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1.

QOutline

e [nterval computations: are practically important

— for processing data known with interval uncertainty,
and

— for processing fuzzy data.
e In general: interval computations is NP-hard.
e As a result: several methods exist:

— faster less accurate methods, and
— slower, more accurate methods.

e To select the best method, it is desirable to know all
possible methods.

e What we do: describe all possible operations for inter-
val multiplication.

e This description is based on the same ideas as a known
description of t-norms in fuzzy logic.




2. Need for Data Processing

e Situation: some quantities y are difficult to measure.
e Framples: distance to a star, amount of oil in a well.
e Solution:

— measure related easier-to-measure quantities z1, ..., x,
which are related to y by a known algorithm y =

flxy, ... x,);

— use measurement results z1, . .., T, to estimate y as
y=f(T1,...,T,):
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3. Need for Interval Computations

e Measurements are never absolutely accurate:

e Traditional approach: assumes that we know the prob-
abilities of Az; (from comparing with standard mea-
suring instruments).

e Situation: often, we only know upper bounds A; on

e Fxamples: cutting-edge measurements, manufacturing.

e Enter intervals: we only know that
T, € X; déf [iz — Az,il + Az]
e Problem: find the range of possible values of

y=[f(z1,..., )




4. Main Problem of Interval Computations: Reminder
e Given: n intervals x; = [, 71], ..., X, = [z
e Given: an (algorithmic) function f(z1,...,x,).
e Fstimate: the range
Wy, Y] = f(x1,...,%,) =

{f(xl)' .. 73771) HESIES [zlafl]w" y T € [men]}

—. f y = f(x1,...,%,)




From Interval to Fuzzy. ..

5. From Interval to Fuzzy Data Processing

e Given: n fuzzy numbers Xy, ..., X,,.
e Given: an (algorithmic) function f(z1,...,z,).

e Compute: the fuzzy number Y = f(Xq,..., X,)

X1
X
: f Y = f(X17 7Xn)
Xn
e Solution: consider a-cuts Xi(a), ..., X,(a).

o Known result: Y(a) = f(X1(a),..., Xu(a)).

e Conclusion: interval computations are useful in fuzzy
data processing.




6. Formulation of the Problem

Formulation of the. ..

e Known fact: in general, computing the range f(x1,...,X,)
is computationally difficult (NP-hard) even for quadratic f.

e Practical consequence: since we cannot compute the
exact range, we need approrimate computations.

e Trade-off: there exist different techniques

— some faster but less accurate;

— some more accurate but slower.
e Objective: find the best technique for each situation.
e Auxiliary problem: describe all such techniques.

e Our result: we describe all such techniques for the case
of multiplication

f(.%‘l, IIZQ) =T T3.




7.

Interval Multiplication: Known Operations

e Problem: given x; and x», find
def
Y Ox; Xy = {m1-29: 71 €Xy1, 79 € X}

e Ezact formula: for x; = [z1,71] and x9 = [z4, To|, We
take Y = [y, 7] = X, - X3, where
y = min(z; - 1y, Ty - To, 71 - Ty, T1 - Ta),

max(x; - Lo, Ty - T2, T1 - Ty, T1 - T2).

Y

e Rump’s arithmetic: for x; = [1 — A1,Z1 + 4] and
Xo = [fQ — Ay, Ty + AQ], we take Y = [g— Ay + A],
where

~def ~ ~

Yy = T1- 22

and

A F AT A+ AL Ay

e Other interval multiplication operations have also been
proposed and successfully used.

Interval . . .




8. What Is an Interval Multiplication Operation? Nat-
ural Requirements

What Is an Interval . . .

e We need a function x; - X9 that maps intervals x; =
[z1,71] and x3 = |25, 79| into a new interval y = [y,7].

o Commutativity:

— Fact: multiplication is commutative.
— Related requirement on interval multiplication op-
eration: a-b = b -a for all a and b.
e Associativity: a-(b-c) = (a-b)-c for all a, b, and c.
e C-monotonicity: ifa C a’ and b C b’ thena-b C a’-b’.
e Scalar multiplication: the operation should produce

the exact range when «a is a number (a degenerate in-
terval):




9.

A 1-D Analogue of This Problem and T-Norms

o A similar 1-D problem: classify all monotonic associa-
tive operations a * b on real numbers.

e Known solution: classification of t-norms (&-operations).

e Reminder: at-norm is a commutation associative mono-
tonic operation ¢ : [0,1] x [0,1] — [0,1] for which
t(1,1) =1 and ¢(0,0) = ¢(0,1) = 0.

o [irst result: some t-norms have the form
axb=F"Y(F(a)+ F(b))
for some F(x).

e Second result: all t-norms can be represented as limits
of such t-norms.
e Ezample: min(a,b) = lim (a=t + b7t~ 1,
— 00

e Comment: the above formula can be reformulated as
F(axb) = F(a)+ F(b).

A 1-D Analogue of . ..




10. Classification Problem for Interval Multiplication
Operations: First Simplification

e Starting point: we need two functions of 4 variables:
Yy= Q(QDEDQ%EQ) and Y= y(zbflagbf?)’
e [dea: every interval x; = [T; — A;, T; + A;] with z; > 0
can be represented as z; - I(0;), where §; dof A;/z; and
1(6) € 1= 6,1+ 6]
e Consequence: due to commutativity and associativity,
we have x1 - X9 = (1 - Tg) - [1(61) - 1(02)].

e Reminder: the product of an interval I(d) - I(d2) and
a real number 7 - 5 is equal to the actual range.

e Conclusion: it is sufficient to describe the product
[y, 5] = I(01) - I(02) of the intervals I(6;) and I(dz).

e Simplification: we need two functions of 2 variables:
y = y(01,02) and § = (41, 2).

Classification Problem . ..




11. Examples

e (Feneral case: we are interested in
I(61) - 1(0) = [1 — 01,1461 - [1 — b9, 1 + o).

e Case of standard interval multiplication: when 0; < 1,
we have

1(81) - 1(85) = [L— 81,1+ 61] - [L— 0o, 1 + o) =
(1= 61) - (1= 8), (14 6) - (1+ ).
o Case of Rump’s arithmetic:
I(61) - I(5y) = [1 = 61, 1+ 6] - [1 — 62,1 + &3] =

[1—(51+(52+51-52),1+((51+52+51°52)],
ie., [(51) . [(52) = I((S), where § = 61 + 99 + 91 - Oo.




12. Reduction to One Function of Two Variables and
One Function of One Variable

e Reminder: each interval x; is a product of its midpoint
z; and an interval I(¢;) centered at 1.

® E:I:ample: ](51) . 1(52) = m(él, (52) . I(w(51, (52))

e Comment: relative half-width 6; = A;/7; does not
change if multiply an interval by a number.

e Conclusion: the relative half-width 6 of y = x; - x9 =
const - 1(61) - I(09) is equal to & = w(dy, d2).

e Conclusion: relative width of the product of 3 intervals

18 fw(’w(dl, 52), 53)

e Associativity: implies that w is associative, so w(a, b) =
F~1(F(a) + F(b)) (or a limit case), and

1(8,) - 1(82) = m(01,0) - [(FH(F(61) + F(62))).
o Result: we need m(d1,d2) and F(a).

Reduction to One. ..




13. Examples

e Case of standard interval multiplication:
01 + 02
L+01-0y
e Comment: same formula as adding velocities in Special
Relativity (in units in which ¢ = 1).

o In terms of F: w(dy,0:) = F~1(F(61) + F(d2)), where
F(a) is an inverse function to tanh, i.e.,

F(a) = tanh(a) = % ‘In G * Z) |

m(6y,0s) =1+ 01 0s;  w(d1,0s) =

e Case of Rump’s arithmetic:
m(él, (52) =1; w(51, (52) =01 + 09 + 01 - 0o.

e In terms of F: here, 1 + 9 = (1 4 d1) - (1 + &2), hence
In(1+46) = In(1 + 1) + In(1 + &), and so w(dy,ds) =
F~YF(6,) + F(02)) for F(a) =1In(1 + a).

Examples




14. Reduction to Two Functions of One Variable

o Reminder: 1(d1) - I(d2) = m(d1,02) - 1(61 * d2), where
we denoted &1 x 6y = F~L(F(51) + F(52))).
e Associativity implies
m(d1,02) - m(dy1 * da, 03) = m(d1, 0 * d3) - m(Ja, 03).

e Simplification: in terms of a; dof F(9;), the operation

d = %0y 18 a = aj+as, so for (ay, as) = log(M (aq, as),

where M (a1, a2) & m(F~1(5,), F~1(61)), we get

U a1, a2) + £(ar + az, az) = l(a1, az + a3) + £(az, a3).

Reduction to Two. ..

e ((ay,as)is a 2-cocycle, hence it is co-boundary: ¢(ay,as) =
g9(a1) + g(az) — g(a1 + az) for some g(a).

glai+as)
e Conclusion: M(ay,as) = exp(f(ay,as)) = m

9(05(5)1 i 5(25) 7 where ¢(0) et oo (F(3)),
1) - p(02

and m(dy,09) =
¥




15. Resulting General Description of Interval Multi-
plication Operations

e Reminder: 1(d1) - 1(62) = m(d1,09) - I(d1 * d2), and we
have an expression for m(dy,ds) in terms of ¢(6).

e Resulting formulas:
@(51 * (52)

1(01) - I(09) =
(0) - 1(62) ©(01) - ¢(02)
where 01 x 0y = F_l(F((Sl) + F(ég))
e Comment: vice versa, for arbitrary monotonic func- Resulting General.

tions F'(a) and ¢(0), the above formula defines an in-
terval multiplication operation.

. 1(51 * 52),

o
Kl N

o Observation:

— usually, interval computations help in fuzzy com-
puting; IR
— here, vice versa, a known fact from fuzzy theory
helps interval computations.  Gomsek |




16. Application to Stochastic Arithmetic
e Cuase of stochastic arithmetic: the mean x and a stan-
dard deviation o form a confidence interval
[z —k-o0,x+k- 0]
e Problem: given x; and o; of two independent variables

x1 and x9, to find the mean 7y and the standard devia-
tion o of their product.

e Formulas: J = T1-Tz and 0 = /23 - 03 + 23 - 0} + 0% - 03,

e This operation is a particular case of our general de- e v
scription: m(dy,69) = 1, w(d1,82) = /1 + 87 + 03 + 62 - 53.
e Discussion: this expression is equivalent to (1 + §2) =

(1463)-(1463), thus In(1+62%) = In(1463) +1In(1+03). R

o Result: w(d1,0) = F~H(F(61) + F(d3)) for KB N
F(0) = In(1 + 6%).

|
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