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Abstract

In 1987, R. Hecht-Nielsen noticed that a theorem that was proved by Kol-
mogorov in 1957 as a solution to one of Hilbert’s problems, actually shows that
an arbitrary function f can be implemented by a 3-layer neural network with
appropriate activation functions ψ and χ. The more accurately we implement
these functions, the better approximation to f we get.

Kolmogorov’s proof can be transformed into a fast iterative algorithm that
converges to the description of a network. However, this algorithm does not
provide us with a guaranteed approximation accuracy: namely, if we want to
approximate a given function f with a given accuracy ε, this algorithm does not
tell us after what iteration we can guarantee this accuracy.

In 1991, Kurkova proposed a second algorithmic version of Kolmogorov’s
theorem. Namely, she showed how for every continuous function f , and for
every ε > 0, we can construct a neural network that approximates f with a
given accuracy ε, i.e., whose output belongs to an interval

[f(x1, ..., xn)− ε, f(x1, ..., xn) + ε].
In the original Kolmogorov’s theorem, the design (and, in particular, the

number Nhidden of hidden neurons) does not change with ε. In Kurkova’s al-
gorithm, when ε → 0, the number of hidden neurons increases (Nhidden →∞),
and so does the complexity of the approximating network.

The natural question is: can we provide a guaranteed approximation prop-
erty and still keep Nhidden independent on ε? Our asnwer is “yes”. In this paper,
we describe algorithms that generate the functions ψ and χ (from the original
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Kolmogorov’s theorem) with a guaranteed accuracy. Thus, we algorithmically
construct a single design that serves for all ε.

In mathematical terms, we thus prove a constructive-mathematics version of
Kolmogorov’s theorem.

1 A Little Bit of History, and a Formulation of
a Problem

Before Hilbert [3]. Since ancient times, people know how to solve linear
equations a0 + a1x = 0. Starting from Babylonians, we can also solve quadratic
equations a0 + a1x + a2x

2 = 0. In the 16th century, Tartaglia, Cardan, and
Ferrari showed how to solve cubic and quartic equations. Numerous attempts
to find a general solution for algebraic equations

a0 + a1x + ... + anxn = 0 (1)

of 5th and higher order resulted in a famous proof by Galois that there is no way
to express such solutions in terms of basic algebraic operations (+,−,×, :, n

√ ).
In other words, if n ≥ 5, then a function f that maps (a0, ..., an) into a solu-

tion of equation (1), cannot be represented as a superposition of basic algebraic
operations.

1900: Hilbert’s 13th problem. David Hilbert noticed that all basic
algebraic operations are functions of one or two variables. So, he formulated
a natural hypothesis: that not only one cannot express the solution of higher-
order algebraic equations in terms of basic algebraic operations, but no matter
what functions of one or two variables we add to these operations, we still won’t
be able to express the general solution.

Hilbert even included this hypothesis (under No. 13) into the list of 23 major
problems that he formulated in 1900 as a challenge for the 20th century.

1957: Kolmogorov’s solution. This problem remained a challenge until
1957, when (rather unexpectedly) Kolmogorov [9] proved that an arbitrary con-
tinuous function f(x1, ..., xn) on an n-dimensional cube (of arbitrary dimension
n) can be represented as a composition of addition and some functions of one
variable.

Formulation of Kolmogorov’s theorem. We will take it from [13], where
the original Kolmogorov’s theorem was simplified and improved (further im-
provement was later described in [14]).
Definition 1. A function f(x) belongs to a Lipschitz class Lip[α] if there exists
a constant C > 0 such that |f(x)− f(y)| ≤ C|x− y|α.
THEOREM [13]. For every integer N ≥ 2, there exists a monotonic increasing
function ψ : [0, 1] → [0, 1] such that ψ ∈ Lip[ln 2/ ln(2N + 2)], and having the
following property: For each δ > 0, there exists a real number λ > 0 and a
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rational number ε, 0 < ε ≤ δ, such that for 2 ≤ n ≤ N , every real continuous
function f : [0, 1]n → R, has a representation as

f(x1, ..., xn) =
∑

0≤q≤2n

χ[
∑

1≤p≤n

λpψ(xp + εq) + q],

for some continuous function χ.
Kolmogorov’s proof is not completely algorithmic in the following

sense. It proves that an arbitrary function can be represented as the desired
superposition, but it does not provide us with a ready-to-use algorithm for
computing the corresponding functions ψ and χ.

To be more precise: this proof contains explicit formulas for the functions
χ and ψ, but these formulas cannot be immediately implemented step-by-step
on a computer. For example, in order to construct ψ, in [13], two sequences
of intervals Ek(i) and Hk(i) are defined, and then, for every real number x,
the value ψ(x) is defined ([13], p. 350) as an intersection of all the intervals
Hkν (jkν (iν)) for all infinite sequences {kν} and {iν} for which x belongs to the
intersection ⋂

ν

Ekν (iν).

There is no way for a computer to handle infinite sequences. Therefore, in
order to compute ψ and χ, we must somehow transform the definitions from
[13] and [14] (that are not completely algorithmic) into computer algorithms.

1957–1987: interesting math, but of no use. This was a usual attitude
to this theorem.

Hecht-Nielsen, 1987: Kolmogorov’s theorem describes ... neural
networks. In 1987, R. Hecht-Nielsen noticed that this result has an interpre-
tation in terms of neural networks [7].

A neural network is a way to perform computations using networks of in-
terconnected computational units vaguely analogous to neurons simulating how
our brain solves them. A neuron is a device with n real inputs x1,...,xn and an
output y = g(w1x1 + ... + wnxn − w0). Here, g(x) is a function that is called
an activation function, and parameters wi are called weights (w0 is also called
a threshold). If we send the output of some neurons as inputs to others, we get
a neural network.

This network is used as follows: we know several values of input signals and
the desired output. So, we send the input signals to the network, and if the
result is different from the desired output, we change the weights (train the
network). After we are done with the training, we freeze (fix) the weights, and
use a networks to generate an output from given inputs.

The fundamental question is: can we train a network so that it would com-
pute an arbitrary input-output function?

Hecht-Nielsen noticed that the above Theorem describes the following neural
network: its first layer consists of n(2n+1) neurons Npq, 1 ≤ p ≤ n, 0 ≤ q ≤ 2n,
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with an activation function ψ(x) and weights wp = 1, w0 = −εq. The next
layer consists of 2n + 1 neurons N1

q with activation function χ, weights λp, and
thresholds w0 = −q. Its 3rd layer consists of a linear neuron that just adds its
inputs.

Therefore, this theorem actually proves that an arbitrary function can be
represented by a 3–layer neural network.

1989: First algorithmic version of Kolmogorov’s result. We have
already noticed that Kolmogorov’s proof is not completely algorithmic in the
sense that it does not explicitly contain algorithms for computing ψ and χ.
So, in order to apply this result to actual computations, we must provide such
algorithms.

Such algorithms were proposed in [5] and turned out to be surprisingly fast
(see also [12]). Namely, the authors of [5] presented an iterative procedure that
converges to ψ and χ as the number of iterations N increases (i.e., as N →∞).
Computer experiments show that this convergence is so fast that it can even
help in solving practical problems.

The drawbacks of this algorithm (from the viewpoint of interval
computations). The main goal of interval computations is to provide compu-
tations results with guaranteed accuracy.

The algorithm from [5] converges when N →∞. So, if we want to represent
f with a given accuracy ε, then after sufficiently many iterations the resulting
expression will be ε−close to f . But this algorithm does not provide us with a
guaranteed accuracy. In other words, we can run as many iterations as we want,
and still there will be no guarantee that the we have achieved the desired goal.
So, this algorithm cannot be applied to the case when we need a guaranteed
result, with guaranteed accuracy.
Comment. What we view as a drawback depends on what our goal is. From the
viewpoint of interval computations, the main drawback of the first algorithmic
version of Kolmogorov’s theorem is that it does not guarantee any approxima-
tion accuracy. From the practical viewpoint ([6], [10]), another problem surfaces
as a main drawback: the functions ψ and χ from Kolmogorov’s theorem are
highly non-smooth functions (their graphs are fractal [6], [10]) and therefore,
they are difficult to compute and even more difficult to implement in hardware.

This is not the drawback of a particular proof or algorithm, but the inherent
property of the approach itself: if we take smooth ψ and χ, then the input-
output function f will also be smooth. So, if we want to represent non-smooth
functions f as well, we must take non-smooth ψ and/or χ.

Second algorithmic version of Kolmogorov’s result: main idea. In
Kolmogorov’s theorem, for every function f , there is a single design that fits f
perfectly (ε = 0). Of course, in real life, we cannot manufacture the neurons
with exactly the characteristics ψ(x) and χ(x), but we know that the more
precisely we manufacture, the closer is the resulting superposition to f . The
design is the same, no matter how precisely we manufacture: the number of
neurons in the hidden layer is the same, and the weights are the same.
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So, for every function f , we have a single design (independent on the desired
accuracy ε).

If we cannot efficiently generate a design that will serve for all ε, then maybe
we can algorithmically generate separate designs for each ε?

In other words, we want to be able, given f and ε > 0, to generate a neural
network for which the input-output function f̃ is ε−close to f , i.e., for which
for all xi ∈ [0, 1],

f̃(x1, ..., xn) ∈ [f(x1, ..., xn)− ε, f(x1, ..., xn) + ε].
The existence of a neural network that approximates any given function

with a given precision, was proved by Hornik et al [8]. This proof itself is
non-algorithmic: it uses a Stone-Weierstrass theorem.

1989–92: Second algorithmic version of Kolmogorov’s result. In
principle, one can apply a constructive version of the Stone-Weierstrass theorem
[1], [4], [2] and produce an algorithmic version of the result from [8]. The
resulting algorithm will be, however, very complicated and thus impractical.

An efficient approximation algorithm has been proposed by V. Kurkova in
[10], [11]. She has also given estimates for the number of hidden neurons. These
estimates are reasonably low, and overall, her algorithm is very practical.

Remaining problem. In Kolmogorov’s theorem, for every function f ,
there is a single design that fits f perfectly (ε = 0). In real life, as we have
already mentioned, we cannot manufacture the neurons with exactly the char-
acteristics ψ(x) and χ(x), but we know that the more precisely we manufacture,
the closer is the resulting superposition to f . The design is the same, no matter
how precisely we manufacture, and the number of hidden neurons is the same
for all ε.

Using Kurkova’s algorithm, for different ε, we get different designs, and the
number of hidden neurons in an approximating network increases when ε → 0
(this number actually tends to ∞).

Switching to Kurkova’s algorithm, we gain guaranteed approximation prop-
erty, but we lose in elegance: namely, to get better approximation, we can-
not just fine-tune the existing networks; we must add more and more hidden
neurons. Is this necessary? Is it possible to find an algorithmic design with
guaranteed approximation accuracy that will work for all ε?

What we are planning to do. Our answer is “yes”. Crudely speaking, we
will prove that we can algorithmically construct a single design that guarantees
the approximation accuracy for all ε. We thus give a new algorithmic version
of Kolmogorov’s theorem.

It is necessary to give some definitions. In order to formulate our
result, we must give definitions of what “algorithmic” means when we talk about
functions and numbers that can be computed with a guaranteed accuracy. These
definitions are more or less standard in the so-called constructive mathematics
(see, e.g., [1], [2]), but we decided to give them, because these definitions are
somewhat different from what we use in computer languages.
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2 Definitions and the Main Result

In this paper, we assume that the readers already know what an algorithm is:
crudely speaking, it is a computer program that transforms a finite sequence
of symbols (e.g., an integer) into another finite sequence of symbols. We also
assume that a reader is well acquainted with the notion of a subroutine (pro-
cedure). In computation theory, if a program A calls another program B as a
subroutine, it is sometimes said that A uses B as an oracle.
Definition 2. We say that an algorithm U computes a real number x if for every
natural number k, it generates a rational number rk such that |rk − x| ≤ 2−k.
We say that we have a computable real number if we have an algorithm U that
computes it.
Definition 3. We say that an algorithm V computes a function f : R → R if
V includes calls to an (unspecified) algorithm U so that when we take as U an
algorithm that computes a real number x, V will compute a real number f(x).
We say that we have a computable real function f(x) if we have an algorithm
that computes this function. We will also say that f(x) is computable from x.
Comments.

1. This algorithm V takes k as input, and generates a rational number sk

such that |sk − f(x)| ≤ 2−k. In course of computations, it may generate an
auxiliary number l, and ask U for a value rl that is 2−l−close to x.

2. In a similar manner, one can define a constructive function of n real
variables: it just calls n programs Ui, 1 ≤ i ≤ n.
Definition 4. We say that a computable function f is constructively continuous
on a set S if there exists an algorithm, that for every ε > 0, generates δ > 0
such that if |x− y| ≤ δ, then |f(x)− f(y)| ≤ ε.
Comment. In Kolmogorov’s theorem, a function ψ does not depend on f , so
Definition 3 explains what we mean by computing it. As for χ, it depends on
f , so we must explain what we mean by being able to compute it from f .
Definition 5. We say that an algorithm W computes a function g : R → R
from a function f : R → R if W includes calls to (unspecified) algorithms U and
V so that when we take as U an algorithm that computes a real number x, and
as V, an algorithm that computes f , W will compute a real number g(x). We
say that a real function g(x) is computable from f(x) if we have an algorithm
that computes g from f .
CONSTRUCTIVE–MATHEMATICS VERSION OF KOLMOGO–
ROV’S THEOREM. There exists an algorithm U that for every integer
N ≥ 2, generates a monotonic increasing function ψ : [0, 1] → [0, 1] such that
ψ ∈ Lip[ln 2/ ln(2N + 2)], and having the following property: For each δ > 0,
there exists a real number λ > 0 and a rational number ε, 0 < ε ≤ δ (both
computable from δ), such that for 2 ≤ n ≤ N , every real continuous function
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f : [0, 1]n → R, has a representation as

f(x1, ..., xn) =
∑

0≤q≤2n

χ[
∑

1≤p≤n

λpψ(xp + εq) + q],

for some continuous function χ that is computable from f .
Comment. The algorithms that we construct in the proof are very complicated
and not yet ready for practical usage. However, we believe that our result
(proving that such algorithms are possible) is a necessary first step towards
more practical future algorithms.

3 Proof

3.1 An algorithm that computes ψ

We will show how to compute the function defined in [13]. For that, we will
analyze step-by-step how this function is constructed in [13], and show how
to modify each step to make it algorithmic (in more precise terms, to make it
algorithmic with guaranteed accuracy of the result). We will be thus referring
to [13] a lot, so we will try to make our notations as close to the ones from [13]
as possible.

In [13], ψ is defined in terms of two families of intervals: Ek(i) and Hk(i).
So, let us first show how to compute endpoints of these intervals.

1) First, we compute γ = 2n + 1 ([13], p. 351) and λ = n
√

2 ([13], p. 348).
Then, for every integers k ≥ 0 and i, we can compute rational endpoints of an
interval Ek(i) = [e−k (i), e+

k (i)] ([13], p. 347), where e−k (i) = iγ−k, and
e+
k (i) = e−k (i) + ((γ − 2)/(γ − 1))γ−k

For a fixed k > 0, these intervals follow the order of i, i.e., ... < e−k (i) < e+
k (i) <

e−k (i + 1) < e+
k (i + 1) < ... .

2) Now, we must describe an algorithm that computes βk for given k ([13],
p. 348). We take β1 = 1. According to [13], if βk is already chosen, we choose
an integer βk+1 so that βk+1 ≥ nβk + 1 and

γ−βk+1 < γ−βk−1 min
Hk

|
∑

1≤p≤n

hpλ
p|, (2)

where Hk denotes the set of all non zero-vectors (h1, ..., hn), with components
hp from the set Hk = {−γβk , ...− γ,−1, 0, 1, γ, ..., γβk}.

This value can be computed as follows: all the sums in the right-hand sides
are constructive numbers (see, e.g., [1], [2]). The minimum of finitely many
computable numbers is also computable, and hence, the right-hand side X of
(2) is computable. So, there is an algorithm that for every m, generates a
2−m−approximation rm to X. We know ([13], p. 348) that X > 0. Therefore,
X > 2−m for some integer m. Hence, from |X − rm+1| ≤ 2−(m+1), we conclude
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that rm+1 > 2−(m+1). Vice versa, if rl > 2−l for some l, this means that
X ≥ rl − 2−l > 0.

So, to find βk+1, we compute the approximations r1, r2, ..., to X, and com-
pare each approximation rm with 2−m (this comparison is algorithmic because
both rm and 2−m are rational numbers). According to what we have just proved,
there will be an m for which rm > 2−m. As soon as we get this m, stop. Now,
we must find βk+1 for which βk+1 ≥ nβk + 1 and γ−βk+1 < rm − 2−m (since
rm − 2−m ≤ X, this inequality will guarantee that γ−βk+1 < X). Such βk+1

can be obtained, e.g., by taking p = nβk +1, nβk +2, nβk +3, ... and comparing
rational numbers γ−p and rm − 2−m; as soon as we have γ−p < rm − 2−m, we
can stop and take this p as βk+1.

3) Now, we must show how to compute εk ([13], p. 348). According to [13],
formula (4.9),

εk = (γ − 2)
∞∑

l=0

γ−βk+l .

Due to βk+1 ≥ nβk + 1 > βk + 1, we have βk+l > βk + l. Therefore, γ−βk+l ≤
γ−βk

γ−l. So, from the constructive convergence of the geometric progression
γ−l [1], [2], we conclude that this sum also converges constructively, so we can
compute εk.

4) Now, let us find an algorithm that computes jk(i, t) ([13], p. 349) for all
k ≥ 1, i, and t. For k = 1, jk(i, t) = 1. Formula (4.14) from [13] is already
algorithmic, because it reduces computations of jk to jk−1, ... :

jk+1(i, t) =
{

jk(i, t)γβk+1−βk + t if 0 ≤ t ≤ γ − 2
b 1

2 [jk+1(i, γ − 2) + jk+1(i + 1, 0)]c if t = γ − 1

where b c denotes an integer part.
5) Let us now show how to compute H̃k(i) = [h−k (i), h+

k (i)] (see [13], pp. 348–
349, where this interval is denoted by Hk(jk(i))): first, we compute i′ = bi/γc
and t = i − i′γ (in PASCAL notations, i′ = i div γ, and t = i mod γ). Then,
we take h−k (i) = jk(i′, t)γ−βk and h+

k (i) = h−k (i) + εk. For fixed k, the order of
these intervals also follows the order of i.

6) [13] defines ψ(x) in terms of Ek(i) and Hk(i). However, as we have already
notices in the main text, the formulas from [13] are not completely algorithmic.
Let’s design an algorithm.

Motivations. Part 1. According to ([13], (4.16)), if x ∈ Ek(i), then ψ(x) ∈
H̃k(i). Since ψ is monotonic, this means that if x ≥ e−k (i), then ψ(x) ≥ h−k (i),
and if x ≤ e+

k (i), then ψ(x) ≤ h+
k (i).

We cannot directly use this property to compute ψ(x), because even for
computable real numbers a and b, there is no way to check whether a ≤ b or
not, and therefore, no way to check whether a given computable number belongs
to an interval with computable endpoints [1], [2].

However, if a < b, then there exists an algorithm that for every computable
c, generates 0 or 1 so that if 0 then c < b, and if 1 then c > a. To explain
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how it works: compute the rational approximations cl and rl to c and (a + b)/2
with precision 2−l < (b − a)/4. Then, if cl ≤ rl, we generate 0. In this case,
c ≤ cl + 2−l ≤ rl + 2−l ≤ (a + b)/2 + 2 · 2−l < (a + b)/2 + 2(b − a)/4 = b, and
c < b. Likewise, if cl > rl, we generate 1, and conclude that c > a.

Algorithm. Part 1. If a < b and c are given, we compute l such that
2−l < (b− a)/4, and compute 2−l−approximations cl and rl to c and (a + b)/2.
Then, we compare rl and cl. If cl ≤ rl, we generate 0, else 1.

Motivations. Part 2. We want to compute ψ(x) for a given x. So, we take
c = x, a = e−k (i), b = e+

k (i), and apply this algorithm. If we fix x and k, then
for i →∞, x < e−k (i). So, for sufficiently small i, this algorithm cannot return
0. Likewise, for i → −∞, x > e+

k (i), so the algorithm cannot return 1. So, we
arrive at the following algorithm.

Algorithm. Part 2. Assume that x is a computable real number, and K > 0
is an integer. We want to produce rK such that |ψ(x)− rK | ≤ 2−K . Let’s first
take k = 1 and i = 1. We can apply the above algorithm to c = x, a = e−k (i),
b = e+

k (i). If this algorithm generates 0, then x < e+
k (i); in this case, repeat this

procedure for i = 0,−1,−2, ..., until it generates 1. If for i = 1, this algorithm
generates 1, meaning that x > e−k (i), then try i = 2, 3, ..., until we get 0.

As a result, we get two consequent values of i for which answers are 1 and 0,
i.e., for which x > e−k (i) and x < e+

k (i+1). Therefore, h−k (i) ≤ ψ(x) ≤ h+
k (i+1).

Motivations. Part 3. The difference d(k) = h+
k (i + 1) − h−k (i) between two

computable numbers is computable [1], [2]. Therefore, for each k = 1, 2, 3....,
we can compute the 2−(K+2)−approximation sK+2(k) to this difference. When
k → ∞, d(k) → 0 ([13], p. 349). This means, in particular, that for some k,
|d(k)| ≤ 2−(K+1). For this k, |sK+2(k)| ≤ |d(k)|+2−(K+2) ≤ 2−(K+1)+2−(K+2).
Vice versa, if |sK+2(k)| ≤ 2−(K+1) + 2−(K+2), then

|d(k)| ≤ |sK+2(k)|+ 2−(K+2) ≤ (2−(K+1) + 2−(K+2)) + 2−(K+2) = 2−K .
Likewise, one can easily check that if |d(k)| ≤ 2−K , then a 2−(K+1)− ap-

proximation mK+1 to the midpoint m = (h−k (i) + h+
k (i + 1))/2 satisfies the

inequality |ψ(x) − mK+1| ≤ 2−K : indeed, since ψ(x) ∈ [h−k (i), h+
k (i + 1)], we

have |ψ(x)−m| ≤ 2−(K+1) and, therefore,
|ψ(x)−mK+1| ≤ |ψ(x)−m|+ |m−mK+1| ≤ 2−(K+1) + 2−(K+1) = 2−K .

So, we arrive at the following algorithm:
Algorithm. Part 3. After Part 2, compute a 2−(K+2)−approximation

sK+2(k) to the difference d(k) = h+
k (i + 1) − h−k (i), and check whether

|sK+2(k)| ≤ 2−(K+1) + 2−(K+2). If this inequality is not true, repeat Part 2
for k = 2, 3, ..., until finally, we get this inequality. Then, compute a 2−(K+1)−
approximation mK+1 to the midpoint m = (h−k (i) + h+

k (i + 1))/2. This mK+1

is the desired 2−K−approximation to ψ(x).
7) This ψ is not only computable, but also constructively continuous, because

one can easily extract an explicit formula for δ in terms of ε from [13], p. 351.
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3.2 An algorithm that computes χ from f

Like in the previous subsection, we will show step-by-step how the construction
from [13] can be modified so that each step will be algorithmic.

1) First ([13], p. 342), we must find an integer k0 such that (γ−1)−1γ−k0 ≤
δ. This inequality is equivalent to k0 ≥ ln(δ(γ − 1))/ ln(γ). Since ln is a
computable function, we can compute the 1/2−approximation r1 to the right-
hand side of this inequality, and take k0 = dr1e + 1. After that, we compute
ε = (γ − 1)−1γ−k0 .

2) Then, for r = 0, 1, 2, ..., we must compute an integer kr and a continuous
function χr(x) ([13], pp. 344–345). We will also show that χr is constructively
continuous.

2.1) For r = 0, k0 = 1 and χ0(x) = 0. Assume now that we have already
produced kr−1, and generated an algorithm that computes χr−1. Let’s show
how to compute kr and χr.

2.2) We know that ψ is computable and constructively continuous. It is also
known that a superposition of constructively continuous functions is construc-
tively continuous [1], [2]. Therefore, for q = 0, ..., 2n (in this case, m = n in
[13]), the following functions are constructively continuous:

hq(x1, ..., xn) =
∑

1≤p≤n

λpψ(xp + εq) + q

and
fr−1(x1, ..., xn) =

∑

0≤q≤2n

χr−1[hq(x1, ..., xn)].

Both functions f and fr−1 are constructively continuous on the unit cube
[0, 1]n, therefore, their difference dr−1(~x) = f(~x)−fr−1(~x) is also constructively
continuous.

According to [13], to find kr, we must know the least upper bound (=supre-
mum) of the function dr−1 on a special set. Let us start computing that set.

2.3) Computing a special set. First, for every k ≥ k0, and for every i and
q ≤ 2n, we can compute an interval Eq

k(i) = [e−k (i)− εq, e+
k (i)− εq] ([13], (5.1)).

Therefore, for each k, q, and for each set (i1q, ..., inq), we can compute the
coordinates of a cube Sq

k(i1q, ..., ipq) = Eq
k(i1q) × Eq

k(i2q) × ... × Eq
k(inq) ([13],

(5.5)). According to [13], Lemma 1, for each i1, ..., in such that 0 ≤ ij ≤ γk

([13], (5.2)), the intersection

Sk(i1, ..., in) =
2n⋂

q=0

Sq
k(i1q, ..., inq),

where ijq = ij + (1 + ε(γk − 1))q, is non-empty ([13], p. 352). The coordi-
nates of this intersection can be also easily computed: indeed, the intersec-
tion of Cartesian products is actually the Cartesian product of intersections
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∪Eq
k(ijq), and for each j, the intersection of intervals Eq

k(ijq) with computable
endpoints e−k (ijq) − εq, e+

k (ijq) − εq is an interval with computable endpoints
max(e−k (ij1), ..., e−k (ij,2n)εq and min(e+

k (ij1), ..., e−k (ij,2n))− εq.
There exist finitely many combinations (i1, ..., in), where 0 ≤ ij ≤ γk. There-

fore, a union Sk = ∪Sk(i1, ..., in) ([13], (3.1)) of all such sets is a constructive
compact in the sense of [1], [2].

The intersection of Sk with a unit cube is also a constructive compact:
Indeed, Sk is a union of parallelepipeds, i.e., Cartesian products of intervals. The
endpoints of all these intervals are rational; so, for them, we can algorithmically
decide for each a and b, whether a < b or not. Therefore, the intersection with
a unit cube is a constructive operation.

2.4) Computing the supremum. It is known that we can compute a supremum
of any constructively continuous function over any constructive compact [1], [2].
In particular, we can compute the supremum of a constructively continuous
function |dr−1(~x)| over Skr−1 ∩ [0, 1]n. Following [13], (3.3), we will denote this
supremum by µr−1.

2.5) Computing kr. By definition of constructive continuity, we can compute
δ′ > 0 such that if |~x− ~y| ≤ δ′ then |dr−1(~x)− dr−1(~y)| ≤ µr−1/(2n + 1).

Now, according to [13], p. 345, we can choose kr such that γ−kr ≤ δ′, or
kr ≥ | ln(δ′)|/ ln(γ). This value can be computed using the same way as we
computed k0.

Let’s now start computing χr.
2.6) Computing χr(x) for x from a union of intervals. For each q, and each

(i1q, ..., inq), the cube Sq
kr

(i1q, ..., inq) is a constructive compact, and therefore,
we can compute the supremum and infimum of hq over this cube. In other
words, the endpoints of an interval hq(Sq

kr
(i1q, ..., inq)) are computable.

Each set Skr (i1, ..., in) is a non-empty parallelepiped, namely, it is a Carte-
sian product of intervals with computable endpoints. For each of these inter-
vals, a midpoint xj(i1, ..., in) is thus also computable. Therefore, we have a
computable point ~x(i1, ..., in) = (x1(i1, ...), ..., xn(i1, ...)) in this set.

Now, for the values that belong to the intervals hqSq
kr

(i1q, ..., inq), we de-
fine χr(x) as χr(x) = χr−1(x) + dr−1(~x(i1, ..., in)) ([13], (3.5)). This func-
tion is computable and constructively continuous on the union of these (non-
intersecting) intervals, and for all such x, it satisfies the inequality ([13], (3.6)):
|χr(x)− χr−1(x)| ≤ µr−1/(2n + 1).

2.7) Computing χr(x) for all x. Using the constructive version of the Tietze
extension theorem ([4], Theorem 10.1), we can extend it to a computable func-
tion χ′(x) that is defined on the entire interval. For the values x outside the
intervals, this extension can differ radically from χr−1. To avoid large positive
differences, we take χ′′(x) = min(χr−1(x)+µr−1/(2n+1), χ′(x)). This χ′′ is also
a computable and constructively continuous extension of χr−1, and it satisfies
the inequality χ′′(x) ≤ χr−1 + µr−1/(2n + 1). To guarantee that there are no
large negative differences, we take χr(x) = max(χ′′(x), χr−1(x)−µr−1/(2n+1)).
This function χr is a computable and constructively continuous extension of

11



χr−1, and it satisfies the inequality (3.6) from [13] for all x.
2.8) Computing χ(x). According to [13], χ(x) = lim χr(x), where |χr(x) −

χr−1(x)| ≤ ν0(2n + 1)−r ([13], (3.9)), and ν0 is a supremum of |d0(x)| over a
unit cube ([13], (3.3)).

Since d0 is computable and constructively continuous, so is |d0|, so ν0 is a
computable real number.

For s > r, χs(x) − χr(x) = (χs(x) − χs−1(x)) + ... + (χr+1(x) − χr(x)),
therefore, |χs(x) − χr(x)| ≤ |χs(x) − χs−1(x)| + ... + |χr+1(x) − χr(x)|. When
s →∞, the left-hand side tends to |χ− χr|. Using the inequality ([13], 3.9) to
estimate the terms in the right-hand side, we conclude that

|χ(x)− χr(x)| ≤
∞∑

p=r+1

ν0

(2n + 1)p
.

The right-hand sum is a sum of a geometric progression, and is thus easy to
compute. So, |χ(x) − χr(x)| ≤ (ν0/(2n))(2n + 1)−r. This means that the
sequence χr constructively uniformly converges to χ (i.e., for every ε′, we can
compute an N ′ such that for r ≥ N ′, |χr(x) − χ(x)| ≤ ε′). According to [1],
[2], from this we can conclude that the limit χ(x) of this sequence is also a
computable and constructively continuous function. Q.E.D.
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