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1. Outline

• Support Vector Machines (SVM) is one of the most
widely used technique in machines leaning.

• It is desirable to learn how well this classification fits
the data.

• There exist several measures of fit. item Among them
the most widely used is kernel target alignment.

• These measures, however, assume that the data are
known exactly.

• In reality, the data points are only known with uncer-
tainty.

• We show how to take this uncertainty into account.
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2. Machine learning: reminder

• Machine learning:

• we have several objects from different classes;

• each object x is described by d parameters x1, . . . , xd;

• thus, we have several points

x(i) = (x
(i)
1 , . . . , x

(i)
k , . . . , x

(i)
d ), 1 ≤ i ≤ n

from different classes;

• we must classify a new point x to one of these
classes.

itemLinear classification: find a linear function for which

• c1 ·x(i)
1 + . . .+ cd ·x(i)

d > c0 for all positive examples,
and

• c1 ·x(i)
1 + . . .+cd ·x(i)

d < c0 for all negative examples.

• Limitations: not always possible (e.g., exclusive or).
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3. Support Vector Machines

• There exists a continuous function f(x1, . . . , xd) s.t.:

• f(x
(i)
1 , . . . , x

(i)
d ) > 0 for all positive examples and

• f(x
(i)
1 , . . . , x

(i)
d ) < 0 for all negative examples.

• A continuous function f(x1, . . . , xd) can be, with arbi-
trary accuracy, approximated by a polynomial

f̃(x1, . . . , xd) = c0+c1·x1+. . .+cd·xd+
d∑

k=1

d∑
l=1

ckl·xk·xl+. . .

• Conclusion: we linearly separate points

(x1, . . . , xn, x
2
1, x1 · x2, . . .).

• Comment: instead of polynomials, we could use trigono-
metric polynomials, Gaussians, etc.
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4. Support Vector Machines: general description

• We start with points

x(1), . . . , x(n)

in the d-dimensional space.

• We map each point x into a point

φ(x) = (φ1(x), . . . , φp(x), . . . , φN(x))

in a higher-dimensional space (of dimension N ≥ d).

• We use linear separation to separate the resulting points

φ(x(1)), . . . , φ(x(n))

in the N -dimensional space.



Outline

Machine learning: . . .

Support Vector Machines

Support Vector . . .

Need to estimate . . .

Need to estimate . . .

Class Separability . . .

Class Separability . . .

CSM in terms of the . . .

Need for an alternative . . .

Feature-Space . . .

Feature-Space . . .

Need to take into . . .

Practical results

General case: . . .

Acknowledgments

Title Page

JJ II

J I

Page 6 of 17

Go Back

Full Screen

Close

Quit

5. Need to estimate classification quality

• Main idea: points close to x(i) should be classified to
the same class as x(i).

• Geometric reformulation: all the examples are suffi-
ciently far away from the separating surface.

• Auxiliary notion: kernel matrix kij
def
= 〈φ(x(i)), φ(x(j))〉,

where 〈φ, φ′〉 def
=

N∑
p=1

φp · φ′p.

• Ideal situation: separation as sharp as possible:

– the vectors φ(x(i)) corresponding to the positive ex-
amples to be equal to some unit vector e;

– all the vectors corresponding to the negative exam-
ples to be equal to −e.

• In this case, the kernel matrix is yi ·yj, where yi = 1 for
positive examples and yi = −1 for negative examples.



Outline

Machine learning: . . .

Support Vector Machines

Support Vector . . .

Need to estimate . . .

Need to estimate . . .

Class Separability . . .

Class Separability . . .

CSM in terms of the . . .

Need for an alternative . . .

Feature-Space . . .

Feature-Space . . .

Need to take into . . .

Practical results

General case: . . .

Acknowledgments

Title Page

JJ II

J I

Page 7 of 17

Go Back

Full Screen

Close

Quit

6. Need to estimate classification quality (cont-d)

• Reminder: ideal kernel matrix is yi · yj,

• The closer kij to this ideal matrix, the better.

• Matrices are N ×N vectors, so closeness can be mea-
sured as the cosine between these vectors:

A =

n∑
i=1

n∑
j=1

kij · yi · yj

n ·

√√√√ n∑
i=1

n∑
j=1

k2
ij

.

• This cosine is called kernel target alignment (KTA).
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7. Class Separability Measure (CSM)

• Main idea:

– data points within each class should be close to
each other, while

– data points from different classes should be far away
from each other.

• Reformulation: “within-class” scatter sw should be much
smaller than the “between-classes” scatter sb.

• Each class is naturally characterized by its average.

• For each data point, its contribution:

– to sw can be described as a (squared) distance from
this data point to the average, and

– to sb is a (squared) distance between the average of
this class and the overall average.
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8. Class Separability Measure (CSM): cont-d

• In the SVM approach, each data point x(i) is repre-
sented by the vector φ(x(i)).

• For each class Sc, c = 1, 2, . . . , C, let nc denote the
number of data points classified into this class.

• Let φc denote the average of all φ(x(i)) from Sc.

• Let φ denote the average of all n vectors φ(x(i)).

• Then, we can define the within-class scatter sw as

sw
def
=

C∑
c=1

∑
i∈Sc

‖φ(x(i))− φc‖2.

• Between-classes scatter is

sb
def
=

C∑
c=1

nc · ‖φc − φ‖2.

• A classification is of good quality if sw � sb.
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9. CSM in terms of the kernel matrix

• Case: two classes, with n+ and n− examples.

• First, for every i, we compute

a+
i =

1

n+

∑
j:yj=1

kij; a−i =
1

n−

∑
j:yj=−1

kij.

• Second, we compute

a++ =
1

n+

∑
j:yj=1

a+
i , a+− =

1

n−

∑
j:yj=−1

a+
i ,

a−+ =
1

n+

∑
j:yj=1

a−i , a−− =
1

n+

∑
j:yj=−1

a−i ,

and sb = a++ − a+− − a−+ + a−−.

• Then, we compute

sw =
n∑

i=1

kii − n+ · a++ − n− · a−−.
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10. Need for an alternative quality measure

• In many practical examples, KTA and CSM provides
a reasonable estimate for the quality of fit.

• However, there are examples when KTA and CSM are
counter-intuitive.

• Example: for some coordinate φp(x), we have

• φp(x
(i)) = 1 for all positive examples and

• φp(x
(i)) = −1 for all negative examples.

• Intuitively: we have a perfect classification.

• However, the values φq(x
(i)) for q 6= p may be widely

scattered.

• Result: we can have a huge value of the within-class
scatter sw � sb.
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11. Feature-Space Measure (FSM)

• Main idea: take into account only the scatter in the
direction between the centers φ− and φ+.

• First, we compute:

– the average φ+ of the values φ(x(i)) for all the pos-
itive examples and

– the average φ− of the values φ(x(i)) for all the neg-
ative examples.

• In the ideal case, as we have mentioned, we should have
φ+ = e and φ− = −e for some unit vector e.

• Then, we estimate the vector e as the unit vector in
the direction of the difference φ+ − φ−, i.e., as

e =
φ+ − φ−

‖φ+ − φ−‖
.
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12. Feature-Space Measure (FSM): cont-d

• Next, for each example i, we compute the projection
pi = 〈φ(x(i)), e〉 of the vector φ(i) to the direction e.

• We compute the population means

p+ =
1

n+ ·
∑
i:yi=1

pi; p− =
1

n−
·

∑
i:yi=−1

pi.

• We compute population variances

V + =
1

n+ − 1
·
∑
i:yi=1

(pi−p+)2; V − =
1

n− − 1
·

∑
i:yi=−1

(pi−p−)2.

• Then, we compute the desired value
√

V + +
√

V −

‖φ+ − φ−‖
.
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13. Need to take into account probabilistic and inter-
val uncertainty

• We assumed: that all the values x
(i)
k are known exactly.

• In practice: these values comes from measurements.

• Fact: measurement are never 100% accurate: there is
always a measurement error

∆x
(i)
k

def
= x̃

(i)
k − x

(i)
k 6= 0.

• Question: how these measurement errors affect differ-
ent measures Q of quality of fit?

• Two possibilities:

– engineering approach: ∆x
(i)
k are normally distributed

with 0 mean and known standard deviation σ
(i)
k ;

– realistic approach: we only know upper bounds ∆
(i)
k

on the measurement errors: |∆x
(i)
k | ≤ ∆

(i)
k .



Outline

Machine learning: . . .

Support Vector Machines

Support Vector . . .

Need to estimate . . .

Need to estimate . . .

Class Separability . . .

Class Separability . . .

CSM in terms of the . . .

Need for an alternative . . .

Feature-Space . . .

Feature-Space . . .

Need to take into . . .

Practical results

General case: . . .

Acknowledgments

Title Page

JJ II

J I

Page 15 of 17

Go Back

Full Screen

Close

Quit

14. Practical results

• Practical case: measurements are reasonably accurate.

• Conclusion: we can ignore terms quadratic in ∆x
(i)
k

and get

∆Q =
∑
i,k

cik ·∆x
(i)
k , where cik

def
=

∂Q

∂x
(i)
k

.

• Probabilistic case: ∆Q is normally distributed, with 0
mean and standard deviation

σ2 =
∑
i,k

c2
ik · σ2

ik.

• Interval case: the largest possible value of ∆Q is

∆ =
∑
i,k

|cik| ·∆ik.

• What we did: for the specific quality metrics, provided
easier-to-compute versions of these formulas.
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15. General case: theoretical results

• We consider situations in which measurements are ac-
curate – and terms quadratic in ∆x

(i)
k can be ignored.

• Natural question: what if measurements are not that
accurate – and quadratic terms cannot be ignored?

• Interval case: we want to compute the exact range of
Q when

x
(i)
k ∈ x

(i)
k

def
= [x̃

(i)
k −∆

(i)
k , x̃

(i)
k + ∆

(i)
k ],

i.e., the range:

[Q, Q] = {Q({x(i)
k )}) : x

(i)
k ∈ x

(i)
k , 1 ≤ i ≤ n, 1 ≤ k ≤ d}.

• Theoretical results: computing the exact range of Q is
NP-hard for all three quality metrics.

• Intuitive meaning of NP-hardness: no efficient algo-
rithm always correctly computes [Q, Q].
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