Choosing a Physical Model:

Why Symmetries?

Raúl A. Trejo, Vladik Kreinovich, and Luc Longpré Department of Computer Science University of Texas at El Paso 500 W. University El Paso, TX 79968, USA frtrejo,vladik,longpreg@cs.utep.edu

One of the main applications of Kolmogorov complexity ideas to data processing is via the Minimum Description Length principle (see, e.g., [1, 11, 13] and references therein). According to this principle, if several different models (or theories) are consistent with the same observations, then we should choose a model with the shortest description, i.e., crudely speaking, a model with the smallest value of Kolmogorov complexity. This principle is in perfect agreement with the Occam principle (it actually formalizes Occam’s principle), and it has been successfully applied to various problems.

In particular, it has been successfully used in physics, where Occam’s principle originated and where it has been successfully used. In modern fundamental physics, however, symmetry groups play such an important role that often, physicists choose not the simplest model, but the model which corresponds to the simplest symmetry group (see, e.g., [2–9], [12, 14]).

At first glance, this restriction to symmetry-defined models seem to prevent us from considering possible simple non-group models, and thus, make this symmetry-group version of Occam principle worse than the unrestricted one. However, the success of this direction in theoretical physics seems to indicate that this restriction does not bring any disadvantage at all. Our analysis shows that this restriction is indeed non-essential.

To formalize the physicists’ idea, we fix a universal programming language (“computer”) f, and define a symmetry as a program from this language which transforms strings (e.g., binary strings) into strings and which is a bijection (1-1 and onto). By a complexity of a symmetry s, we mean the length len(s) of this program. We say that a symmetry s defines a string x uniquely if s(x) = x and s(y) ≠ y for all y ≠ x. Now, for every string x, we can define its group-symmetric complexity C_{sym}(x) as the smallest complexity of a symmetry which defines x uniquely. It turns out that this new complexity is asymptotically equivalent to the usual Kolmogorov complexity C(x) = C_f (x):

Proposition. |C(x) − C_{sym}(x)| = O(1).

Comments.

• Since the Kolmogorov complexity itself is defined modulo the term O(1), we conclude that C_{sym} is asymptotically equivalent to the usual Kolmogorov complexity. Therefore, choosing the model with the simplest symmetry (i.e., a model x for which C_{sym}(x) is the smallest) is indeed (asymptotically) equivalent to choosing the simplest model.

• This result was first announced in [15].

• An alternative (more physics-oriented) Kolmogorov complexity-based justification of the use of symmetries in physics was given in [10].

Proof. To prove that |C(x) − C_{sym}(x)| = O(1), we will first show that ∀x(C(x) ≤ C_{sym}(x) + C_1) for some constant C_1 and then, that ∀x(C_{sym}(x) ≤ C(x) + C_2) for some constant C_2.

Let us prove the first inequality. By definition, C_{sym}(x) is the length of a program s for which s(x) = x and s(y) ≠ y for all y ≠ x. To compute x, we can use the following new program p: Generate, sequentially, all possible binary strings Λ, 0, 1, 00, 01, etc., and check, for each string y, whether s(y) = y; as soon as we get s(y) = y for some string y, we stop. This new program p clearly computes the desired string x. This program p has finitely many instructions added to a call to s; thus, its length len(p) is equal to the length of s plus the (constant) length C_1 of these extra instructions. Hence, len(p) = len(s)+C_1 = C_{sym}(x)+C_1. Since the program p generates x, the Kolmogorov complexity C(x) of x – i.e., the shortest length of the program which generates x – cannot exceed len(p) = C_{sym}(x) + C_1. Thus, indeed, C(x) ≤ C_{sym}(x) + C_1. The first inequality is proven.

Let us now prove the second inequality. By definition, C(x) is the length of a program p (to be more precise, the shortest program) which generates x: C(x) = len(p). Based on this program p, we can construct the desired symmetry s(y) as follows: For any given input y, the program s first calls p to compute the word x. Then, the program s returns the following string s(y):

• If y = x, then we return s(x) = x.

• If y = x^�, where by x^�, we denote a string which differs from x only in the last bit, then we return the empty string: s(x^�) = Λ.

• If y is an empty string (y = Λ), then we return s(Λ) = x^�.

• For all other input strings y, we return s(y) = y^�.

One can easily check that this program is indeed a bijection, i.e., a symmetry. For this symmetry, we have s(x) = x and s(y) ≠ y for all strings y ≠ x; thus, this symmetry defined the string x uniquely. The program s has finitely many instructions added to a call to p; hence, its length len(s) is equal to the length of p plus the (constant) length C_2 of these extra instructions. Thus, len(s) = len(p) + C_2 = C(x) + C_2. Since the symmetry s defines x uniquely, the group-symmetric complexity C_{sym}(x) of x – i.e., the shortest length of the symmetry which defines x uniquely – cannot exceed len(s) = C(x) + C_2. Thus, indeed, C_{sym}(x) ≤ C(x) + C_2. The second inequality is also proven, and so is the proposition.

Acknowledgments. This work was supported in part by NASA under cooperative agreement NCC5-209, by NSF grants No. DUE-9750858 and CDA-9522207, by United Space Alliance, grant No. NAS 9-20000 (PWO C0C67713A6), by the Future Aerospace Science and Technology Program (FAST) Center for Structural Integrity of Aerospace Systems, effort sponsored by the Air Force Office of Scientific Research, Air Force Materiel Command, USAF, under grant number F49620-95-1-0518, and by the National Security Agency under Grant No. MDA904-98-1-0561.

References

[1] C. Calude, Information and randomness: An algorithmic perspective, Springer-Verlag, Berlin, 1994.

[2] A. M. Finkelstein, O. Kosheleva, and V. Kreinovich, “Astrogeometry, error estimation, and other applications of set-valued analysis”, ACM SIGNUM Newsletter, 1996, Vol. 31, No. 4, pp. 3–25.

[3] A. M. Finkelstein, O. Kosheleva, and V. Kreinovich, “Astrogeometry: towards mathematical foundations”, International Journal of Theoretical Physics, 1997, Vol. 36, No. 4, pp. 1009–1020.

[4] A. M. Finkelstein, O. Kosheleva, and V. Kreinovich, “Astrogeometry: geometry explains shapes of celestial bodies”, Geombinatorics, 1997, Vol. VI, No. 4, pp. 125–139.

[5] A. M. Finkelstein and V. Kreinovich, “Derivation of Einstein’s, Brans-Dicke and other equations from group considerations,” On Relativity Theory. Proceedings of the Sir Arthur Eddington Centenary Symposium, Nagpur India 1984, Vol. 2, Y. Choque-Bruhat and T. M. Karade (eds), World Scientific, Singapore, 1985, pp. 138–146.

[6] A. M. Finkelstein, V. Kreinovich, and R. R. Zapatrin, “Fundamental physical equations uniquely determined by their symmetry groups,” Lecture Notes in Mathematics, Springer- Verlag, Berlin-Heidelberg-N.Y., Vol. 1214, 1986, pp. 159–170.

[7] D. R. Finkelstein, Quantum Relativity: A Synthesis of the Ideas of Einstein and Heisenberg, Springer-Verlag, Berlin-Heidelberg, 1997.

[8] Group theory in physics: proceedings of the international symposium held in honor of Prof. Marcos Moshinsky, Cocoyoc, Morelos, Mexico, 1991, American Institute of Physics, N.Y., 1992.

[9] V. Kreinovich, “Derivation of the Schroedinger equations from scale invariance,” Theoretical and Mathematical Physics, 1976, Vol. 8, No. 3, pp. 282–285.

[10] V. Kreinovich and L. Longpré, “Unreasonable effectiveness of symmetry in physics”, International Journal of Theoretical Physics, 1996, Vol. 35, No. 7, pp. 1549–1555.

[11] M. Li and P. Vitányi, An introduction to Kolmogorov complexity and its applications, Springer-Verlag, N.Y., 1997.

[12] P. J. Olver, Equivalence, invariants, and symmetry, Cambridge University Press, Cambridge, N.Y., 1995.

[13] J. J. Rissanen, Stochastic complexity and statistical inquiry, World Scientific, 1989.

[14] Symmetries in physics: proceedings of the international symposium held in honor of Prof. Marcos Moshinsky, Cocoyoc, Morelos, Mexico, 1991, Springer-Verlag, Berlin, N.Y., 1992.

[15] R. A. Trejo, V. Kreinovich, and L. Longpré, “Choosing a Physical Model: Why Symmetries?”, Complexity Conference Abstracts 1998, June 1998, Abstract No. 98–37, p. 39.