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Abstract

In science and engineering, there are “paradoxical” cases when we have
some arguments in favor of some statement A (so, the degree to which A is
known to be true is positive (non-zero)), and we also have some arguments
in favor of its negation —A, and we do not have enough information to
tell which of these two statements is correct. Traditional fuzzy logic, in
which “truth values” are described by numbers from the interval [0, 1],
easily describes such “paradoxical” situations: the degree a to which the
statement A is true and the degree 1 — a to which its negation —A is true
can be both positive. In this case, if we use traditional fuzzy &—operations
(min or product), the “truth value” a&(1 — a) of the statement A&—A
is positive, indicating that there is some degree of inconsistency in the
initial beliefs.

When we try to use fuzzy logic to formalize expert reasoning in hu-
manities, we encounter the problem that in humanities, in addition to
the above-described paradoxical situations caused by the incompleteness
of our knowledge, there are also true paradoxes, i.e., statements that
are perceived as true and false at the same time. For such statements,
A&—A =“true”. The corresponding equality a& (1 — a) = 1 is impossible
in traditional fuzzy logic (where a&(1 — a) is always < 0.5), so, in order
to formalize such true paradoxes, we must extend the set of truth values
from the interval [0, 1].

In this paper, we show that such an extension can be achieved if we
allow truth values to be complex numbers.



1 Introduction

1.1 Fuzzy Logic Was Initially Proposed to Describe Hu-
manities As Well

It is well known that commonsense reasoning and reasoning in human sciences
is not always adequately described by a classical (two-valued) logic, in which
each statement A is either true or false. To describe such reasoning, Zadeh has
proposed [50] a new formalism that he called fuzzy set theory; its logical part
was later called fuzzy logic. In fuzzy logic, the “truth value” (also sometimes
called degree of certainty or degree of belief) of every statement A is a number
from the interval [0,1]: 0 corresponds to “false”, 1 to “true”, and values from
the open interval (0,1) correspond to intermediate truth values.

Since we have enlarged the set of possible “truth values”, we must somehow
extend logical operations (&,V, ) (or, equivalently, corresponding operations
with fuzzy sets) from the classical two-valued set set {0, 1} (= {“true”, “false”})
to the entire interval [0,1]. In [50], Zadeh proposed two possible extensions:

e a&b = min(a,b) (called minimum), a V b = max(a,b) (called mazimum),
—(a) =1—a;

o a&b = a-b (called algebraic product), aVb=a+b—a-b (called algebraic
sum), =(a) =1—a.

He also mentioned that other extensions were possible.

1.2 At Present, Contrary to Zadeh’s Expectations, the
Main Application Area of Fuzzy Logic is Fuzzy Con-
trol

In his first papers, Zadeh suggested that his formalism will be actively used
to describe informal notions from human sciences such as philosophy, linguis-
tics, etc.; he also had other, more technical applications in mind, including the
idea of applying fuzzy logic to control. In surprising contrast to Zadeh’s initial
predictions, fuzzy control has become the most successful area of applications
of fuzzy logic (see, e.g., [20]), while numerous attempts to apply fuzzy logic to
human sciences has not yet led to a decisive and convincing breakthrough.

1.3 Maybe Fuzzy Logic in its Present Form is not Suffi-
cient for Humanities?

How can we explain that fuzzy logic is currently more successful in control
applications than in formalizing common sense and humanities?

Fuzzy logic was proposed to describe features of human reasoning that are
not covered by the classical two-valued logic.



The success of fuzzy control shows that fuzzy logic, in its present form,
1s pretty much adequate for describing uncertainty in statements about control
situations and control strategies (like “if an obstacle is close, and you are driving
fast, break fast”).

Similarly, the limited success of fuzzy applications in humanities can indi-
cate that fuzzy logic in its present form is not always adequate for describing
uncertainties in the humanities.

1.4 One Area Where Fuzzy Logic May Fail in Describing
Humanities: True Paradoxes

What exactly is not covered by the current fuzzy logic?

There are many differences between reasoning in humanities and reasoning
in science and engineering; from the logical viewpoint, the main and the most
striking difference is the attitude to paradozes, i.e., statements A for which we
have A&—A.

In science and engineering, if two different arguments lead to opposite conclu-
sions, the resulting “paradox” is viewed as a problem, as a challenge indicating
that something is wrong. At any given moment of time, it is possible to have
such “paradoxical” situations, in which we have both arguments in favor of
some statement A and in favor of its negation —A. In science and engineering,
these situations are caused by our uncertainty, i.e., by the incompleteness of our
knowledge; in these situations, both the degree of certainty a of a statement A
and the degree of certainty 1 — a of the negation —A of the statement A are < 1
(i.e., correspond to incomplete knowledge). Therefore, the degree of certainty
of A&—A is also < 1.

In humanities and in commonsense reasoning, there are areas where true
paradoxes are inevitable, in which we are absolutely 100% sure that both a
statement A and its negation —A are true, i.e., that A&—A is true. Let us give
a few examples:

Paradoxes in Human Attitude: Ambivalent Emotions. When psychol-
ogists describe human emotions, they often encounter the situations of ambiva-
lent emotions in which a person X loves a person Y and at the same time hates
Y (i.e., does not love Y); see, e.g., [10, 39].

We can, of course, dismiss these situations by arguing that a person thinks
and acts illogically. Such a “dismissal” would have been a reasonable idea in con-
trol applications: we definitely do not want a schizophrenic robotic controller,
and our objective in control is not so much to simulate the human control, but
to generate the best possible control, improving over human control if possible
(fuzzy control is indeed often better than the human control that it is based
on; see, e.g., [25]). In humanities (and in particular, in psychology), our goal
is not to describe how a person should behave, but to describe, explain, and



ideally, control the way a person actually behaves. Since ambivalent feelings are
normal, we must have a formalism for describing these paradoxical feelings.

Moreover, the inconsistent feelings are not only present, they turn out to be
an essential part of several useful psychotherapy methods [33, 46, 35, 38]. So,
if the goal of our formalization is not only to describe how people think and
feel, but also to help people, it is very important to be able to describe true
paradoxes.

True Paradoxes in Philosophy and Theology. Many true paradoxes oc-
cur in philosophy [48], theology [19], etc.

In contrast to natural sciences and engineering, these paradoxes are not
viewed as something shameful and temporary; starting, probably, from Hegel,
they are viewed as an inherent feature of our understanding of the Universe,
and as a driving force for the evolution of science. This view is convincingly
argued, e.g.:

e in [47, 48] for knowledge in general;
e in [18], for natural science;

e in [27], for logic (as description of human reasoning);

in [41, 34], for sociology;
e in [22, 8] for political sciences.

Again, one can make fun of this viewpoint and, following positivists, re-
ject such arguments as pure nonsense. However, many researchers agree that
philosophers’ research is of (at least some) help and use. Therefore, it makes
sense to formalize the way they actually think (and not only the way we, from
precise sciences, would like them to think). Hence, in particular, we must be
able to describe true paradoxes.

Similarly to paradoxes in psychology, paradoxes in philosophy are used not
only to describe human reasoning, but to find the ways to influence human
relations (see, e.g., [41, 34]). In order to formalize the corresponding methods
of management and organization, we must be able to formalize true paradoxes.

1.5 What We Are Planning to Do

In this paper, we describe a new algebraic approach for describing true para-
doxes. It turns out that in this approach, adding true paradoxes to fuzzy logic
makes it complex-valued, i.e., leads to a formalism in which truth values are not
only real numbers from the interval [0, 1], but also arbitrary complex numbers.

We also show that the same set of truth values will appear if we add to tradi-
tional fuzzy logic not true paradoxes, but some other types of logical statements
that traditional fuzzy logic logic cannot cover.



1.6 We Were Inspired By:

True Paradoxes Can Be Formalized: Belnap’s 4-Valued Logic. The
idea that true paradoxes can be formalized in a meaningful way can be illus-
trated by the work of Belnap [7], who developed a 4-valued logic for describing
knowledge bases with possible inconsistencies; these 4 values are “true”, “false”,
“unknown”, and “true and false”.

Belnap’s logic was the first applied example of the so-called paraconsistent
logics, i.e., logics in which, in contrast to the traditional Boolean logic, the fact
that some statement is at the same time true and false does not necessarily
imply that everything can be deduced (for the current survey of paraconsistent
logics, see, e.g., [11]).

Belnap’s logic is, by itself, insufficient for our purposes: it does describe true
paradoxes, but it does not have any means to describe different truth values
that are very important in formalizing humanities.

Comment. It should be noted that a useful generalization of Belnap’s logic was
proposed by M. Ginsberg [14] under the name of bilattices.

Interval-Valued Fuzzy Logic Leads to 4-Valued Belnap’s Logic. A
natural generalization of traditional fuzzy logic is lattice-valued logic, in which
truth values form an arbitrary lattice, in which the order may be only partial.
Lattice-valued fuzzy logic were proposed by Goguen in [16, 17] under the name
of L-fuzzy logics.

The most widely used L-fuzzy logic are interval-valued fuzzy logic, which
were originally proposed by J. A. Goguen and which have been actively de-
veloped by I. B. Tiirkgen and L. Kohout. In interval-valued fuzzy logic, truth
values are intervals: namely, subintervals of the interval [0, 1] (see, e.g., interval
sections of NAFIPS 1994 [28], or surveys [30, 32]).

In the interval-valued fuzzy logic, it is natural to ask questions like: when
are given logical formulas P and @ (i.e., formulas built from variables A, B,
..., by using logical connectives, e.g., A&(—A V B)), equivalent? (i.e., when do
values d(P) and d(Q), that estimate to what extent P and ) are true, coincide
for all possible degrees of belief d(A), ..., in A, B, ...7) When does P imply Q?
(i.e., when d(P) > d(Q) for all d(A), ...7).

It turns out that for fuzzy logics in which A&A = A and AV A = A (ie.,
in which fg, = min and f, = max), formulas P and @ are equivalent (i.e.,
d(P) = d(Q) for all possible intervals d(A), ...) iff d(P) = d(Q) for all cases in
which each variable is assigned one of the following four intervals: 0(= [0,0]), 1,
0.5, and [0,1]. In other words, P and @ are equivalent in interval-valued logic
iff they are equivalent in a 4-valued logic (for details and proof, see [30, 29]). A
similar result holds for “P implies @Q”.

This 4-valued logic is isomorphic to the logic proposed by Belnap in [7]:
0 stands for Belnap’s “false”, 1 for “true”, [0,1] for “unknown”, and 0.5 for
Belnap’s “true and false”.



Comment. Since we are, in this paper, especially interested in paradoxes and
negation, it is worth mentioning that a similar interval-valued formalism can be
obtained if we follow the consequences of the following natural negation-related
idea. Namely, in traditional fuzzy logic, the degree d(—A) to which a statement
A is false is uniquely determined by the degree d(A) to which A is true (usually,
as d(—A) =1 —d(A)). In some circumstances, it makes sense to no longer tie
the degree d(—A) to the degree d(A). In such situations, to describe the degrees
to which a statement is true and to which it is false, it is no longer sufficient
to have a single real number, we need two different numbers. Usually, it is
natural to impose a restriction d(A) + d(—A) < 1. This inequality is equivalent
to d(A) < 1 — (—A). Thus, the set of all possible pairs (d(A),d(—A)) which
satisfy this inequality is in 1-1-correspondence with the set of all subintervals
[a™,a™] of the interval [0, 1]:

e to each pair (d(A4),d(—A)), we can put into correspondence an interval
[d(A),1—d(=A)] C[0,1]; and

e to each subinterval [a™,a™], we can put into correspondence a pair

(d(A),d(=A)) with d(A) = a~ and d(—A) =1 —a™.

Intuitively, if the difference between d(A) and 1 — d(—A) is caused by the in-
completeness of our knowledge, then the interval [d(A),1—d(—A)] describes the
interval of possible degrees to which A will be known to be true when we get ad-
ditional knowledge. This interesting formalism was proposed and developed by
K. Atanassov et al. under the name of intuitionistic fuzzy logic (for references,
see, e.g., [1, 2, 3, 4, 5, 6, 32]).

The Use of Complex Numbers: Quantum Mechanics. The idea of using
complex numbers for constructing models of physical situations with seemingly
paradoxical descriptions can be clearly traced to quantum mechanics. The seem-
ingly paradoxical description of quantum mechanics originated from the fact
that in classical (pre-quantum) physics, elementary objects were either parti-
cles or waves, but never both. Therefore, in classical physics, when we observe
that some object behaves like a particle, we can thus be sure that this object
does not exhibit any wave-like behavior. Vice versa, if we observe a wave-like
behavior (e.g., interference or diffraction), we conclude that this object cannot
be a particle.

However, experiments with micro-objects like electrons has shown that, e.g.,
electron behaves like a particle in some experimental conditions and like a wave
in some other experiments. Therefore, if we analyze these experiments from
the viewpoint of classical physics, we conclude that electron is, on one hand, a
particle, and, on the other hand, a wave (i.e., not a particle). In other words, if
we apply formalisms based on classical physics to the analysis of micro-object
experimental data, we get paradoxes. To resolve these paradoxes, the authors
of quantum mechanics proposed to use formalisms which use complex numbers.



Let us briefly describe how and why complex numbers are used in quantum
physics.
Comment. The main objective of our description is to explain how complex
numbers appear in physics. With this objective in mind, we emphasize the
relevant features of quantum mechanics and omit its other features which are,
from the physical viewpoint, crucial and vitally important. Because of this, the
following text is rather cursory and should not be viewed as an introduction to
quantum mechanics. Readers who are interested to learn more about quantum
mechanics, are advised to see, e.g., [12].

Quantum Physics Can, Generally Speaking, Only Make Proba-
bilistic Predictions. One of the main differences between quantum mechan-
ics and traditional mechanics is as follows:

e In traditional mechanics, if we know the state of the system at a certain
moment of time ¢y, we can uniquely predict the state of this system (and
thus, the results of all possible measurements) at any future moment of
time ¢ > tp. In this sense, traditional physics is deterministic.

e In quantum mechanics, even when we know the exact state of the system
at the moment ¢y, we cannot predict its future behavior and the results of
future measurements; we can, at best, predict the probabilities of different
measurement results. In this sense, quantum physics is often called a
non-deterministic theory.

The Main Difference Between Quantum Physics and Statistical
Physics: No Joint Probability Distribution for Quantum Systems.
This probabilistic (statistical) character of quantum mechanics is not its only
difference from classical mechanics. There is a special “branch” of classical
physics dealing with systems under statistical uncertainty: statistical physics.
In statistical physics, unlike Newtonian mechanics, we do not know the exact
coordinates ¥ and velocities ¥ of the particles; instead, we know the probabili-
ties of different values, or, to be more precise, we know the probability density
p(Z, V) of different values. From this probability density, we can compute the
so-called marginal probability densities p,(Z) and p,(7) that correspond to co-
ordinates and velocities, and for each measurement procedure, we can compute
the probabilities of different measurement results.

Since based on the probability density p(&, ¥), we can predict the probabili-
ties of all possible experiments with the system, this probability density can be
viewed as describing the state of the system.

In quantum physics, the situation is somewhat more complicated. As we
have already mentioned, in quantum physics, an elementary particle has differ-
ent properties which would be incompatible in classical physics:



e On one hand, a quantum particle has some features typical for particles of
classical physics. For example, we can measure its coordinates with better
and better accuracy.

e On the other hand, a quantum particle has some other features that are
typical for waves as described in quantum physics: quantum particles
exhibit such typical wave behavior as diffraction, wave superposition, etc.
Based on these observable effects, we can measure (with better and better
accuracy) such wave characteristics as its wavelength, frequency w, phase,
etc.

These two features are incompatible in classical physics, because, e.g., a wave
is, be definition, a process in motion, and it makes no sense to talk about
the current coordinate of a wave (to be more precise, we can talk about the
coordinates of different points on a wave, but not of the wave itself).

This Unusual Statistical Feature of Quantum Physics is an Es-
sential Part of Quantum Applications. This combination of classically
incompatible features is not just a mental paradox, it is the basis of quantum
mechanics effects and quantum mechanics applications: e.g., for electrons:

e Some experiments (and the majority of applications) are based on the fact
that electrons are particles.

e Some other experiments and applications are based on the wave character
of electrons. For example, in classical physics, a particle cannot pene-
trate the potential barrier if the energy of this barrier exceeds the initial
energy of the particle; in quantum physics, however, when we take into
consideration that an electron is also a wave, we can conclude that it is
quite possible (although not highly probable) that a particle “tunnels”
through this barrier and end up on the other side of it. This is not simply
a theoretical conclusion, this “tunnel effect” is the basis of special elec-
tronic devices called tunnel diodes that are extensively used in nowadays
electronics.

How Can We Describe the State of the Quantum System? Heisen-
berg’s Approach. This dual character of quantum objects leads to the diffi-
culty in describing them. Namely:

e When we measure coordinates &, we can talk about the probability density
P (T).
e When we measure some wave characteristics (e.g., frequency w), we can

talk about the probability density p,,(&).

However, unlike statistical physics, we cannot describe the state of the system
by some joint probability distribution p(Z,d), for two reasons:



e Physical reason: since we cannot measure I and w at the same time, there
is no physical sense in talking about the “joint probabilities”.

e Mathematical reason: in some situations, the desired expression for “joint
distribution” not only does not make sense physically, but it is also impos-
sible mathematically: Namely, quantum mechanics predicts the probabil-
ity distributions p, for different observables z, i.e., for the basic physical
variables like coordinates x1, x2, x3, velocities vy, va, v3, and for (physically
meaningful) functions of these basic variables, such as the energy

=2

where V(Z) is a potential energy. In statistical physics, we also have
distributions p, that correspond to different observables z, but in statis-
tical physics, there exists a joint distribution p(Z,,...) from which all
distributions p, can be obtained as marginal distributions. In terms of
probability theory, the fact that we can say that in statistical physics, the
marginal distributions p, are consistent in the sense of Kolmogorov [40].
In quantum physics, we can also compute the “marginal” distributions
pz; however, these distributions are sometimes inconsistent (in the sense
of mathematical statistics [40]), i.e., there is simply no joint distribution
p that has all these distributions (ps, py, P&, - ..) as its marginals.

So, we cannot describe a state of the quantum system by a joint distribution.
How can we describe it? The first natural idea is as follows: since we cannot de-
scribe our system by a single probability distribution, let us keep all probability
distributions that are needed to describe the result of different measurements.
In computer terms, instead of a single probability distribution, we need an ar-
ray of probability distributions. If we can characterize a distribution by a single
parameter, then we have a one-dimensional array, or, in mathematical terms,
a vector. In many physically meaningful situations, it is more natural to char-
acterize a measurement by two different parameters; in this case, we have a
2-dimensional array, or, in mathematical terms, a matriz. Matrices and vectors
were indeed the basis of historically the first formalism for quantum mechanics
proposed by W. Heisenberg.

The Main Drawback of Heisenberg’s Approach. The main drawback
of this formalism was that it drastically increased the amount of data that
we need to represent a state: crudely speaking, instead of a single probability
distribution, we need a while bunch of them.

This problem was resolved by E. Schrédinger who came up with an alter-
native formalism, that is mathematically equivalent to Heisenberg’s matrix me-
chanics, but that, unlike Heisenberg’s mechanics, does not require such a drastic
increase in the amount of description data.



Schrédinger’s Formalism: Enter Complex Numbers. Schrodinger’s
formalism had some reasonable physical motivations which are not directly re-
lated to our problem of interest (representing uncertainty in case of inconsis-
tency), but from our prospective, the main mathematical idea of Schrodinger’s
formalism can be best explained if we recall the mathematical reason why the
joint probability distribution is impossible: we can have marginal probabilities
that correspond to 7, w, and to several other physical quantities that we can
measure, but we cannot have the joint probability distribution that would lead
to all these marginal probabilities.

In (classical) probability theory, there are formulas that transform given
marginal distributions into a joint probability density from which these marginal
distributions can be reconstructed. If we literally apply these formulas to the
marginal distributions computed by formulas of quantum mechanics, we will get
a function from which all marginal (experimental) probability density functions
can be reconstructed. From this function, we can reconstruct the probabilities
of all measurement results, and therefore, this function can be used to describe
the state of the quantum system.

There is only one problem with this function: If for all quantum systems,
the values of this function were non-negative, this function would be a joint
probability distribution that (as we have mentioned above) is not always possi-
ble. Therefore, for some quantum systems, this function takes negative or even
complex values.

Schrodinger’s main idea was to describe the state of a quantum system by
a complez-valued function 1 from which we can reconstruct the probabilities of
different measurements. He called this function a wave function because it is
necessary if we want a consistent description of quantum particles that describe
not only their particle features, but their wave features as well.

As we have already mentioned, this idea worked, and it is still the basis of
quantum formalisms.

How We Are Planning to Use Schrédinger’s Idea. Schrédinger’s ap-
proach can be summarized as follows: To describe quantum uncertainty that
cannot be consistently described by traditional statistical physics, Schrédinger
proposed to use formulas of probability theory and statistics even in the sit-
uations when these formulas are not physically justified. The “probabilities”
computed by these formulas turn out to be often negative or even complex-
valued. As a result, he came up with complez-valued “probabilities” to describe
quantum uncertainty.

How we are planning to use this idea: the limitation in describing physical
uncertainty that Schrodinger had to overcome was that the probability should
be between 0 and 1. In describing expert uncertainty, we face a similar problem:
that the truth values which describe the expert’s uncertainty should belong to
the interval [0,1]. Such truth values cannot describe “true paradoxes”. As a
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solution to this problem, we will formally apply the formulas of fuzzy logic to
describe the truth values in these paradoxical situations. Due to the impossi-
bility result mentioned above, we will not get the values from the interval [0,1];
these values will be negative or sometimes complex. As a result, we will arrive
at the use of complex numbers to describe uncertainty.

Comments.

e The use of megative values to represent truth values or degrees of be-
lief might help in the Dempster-Shafer in the theory of evidence [49].
Dempster-Shafer theory of evidence can be viewed as a natural gener-
alization of the probability approach to uncertainty. Both probability and
Dempster-Shafer approach describe the case when we know the finite set
S of possible alternatives, but we do not know which of them is actually
happening.

In probability approach, for each alternative s € S, we describe the prob-
ability p(s) that s is the actual alternative. Each of these probabilities
must be from the interval [0, 1], and the sum of these probabilities must
be equal to 1.

In Dempster-Shafer approach, we get probabilities assigned to different
opinions; however, in contrast to probability approach, an opinion does
not necessarily mean that we know the ezxact alternative; an opinion may
mean a belief that an alternative belongs to a certain subset B of the
set S of all alternatives. So, from a mathematical viewpoint, assigning
probabilities to opinions means assigning probabilities to sets B (to be
more precise, to subsets B C S). To make a clear distinction between these
probabilities of opinion and probabilities of alternatives, probabilities of
opinions are usually called masses and denoted by m(B). Since they are
probabilities, we have m(B) € [0,1], and > m(B) = 1.

From the mathematical viewpoint, masses are a very convenient way to
describe this uncertainty. However, it is often difficult to extract these
masses from the experts whose opinions we describe. Instead, we can
describe beliefs, where for every set A C S, the belief Bel(A) in A is
the total expert’s degree of belief (= subjective probability) that the real
alternative belongs to A. In terms of masses, belief can be expressed as

Bel(A)= Y m(B).

B:BCA

If we know the beliefs, then we can reconstruct the masses by using the
so-called Mdbius transformation

m(B) = Y (-1 FIBel(4),

A:BCA

11



where |A — B| denotes the number of elements in the set A — B.

So far, we have described Dempster-Shafer formalism for the case when
it is based on real probabilities. In reality, probabilities may not be the
best way to describe how experts really think. In such situations, we can
still determine the beliefs Bel by interviewing experts. A natural question
is: can the resulting belief function (that is not necessarily coming from
probabilities m(B)) still be described by Dempster-Shafer formalism?

In principle, we can always apply Mobius transformation to the belief
function, and get some “masses”. If the resulting masses all belong to the
interval [0, 1], then we are in the realm of Dempster-Shafer theory.

Conditions that guarantee the resulting masses to be in the interval [0, 1]
are known as monotonicity of infinite order. Some researchers consider
is desirable to weaken these conditions, and thus, to enlarge the class of
functions Bel that can be used to describe beliefs. In particular, it was
suggested that a weaker condition on uncertainty measure Bel(A) such
as 2-monotonicity (also known as converity) may be useful. However,
if we take a Mobius transformation of such convex (2-monotone) belief
function, we may get negative values of the mass function. Traditionally,
such mass functions are not considered because they cannot be interpreted
in probabilistic terms.

The use of negative (and complex) values in quantum physics may suggest
a justification of the use of negative values in mass for such belief functions.

The connection between complex numbers and true paradoxes in quantum
mechanics was made explicit in a recent philosophical book [21]. This
book lacks a formalism for describing this relation (to be more precise, the
formalism presented in this book does not seem adequate for our purpose,
which is not formalization of such a well-defined and well-mathematized
discipline as quantum mechanics, but of paradoxes that have not yet been
formalized at all). So, we had to design a new formalism.

In designing our formalism, we were also inspired by the papers [36, 37,
24], in which an algebro-logical interpretation is given to different truth
values (from the interval [0, 1]) used in fuzzy logic description of quantum
systems.

Complex-valued logic of Spencer-Brown. The idea of using “complex
numbers” as truth values was first proposed by G. Spencer-Brown, a student of
Bertrand Russell, in [43]; this idea was later described in detail in his best-selling
book [44] (this book even got a book blurb from Bertrand Russell himself).
Spencer-Brown came up with this idea when he analyzed digital electrical
circuits (i.e., electronic circuits in which each signal can only take two possible
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values). Digital circuits are in many ways similar to more traditional analog
circuits, in which the value of a signal can be any real number.

In analog circuits, complex numbers turn out to be very useful to describe
circuits with dynamic elements. Namely:

e The simplest element of an electric circuit is a resistance, for which the
voltage V(t) at a given moment of time is dependent only on the values
of the current I(¢) at this same moment of time, and this dependency
is described by the well-known Ohm'’s law V(¢) = I(t)R, where R is the
resistance of the given resistor. Therefore, the analysis of simple circuits
that only contain resistors, can be dine by solving a system of algebraic
equations.

e For other components of analog circuits, such as capacitors and inductors,
the voltage V' (t) depends not only on the current I(t) at this same moment
of time, but also on the currents in the previous moments of time. For
example, for the capacitor with capacity C, V(¢t) = (1/C) [ I(s)ds; for
the inductor with inductivity L, V(¢t) = L - dI(t)/dt. As a result, to ana-
lyze the general electric circuits (that contain not only resistors, but also
capacitors and inductors), we need to solve systems of integro-differential
equations. Computationally, this is a drastically more complicated prob-
lem that solving systems of algebraic equations that correspond to resistors
only.

Here is where complex numbers help. It turns out that if we restrict ourselves to
harmonic signals (i.e., signals in which the dependency on time is described by
a sine or cosine function), then we can reduce the system of integro-differential
equations to a (much simpler) system of algebraic equations in complex numbers.
Namely, for each of the above-mentioned components of the electric circuit, we
can describe the dependency of the voltage on the current as V (t) = I(t) - R(t),
where I(t), V(t), and R(t) are complex numbers. Here, e.g., I(t) is a complex
number whose real part is the actual current at the moment ¢, and the imaginary
part describes, crudely speaking, the derivative of the current.
For digital circuits, we can make a similar distinction between:

e the simplest circuits in which the output at time ¢ depends on the inputs
at this same moment of time (i.e., in which time delay is negligible), and

e more complicated circuits in which time delay has to be taken into con-
sideration.

Simple digital circuits are usually described by formulas of Boolean logic, and
Boolean logic also provides a way to design a circuit computing a given Boolean
function. For more complicated circuits, traditional Boolean logic cannot be di-
rectly applied, so we have to write difference equations to describe such circuits.
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Spencer-Brown proposed to enlarge the extend traditional Boolean logic the
same way complex numbers extend real numbers in the description of analog
circuits. Namely, to describe a state of the digital component in a circuit with
a possible delay, he suggested, instead of using a single truth value £ (0 or
1), to use a pair of Boolean values (g9,£1), where g¢ is the truth value at a
given moment of time, and ; describes whether the value has changed since
the previous moment of time. In this description, the second component ¢
describes the rate of change of the signal and is, therefore, a direct analog of the
imaginary part of the complex current that describes analog circuits. He even
called this part imaginary.

As a result, instead of two possible truth values 0 and 1, we get four possible
values:

e two old values: (0,0) that corresponds to classical “false” and (1,0) (that
corresponds to classical “true”), and

e two new values: (0,1) that describes the signal that was 1 and is now 0,
and (1, 1) that describes the signal that was 0 and is now 1.

Since the new truth values can be described by a moment-by-moment description
of the state, we can apply propositional operations like “and” and “or” to these
moment-by-moment descriptions and thus get the extension of these traditional
propositional operators to the new truth values. In particular, we get (0,1) V
(1,1) = (1,0) and (0,1) & (1,1) = (0,0).

This is a very useful formalism, that is similar but, strictly speaking, different
from the formalism that we are proposing in this paper. Indeed:

e In Spencer-Brown’s formalism, there exist two values z; = (0,1) and 2,
(1,1) neither of which is equal to “false” (= (0,0)), but for which z;&zs =
0.

e In our formalism, truth values are described by complex numbers, and for
complex numbers, the only way to have z1&25 = 21 - 20 = 0 is when one
of the truth values z1, 29 is equal to 0.

2 Main Idea

2.1 What is a True Paradox?

A true paradox A is a statement for which A&—A is true. In terms of truth
values, this means that the truth value a of the statement A must satisfy the
equality a&—a = 1.
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2.2 Traditional Fuzzy Logic Cannot Adequately Describe
True Paradoxes

For traditional fuzzy logic, in which a can take values from the interval [0, 1],
this equality is not possible: neither for any of the two sets of operations ini-
tially proposed by Zadeh (and described above), nor for other sets of operations
introduced later. Therefore, we must extend the set of truth values by including
some other values.

The main thing is to extend the set of values; both sets of operations given
above use functions that are defined on arbitrary numbers, not necessarily on
the numbers from the interval [0, 1], so the operations can easily be extended to
new values.

Let us analyze the above two sets of operations one by one.

2.3 Minimum and Maximum Cannot Formalize True
Paradoxes

If we use min as & and 1 — a as -, then a&—a = 1 means min(a,1 —a) = 1.
This means that either a = 1, or 1 —a = 1. In the first case, we have 1 —a = 0,
and min(a,1 — a) = min(1,0) = 0 # 1. In the second case, we have a = 0, so,
min(a,1—a) = min(0,1) = 0 # 1. So, by using these two operations, we cannot
describe a true paradox (for which a&—-a = 1).

2.4 Other Arguments in Favor of Non-Idempotent Oper-
ations With Truth Values

This argument shows that for our problem, it is better to use a non-idempotent
version of fuzzy logic (for which a&b # min(a,b) and a V b # max(a,b)). It is
worth noticing that this is not the only case when non-idempotent operations
are preferable to idempotent ones:

Non-Idempotent Operations in Fuzzy Control. In fuzzy control, non-
idempotent operations are better for several objectives, including smoothness
and stability [25, 26, 42].

Non-Idempotent Operations Describe Human Reasoning. Non-
idempotent operations are also often better in describing human reasoning: see
[31] and references therein. Indeed, if we have two independent statements A
and A’ with equal degrees of certainty d(A) = d(A’) = a, then the degree of
certainty that both statements are true is smaller than the degree of certainty a
that one of them is true: a&a < a; hence, such formalisms adequately describe
human reasoning.
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Linear Logic: A Logic Based on Non-Idempotent Operations

The Main Idea of Linear Logic. Non-idempotent operations (i.e., op-
erations for which A& A # A) are also used in a special logic called linear logic
[15, 45]. The following example explains its idea: let A stands for “I have a
dollar”, B for “I can buy a coke”, C for “I can buy a cookie”, and let coke
and cookie cost $1 each. Then, A — B and A — C. In 2-valued logic, we can
conclude that A — (B&C), but, since our resources are limited, with $1, we
cannot buy both a coke and a cookie. We need two dollars to buy both, which
can be expressed as (A&A) — (B&C). Here, clearly, A&A # A.

Why is Linear Logic Called Linear? In traditional 2-valued logic, since
A& A mean the same thing as A, in a proof, we can use any premise A as many
times as we want. As a result, if we represent the proof graphically, the original
premise A may branch into several possible branches that correspond to uses
of A in different parts of the proof (e.g., in the above example, A is used to
prove B and to prove C' in the proof of B&C'). As a result, we get a tree. In
resource-bounded logic, we cannot use a premise twice, so, we cannot branch,
and the proofs become linear (hence the name of this logic).

Linear Logic Can Describe Truth Values. Linear logic was originally
proposed to describe such bounded resources as the number of available proces-
sors, but degree of certainty can also be viewed as a resource [9]: For example,
in 2-valued logic, from the statement “all birds fly” (Vb F(b)), we can conclude
that F(b1)& ... &F(b,) for any number of birds n. If we only have some degree
of belief in Vb F'(b), then we may be able to believe that F(b;) for a “randomly”
picked bird by, but our degree of belief that, say, 10® birds located in some area
all fly will be much smaller, almost at the level of disbelief.

Two Different “And” Operations in Linear Logic May Clarify the
Switching Between Different “And” Operations in Fuzzy Control.
An interesting feature of linear logic is that it has two different connectives to
describe the commonsense statement “B and C”:

e “both”, meaning that we can have both conclusions, and

e “and”, meaning that we can have B, and we can have C, but not neces-
sarily both.

For “both”, we have A“both” A # A; for “and”, we have A“and” A = A. Crudely
speaking, “and” correspond to min(a,b), while “both” looks more like a-b. This
fine distinction may explain the necessity to switch between several different
&—operations on different stages of fuzzy control [42]: as the control situation
changes, we are not changing the way we think (that would be impossible), we
are just changing the meaning of the word and.
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2.5 Algebraic Product and Algebraic Sum Can Be Used
to Formalize True Paradoxes

In the previous subsections, we explained that the idempotent operations a&b =
min(a,b) and a Vb = max(a,b) are not always the best ones; in particular, these
operations cannot be used to explain true paradoxes.

The situation changes favorably if we consider the algebraic operations a&b =
a-band aVb =a+b—a-b In terms of these operations, the equality
a&—a =1 that describes a true paradox leads to a(1 — a) = 1, or, equivalently,
to a2 — a + 1 = 0. This quadratic equation does not have any solutions in the
interval [0, 1]; moreover, it does not have any solutions in the real line at all.
However, if we consider complex numbers, then this equation has two solutions:

a= 1%\/52 (1)

So, the only way to describe true paradoxes is to ascribe to them complez truth
values.

As a result, we get a complez-valued fuzzy logic, in which truth values of
different statements can be not only real numbers from the interval [0, 1], but
complexr numbers as well.

Comments.

e By enlarging the set of truth values, we got the ability to describe true
paradoxes, but this ability does not come for free: to gain this ability, we
had to drop many important (and often useful) properties of traditional
fuzzy logic, such the totality of order.

e From the mathematical viewpoint, what we are really doing is a logic
where truth is vector-valued (since complex numbers are isomorphic to
the real plane). As we have already mentioned, the idea of vector-valued
logic is not new: e.g., the above-mentioned interval-valued logic is a good
(and practically useful) example of a vector-valued logic (interestingly,
both complex-valued and interval-valued logics use 2D vectors).

e Why complex numbers and not any other generalization of fuzzy logic?
Traditional fuzzy logic is based on using the numbers from the interval
[0,1]. This interval, as part of the set of real numbers, has a rich algebraic
structure which is actively used in applications of fuzzy logic: namely,
we have the order between different values from the interval [0, 1]; we
have natural operations such as product, average, etc. We have already
mentioned that there are many possible generalizations of fuzzy logic,
including the generalization to general lattices in which the order between
truth values may only be partially defined. In all these generalizations,
we still an order but we may not have other useful algebraic operations.
Complex numbers are the set in which we have, practically, all algebraic
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operations defined for real numbers. This is the main reason why we
believe that complex numbers are preferred to using any other general
lattice L.

2.6 With Complex Values That Describe Paradoxical
Statements, The Order Between Truth Values Be-
comes Partial

True Paradoxes Lead to Incomparable Truth Values. In traditional
fuzzy logic, truth values are linearly ordered in the sense that for every two
truth values a = d(A) and b = d(B) of some statements A and B, we have one
of the following three possibilities:

e a > b, meaning that the degree to which A is true is larger than the degree
to which B is true;

e a = b, meaning that the degrees to which A and B are true are identical,

e g < b, meaning that the degree to which A is true is smaller than the
degree to which B is true.

For true paradoxes, we have to add the fourth possibility: that the degrees
to which A and B are true cannot be compared. Indeed, let A describe an
ambivalent feeling (great love and at the same time, great hatred), and let B
describe a strong love with no ambivalent feelings present. Which of these two
feelings corresponds to the greater degree of love? (i.e., for which the degree to
which they represent “love” is the greatest?).

e On one hand, since A represents great love, and B only strong love, A is
a greater degree of love than B.

e On the other hand, since A also represents a great hatred, while B rep-
resents strong love, B can be viewed as representing a greater degree of
love than A.

These two degrees are clearly incomparable. As a result, if we include such
degrees, the order on the set of all degrees (truth values) that corresponds to
the notion of greater degree becomes a partial order.

Incomparable Truth Valued (Degrees) Are Not a New Idea: Such
Degrees Already Exist in Belnap’s Logic and in Interval-Valued Fuzzy
Logic. In Belnap’s 4-valued logic [7], the four possible truth values “true”,
“false”, “unknown”, and “true and false” (“paradoxical”) are only partially
ordered:
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e “true” corresponds to the greater degree of truth than the other three;

e “false” corresponds to the smaller degree of truth than the other three;
and

e “unknown” and “true and false” are incomparable.

Geometrically, if we draw a graph that describes this ordering, we will get a
diamond.

As we have already mentioned, Belnap’s logic can be viewed as a particular
case of the interval-valued fuzzy logic. Hence, from the fact that some truth
values in Belnap’s logic are not comparable, we can conclude that incomparable
truth values also exist in interval-valued logic. Actually, in this logic, truth
values a = [a~,a™] and b = [b~,bT] are only comparable in two cases:

e if a™ < b, then a < b;
e if b <@, then b < a.

In all other case, the truth values represented by intervals a and b are incom-
parable.

Incomparable Truth Values Are in Good Accordance with the Spirit
of Fuzziness. The fact that some truth values are incomparable is in good
accordance with the spirit of fuzzy logic: crudely speaking, if we are formalizing
fuzzy notions, why should the ordering between truth values be crisp?

If We Use Complex Numbers, Incomparability is Natural. The exis-
tence of incomparable truth values is also in good accordance with the proposed
complex-number representation of true paradoxes, because, in contrast to the
interval [0, 1] on which there is a natural linear ordering <, there is no natural
linear ordering on the set of all complex numbers.

3 Pragmatic Aspects of Complex Values in
Fuzzy Logic: What Do We Gain by Using
them?

3.1 A (simplified) case study: a person with ambivalent
(inconsistent) feelings

What follows will be a very simplified example. From the practical

viewpoint, what do we gain by allowing complex values in fuzzy logic? As we

have mentioned before, we gain a formalism that enables us to handle “true
paradoxes”.
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We are still very far from our ultimate goal “to formalize humanities”, this
is a very difficult area, in which we only made one small step. Therefore, in this
section, we cannot yet give any examples of important real-life applications;
instead, we will give a toy example (from abnormal psychology) that illustrates
the type of possible future applications.

This example will describe a behavior of a person with ambivalent (inconsis-
tent) feelings. From the psychological viewpoint, this example is an oversimpli-
fication. It should not be taken as a ready-to-use model of such behavior, but
rather as a feasibility study that shows that our formalism seems to make such
models possible.

The behavior of an ideally rational person. Traditionally, a behavior of a
rationally minded person whose beliefs contain no inconsistencies are described
by rational models. These models predict the decisions of such rational persons
pretty well.

Real-life persons may be inconsistent, but these inconsistencies are
correctable. Of course, real-life people’s ability to logically analyze their own
beliefs is limited, and as a result, people may hold beliefs that they think to be
consistent but which, after a logical analysis, turn out to be inconsistent.

For example, a member of the Ku Klux Klan may believe his preacher that
God has created all ethnic groups equal, and at the same time, believe his
Klan’s mentors that his own ethnic group is somehow genetically superior
to all the others.

However, usually, when a person is confronted with this inconsistency, he tries
to “patch” his system of beliefs so as to make them consistent.

There exist cases of true inconsistencies. There are cases, that are bor-
derline on abnormal psychology, in which a person’s system of beliefs is persis-
tently inconsistent. As an example, we have already given an ambivalent strong
love — strong hate relationship.

When faced with a behavior of such a person, a specialist in decision making
and computer simulations of decision would often simply dismiss such a person
as “irrational”. This term kind of pre-supposes that for such a person, no
behavior predictions are possible. In reality, as psychologists know, the fact
that a person has a single inconsistency, does not automatically mean that he
or she is completely unpredictable; usually, most of such people behave quite
predictably and reasonably in most social situations. They have their own
“logic” that explains their behavior.

Our goal is to describe and formalize this “logic”, and thus, to predict and
ideally, to correct their behavior.
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An example that will be formalized. We will give a simple example related
to ambivalent feelings:

e Usually, a person feels comfortable and even good about his or her own
strong feelings of love or hatred. These feelings are often socially praised
and even enviable (especially if love and hatred are directed to, corre-
spondingly, good and evil).

e However, a person with ambivalent feelings of both strong live and strong
hatred often feels quite unhappy about these strong feelings.

How to explain this fact?

From the viewpoint of a modeler of rational behavior, this is just one more
example of this ambivalent person’s irrationality. However, we will show that
the use of complex-valued fuzzy logic enables to explain this unhappiness quite
naturally, without involving any additional inconsistencies.

3.2 Complex-valued fuzzy logic explains a frequent nega-
tive self-attitude of a person with ambivalent feelings
towards others

Our plan. To achieve the desired explanation, we will do the following:

e First, we will formulate the above statements (that a person is normally
happy about his or her own strong feelings) as fuzzy rules of the type used
in fuzzy control.

e Second, we will show that for complex-valued degrees that represent am-
bivalent feelings, these same rules predict exactly the very (seemingly in-
consistent) behavior that we try to explain.

Thus, we do not need any additional “irrationalities” to describe the person’s
unhappiness with his own feelings: the original inconsistency of these feelings,
as captured by our complex-valued formalism, is quite enough to explain this
unhappiness.

Step 1: Description in terms of fuzzy rules. Let us first describe the
above statement (that a person is normally happy about his or her strong feel-
ings) by fuzzy rules similar to the ones used in fuzzy control. Here, the input is
a love-hate feeling x, and the output is a person’s feeling u about him/herself.
Let us take a positive number u = 1 to indicate good (happy) feelings that a
person has about him /herself (then, negative numbers will describe bad feelings
of unhappiness). In these notations, the above statements can be expressed by
the following three fuzzy rules:
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u =1+« VeryStrongLove(x);
u =1+« VeryStrongHatred(z);

u = 0 otherwise.

Step 2: Formalization of fuzzy rules. How can we formalize these rules?

Let L denote love. Then its negation =L indicates hatred; in fuzzy logic, - L
is usually described as 1 — L. In fuzzy logic, “very a” is usually interpreted a?,
so it seems natural to describe “very strong”, which sounds somewhat stronger
than simply “very”, as a3. Under these assumptions, VeryStrongLove(z) is
interpreted as L3, VeryStrongHatred(z) is interpreted as (1 — L)3, and the
above three rules take the following form:

u=1+« L%
u=1«(1-L)>%

u = 0 otherwise.

Step 3: the resulting behavior. We can now apply the traditional fuzzy
control methodology to determine the resulting value of w. In general, if we
have a system of rules of the type

u=c¢; — Ai(x),

then this methodology prescribes the resulting value

 Sepaln)

Z na; (l‘)
In particular, if rules have an “otherwise” clause with 0 action involved, it makes
sense to assume that all cases are covered, and thus, Y pa,(z) =1, and

a= Zci i, ().

In particular, for our simple system of rules, we get

u=1-L*+1-(1-L)*=L*+ (1 - L)

Normal feelings: there is no reason to be unhappy. As expected, the
resulting function 4 = L? + (1 — L)3 is equal to 1 for L = 1 (strong love) and
for L = 0 (strong hatred), and it is (reasonably) positive for all intermediate
values L € (0,1), achieving its smallest value of 0.25 for L = 0.5. This fact can
be easily checked if we re-formulate the above expression as

a=L+(1-LP®*=L%+(1-3L+3L%>—- 1% =1-3L+3L%

In other words, no matter how strongly you feel this or that way, there seems
to be no reason to be unhappy about it.
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Ambivalent feelings: desired explanation. If the feelings are ambivalent,
i.e., if L&—L =1 and therefore,

143
==

L

then
1—+/3i
2 b

1-L=
and the above formula leads to

7= (1%\/31')3 i (1*7\/@)3 )

i.e., to a negative value that describes deep unhappiness.
Thus, our model does explain this observed unhappiness.

3.3 Complex-valued fuzzy logic also explain how these bad
feeling can be cured

The use of complex numbers also explains the use of rationalization as a method
of cure (rationalization is used, e.g., in psychoanalysis). Indeed, how can we
describe rationalization in fuzzy terms?

Our goal is to change the person’s feelings from ambivalent to normal (or
at least to more normal). How can we, in general, change someone’s degree of
feeling?

To answer this question, let us first consider a normal person’s belief. Let
us assume that a person has some degree of belief di,;; in a certain statement
A, and we want to increase this degree of belief.

o If we are dealing with a very rational person, then this person may actually
know why exactly he has his current degree of belief. Since his current
degree of belief is smaller than 1, this means that he may have some doubts
about the situation. We may then want to discuss these doubts with him
and try to convince him that these doubts are unfounded.

e Often, however, the person himself may have forgotten about the reasons
for his current degree of belief. In this situation, we cannot meaningfully
argue about his beliefs, the only thing we can do is to present extra ar-
guments in favor of the statement A. Let us denote the degree of belief
in A caused by these extra reasons by dextra- As a result, for the person
whom we are trying to influence, A is true if either the original reasons
were true or if the new ones were true. Hence, his new degree of belief in
A is dnew = dinit V dextra-
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Similarly, if a person had some ambivalent feeling Lini; = (1 4 v/3i)/2 that
described his/her love, and we give this person extra reasons for love, then his
resulting live feeling will be equal to

Lnew = Linit Vv Lextra = Linit + Lextra - Linit . Lextra-
When Legtrs tends to 1, the resulting value Lyey tends to
Lyew — Linit +1 — Linit * 1 = Linit +1 — Linig = 1.

Thus, as Lextra — 1, the patient indeed gets closer to normal.

4 Mathematical Aspects of Using Complex Val-
ues in Fuzzy Logic: Natural Questions

From the mathematical viewpoint, the complex-number description of true para-
doxes leads to the following two questions that will be answered in the following
two sections.

Can Other “And” And “Or” Operations Describe True Paradoxes?
In our description, we used algebraic product and algebraic sum to describe
paradoxes. Can we use other &— and V— operations?

Are All Complex Numbers Necessary? We know that in order to describe
true paradoxes, the set D of truth values must include at least one of the two
complex numbers described by the formula (1). The question is: do we need all
complex numbers?

Since we want to use &, V, and — for the new truth values, we must require
that the set D be closed under these operations, i.e., that whenever d and d’
are possible complex truth values, then the values d-d’, d+d —d-d', and 1 —d
are also possible (or, if we use other &— and V—operations a&b and a V b, the
values d&d’ and dVv d'). What can we then say about the set D of truth values?

In the following text, we will prove that D must coincide with the set C' of
all complex numbers. Moreover, we will show that D must coincide with C' not
only if we add a complex number that corresponds to a true paradox (for which
a&—a = 1), but also if we add a complex number that corresponds to any other
type of logical statements not covered by traditional fuzzy logic.
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5 Can Other “and” and “or” Operations De-
scribe True Paradoxes?

5.1 “And” Operations

The General Description of “And” Operations on [0,1]: A Brief Re-
minder. It is known (see, e.g., [23] and references therein) and under certain
reasonable conditions, every &—operation & : [0,1] x [0, 1] — [0, 1] can be repre-
sented as follows: the interval [0, 1] is divided into several subintervals, on each
of which & is isomorphic to either a - b, or to max(a + b — 1,0), or to min(a, b),
and when g and b are from different subintervals, then a&b = min(a, b).

“Isomorphic” means that there exists a strictly increasing mapping (“iso-
morphism”) ¢ that maps our operation & into one of the three standard
operations, i.e., for which, on the corresponding sub-intervals of the interval
0,1], we have Y(a&b) = $(a) - (b), or Y(akb) = max(p(a) + H(b) — 1,0),
or ¥ (a&b) = min(y(a),(b)). If we apply the inverse function ¥~1 to both
sides of these equalities, we get the expressions for the operations them-
selves: a&b = Y= (¢Y(a) - (b)), a&b = = (max(yp(a) + ¥ (b) — 1,0)), or
adeb = 1~ (min(y(a), (b)) (since 9 is an increasing function, the last expres-
sion is simply equal to a&b = min(a, b)).

Not All “And” Operations Can Be Extended to Complex Numbers:
Only Strictly Archimedean Ones. We want to describe operations that
can be extended to complex numbers. Extension to complex numbers is a
well-known operation for real-valued functions, known also as analytical contin-
uation. It is known that complex-valued analytical functions have the following
uniqueness property (see, e.g., [13]): that an analytical complex function can
be uniquely determined if we know its values on an interval (even on a small
interval). Therefore, if a complex-valued analytical operation & is described
by a certain expression on some sub-interval of the interval [0,1], it must be
described by this same expression for all a and b.

This conclusion excludes all &—operations that are described by different
operations on different sub-intervals. So, if an &—operation a&b can be gener-
alized to complex numbers, we have three possibilities:

e & is isomorphic to a - b;
e & is isomorphic to max(a + b — 1,0);
e & is isomorphic to min(a, b).

We have already mentioned that min(a,b) cannot represent true paradoxes, so
we can exclude the third possibility.

The second possibility can also be excluded, because in this case, for
a,b € [0,1/2], this operation coincides with 0, and therefore, due to unique-
ness theorem, its analytical continuation will result in identical 0.
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Hence, we conclude that if an &—operation can be extended to complex num-
bers, it must be isomorphic to a - b, i.e., it must have the form

aled =y~ (¢(a) -9 (b)) (2)

for some one-to-one (strictly increasing) function t(a) for which t(0) = 0 and
(1) = 1. Such operations are called strictly Archimedean [23].

Not All Strictly Archimedean Operations Can be Extended to Com-
plex Numbers. Not all strictly Archimedean &—operations can be extended
to complex numbers. For example:

e Operations (like Hamacher’s operations) whose definition involve division
by 1+ kab for some k > 0 are well defined for a,b € [0,1], but become
undefined (due to the necessity to divide by 0) if we take such complex
numbers for which ab = —1/k.

e Operations that involve taking p—th order root for some p > 0 are well-
defined for real numbers from the interval [0,1], but are ill defined for
complex numbers, because in the filed of complex numbers, p—th order
root is not a uniquely defined operation: for each z # 0, there are p
different values z’ for which (2’)? = z and that can, therefore, qualify as
values of the p—th root.

Summarizing: for the above formula (2) to be applicable to arbitrary complex
numbers, we must require two things:

e First, that it is possible to extend the function v (z) to complex numbers
z, i.e., that 1 (z) is an analytical function defined for all complex values z
(such analytical functions are called entire functions [13]).

e Second, that the inverse function ¢)~! is defined for all complex numbers
z (i.e., in mathematical terms, that the mapping v is one-to-one).

Let us describe operations that satisfy these two properties:

Definition 1. By a complez-valued &—operations, we mean an operation of
the type z&z' = ¢~1((z) - ¥(2')) for some analytical function v(z) that is a
one-to-one mapping from the set of all complex numbers to itself, and for which

¥(0) =0 and (1) = 1.
PROPOSITION 1. z&z' = z- 2’ is the only complex-valued &— operation.

Comment. For reader’s convenience, all proofs are placed in the last section.
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5.2 “Or” Operations

The description of V—operations easily follows from the description of
& —operations if we take into consideration that, as a corollary of natural prop-
erties of &— and V—operations, we can conclude that a Vb is V—operation iff its
dual a&b = 1—(1—a) Vv (1—0) is an &—operation. From this dual &—operation,
we can reconstruct the original V—operation as aVb=1— (1 —a)&(1 —b).

Since we have already shown that the only possible complex-valued
&—operation is a - b, we can thus conclude that the only possible complex-valued
V—operation isaVb=1—(1—a)-(1—b)=a+b—a-b.

5.3 Conclusion

The only possible complex-valued operations are a&b = a-b and aVb = a+b—a-b.

6 Are All Complex Numbers Necessary?

Due to the result described in the previous section, we will only consider the
operations a&cb=a-band aVb=a+b—a-b.

6.1 The Main Result of This Section

Definition 2. By a complex-valued fuzzy logic, we mean a set D of complex
numbers for which [0,1] C D C C and which satisfies the following three prop-
erties:

i) D is closed under &, i.e., if d € D and d' € D, then d-d € D;
i) D is closed under V, ie., ifd € D andd € D, thend+d —d-d € D;
iii) D is closed under —, i.e., if d € D, then 1 —d € D.
Comments.

e From the mathematical viewpoint, the condition ii) follows from the con-
ditions i) and iii): indeed, if d € D and d' € D, then:
o due toiil), 1 —d € Dand 1 —d € D;
e duetoi), (1-d)(1-d) e D;
e finally, applying iii) again, we conclude that 1 — (1 —d)(1 —d’) € D,
and 1 —(1—-d)(1—-d)=d+d —d-d.

e Sets that are closed under multiplication (i.e., satisfy the condition i)) are
called multiplicative semigroups. So, in purely algebraic terms, the prob-
lem of classifying all complex-valued fuzzy logics can be reformulated as
follows: to characterize all multiplicative subsemigroups of the semigroup
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of complex numbers that contain the interval [0,1] and that are closed
under the operation d — 1 —d.

MAIN THEOREM. There are three and only three different complex-valued
fuzzy logics:

e D equal to the interval [0,1];
o D equal to the set R of all real numbers;
o D equal to the set C of all complexr numbers.

Comment. So, if for some reason we need at least one complex number with
non-zero imaginary part, we thus need all complex numbers as possible truth
values.

6.2 The Auxiliary Result

The main result was an answer to the problem that the interval [0,1] is not
sufficient. It is natural to ask a similar question: are all values from the interval
[0, 1] really necessary? A similar technique can help answer this question:

Definition 3. By a [0, 1]-logic, we mean a closed set D of real numbers for
which {0,1} C D C [0, 1] and which satisfies the properties i)iii).

Comment. In purely algebraic terms, the problem of classifying all [0, 1]-logics
can be reformulated as follows: to characterize all closed multiplicative sub-
semigroups of the semigroup [0,1] of real numbers that are closed under the
operation d — 1 — d.

AUXILIARY THEOREM. There are two and only two different [0, 1]-logics:
e D equal to the set {0,1};
e D equal to the interval [0, 1].

Comments.

e So, if we allow at least one value different from 0 and 1, we must use all
values from the interval [0, 1].

e The condition that D is closed is necessary: without it, we would have
other sets different from {0, 1} and [0, 1]: e.g., the set of all rational num-
bers from the interval [0, 1] satisfies all three conditions i)-iii). Similarly,
we can take as D the set of all numbers that belong both to the interval
[0,1] and to some sub-field of the field of all real numbers.
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7 Proofs

7.1 Proof of Proposition 1

In our Definition 1, we have required that the function v¥(z) be analytical and
one-to-one. It is known (see, e.g., [13], Section 8.1.4, Problem 5) that every
one-to-one analytical function (z) is linear, i.e., ¥(z) =a-z + b.

From the condition that ¥(0) = 0 and ¥ (1) = 1, we can conclude that a = 1
and b = 0, i.e., that ¥(z) = 2. Hence, 2&2' = ¢~ 1((2) - (') = 2z - 2/. The
proposition is proven.

7.2 Proof of the Main Theorem

First, it is easy to see that all three sets described in the formulation of the
Main Theorem are closed under &, V, and —. So, the only thing that we need
to prove is that if D is a complex fuzzy logic (i.e., if D satisfies the conditions
i)-iii)), then D coincides either with the interval [0,1], or with the set R of all
real numbers, or with the set C' of all complex numbers.

This proof will consists of three lemmas.

Case When D Contains a Real Number from Outside the Interval
[0,1]. Let us first prove the following lemma:

LEMMA 1. If a complex-valued fuzzy logic D contains at least one real number
from outside the interval [0,1] (i.e., a number « that is either negative, or > 1),
then every real number d € R belongs to D.

Proof. Let us first show that every non-negative real number d > 0 belongs to
D. Let us consider a real number d > 0.

From the fact that D contains a number « ¢ [0, 1], we can conclude that D
contains a real number 8 > 1; indeed:

e If « € D and a < 0, then, due to iii), l —a € D, and 1 — a > 1. So, we
can take S =1 — a.

o If « € D and « > 1, then we can take 8 = a.

From $ € D and the condition i), we can conclude that ™ € D for all n =
1,2,.... For 8 > 1, we have " — oo as n — oo. In particular, there exists
an n for which ™ > d > 0 and hence, 0 < d/8™ < 1. From d/g™ € [0,1] and
[0,1] € D, we conclude that d/5™ € D. Hence, d = 8™ - (d/0") is a product of
two elements of D and therefore, due to property i), d itself belongs to the set
D.

So, under the condition of the lemma, every non-negative real number d
belongs to the set D. To complete the proof of this lemma, we must also prove
that every negative real number d belongs to D. Indeed, if d < 0, then 1 —d > 0
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and therefore, as we have just proven, 1 —d € D. Hence, from iii), we conclude
that d =1 — (1 —d) € D. The lemma is proven.

Case When D Contains a Complex Number o With S(a) # 0. Part
1. The previous lemma showed that if D contains at least one non-standard
real number, then D coincides with the set R of all real numbers. Let us now
consider the case when D contains at least one non-real number «; i.e., a complex
number with a non-zero imaginary part («) # 0.

For this case, we will prove the following Lemma;:

LEMMA 2. If a complex-valued fuzzy logic D contains an element o with
S(a) # 0, then there exists a real number r > 0 such that D contains all

complex numbers z with |z| < r.

Proof. Without loss of generality, we can assume that $(«) < 0: indeed, if
() > 0, then we can take as o a number o = 1 — «, which also belongs to D
(due to iii)) and for which, S(a’) = —S(a) < 0.

Due to i), and to the fact that [0,1] C D, from « € D, we can conclude that
the entire segment S = {t - «|t € [0,1]} belongs to the set D. In a standard
complex plane, this segment is a straight-line segment connecting the points 0
and «a. Since () # 0, this segment’s only intersection with the real axis is
the point 0; in particular, we can conclude that this segment does not contain
the value 1. Since (o) < 0, the entire segment S lies in the lower complex
semiplane (in which $(z) < 0).

Due to ii), for each element s from this segment S, the number 1 — s also
belongs to the set D. Geometrically, going to —s means inversion relative to
0, and going from s to 1 — s means a shift by 1 in the direction of the real
axis. Both operations leave straight lines straight, so, the set 1 — .S of all points
{1 —s|s € S} is a straight-line segment that connects the point 1 on the real
axis with a point 1 — o (with (1 — @) > 0) in the upper semi-plane. Let us
denote the phase of the complex number 1 — a by .

For numbers s # 0, the phase continuously depends on the number; hence,
as the number 1 — s goes from 1 to 1 — «, the phase continuously changes from
0 to ¢; therefore, it takes all intermediate values.

Since the segment S did not contain the value 1, the segment 1 — s does not
contain the point 0; hence, the distance between 0 and this segment is positive.
Let us denote this distance by ~.

Let us now define r as v*, where k = [(27/p)], and let us prove that for
every complex number d for which |d| < r, we have d € D.

To prove it, let us represent a number d in the exponential form: d =
|d| exp(if), where 0 < |d| < rand 0 < 0 < 27. From the definition of k, it follows
that k > (27/y), and, hence, 0 < (27)/k < ¢. Hence, 0/k < (2m)/k < ¢, i.e.,
0/k € [0,¢]. We have already proven that every phase from the interval [0, ¢]
can be represented as a phase of some number from the segment 1 — S; hence,
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there exists a number z € 1 — S C D for which z = |z|exp(i(8/k)). Since the
distance between 0 and 1 — S is 7, we have |z] > 7.

From z € D and the property i), we can conclude that z*¥ € D, i.e.,
|z|¥ exp(if)) € D, where |z|F > 4¥ = r. Since |d| < r, we have |d| < r < |z];
hence, |d|/|z|* € [0, 1]. But all elements from [0, 1] are at the same time elements
of D; therefore, d = |d| exp(if) can be represented as a product of two elements
of the set D: an element z* = |z|¥ exp(if) and an element |d|/|z|¥. Hence, due
to i), d € D. The lemma is proven.

Case When D Contains a Complex Number o With S(a) # 0. Part
2. To conclude the proof of the Main Theorem, we need to prove the following
lemma:

LEMMA 3. If a complex-valued fuzzy logic D contains an element o with
() # 0, then all complex numbers belong to the set D.

Proof. Indeed, from the previous lemma, we can conclude that a negative real
number —r belongs to the set D. From this fact and from the first lemma, we
can now conclude that all real numbers belongs to the set D.

Let us now prove that every complez number d = |d| exp(if) belongs to the
set D. Indeed, every complex number d can be represented as a product of two
numbers d = dj - da, where d; = rexp(if) belongs to D due to the previous
lemma, and d2 = |d|/r is a real number, and hence, as we have just proven,
also belongs to the set D. So, due to i), the product d also belongs to D. The
lemma is proven.

Proof of the Theorem Itself. The three lemmas proven above enables us
to prove the Main Theorem: indeed, if D D [0, 1] contains only real numbers,
then either D coincides with the interval [0, 1], or the set D contains at least one
element from outside this interval, in which case, according to the first lemma,
D coincides with the set of all real numbers.

If D contains at least one non-real number, then, due to the third lemma,
D coincides with the set of all complex numbers. The theorem is proven.

7.3 Proof of the Auxiliary Theorem

We need to show that if & € D for some a € (0,1), then every element d €
(0,1) belongs to D. Since the set D is assumed to be closed, it is sufficient to
construct a sequence of elements d,, € D that converges to d; this will prove
that d = limd,, € D. Let us fix an arbitrary d € (0,1) and find such a sequence.

From o € D and from condition i), we can conclude that a™ € D for all
n =1,2,3,.... Due to iii), we can conclude that 1 — o™ € D. When n — o0,
then o™ — 0 and therefore, 1 — o™ — 1. In particular, starting from some N,
we have 1 — o™ > d. In the remaining part of the proof, we will only consider
n > N, so, we will assume that 1 — a™ > d.
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Applying i) once again, we can conclude that for every p, we have
(1-a™?eD.

For every n, the sequence of elements (1—a™)P for p = 1,2, ..., is monotonically
decreasing, and tends to 0 as p — oco. This means that for sufficiently large p, we
have (1 —a™)? < d. Since for p = 1, we have 1 — @™ > d, and since the sequence
is monotonically decreasing, we can conclude that there exists the value p for
which (1 — a™)P goes from above d to below d, i.e., for which

(1—amP* <d < (1-a™P. (3)

Let us take (1 —«™)? for this p as d,,. This element clearly belongs to D. Then,
dividing all sides of the inequality (3) by its right-hand side (that is equal to
dy), we conclude that

d

l-a"<— <L (4)

dn
When n — oo, we have ™ — 0, 1 — a™ — 1, and therefore, d/d,, — 1, i.e., d is
a limit of some sequence d,, of elements of D. Since we assumed that the set D
is closed, we can conclude that d € D. The theorem is proven.
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