Range Estimation is NP-Hard for ”^2 Accuracy and Feasible for ”^2�^ffi

Vladik Kreinovich Department of Computer Science University of Texas at El Paso 500 W. University El Paso, TX 79968, USA email vladik@cs.utep.edu

Abstract

The basic problem of interval computations is: given a function f(x1, . . . , xn) and n intervals [xi, xi], find the (interval) range y of the given function on the given intervals. It is known that even for quadratic polynomials f(x1, . . . , xn), this problem is NP-hard. In this paper, following the advice of A. Neumaier, we analyze the complexity of asymptotic range estimation, when the bound ε on the width of the input intervals tends to 0. We show that for small c > 0, if we want to compute the range with an accuracy c � ε^2, then the problem is still NP-hard; on the other hand, for every δ > 0, there exists a feasible algorithm which asymptotically, estimates the range with an accuracy c � ε^2�δ.

1 Formulation of the Problem

The basic problem of interval computations is: given a function f(x_1, . . . , x_n) and n intervals [x_i, x_i], find the (interval) range y of the given function on the given intervals.

Some algorithms for solving this problem require computation time which grows exponentially with the number of variables n and which are, therefore, not feasible for large n. This exponential growth is easy to illustrate. The endpoints of the range interval are the global minimum and the global maximum of a given function f(x_1, . . . , x_n) on a given box [x_1, x_1]×. . .×[x_n, x_n]. For a function of a single variable (n = 1), the global maximum is attained either at the endpoints, or at a point where its derivative is equal to 0. After computing the value of f(x_1) for both endpoints x_1 and x_1 and for all stationary points of the function f(x_1), we can compute the upper endpoint y of the range y as the maximum of these values, and the lower endpoint y as the minimum of these same values.

For a function of several variables (n > 1), for each of the variables x_i, the maximum is attained either at the left endpoint x_i of the corresponding interval, or at its right endpoint x_i, or at a point where the partial derivative ∂f∂x_i of the function f with respect to x_i is equal to 0. For each of n variables, we have 3 possibilities, so totally, for all n variables, we have 3^n possible combinations.

Since existing algorithms often require exponential time, it is natural to ask whether there exist feasible algorithms for solving this problem, i.e., algorithms whose running time is limited by a polynomial of the length of the input. In 1981, A. A. Gaganov has proven [2, 3] that for even for polynomial functions f(x_1, . . . , x_n), this problem is NP-hard. If we follow the belief of most computer scientists that P≠NP, this result implies that no feasible algorithm is possible which would solve all particular cases of the basic problem (for exact definitions of NP-hardness, see, e.g., [4, 9]; in interval computations context, the corresponding definitions are given in [7]). In 1991, S. A. Vavasis has shown [10], in effect, that this problem is NP-hard even for quadratic polynomials with rational coefficients (all these results are reproduced in [7]). In precise terms, the following result is true:

Definition 1. Let α > 0, and let P be a class of polynomials with rational coefficients. By the α−approximate basic problem of interval computations for P, we mean the following problem:

GIVEN:

• n rational intervals x_i, and • a polynomial f(x_1, . . . , x_n) ∈ P;

COMPUTE: rational numbers ỹ and ỹ that are α-close to the range’s endpoints, i.e., for which |~y − y| ≤ α and |~y − y| ≤ α, where:

y = [y, y] = f(x_1, . . . , x_n) =

{y | y = f(x_1, . . . , x_n) for some x_1 ∈ x_1, . . . , x_n ∈ x_n}

Denotation. Let P_{all} denote the class of all polynomials with rational coefficients, and let P_2 ⊆ P_{all} denote the class of all quadratic polynomials

f(x_1, . . . , x_n) = a_0 + n∑ i=1 a_i · x_i + n∑ i=1 n∑ j=1 a_{i,j} · x_i · x_j with rational coefficients.

Theorem. (Gaganov 1981) For P_{all}, for every α > 0, the α−approximate basic problem of interval computations is NP-hard.

Theorem. (Vavasis 1991) For P_2, for every α > 0, the α−approximate basic problem of interval computations is NP-hard.

It is also known that these problems remain NP-hard if we restrict ourselves only to intervals of sufficiently small width [6, 7]. These results mean, crudely speaking, that we cannot get feasible algorithms for computing the interval range of a given polynomial (even quadratic polynomial) with a given accuracy. On the other hand, there exist many efficient algorithms which compute the range of a given computable function with reasonable accuracy (see, e.g., [1, 5, 8]).

So, while it is impossible (unless P=NP) to have a feasible algorithm that always computes the range with an arbitrarily given accuracy, some accuracy can be feasibly achieved. It is therefore desirable to find out for which asymptotic accuracies, the problem is NP-hard and for which it is feasible. This question was formulated by A. Neumaier in an email discussion. In this paper, we analyze the computational complexity of asymptotic range estimation, when the bound ε on the width of the input intervals tends to 0, and give the answer to Neumaier’s question.

2 Definitions and the Main Result

Definition 2. Let (f, x_1, . . . , x_n) be a particular case of the basic problem of interval computations; then:

• n is called the number of variables;

• the degree of a polynomial f is denoted by d and called a degree of the problem, and

• the largest width max_i |x_i − x_i| of the input intervals is denoted by ε and called the width of the case.

For a linear function f(x_1, . . . , x_n), i.e., for a polynomial f(x_1, . . . , x_n) = ∑ M_k(x_1, . . . , x_n) for which all monomials M_k(x_1, . . . , x_n) are either of 0-th degree (i.e., constants) or of the 1-st degree (i.e., constants multiplied by variables x_i), the basic problem of interval computations is easy to solve. The difficulty starts when a polynomial f(x_1, . . . , x_n) has non-linear terms, i.e., when the second derivatives ∂f∂x_i∂x_j are not all equal to 0. For each monomial of degree d, the second derivative is a polynomial of degree d−2. It is therefore reasonable to estimate the degree of non-linearity of a monomial as a product of the absolute value of the coefficient and the (d − 2)-th power of the largest input bound. As a result, we arrive at the following definition:

Definition 3. Let (f, [x_1, x_1], . . . , [x_n, x_n]) be a particular case of the basic problem of interval computations; then:

• by a largest input bound B, we mean the value B^{def}= max(|x_1|, |x_1|, . . . , |x_n|, |x_n|);

• by a non-linearity degree D of a monomial c_{i1...i}n · x^{i1}_1 · . . . · x^in_n of degree d = i_1 + . . . + i_n > 1, we mean a product D^{def}= |c_{i1...i}n| · B^d�^2;

• by a non-linearity degree D of a polynomial f = ∑ M_k, we mean the largest of non-linearity degrees D_k of its monomials M_k: D^{def}= max(D_k).

Definition 4. Let P be a class of polynomials, and let F (n, d, D, ε) be a given function.

• We say that an algorithm U solves the basic problem of interval computations with accuracy F (n, d, D, ε) if, for every case of this problem with f ∈ P, the algorithm U computes the estimates for the range endpoints with accuracy F (n, d, D, ε).

• We say that an algorithm U solves the basic problem of interval computations with an asymptotic accuracy F (n, d, D, ε) if:

• for every n, d, and D, there exists an ε_0 such that for every case of this problem with f ∈ P with width ε ≤ ε_0, the algorithm U computes the estimates for the range endpoints with accuracy F (n, d, D, ε), and • for any fixed D and d, we can, given n, compute this ε_0 in time which is bounded by a polynomial of n.

Our first result is that, in principle, it is possible to estimate the range with quadratic accuracy:

Proposition 1. For P_{all}, there exists a function C(n, d, D) and a feasible algorithm U which solves the basic problem of interval computations with accuracy C(n, d, D) · ε^2. Corollary. For P_2, there exists a function C(n, D) and a feasible algorithm U which solves the basic problem of interval computations for second order polynomials with accuracy C(n, D) · ε^2.

(For reader’s convenience, all the proofs are given in the last section.) In the above estimate, the coefficient C at ε^2 is fixed. It turns out that if we want to be able to arbitrarily decrease the value of this coefficient, then the problem becomes NP-hard even for quadratic polynomials:

Theorem 1. Let D > 0 be a rational number. Then, there exists a number c(D) > 0 such that for every c ≤ c(D), the problem of asymptotically solving the basic problem of interval computations for all quadratic polynomials and all cases of non-linearity degree ≤ D with accuracy c · ε^2 is NP-hard.

If, instead of ∼ ε^2, we allow estimates with an asymptotic ∼ ε^2�^δ for some δ > 0, then the problem becomes feasible for arbitrary polynomials (not necessarily quadratic):

Theorem 2. For every δ > 0, D > 0, d, and c > 0, there exists a feasible algorithm which asymptotically solves the basic problem of interval computations for all polynomials of degree ≤ d and non-linearity degree ≤ D with accuracy c · ε^2�^δ.

3 Proofs

Proof of Proposition 1. We can get the desired estimate as follows: we take a midpoint x^{(0)}_i of each of the input intervals x_i = [x_i, x_i], and represent each input variable as x_i = x^{(0)}_i + Δx_i, where Δx_i is a new variable which takes values from the symmetric interval [−Δ_i, Δ_i], with Δ_i = (1/2) · (x_i − x_i).

For an analytical function F (θ) of one variable, the Taylor expansion formula with Lagrange’s remainder takes the form

F (θ) = F (0) + F 0(0) · θ + 1 2 · F 00_{(φ) · θ}2

for some φ ∈ [0, θ]. A similar formula can be written for a function f(x_1, . . . , x_n) of several variables, if we apply the above expression to the function

F (θ) = f(x^{(0)}_1 + θ · Δx_1, . . . , x^{(0)}_n + θ · Δx_n)

and the value θ = 1. For this choice of F and θ, we have F (0) = f(x^{(0)}_1 , . . . , x^{(0)}_n ); we will denote this value by y^{(0)}. Here,

F 0_{(θ) =}^{n∑} i=1 ∂f ∂x_i (x^{(0)}_1 + θ · Δx_1, . . . , x^{(0)}_n + θ · Δx_n) · Δx_i.

Hence, F 0(0) = n∑ i=1 y^{(0)}_i · Δx_i, where we denoted y^{(0)}_i = ∂f∂x_i (x^{(0)}_1 , . . . , x^{(0)}n ) and

F 00_{(φ) =}^{n∑} i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (x^{(0)}_1 + φ · Δx_1, . . . , x^{(0)}_n + φ · Δx_n) · Δx_i · Δx_j .

Thus, the Taylor expansion formula for F (θ) leads to the following expression:

f(x_1, . . . , x_n) = y^{(0)} + n∑ i=1 y^{(0)}_i · Δx_i + 1 2 · n∑ i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (ξ_1, . . . , ξ_n) · Δx_i · Δx_j ,

where ξ_i = x^{(0)}_i + θ · Δx_i ∈ [x^{(0)}_i − Δx_i, x^{(0)}_i + Δx_i] = x_i. For the linear terms, we know the exact range when Δx_i ∈ [−Δ_i, Δ_i]: it is the interval [ y^{(0)} − n∑ i=1 | |y(0)_i | | · Δ_i, y_{(0)} +^n∑ i=1 | |y(0)_i | | · Δ_i ] .

Quadratic terms can be estimated as follows. The polynomial f is a sum of monomials f = ∑ M_k. Thus, 1 2 · n∑ i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (ξ_1, . . . , ξ_n) · Δx_i · Δx_j =

1 2 · ∑ k n∑ i=1 n∑ j=1 ∂^2M_k ∂x_i∂x_j (ξ_1, . . . , ξ_n) · Δx_i · Δx_j ,

hence | | | | | 1 2 · n∑ i=1 n∑ j=1 ∂^2f ∂x_i∂x_j (ξ_1, . . . , ξ_n) · Δx_i · Δx_j | | | | | ≤ ∑ k n∑ i=1 n∑ j=1 1 2 · | | | | ∂^2M_k ∂x_i∂x_j (ξ_1, . . . , ξ_n) | | | | · |Δx^i| · |Δx^j |. For each monomial M_k = c_{i1...i}n · x^{i1}_1 · . . . · x^in_n of degree d_k = i_1 + . . . + i_n, the absolute value of each second derivative is bounded by d^2_k · |c_{i1...i}n| · B^dk�^2, i.e., by d^2_k · D_k. Since d_k ≤ d and D_k ≤ D, we conclude that this absolute value is bounded by d^2 · D. Each value Δx_i cannot exceed the half-width of the corresponding interval x_i, hence |Δx_i| ≤ ε/2, and so, 1 2 · | | | ∂^2M_k ∂x_i∂x_j (ξ_1, . . . , ξ_n) | | | · |Δx^i| · |Δx^j | ≤ 1 2 · d^2 · D · ( ε 2 )_2 = d^2 · D 8 · ε^2. For each monomial M_k, there are n^2 such terms, so the sum of the terms coming from each monomial is bounded by

n^2 · d^2 · D 8 · ε^2. How many monomials can there be? For a polynomial of degree d, the number of possible monomials is equal to the number of possible sequences (i_1, . . . , i_n) for which i_1 +. . .+i_n ≤ d. Each such sequence can be uniquely described if we place i_1 dots, then place a separating asterisk ∗, then i_2 dots, then again a separating asterisk, . . . , then i_n dots, the separating asterisk, and then d − (i_1 + . . . + i_n) remaining dots. In total, we have n separators and d dots. So, each monomial corresponds to a placing of n separating asterisks among n + d places. The total amount of such placings is (n + d n ) , hence there are no more than (n + d n ) monomials. For each of these monomials, the sum of the corresponding secondderivative terms is bounded by 18 · n^2 · d^2 · D · ε^2, hence the overall sum of these terms is ≤ C(n, d, D) · ε^2, where we denoted

C(n, d, D)^{def}= ( n + d n ) · n^2 · d^2 · D 8 .

Thus, the estimate coming from the linear terms is accuracte with the accuracy ≤ C(n, d, D) · ε^2. The proposition is proven.

Proof of Theorem 1. This proof is a modification of a proof of Theorem 6.1 from [7].

We will show that a known NP-hard problem, namely, the propositional satisfiability problem for 3−CNF formulas, can be reduced to our problem (of asymptotically estimating the range), and therefore, our problem is also NPhard.

This propositional satisfiability problem consists of the following: Suppose that an integer v is fixed, and a formula F of the type F_1&F_2& . . . &F_k is given, where each of the expressions F_j has the form a ∨ b or a ∨ b ∨ c, and a, b, c are either the variables z_1, . . . , z_v, or their negations ¬z_1, . . . , ¬z_v (these a, b, c, . . . are called literals). For example, we can take a formula

(z_1 ∨ ¬z_2)&(¬z_1 ∨ z_2 ∨ ¬z_3).

If we assign arbitrary Boolean values (“true” or “false”) to v variables z_1, . . . , z_v, then, applying the standard logical rules, we get the truth value of F . We say that a formula F is satisfiable if there exist truth values z_1, . . . , z_v for which the truth value of the expression F is “true”. The problem is: given F , check whether it is satisfiable.

Let us show the desired reduction, i.e., let us show that if we are able to compute the desired interval y for quadratic polynomials f(x_1, . . . , x_n), then we will be able to solve propositional satisfiability problem for 3-CNF formulas.

Indeed, let F = F_1& . . . &F_k be a 3-CNF formula with the (Boolean) variables z_1, . . . , z_v. (In the computer, usually, “true” is represented as 1, and “false” as 0.) In this formula, we have k disjunctions F_j . Each of these conjunctions F_j is a disjunction of two or three literals, and each literal is either a variable or a negation of a variable. By i(j, 1), we will denote the ordinal number of the variable corresponding to the first literal of the disjunction F_j ; by i(j, 2), we will denote the variable corresponding to the second literal of the conjunction F_j , etc. For example, if a disjunction F_3 has the form z_2 ∨ ¬z_5, then i(3, 1) = 2 and i(3, 2) = 5.

The corresponding quadratic problem will have v + 3k + 2v · k variables x_{10}, . . . , x_{v0}, p_1, . . . , p_k, q_1, . . . , q_k, k_1, . . . , k_k, and x_{i,j} , y_{i,j} , 1 ≤ i ≤ v, 1 ≤ j ≤ k.

The meaning of these variables is as follows: the real-valued variable x_{i,j} will correspond to possible occurrences of the propositional variable z_i in a disjunction F_j , and the real-valued variable y_{i,j} will correspond to possible occurrences of the negation ¬z_i of the propositional variable z_i in a disjunction F_j .

We construct the following auxiliary quadratic polynomial: G({x_{i,j} }, {y_{i,j} }, {p_j }, {q_j}, {k_j }) = v∑ i=1 k∑ j=0 x_{i,j} · (1 − x_{i,j} ) + v∑ i=1 k∑ j=1 y_{i,j} · (1 − y_{i,j} )+ v∑ i=1 k∑ j=1 (x_{i,j}�_1 − y_{i,j} )^2 + v∑ i=1 k∑ j=1 (y_{i,j} − x_{i,j} )^2 + k∑ j=1 G^2_j ,

where, for a two-literal formula F_j of the form a ∨ b, we have

G_j = p_j + r_{i(j,1),j} + r_{i(j,2),j} − k_j ;

for a three-literal formula F_j of the type a ∨ b ∨ c, we have G_j = p_j + q_j + r_{i(j,1),j} + r_{i(j,2),j} + r_{i(j,3),j} − k_j , and r_{q,j} denotes either x_{q,j} or y_{q,j} depending on whether the corresponding literal is z_q or ¬z_q .

For example, if a disjunction F_3 has the form z_2 ∨ ¬z_5 (i.e., i(3, 1) = 2 and i(3, 2) = 5), then r_{i(3,1),3} = r_{2,3} = x_{2,3} (because the corresponding literal is z_2), r_{i(3,2),3} = r_{5,3} = y_{5,3} (because the corresponding literal is ¬z_5), and the expression G_3 has the form

G_3 = p_3 + x_{2,3} + y_{5,3} − k_3.

Let us consider the problem of estimating the range of this auxiliary function G on the intervals x_{i,j} = y_{i,j} = p_j = q_j = [0, 1] and k_j = [c_j , c_j ], where c_j is the total number of positive literals in the formula F_j (i.e., literals of the type x_i). We will show that if the original formula F is satisfiable, then the actual lower bound G of the range of G is equal to 0, and that if the original formula is not satisfiable, then G ≥ 0.09.

For all values of the variables form the given intervals, all the terms in the sum which defines the polynomial G are non-negative, so G ≥ 0 and therefore, the lower endpoint G of its range is also non-negative.

If the formula F is satisfiable, i.e., it is true for some propositional vector z_1, . . . , z_v, then we take x_{i,j} = y_{i,j} = z_i for all i and j (i.e., x_{i,j} = y_{i,j} = 1 if z_i =“true” and x_{i,j} = y_{i,j} = 0 if z_i =“false”). The values of p_j and q_j are chosen as follows:

• If F_j = a ∨ b, and both a and b are true for z_i, then we take p_j = q_j = 0.

• If F_j = a ∨ b, and only one of the literals a and b is true for a given choice of z_i, then we take p_j = 1 and q_j = 0.

• If F_j = a ∨ b ∨ c, and all three literals are true, then p_j = q_j = 0.

• If F_j = a ∨ b ∨ c, and two out of three literals are true, then p_j = 1 and q_j = 0.

• If F_j = a∨b∨c, and only one of the three literals is true, then p_j = q_j = 1.

In all five cases, G_j = 0 for all j. For these values, x_{i,j} ·(1−x_{i,j} ) = y_{i,j} ·(1−y_{i,j} ) = x_{i,j}�_1 − y_{i,j} = y_{i,j} − x_{i,j} = 0; therefore, G = 0. Hence, G = min G ≤ 0. Since we know that G ≥ 0, we conclude that G = 0.

Let us prove that if the formula F is not satisfiable, then G ≥ 0.09. We will prove this statement by reduction to a contradiction: we will assume that G < 0.09, and conclude that F is satisfiable.

From the fact that G = min G < 0.09, it follows that there exist values of the variable within given intervals for which G = min G < 0.09. Since G is the sum of non-negative terms, from this inequality, it follows that each term is < 0.09.

In particular, it follows that x_{i,j} · (1 − x_{i,j} ) < 0.09 and y_{i,j} · (1 − y_{i,j} ) < 0.09. The function x · (1 − x) is increasing for x < 0.5 and decreasing afterwards. So, from x_i(1−x_i) < 0.09 and from the fact that 0.1·(1−0.1) = 0.9·(1−0.9) = 0.09, it follows that x_{i,j} < 0.1 or x_{i,j} > 0.9 for all i and j, and similarly, that either y_{i,j} < 0.1 or y_{i,j} > 0.9. Let us take z_i =“true” if x_{i,0} > 0.9, and z_i =“false” if x_{i,0} < 0.1, and let us show that these propositional values make the formula F true (i.e., they make all the expressions F_j true).

Indeed, from the condition that (x_{i,j}�_1 − y_{i,j} )^2 < 0.09, we conclude that |x_{i,j}�_1 − y_{i,j} | < 0.3. Both values x_{i,j}�_1 and y_{i,j} either belong to [0, 0.1) or to (0.9, 1]. If they belong to two different subintervals, then the difference between them is at least 0.9 − 0.1 = 0.8; so, from the fact that the difference between the two values is smaller than 0.3, we can conclude that for every i and j, the values x_{i,j}�_1 and y_{i,j} belong to the same subinterval. Similarly, from the restriction (y_{i,j} − x_{i,j} )^2, we conclude that x_{i,j} and y_{i,j} belong to the same subinterval. Thus, for every i, if x_{i,0} < 0.1, then y_{i,1} < 0.1, x_{i,1} < 0.1, . . . , and x_{i,j} < 0.1 and y_{i,j} < 0.1 for all j. Similarly, if x_{i,j} > 0.9, then x_{i,j} > 0.9 and y_{i,j} > 0.9 for all j.

Now:

• If F_j = a ∨ b, then from G^2_j < 0.09, it follows that p_j + r_{i(j,1),j} + r_{i(j,2),j} − k_j > −0.3, hence, if we denote f_j [z_i] = x_{i,j} and f_j [¬z_i] = 1 − x_{i,j} , we have f_j [a] + f_j [b] > 1.7 − p_j . Since p_j ≤ 1, we conclude that f_j [a] + f_j [b] > 0.7. Therefore, the values f_j [a] and f_j [b] cannot be both < 0.1. Therefore, one of these two values is > 0.9. The corresponding literal is equal to “true”, and hence, F_j is true.

• If F_j = a∨b∨c, then from G_j = (f_j [a]+f_j [b]+f_j [c]+p_j +q_j −3)^2 < 0.09, it follows that f_j [a]+f_j [b]+f_j [c]+p_j +q_j −3 > −0.3, and f_j [a]+f_j [b]+f_j [c] > 2.7 − p_j − q_j . Since p_j ≤ 1, we conclude that f_j [a] + f_j [b] + f_j [c] > 0.7. Therefore, the values f_j [a], f_j [b], and f_j [c] cannot be all < 0.1. Therefore, one of these three values is > 0.9. The corresponding literal is equal to “true”, and hence, F_j is true.

So, F is satisfiable. Hence:

• if the original formula F is satisfiable, then the actual lower bound G of the range of G is equal to 0; and

• if the original formula is not satisfiable, then G ≥ 0.09.

Let us now estimate the non-linearity degree D_0 for the above case of the interval computation problem. Let us first show that the absolute values of all the coefficients of the polynomial G also cannot exceed 3.

Indeed, if we open all the parentheses, we will see that G is a quadratic polynomial with no constant terms. Its only linear terms are x_{i,j} and y_{i,j} (with coefficient 1), and all other terms are either products of two different variables, or squares.

• Each product of different variables comes from some square. For every two different variables, there is at most one squared term with these two terms, so, the coefficient at this product is either 0 (if there is no such term at all) or ±2 (if there is exactly one such term).

• The square of each variable p_j , q_j , and k_j occurs only once; so, these squares come with coefficient 1.

• Each square x^2_{i,j} comes from no more than 4 terms: a negative term x_{i,j} · (1 − x_{i,j} ), two positive terms (y_{i,j} − x_{i,j} )^2, (x_{i,j} − y_{i,j+1})^2, and, possibly, a positive term G^2_j . Thus, the coefficient at x^2_{i,j} is equal to −1, 0, 1, or 2. In all these cases, the absolute value of this coefficient does not exceed 3.

• Similarly, the absolute value of the coefficient at y^2_{i,j} cannot exceed 3.

Thus, the absolute values of all the coefficients of the corresponding monomials are ≤ 3. All these monomials are quadratic, so, for each of them, the nonlinearity degree coincides with the absolute value of the corresponding coefficient and is, therefore, ≤ 3. Thus, the non-linearity degree of the polynomial G – which was defined as the largest non-linearity degree of all its monomials – is also ≤ 3. In other words, for the polynomial G, we have D_0 ≤ 3.

Let us show that Theorem 1 holds for c(D) = 0.12/D. Indeed, let us assume that for some c ≤ c(D), we can solve the basic problem of interval computations with an asymptotic accuracy ≤ c·ε^2 ≤ (0.12/D)·ε^2. Let us show how we can use this asymptotically accurate algorithm to find the lower endpoint G and thus, to check the satisfiability of the original formula F . Indeed, by definition of asymptotic accuracy, for any given n, we cam feasibly compute ε_0 such that for widths ε ≤ ε_0, the algorithm computes the endpoints with the desired accuracy. Let us pick one such value ε and form a new polynomial f(t_1, t_2, . . .) = (D/3) · ε^2 · G(t_1/ε, t_2/ε, . . .). We will apply the hypothetic asymptotically accurate algorithm U to this polynomial f and to intervals which are ε times the original intervals for G (i.e.,

[0, ε] instead of [0, 1], [2ε, 2ε] instead of [2, 2], etc.). For this new problem, all the widths are bounded by ε, and the absolute values of all the coefficients are (for sufficiently small ε) bounded by (D/3) · 3 = D – hence the non-linearity degree is also bounded by D. Thus, the algorithm U will produce an estimate ~f for the lower endpoint f of the range [f, f] with the accuracy ≤ (0.12)/D · ε2. The lower endpoint f is equal to (D/3) · ε^2 · G. Thus, from the inequality | ~f − f| ≤ (0.12)/D · ε^2, we can conclude that | ~G − G| ≤ 0.04, where we denoted ~G = (D/3) · ε�2 · ~f. If ~G > 0.04, this means that G > 0 and hence, the original formula F is not satisfiable. If ~G < 0.04, this means that G < 0.04 + 0.04 = 0.08 < 0.09 and hence, the original propositional formula F is satisfiable. The reduction is completed and thus, the theorem is proven.

Proof of Theorem 2. According to the definition of asymptotic accuracy, we must prove the existence of a width ε_0 such that for all intervals with widths ε ≤ ε_0, the algorithm computes the estimates for the endpoints with the given accuracy.

The estimate from the proof of Proposition 1 gives an estimate with an accuracy ≤ C ·ε^2 for some C. We want to show that this same estimate provides us with asymptotic accuracy c · ε^2�^δ . To show this, we must prove that there exists a value ε_0 such that for all ε ≤ ε_0, the accuracy provided by Proposition 1 is indeed sufficient, i.e., that C · ε^2 ≤ c · ε^2�^δ.

It is easy to see that such a value ε_0 does exist for every δ: namely, it is sufficient to pick ε_0 for which ε^δ_0 ≤ c/C, i.e., to pick an arbitrary value ε_0 ≤ (c/C)^{1/δ} .

For thus chosen ε_0, for every ε ≤ ε_0, we have C · ε^2 ≤ c · ε^2�^δ and therefore, the simple estimate from the proof of Proposition 1 is the desired asymptotically accurate one. The theorem is proven.

Acknowledgments

This work was supported in part by NASA under cooperative agreement NCC5- 209 and grant NCC2-1232, by NSF grants DUE-9750858, CDA-9522207, ERA- 0112968 and 9710940 Mexico/Conacyt, by the United Space Alliance grant No. NAS 9-20000 (PWO C0C67713A6), by the Future Aerospace Science and Technology Program (FAST) Center for Structural Integrity of Aerospace Systems, effort sponsored by the Air Force Office of Scientific Research, Air Force Materiel Command, USAF, under grants F49620-95-1-0518 and F49620-00-1-0365, and by the National Security Agency under Grant No. MDA904-98-1-0561.

The author is thankful to Arnold Neumaier for the formulation of the problem, to Martin Berz, R. Baker Kearfott, Ramon E. Moore, P. S. V. Nataraj, and Sheela Unnikrishnan for valuable discussions, and to the anonymous referees for useful suggestions.

References

[1] M. Berz and G. Hoffstaetter, “Computation and Application of Taylor Polynomials with Interval Remainder Bounds”, Reliable Computing, 1998, Vol. 4, No. 1, pp. 83–97.

[2] A. A. Gaganov, Computational complexity of the range of the polynomial in several variables, Leningrad University, Math. Department, M.S. Thesis, 1981 (in Russian).

[3] A. A. Gaganov, “Computational complexity of the range of the polynomial in several variables”, Cybernetics, 1985, pp. 418–421.

[4] M. E. Garey and D. S. Johnson, Computers and intractability: a guide to the theory of NP-completeness, Freeman, San Francisco, 1979.

[5] R. Hungerbuehler and J. Garloff, “Bounds for the Range of a Bivariate Polynomial over a Triangle”, Reliable Computing, 1998, Vol. 4, No. 1, pp. 3– 13. [6] P. Kahl, Solving Narrow-Interval Linear Equation Systems Is NP-Hard, Master Thesis, University of Texas at El Paso, Department of Computer Science, 1996.

[7] V. Kreinovich, A. Lakeyev, J. Rohn, and P. Kahl, Computational complexity and feasibility of data processing and interval computations, Kluwer, Dordrecht, 1998.

[8] K. Makino and M. Berz, “Efficient Control of the Dependency Problem Based on Taylor Model Methods”, Reliable Computing, 1999, Vol. 5, No. 1, pp. 3–12.

[9] C. H. Papadimitriou, Computational Complexity, Addison Wesley, San Diego, 1994.

[10] S. A. Vavasis, Nonlinear optimization: complexity issues, Oxford University Press, N.Y., 1991.