)

meaning that in this formulation, the fitting problem cannot be solved.

To provide a fit, we allow flexible components: e.g., we may add spring-type
components which can shrink to cover the desired gap, or components which are
somewhat flexible so that they can be hammered in even if they are somewhat
larger.

For instance, in the above example, we can add a spring-type flexible com-
ponent whose width ¢; can take any value from 0 to 0.5. For such a com-
ponent, we can take, e.g., d = x3 = 0.7. In this case, no matter what
values x; € [0.1,1.1] and x5 € [0.9,1.1] are, the sum z7 + z2 + d is al-
ways in the interval [0.9,1.1] + [0.9,1.1] + 0.7 = [2.5,2.9]. Thus, by taking
c1=30—21—29—d € 3—[2.5,2.9] = [0.1,0.5], we can not only guarantee that
the resulting width y = 1 + x2 + d + ¢; is within the desired interval [2.9, 3.0]
— we can actually guarantee the perfect fit y = 3.0.

General case of a monotonic dependence: description. In the flexible
fit example, the dependence of y on the parameters z;, d, and c; was linear —
and therefore, monotonic with respect to each of the variables.
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Let us now consider the general case when this dependence is monotonic, i.e.,
when the function f(z1,...,%m.d,c1,...,¢p) is monotonic (strictly increasing
or strictly decreasing) with respect to each of the variables.

In the idealized case when we know the exact values of all the pa-
rameters x;, c;, and y, there exists at most one value d for which
y = flz1,. ., Tm,d,c1,. .., Cp). This value d will be denoted by
F(x1,. o, Tm, Yy €1y - Cp)-

Design of an active system: derivation of the formulas. Similarly to
the case of passive design, let us first consider the case when the function
f(x1,...,&m,d,c1,...,¢p) is increasing with respect to all its variables z;, d,
and c;.

In this case, similar to the passive design, the function

F(z1,...,Zm,Y,C1,...,Cp) (49)

is increasing in y and decreasing in all other variables z; and c;.

We must select the parameter d from the condition that for each combination
of possible values z; € [z;,7;], there should be controls ¢; € [c;,¢;] for which
f(l’l, ey T, d,c, .. .,Cp) € [g,y]

Let us first consider the case when a certain value d is selected and certain
values z; € [z;,T;] are also selected. In this case, we need

e to find the range of possible values of f(z1,...,2m,d,c1,...,¢p) when
cj € [¢;,¢4], and

e to make sure that this range has at least one common point with the
desired interval [y, 7].

Since the function f(z1,...,%m,d,c1,...,¢p) is increasing with respect to all
the parameters c;, we can use monotonic interval computations (3) to provide
an explicit expression for the range of y:

(@1, @mydicyyees ), f(@1, 00y T, di 1,0, )] (50)

We need to check that this interval has a common point with the desired interval
[y, 7.

In general, the two intervals [a,@] and [b,b] have a common point if @ < b
and b < a. Indeed:

e If the two intervals do have a common point ¢, then:

e a < c (since c € [a,a]) and ¢ < b (since ¢ € [b,b]) and thus, by
transitivity, a < b;

e similarly, one can show that b <a.

. . - f
e Vice versa, if a < b and b < @, then for ¢ de max(a, b), we have:

e o <max(a,b) = c,
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e and ¢ < @ follows from the fact that a < @ and b < @ (by assumption).
b,

Thus, ¢ € [a,@]. Similarly, we can prove that ¢ € [b, b] and thus, ¢ is indeed
a common point of the two given intervals.

So, the interval (50) and [y, 7] have a common point if and only if the fol-
lowing two inequalities are satisfied:

[y, .., om,d e, c,) <7 (51)

and
y < f(x1,...,2m,d,C1,...,Cp). (52)
The first inequality (51) must be satisfied for all possible values x; € [z, T;].
For this to be true, the largest possible values of f(z1,...,%m,d,cy,---,¢p)

(when z; € [z;,7;]) must satisfy the inequality (51). The function f is increasing
with respect to x;; thus, its largest value is attained when each of the parameters
x; attained its largest possible value Z;. So, the fact that the inequality (51) is
satisfied for all possible values z; € [z;,T;] is equivalent to a single inequality

f(fl7"'7fm7d>gl>‘-'7gp)Sy' (53)

Since the function f is increasing, this inequality is equivalent to
— def — —_
dgd: F(mla"'7xm,y7gl7"'7gp)) (54)

where, by definition of the inverse function F, the number d is the value for
which f(Z1,...,Tm,d,cy,...,¢,) =7

Similarly, the second inequality (52) must be satisfied for all possible
values z; € [z;,T;]. For this to be true, the smallest possible values of
f(z1,...,@m,d,C1,...,C) (when z; € [z;,T;]) must satisfy the inequality (52).
The function f is increasing with respect to x;; thus, its smallest value is at-
tained when each of the parameters x; attained its smallest possible value z;.
So, the fact that the inequality (52) is satisfied for all possible values z; € [z, T;]
is equivalent to a single inequality

ESf(ﬁla"'a£m7d7617~-'76p)' (55)

Since the function f is increasing, this inequality is equivalent to

d2ddéfF(zla"'7§m7ﬂ7617"'76p)5 (56)

where, by definition of the inverse function F', the number d is the value for
which f(zq,...,2,,,d,C1,...,C) = V.

By combining the inequalities (54) and (56), we conclude that the range of
possible values of d is the interval

d,d] = [F(z1,. 2 Y5 C1s -5 Gp), F(T1, - T, UsC15 - -5 )] (57)
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To see how this expression is related to modal intervals, let us compare this
result with the range
def _ _ . _ _

F é F([lexl]y ey [Emyxm]a [y7 y]7 [21761]7 ey [Qpa Cp]) (58>
of the same function F' on the same intervals obtained by interval computations.
We considered the case when the function f is increasing in all the variables x;,
d, and c¢; and thus, the function F is increasing with respect to y and decreasing
with respect to z; and ¢;. Thus, due to the formula (3), the range is equal to

F= [F(Ela"wf’rnvgvéla" '7611)7F(£17"'7§m7y7gl7"'7gp)]' (59)

So, we conclude that to get the desired set (57), we must use the normal intervals
for the quality y and for the control parameters c;, but dual variables for the
environmental variables x;:

[d’ a} = F([fh@l]v L) [ffmgm]’ [gv y]? [21561]7 RN [vaép])' (60)

One can show that a similar formula holds in the general case, when the depen-
dence f may be decreasing in some of the variables.

Resulting algorithm: use of modal interval analysis. Let us recall the
problem:

e we know the dependence y = f(z1,...,2m,d,c1,...,¢p); we know that
this dependence is monotonic (strictly increasing or strictly decreasing) in
terms of each of the variables; the value d for which the above equality
holds is denoted by d = F(z1,...,Tm,Y,C1,---,Cp);

e we know the desired interval [y, 7] of quality values, and

e we know the intervals [z,,Z1], ..., [z,,, Tm] that characterize the environ-
ment;
e in addition, we also know the intervals [c;,¢1], ..., [c,, €] of possible

values of control.

Our objective is now to describe the set [d, d] of all the values d which have the
following property:

o for all possible values x1 € [z1,T1], - -+, [T, Tin),
e there exist control parameters c; € [¢;,C1], ..., ¢ € [c,, )

e for which the quality y = f(z1,...,%m,d,c1,...,¢p) is within the given
interval [y, 7).

The solution to this problem is as follows: we take the original intervals for y
and ¢; and the dual intervals [Z;, z;] for z;, and apply interval computations to
these intervals:

[Ql7 a} = F([fbglL LN} [EmﬂgmL [y7 5]7 [21761]7 LN [Qp Ep])‘ (61)
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Example. In the above example, we have:
o y= f(x1,22,d,c1) = 21 + 22 + d + 1 hence
d= F(r1,22,y,¢1) =y — &1 — T3 — C1; (62)

B

1, T1] = [29,T2] = [0.9,1.1];
e [y,7] = [2.9,3.0]; and

e [c;, 1] =[0,0.5].

For this function F', we the formula for the interval computations range has the
form

F([Qlafl}v @2’52]a [y,?], [21,61]) = [y,?] - [@1)51] - [QQ’EQ] - [21761] =

ly—T1 — T2 —C1,§ —z; — x5 — . (63)

In our case, for y and ¢, we take the original intervals, and for x;, we take dual
intervals [1.1,0.9]. For this combination of intervals, we get the following set

F([1.1,0.9],[1.1,0.9], [2.9, 3.0], [0,0.5]) =

2.9,3.0] — [1.1,0.9] — [1.1,0.9] — [0,0.5] =
[29-0.9—0.9—-05,30—11—1.1-0] =[0.6,0.8]. (64)

Reformulation without the use of modal intervals. Since, as we have
mentioned, modal intervals are a new (and somewhat counterintuitive) tool, it
may be advantageous to reformulate the formula for the interval [d, d] in terms
that do not explicitly include modal intervals. This reformulation can be done
as follows.

For each variable z; (1 <i <m),

. . . . — def def _
e if I is increasing in x;, we define x; = z; and x;" = Tj;

. . . . — def _ def
o if I is decreasing in x;, we define z; = 7; and xj' = z;.

Similarly,
. s . _ def o def _
e if I is increasing in y, we define y~ = y and y™ = ¥;

e if F'is decreasing in y, we define y— ef 7y and yt def Y-

For each variable ¢; (1 <j <p),

. .. . . _ def def _
e if F' is increasing in c¢;, we define ¢ =g and c;r = ¢j;

. . . . — def _ def
e if F'is decreasing in ¢;, we define ¢; = ¢; and c;' = c;.

j
Then,

[d,d] = [F(xi',...,xfn,yﬂcl—,...,c;),F(xl_,...,x;L,y+,cT,...,c+)]. (65)
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Comment. In the above analysis, we made a simplifying assumption that we
can always implement the exact value of the desired control. In real life, of
course, actuators and controllers are not perfect, the control can only be imple-
mented with a certain accuracy. The inaccuracy of the control implementation
must also be taken into account in the design.

From the computational viewpoint, the parameters describing corresponding
inaccuracies can be treated as additional environmental parameters.

2 Part II: Combination of Modal Intervals with
Probabilistic Uncertainty

In Part I, we describe modal interval analysis and its applications to situations
when we have no information about the probabilities. In Part II, we will show
how modal interval interval analysis can be extended to situations when we do
have some partial information about the probabilities.

It turns out that, in contrast to the no-probabilities case where modal in-
tervals have been successful in many different applications, in the probabilities
case the only promising application is to take control into account.

From intervals to p-boxes. As we have mentioned earlier, traditional en-
gineering approach assumes that we know the exact probability distribution of
the desired parameter. In practice, we do not have complete information about
these probabilities.

Sometimes, we only know the bounds z and T on each quantity z: x <z < 7.
In these situations, we know an interval [z, T] that contains the actual (unknown)
value z. In Part I, we analyzed how to solve the problem of early engineering
design under such interval uncertainty.

In practice, in addition to the bounds, we often have some partial infor-
mation about the probabilities. How to represent this partial information? In
principle, there are many different ways to represent a probability distribution:
we can use a probability density function, a cumulative distribution function,
moments of different order, characteristic functions, etc.; see, e.g., [12]. Differ-
ent representations have their advantages and disadvantages. In each practical
application, it is reasonable to select a representation that is the most adequate
for this particular application.

For the design problems, as we have mentioned, one of the most important
requirements is that the values of the important characteristics are within the
required range. For example, in a spaceflight, the level of radiation or the
acceleration should never exceed the threshold after which the corresponding
exposure can be damaging to the astronauts’ health.

In practice, it is not possible to guarantee any such bounds with 100% re-
liability: no matter how reliable the systems are, there is always a small but
positive probability that systems and devices may fail or malfunction. In this
case, it is important to make sure that the probability of exceeding the critical
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threshold is as small as possible. Since the probability of exceeding the critical
potential-health-damaging threshold cannot be made exactly zero, it is impor-
tant to guarantee at least that the probability of exceeding the larger critical
threshold, e.g., of irreversible health damage or even a lethal effect, is as small
as possible.

In all such situation, it is important to know the probability Prob(x > t) of
exceeding different thresholds ¢. This probability has a straightforward relation

to the cumulative distribution function F'(t) f Prob(X < t), namely
Prob(z > t) =1 — F(t). (66)

Thus, in design problems, it is important to know the cumulative distribution
function (cdf) F(t).

In real life, we usually have a partial information about the probability distri-
bution, and thus, only a partial information about the cdf F(t). Thus, for each
real number ¢, instead of the exact value F(t), we usually only know the bounds
F(t) and F(t) for which F(t) < F(t) < F(t). In this case, the only information
that we have about the actual (unknown) cumulative distribution function F'(t)

is that F(t) € [E(t), F(t)]. The set of all such probability distributions is called
a probability box, or a p-box, for short.

Alternative representation: quantiles and quantile intervals. Alter-
natively, we can view the same design situation in a somewhat different way.
As we have mentioned, ideally, desirable situations should occur with probabil-
ity 100%, but in practice, the probability of the desirable situation cannot be
made equal exactly to 1. Usually, depending on the level of undesirability, the
users set up probabilities of not exceeding a threshold; for example, there are
allowable probabilities of risk in spaceflight planning:

e a higher one for unmanned flights and
e a much lower one on the manned flights.

From this viewpoint, it makes sense to fix one or several probabilities p and to
consider thresholds which can be guaranteed with these allowed probabilities. In
other words, we want to know the values t(p) for which, for different probabilities
p, we have Prob(xz < t) = F(t) = p. The corresponding dependence ¢(p) is an
inverse function to c¢df F(¢) in the sense that ¢t = ¢(p) if and only if p = F(t) —
in the same way as

e x = log(y) is the inverse function to y = exp(x),

e r = ,/y is the inverse function to y = x2, and

e x = arcsin(y) is the inverse function to y = sin(x).
The values of these inverse function are knows as quantiles:

e for p = 0.5, we have a median;
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e for p = 0.25 and p = 0.75, we have quartiles,
e ctc.

From this viewpoint, a natural representation of a probability distribution is via
the quantiles.

Since we only have a partial information about the probability distribution,
we do not know the exact values t(p) of the quantiles, we only know intervals
of [t(p),t(p)] of possible values.

Mathematical viewpoint: p-boxes are equivalent to quantile intervals.
From the mathematical viewpoint, this quantile representation is equivalent to
the p-box representation. Indeed, since the function ¢(p) is an inverse function
to F'(t), for each p:

e the smallest possible value ¢(p) of ¢(p) corresponds to the largest possible
value F'(t) of the inverse function F'(t), and

e the largest possible value t(p) of t(p) corresponds to the smallest possible
value F'(t) of the inverse function F'(t).

Thus:
e the values ¢(p) are quantiles for the cdf F(t), while

e the values #(p) are quantiles for the cdf F(t).

Computational viewpoint: quantile interval representations are, in
general, more efficient. A natural way to represent a generic function f(x)
in a computer is to store its values f(z;) at different points — usually, at points
forming a uniform grid: zg, x1 =29+ h, v2o =29+ 2h, ...,z =20+ k - h.
From this viewpoint, the above two mathematically equivalent represen-

tations of a cdf F(t) (and of a p-box [F(t), F(t)]) lead to the following two
computationally different computer representations:

e if we start with the the cdf '(¢), then we store the values F(to), F'(t1), - .-,
F(t1), ... (or the intervals [F(to), F(to)], [E(t1), F(t1)], ..., [F(t ) F( &),
..) corresponding to different thresholds tg, t1 = to+h, ..., tx = to+k-h,

e if we start with the quantile representation ¢(p), then we end up with
values to = t(0), t1 = t(1/n), t2 = t(2/n), ... (or the intervals [ty, o],
[zl7t1]a [227152]; ce )

One can see that for the same number of parameters, the second representation
provides a much better picture of a distribution than the first one.

For example, in the case when we have an almost full certainty, i.e., a dis-
tribution which is located in a small vicinity of a single point x, then

e the quantile representation gives us this point x as a median, while

25



e in the first representation, we will only know that this x is somewhere
between the consequent values ¢; and t¢;41 for which F(¢;) = 0 and
F(tiy1) = 1.

Similarly, when we have an interval uncertainty, i.e., when we only know that
the actual value z is somewhere on the interval [z, T] but we have no information
on the probabilities of different values = € [z, 7], then the interval [EF(t), F(t)]
changes:

o from [E(t), F(t)] = [0,0] for t < z
e to [F(t),Ft)]=1[0,1]forz<z<7T
o to [F(t),F(t)] = [1,1] for t > .

In this case,

e the cdf representation merely tells us where z and T are in relation to the
values t;, while

e the median interval gives us exactly the interval [z, Z].

In view of this computational advantage, p-boxes are usually represented in
the computer as quantile intervals; see, e.g., [2].

Comment: how to future improve the computational representation
of a p-box. The existing computer representation of a p-box is via the interval
[z;,T;] of possible values of quantiles corresponding to probabilities i/n, with
i=0,1,...,n.

For n = 10, we thus represent a p-box by 11 intervals, a representation
that describes all the probabilities with accuracy = 10%. This is a very small
amount of information, taking a small space in computer memory and easy- and
fast-to-process.

In some practical applications, a 10% accuracy in describing probabilities
is reasonable. In many design problems, however, we want to estimate the
probabilities of low-probability events, with probabilities as low as 1%, 0.1%, or
even 0.001%. To describe such probabilities, we need to use larger values of n.
For example:

e to get the accuracy of 1%, we need to use n = 100;
e to get the accuracy of 0.1%, we need to use n = 103;
e to get the accuracy of 0.001%, we need to use n = 10°.

In the existing representation, this means that we need n+1 intervals (and thus,
twice as many real numbers) to represent each p-box.

This is still doable, especially for early design problems — where there is no
pressure to deliver results in real time. However, the fact that we are looking
at a factor of 10% increase in the memory size — and thus, at a similar increase
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in computation times — shows that there is a need to decrease the number of
values and thus, speed up the computations.

A natural way to such a decrease comes from the fact that while we want to
know small probabilities with a high accuracy, there is no need to compute the
reasonable-size probabilities like 50% with a similar accuracy. Thus, instead
of using the quantiles [p(r),p(r)] corresponding to all the probability values
r = 0,1/n,2/n,..., it is sufficient to use the quantiles corresponding to only
some of these values. For example, when we are interested in the accuracy of
0.001%, instead of storing all 10° values for all r = i/n, it makes sense to store
only the quantiles corresponding to the following 5 -9 + 2 = 47 values:

e value r = 0;
9 values 0.001%, 0.002%, ..., 0.009%;
9 values 0.01%, 0.002%, ..., 0.09%;

9 values 0.1%, 0.2%, ..., 0.9%;
9 values 1%, 2%, ..., 9%;
9 values 10%, 20%, ..., 90%;

e value r = 1.

In this manner, we can get all the probabilities with a reasonable relative accu-
racy.

In principle, the existing algorithms can be easily adjusted for this repre-
sentation, because, due to the monotonicity, the “skipped” values can be au-
tomatically reconstructed from the existing ones. For example, if we store the
values [p(r1),p(r1)] and [p(r2),p(r2)] for r1 = 41 /n and r9 = iy/n and skip all
the intermediate values r = i/n with 41 < i < iy, then due to monotonicity, we
know that

p(r1) < p(r) < p(r) <p(r) < p(ra). (67)

Thus, we can know that p(r) € [p(r1),B(r2)]. So, we can use the interval
[p(r1),P(r2)] as the interval quantiles corresponding to each missing value 7.

~ Of course, to gain the desired speed-up, we must accordingly transform all
the algorithms which are currently used for processing p-boxes.

Towards the use of p-boxes in design: simple analysis case. Let us
start with the simplest case when:
e only one parameter x; described the environment,

e only one parameter d described the design, and

e the quality y = f(z1,d) of the design is described by a simple formula
y=2x1+d.

We will start with the analysis problem, when
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e we know a p-box for xzy,
e we have already selected a p-box corresponding to d, and
e we want to describe the resulting p-box corresponding to y.

It is worth mentioning that this case is more general than it may seem at
first glance, for two reasons:

e In some cases, the dependence y = f(x1,d) has the form y = z1 - d or

a similar form; such a dependence can be reduced to the sum if we use

a logarithmic scale: Y = X; + D, where y def In(y), X1 def In(z), and

D % In(d).

e In other cases, the intervals of possible values of z; and d are narrow.
In this case, we can expand the dependence f in Taylor series and only
keep linear terms in this expansion, resulting in a linear dependence y ~
Yo + ¢c1 - 1 + ¢4 - d. By an appropriate linear re-scaling, we can also

reduce this expression to the case of a simple sum: Y = X; + D, where
def

Y =y —1yo, X1 défcl~x1, andDdéfccpd.

For the case of interval uncertainty, we assumed that there are no constraints
between 1 and d, i.e., potentially high values of x; may be correlated with
high values of d or with low values of d, or not correlated at all. Similarly, it
is reasonable to start with the assumption that we have no information about
the possible dependence between the probability distributions of zy and d. (If
we have additional information about the dependence, e.g., if we know that x;
and d are independent, then we get narrower bounds on y [2].)

Simplest case of p-boxes in design analysis: formulas for y, and their
justification. For the case of unknown dependence, we want to transform
the interval quantiles [q.,g;] for z; and the interval quantiles [d;, d;] for d into
interval quantiles [gi,gj for y. The formulas for describing Y, and y; were first
deduced in [17].
Specifically, for computing y,, we have the following formula:
y. = max(q,

Y, ax(g; +d;). (68)
This formula may sound strange, but it actually has a good intuitive explana-
tion. Indeed, let us fix some ¢ and j < ¢. By definition of a quantile, the value
4, ; means that

y='=7 (69)

le (gi*j n

i.e., that for the actual (unknown) value F, (gi_j) = Prob(z; < gi_j), we have

Prob(z1 < g, )= Fu(g, ) < Flg, )= = (70)




The probability Prob(z; > Qz;j) of the complement event, that x; exceeds the
value 4 is equal to 1 —Prob(z; < gi_j). Thus, for this exceeding probability,
we get the inequality

i~

Prob(z; > gi_j) >1- -

(71)

Similarly, from the fact that the lower bound for the j-th quantile for d is d;,
we conclude that

J
Prob(d >d;) >1— =. 72
rob(d > d;) > - (72)

If both equalities x; > 4, and d > d,; are satisfied, then we have y = z1 +d >
4_; ~+d;. The probablhty that both equalities are satisfied can be bounded
from below if we take into account that for any two events A and B, we have

Prob(AV B) = Prob(A) + Prob(B) — Prob(A & B). (73)

This formula can be easily deduced from the corresponding Venn diagram

A B

ay

From this diagram, one can see that when we add Prob(A) and Prob(B),
we count all the cases when A happened and all the cases when B happened —
and we count each cases when both A and B happened twice. So, if we subtract
from the sum Prob(A) 4+ Prob(B) all the events when both A and B occur, we
thus count all the cases when A or B holds — i.e., we get exactly Prob(A V B).

Formula (73) implies that

Prob(A & B) = Prob(A) + Prob(B) — Prob(A V B). (74)
Since every probability is bounded by 1, we have Prob(A V B) < 1 and thus,
Prob(A & B) > Prob(A) 4+ Prob(B) — 1. (75)
In particular, in the above case, we conclude that
Prob(y = z1 +d > 4, +d;) > Prob((z1 > giij) &(d>d;)) >
Prob(z; > gi_j) +Prob(d > d;) — 1 > <1 - n]) + (1 - 7‘1) —-1. (76)
The right-hand side of this formula is equal to 1 — n , so we conclude that

Prob(y >q,  +d;)>1- % (77)
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For the complementary event y < 4 + d;, we thus have

1_(1_2):;. (78)

This is true for all j, in particular, for j for which the sum ¢;—; + d; is the
largest, hence
. (79)

i

F, i +d) ) < —
Y <mjax(q j +])> <
This inequality is true for all possible values of F, (maxj (qi—; + dj)) correspond-
ing to all possible distributions F'(¢). In particular, it should be true for the

largest possible value F, (max;(qi—; + d;)):

F, <mjax(qi_j +dj)) < (80)

1
n

By definition, the quantile y. is the value for which Fy(y.) = L Thus, the
4 Zq n
inequality (80) leads to

Fy (mfx(qz‘j + dﬂ) < Fy(y,). (81)
Since the function F, is a cdf and is, thus increasing, we thus conclude that

mjax(qi,j +d;) <y, (82)
A more technical part of the proof from [17] is that there exist distributions for
which y; is exactly equal to the maximum and thus, that the formula (68) is
true.

Simplest case of p-boxes in design analysis: formulas for 7, and their
justification. To get similar formulas for y,;, one can use the same computa-
tional trick that is often used in interval computations: that an upper bound
a for x can be easily computed based on a lower bound for —x. Indeed, if we
know that z < a, then —x > —a, and vice versa.

In the probability case, we thus have

Prob(z < a) = Prob(—z > —a). (83)

The left-hand side probability Prob(z < a) is the cdf: Prob(z < a) = Fj(a).
The right-hand side probability Prob(—z > —a) can be expressed as

Prob(—z > —a) =1 —Prob(—z < —a) =1 - F_,(—a). (84)
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Thus, the equality (83) takes the form

F.(a)=1—F_,(—a). (85)
Since 1—... is a decreasing function, we conclude that F,(a) attains its smallest
value F_(a) when F_,(—a) attains it largest possible value F_,(—a):

F,(a) = 1-F_.(a). (86)

In terms of the quantiles, this means that if z; is the ¢’-th quantile for —z, i.e.,
-/

if Fy(z;) = 277 then we have
n

-/ Y
F-a;)=1--=""" (87)

- n n

In particular, for i’ = n — ¢, we have n — ¢’ = 4 and hence
7
F (—z _)=—. 88
Eo(-gp-i) = (88)
By definition of the upper quantile T; as the value for which F(T;) = 3, this
n
means that
Ti =1, (89)

For i/ = n — 4, this means that
@; = —Tp—q- (90)

This is true for every quantity, in particular, this is true for y = z1 + d,
hence

Y=Y, i (91)
Here, —y = (—z1) + (—d). Thus, we can use the formula (68) to compute
Yooy = max(g,_,, ;+dj). (92)
Due to (90), we have
Uniy—jr = ~In—((n=i)=j) = ~j—i (93)
and d;, = ~d,,—j. Thus, the formula (92) takes the form
o, = max(—(G + da-y)) (99
The opposite value —z is the largest if and only if z is the smallest, so
Yy = —min(@;; + dp—j)- (95)
From (91), we can now conclude that
Y = m}“(@j—i + dnj)- (96)

This is the formula deduced in [17].
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Summary: formulas for Y, and 7;. Let us summarize the above derivation.
We consider the case when y = x7 + d. In the design analysis problem, we
assume that

e we know the interval quantiles [gi,ai] for z1;

e we know the interval quantiles [d;, d;] for d, and
e we want to compute interval quantiles [y , ;] for y.

For computing Y, and 7,;, we have the following formulas:

y; = max(g,

—j +Clj)3 (97)

Y; = Injin(qj—i + dnj)- (98)

Backcalculation: formulation of the problem. In the previous section,
we described the formulas that can be used to gauge the quality of a given
design. While this analysis is important, a more challenging problem is to to
analyze the existing design, but to come up with a design that satisfies the given
constraints.

In the case when y = x1 4+ d and uncertainty is characterized by p-boxes,
this means that:

e we know the interval quantiles [Qi, g;] for the environmental variable x;

e we are given the interval quantiles [y , ;] for y, and

e we want to find the interval quantiles [d;, d;] for d for which y satisfies the
given constraints.

In other words, we want to make sure that for our choice of the design, the
resulting quantiles for y — which are described by the formula (97) and (98) —
are always within the desired bounds [y, ;]:

y; S max(q, , +d;); (99)

¥; > min(q;_; + dp—j). (100)
j

This problem is known as the problem of backcaculation; see, e.g., [1, 3, 4, 14].
As we can see,

e the inequalities containing Y, only involve the lower bounds d;, and
e the inequalities containing 7, only involve the upper bounds d;.
Thus, we have, in effect, two independent problems:

o finding d; and
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e finding d;.

Of course, these problems are not completely independent, since we need to
make sure that d; < d;. However, for simplicity, we will consider these two
problems separately.

By going from z to —x, as we have mentioned, we can always reduce the
computation of the upper bounds to the computation of the lower bounds. Thus,
once we know how to solve the first problem, we can easily solve the second one
as well. In view of this observation, we will concentrate on the solution of the
first problem.

Before we start describing how to solve the general problem, let us first
describe a simple example.

A simple example. In the general p-box case, to describe the uncertainty of
a variable x, we use n + 1 quantile intervals [z;,7;] for i =0,1,...,n.

P-box uncertainty is a generalization of the case of interval uncertainty, in
which the uncertainty in each variable z is characterized by a single interval
[z, 7). This case corresponds to n = 0. In this case, the inequality for d,, takes
the form Yy S 4y T dy or, equivalently, Yy — 4y < dy — the same form as for
interval uncertamty

We are looking for the simplest possible example which is different from
interval uncertainty. After a single interval, the next simplest example is when
we use two intervals, i.e., when n = 1.

In this case, we need to find two values d, < d; that satisfy the following
inequalities:

y, < max(q, +dy,q, +do)- (102)

Depending on which term in the max expression is the largest, we have two
cases: qo—l—al1 <q, +dy andq +d; >q1+d0
In the first case, the followmg inequalities must be satisfied:

QO < QO + Llo;
4, +dy < g, +dy; (103)
Y, < 4, + Ql()-
The first of these three inequalities from (103) is equivalent to

Yy — 4y < do- (104)

Similarly, the third inequality from (103) is equivalent to
y, — 4, < dy. (105)

Thus, these two inequalities are equivalent to

max(y, — 4,,Y, — 4,) < do- (106)
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The second inequality from (103) is equivalent to
dy —dy < 4, — 4, (107)

Thus, in the first case, the values d;, and d; must satisfy the following two
inequalities:
dy > max(y, — ¢, ¥, — 4,);
0<dy —dy<q, —q, (108)

Graphically, the values that satisfy these inequalities fill the following area:

1+ —

Vo —

Vo dO

def
where vg def max(yo — 4y Y, — gl) and v < Vg + 4, — 4

In the second case, the following inequalities must be satisfied:
Yo < 4y +dos
4, +d; > a4, + dy; (109)
Y, < QO + d1~

By moving the unknowns to one side and all the other terms to the other side,
we conclude that we must satisfy the following inequalities:

do 2 Yy — 4y
dy —dy > 4, — 4> (110)
dy 2 Y17 Y-

(Since ¢ 149 =0, the second inequality automatically implies that d; > d,,.)
Graphically, we have the following representation:
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dy

[

def def def
where wo =y, —q,, w1 = wo+ (¢, — q,), and w2 =y, —y,.

Overall, the set of all possible design values is the union of these two sets.
Let us illustrate this union on a simple numerical example when 4, =Y, =0,
q, =1, and y, =2 1In this case, the first case corresponds to the following
inequalities

do > 1

0<d, —d, <1 (111)
and the second case leads to the following inequalities:
dy > 0;
dy—dy > 1: (112)
d > 2.

Thus, the union of the two corresponding sets has the following form:
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Optimal backcalculation: towards the formulation of the problem in
precise terms. As we can see from the above example, there are many combi-
nations of the values d; that satisfy the desired constraints. Which combination
should we choose?

In the design case, a natural requirement is to select the values d, which will
be the easiest to implement. To describe this idea in precise terms, we must
analyze how easy is it to implement different values of d,.

In general, the value d; is the value for which F(d;) = L ie., we which we
n

must guarantee that

Prob(d < d;) = F(d;) < F(d;) = i

n.

(113)

In particular:

e once we select the value d,;, we must guarantee that the probability
Prob(d < d,)) of the actual value d being below d;, is 0: Prob(d < d;) = 0;

e once we select d;, we must guarantee that the probability Prob(d < d,) of
the actual value d being below d; does not exceed 1/n: Prob(d < d;) <
1/n;

e once we select d,, we must guarantee that the probability Prob(d < d,) of
the actual value d being below d, does not exceed 2/n: Prob(d < d,) <
2/n;

e etc.

When we motivated the need to take into account partial information about
the probabilities, we have mentioned that the most difficult task is to guarantee
that the actual d never gets below a threshold. The corresponding restriction
is related to the value d,: we must guarantee that d > d,. The smaller this
value d,, the weaker this constraint and thus, the easiest to satisfy. Thus, it is
reasonable to select the smallest possible value d,.

Once this value is selected and the corresponding bound is guaranteed, we
must guarantee that the inequalities d > d; be guaranteed with the probabilities
> 1—1i/n. The closer this probability to 1, the more stringent is the correspond-
ing requirement, and thus, the more difficult the corresponding task. So, after
we have selected d), the most difficult of the remaining tasks is to select the
value d,, the value for which the guaranteed probability of violating the restric-
tion d > d; is the smallest (probability = 1/n). Thus, to make the design as
easy to implement as possible, we should make this restriction the least difficult
to implement — i.e., we should select the value d; as small as possible.

Once we have fixed d,, and d;, the most difficult of the remaining tasks is to
to guarantee that d > d, with probability > 1 — (2/n). Thus, we must select
the corresponding threshold d, to be as small as possible.

As a result, we arrive at the following formulation of the backcalculation
problem.

36



Formulation of the optimal backcalculation problem in precise mathe-
matical terms. Out of all the tuples d, < ... < d,, that satisfy the inequalities
(99),

o we first select all the tuples for which the value d; is the smallest possible;

e out of the selected tuples, we select all the tuples for which the value d;
is the smallest possible;

e then, out of the newly selected tuples, we select those for which the value
d, is the smallest possible;

e etc.

In mathematical terms, we can say that a tuple d = (d,...,d,,) is better than

» Cn

atuple d' = (dy, . .., d,,) if one of the following conditions hold:
e cither d, < dj;
e or dy =dj and d; < d};

® Or do :,67 Qll :d/p and dz <d/2§

® or do :,{)a "'7di71 =d§,17 and dz <d/i§

eordy=dy,...,d, ,=d, ;,and d, < d,,.

In computer science, this relation is known as a lexicographic (alphabetic) order,
since this is exactly how words are placed in a dictionary or in a lexicon: a

word w = {yf; ... consisting of the letters ¢y, ¢, ..., is placed before a word
w' = Lyl ... consisting of the letters £, ¢}, ...if one of the following conditions
hold:

e cither the letter ¢y precedes the letter £ (e.g., apple goes before zebra);

e or ¢y = ¢}, and the next letter ¢; precedes the corresponding letter £} (e.g.,
abuse goes before alpha);

eorly =4, ..., i1 = L, and the next letter ¢; precedes the corre-
sponding letter £;;

In these terms, we must select the tuple which is the smallest in the lexicographic
order.
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3 Towards a solution to the optimal backcalcu-
lation problem.

To find the optimal solution, let us start with the value d;. For ¢ = 0, the
condition (99) becomes q, + dy < Yo» i.e., equivalently, d, > Yy — 4y The
smallest real number that satisfies this 1nequahty is the value do = yo 4,
Thus, we should take
dy =y, — 4, (114)
Let us now assume that we have already selected the values dy, ..., d;_;, and
that we are now selecting the value d;. The i-th condition (99) has the form

y. <max(q, . +d;)=max | max (g, +d )4, +4d; (115)
<4 j g j<i—1 =
If
y. < max(q. . +d;), (116)

ZT <1 ]
then the condition (115) is already satisfied. In this case, the only restriction
on d, is that d; > d,_; thus, the smallest possible value of d; is d; = d,_;.

If the inequality (116) is not satisfied, then to satisfy (115), we must satisfy
the inequality y, < 4, +d,;, i.e., equivalently, d, > Y, — 4y Thus, the smallest
possible value here is d; = Y, — 4y So, we arrive at the followmg algorithm:

Algorithm for optimal backcalculation. ([1, 3, 4, 14]) We know:

e the interval quantiles [qi,@] for the environmental variable z;; and

e the interval quantiles [y ,7;] for y.

We want to find the lexicographically optimal interval quantiles [d;, d;] for d for
which y satisfies the given constraints.
In this algorithm, we compute the values d,,d;, ... one by one.

o First, we compute d, = Yo~ 4y
e Once the values d, ..., d;_; are computed, we check whether

y. < max (q,_.+d,;). (117)

g ]
If this inequality is satisfied, we take d;, = d,_,; otherwise, we take d;, =
Y, — 4

Comment. In the derivation of the algorithm, we, in fact, proved that the
result d of applying this algorithm always satisfies the inequalities (99): indeed,
we have selected each value d; in such a way that the i-th inequality (99) is
satisfied.

We have also shown that no tuple satisfying (99) can be (lexicographically)
better than the result d of using this algorithm — and thus, this result d is indeed
optimal.
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Algorithm illustrated on the above simple example. In the above ex-
ample when 4 =Y,=0,q,=1, and Yy, =2, we do the following:

o First, we compute d, = Yo — 9 = 0-0=0.
e Next, we check whether

y, < max(g

nax(g, +d;) =g, +d,. (118)

Here,wehave2:y1gglerO:lJrO:l, sowetakedlzglfgoz
2—-0=2.

One can easily check that the resulting tuple (dy,d;) = (0,2) is indeed lexico-
graphically optimal:

e it has the smallest possible value of dy = 0, and

o out of all the tuples with this value of d, it has the smallest possible value
of d;.

The use of modal intervals: reminder. In [16], it was proposed to use
modal intervals to solve the backcalculation problem. To explain the idea, let
us briefly recall, from Part I, how modal intervals can be used in design in the
case of interval uncertainty.

In the absence of uncertainty, when we know the exact value of the environ-
mental parameter x; and the exact desired value of the quality y, the solution
to the design problem is straightforward: take d = y — x1. In the computer,
subtraction y — x; is often implemented as adding —z; to y, so this formula is
equivalent to d = y + (—x1).

In the case of interval uncertainty, we know:

e an interval [z, T1] of possible values of z; and
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e an interval [y, 7] of the desired values of y.
In this case, in principle, we can:
e compute the interval [—Z;, —x,] of possible values of —z1, and then

e compute the interval of possible values of d =y + (—z1) as

ly+ (=70), 7+ (—z)] = [y = 71,7 — z]. (119)

As we have discussed in Part I, the resulting interval will not solve the original
design problem. We can, however, compute the solution to the design problem
if instead of the original interval [z, %], we plug in the “dual interval” [Ty, z;]
into the above formula.

Towards the use of modal intervals in p-boxes. How can this idea be
extended to p-boxes? For the p-boxes, we can, in principle, also:
e compute the p-box corresponding to —z;, and then

e use the known p-boxes for y and for —z; to compute the p-box corre-
sponding to d = y + (—z1).

Once we know the lower bound Y, of the quantile intervals for y and the lower

bounds a; of the quantile intervals for =7 def —x1, we can compute the corre-
sponding bounds for y + (—x1) as

d;=max(y. . +4q.). (120)
' G o i—g
Here, according to the formula (90), we have 47 = ~Ty—j 50 the formula (120)
takes the form
d; = mjax(gi_j —Tpj)- (121)

Just like in the interval case, the resulting p-box will not solve the original design
problem — it already does not solve this problem even for the interval case n = 0.
The idea of modal interval analysis is that to get a solution, we formally replace
the bounds q,,_; corresponding to x; = —x1 with some “dual” bounds.
How can we define this duality? In the interval case, we started with a
formula
T =—-T (122)

that related the lower bound z~ for x— = —xz with the bound 7 for x, and
defined duality as replacing z with Z (and vice versa). In the p-box case, a
similar formula relating the quantile intervals is the formula (90): z;, = —Zp_y.
Thus, it is natural to define the “dual” as replacing z; with Z,_, and, vice versa,
T; with Xy e

This duality is a natural generalization of the interval duality. Indeed, as we
have mentioned, the value z, is the guaranteed lower bound for the quantity
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z, and similarly, T,, is the guaranteed upper bound. Thus, the only thing we
can conclude with 100% guarantee is that the quantity x belongs to the interval
[zg,Tn]. If we want bounds which are valid with probability > 1 — (i/n), then
we can take a narrower interval [z;, T,,—;]. In all these cases, a natural transition
from the lower bound to an upper bound means going from z, to Z,_,; and vice
versa.

With this notion of duality, we arrive at the following definition.

Modal p-boxes: a formal definition. Once we have a p-box b, described
by the quantile intervals

[&o,fo}, [glvfl]a"'v [inafn}a (123)
we can define its dual as

[fﬂvgn]’ [fn,1,§n71]7...,[£0750]. (124)

Modal p-boxes provide a solution to the design problem: a proof. If
we formally replace, in the formula (120) describing a p-box for y 4+ (—z1), the
original p-box for z; with its dual, we get the following formula for d;:
d; =max(y, .—q.). (125)
PR A
Let us show that, similar to the interval case, this “modal” solution is indeed
a solution to the original design problem. In other words, we need to prove that
for the values d; as described by the formula (125), the desired inequalities (99)
are satisfied, i.e., that for every ¢, we have
y. <max(q._ . +d;). (126)
< j =i—7
To prove this result, we will first show that the above expression (125) can
be further simplified. Indeed, the expression (125) has the form
di=max(y, —q,,Y, ;4 Y— 1) (127)

1

Both the values Y, and g, are increasing with ¢. Thus,

Y2y, =2, (128)
and, similarly,
9, <9, <...<q,. (129)
Therefore,
yi_gozyiq_glz“‘zyo_gn’ (130)

and thus, the maximum in (127) is always attained at the first term. So, the
modal solution has the simplified form

4=y, ~ 4 (131)
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For j = i, we have
max(q. . +d;) > q, +d; (132)
j =g =0

Due to (127), we have

maax(gifj +dj) 2 gy +di =g, + (Y, —9)) = Y, (133)

i.e., the desired inequality (126). The statement is proven.

The solution produced by modal p-boxes is not always optimal: an
example. In the interval case, the modal interval solution was equivalent to
backcalculation. In other words, the modal interval analysis simply provided an
alternative (and sometimes easier-to-describe) way to describe the same solu-
tion.

In the p-box case, the formula for the modal p-box solution is different.
Since the backcalculation solution that we have described earlier is optimal,
this difference means that whenever these solutions differ, the modal solution
is not optimal. Indeed, let us give a simple numerical example when the modal
solution is not optimal.

Takenzl,gozyozo, andglzglzl.

e Let us first use the above algorithm to compute the optimal solution.
Here, dgpt =Y, 9= 0—0=0. Since

jrgia—xl(gi*j +dj) 4 Tdy=1+0=12=1 =Yy (134)

we take di*' = d, = 0.

e In contrast, for the modal solution, we take ngd =Yy~ 4y = 0-0=0
mod

and q;

=y, —4¢,=1-0=1
So, here ggpt = ggwd but g‘l)pt < g;“"d. Thus, the optimal solution is better —
and hence, the modal solution is indeed not optimal.

Extension to control. In the interval case, one of the advantages of using
modal intervals was that it enabled us to take into account the possibility to
consider active (controlled) design, where we can achieve the desired values of
the quality y by applying an appropriate control. Let us show how we can
extend this idea to p-boxes.

We will consider the simple additive case of control, when:

e there is only one control parameter c,
e we know the range [c,¢] and
e the dependence on the desired quality ¥ on this control parameter has the

additive form y = f(x1,...,Tm,d) + c.
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A multiplicative control, when y = f(x1,...,Zm,d) ¢, can be handled similarly.
In this case, if we need to maintain the exact value of the quality y, it is
sufficient to select d in such a way that

flxe,...,xm) €y —le,cl =]y —¢y—d. (135)

Indeed, for each value 3’ from this interval, the difference y — 3’ belongs to the
interval [c, ¢] and thus, can be achieved by a possible control.

If we need to maintain the value y within a given interval [y, 7], then similarly,
it is sufficient to select d in such a way that B

f(xlw-wxm)e[%?]—[975]:@—5’?—9]- (136)

Indeed, for each value y from this interval [y — ¢, 7 — ¢], it is possible to find the
value ¢ € [c,¢] for which y + ¢ € [y, 7]. a

Similarly, if we need to maintain a p-box for y, it is sufficient to select d
in such a way that the value f(z1,...,%m,d) is guaranteed to fit into the p-
box corresponding to y — c¢. In other words, instead of fitting into the original
p-box described by quantile intervals [gi@i], it is sufficient to fit the value

f(z1,...,2m,d) into the p-box described by wider quantile intervals
ly, ¥l — le.;e) =y, —¢.9; — . (137)

In this case, by applying appropriate controls — to fit into the range [gi,yn_i]
with the largest possible ¢ — we will get the desired p-box.
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