INTERVAL METHODS IN REMOTE SENSING: RELIABLE SUB-DIVISION OF GEOLOGICAL AREAS

David D. Coblentz, G. Randy Keller, Vladik Kreinovich, Jan Beck, and Scott A. Starks

NASA Pan-American Center for Earth and Environmental Studies University of Texas, El Paso, TX 79968, USA vladik@cs.utep.edu, sstarks@utep.edu

Keywords: interval computations, gravity database, geochemistry, topography

Abstract An appropriate subdivision of a geophysical area into segments enables us to extrapolate the results obtained in some locations within the segment (where extensive research was done) to other locations within the same segment, and thus, get a good understanding of the locations which weren’t thoroughly analyzed.

Often, different evidence and different experts’ intuition support different subdivisions schemes. For example, in our area – Rio Grande rift zone – there is some geochemical evidence that this zone is divided into three segments, but, in the viewpoint of many researchers, this evidence is not yet sufficiently convincing.

We show that if we use topographical information (this information, e.g., comes from satellite photos), then interval methods lead to a reliable justification for the tripartite subdivision of the Rio Grande rift zone.

1. FORMULATION OF THE PROBLEM

In geophysics, appropriate subdivision of an area into segments is extremely important, because it enables us to extrapolate the results obtained in some locations within the segment (where extensive research was done) to other locations within the same segment, and thus, get a good understanding of the locations which weren’t that thoroughly analyzed.

1

The subdivision of a geological zone into segments is often a controversial issue, with different evidence and different experts’ intuition supporting different subdivisions.

For example, in our area – Rio Grande rift zone – there is some geochemical evidence that this zone is divided into three segments [9]:

the southern segment which is located, approximately, between the latitudes y = 29^∘ and y = 34^∘;

the central segment – from y = 34.5^∘ to y = 38^∘; and

the northern segment – from y = 38^∘ to y = 41^∘.

However, in the viewpoint of many researchers, this evidence is not yet sufficiently convincing.

It is therefore desirable to develop new techniques for zone subdivision, techniques which would be in the least possible way dependent on the (subjective) expert opinion and would, thus, be maximally reliable.

2. MAIN IDEA: USING TOPOGRAPHIC INFORMATION

One reason for subjectivity of the geological subdivision is the fact that the existing subdivision is often based on the chemical and physical analysis of several samples collected throughout the area, and often, we do not have a statistically sufficient amount of thoroughly analyzed geological samples to make the conclusion about the subdivision statistically convincing.

To make this conclusion more reliable, we can use, instead of the more rare geological samples, a more abundant topographical information (this information, e.g., comes from satellite photos). We can characterize each part of the divided zone by its topography.

3. PRELIMINARY PHYSICAL ANALYSIS OF TOPOGRAPHIC INFORMATION

General idea of symmetry. A topographical information is a shape of the Earth landscape. This landscape is caused by many factors whose contribution is often only known on a qualitative level; so, we can represents this landscape as a realization of a random field.

When viewed in geological time, the geophysical forces which form this landscape are largely the same all over the Earth. In more precise terms, this means that these forces are invariant with respect to all possible rotations of the Earth’s sphere. Therefore, as a reasonable first approximation to the actual landscape, we can consider a random field which is invariant with respect to all these rotations, i.e., a homogeneous isotropic random field. Such a field is indeed a very good approximation to the actual landscape, actively used in computer simulations (see, e.g., [8]). This approximation, however, treats all Earth areas as similar and does not bring us any closer to solving our problem – of sub-dividing geological zones. To solve this problem, we must therefore use a more accurate description of the landscape.

This need for a more accurate description is consistent with the more detailed analysis of the geophysical data, an analysis which shows that the actual landscape is not exactly homogeneous and isotropic. From the physical viewpoint, the resulting anisotropy can be explained by the fact that highly symmetric distributions are known to be unstable; arbitrarily small perturbations cause drastic changes in the distribution (in physical terms, we get a spontaneous symmetry violation).

In principle, it is possible to have a perturbation that changes the initial highly symmetric state into a state with no symmetries at all, but statistical physics teaches us that it is much more probable to have a gradual symmetry violation: first, some of the symmetries are violated, while some still remain; then, some other symmetries are violated, etc. Similarly, a (highly organized) solid body normally goes through a (somewhat organized) liquid phase before it reaches a (completely disorganized) gas phase.

Thus, it is reasonable to expect that the resulting random field is not complete asymmetric, but is invariant w.r.t. some subgroup G^′ of the initial group G. The original 3-dimensional symmetry group G consists of all rotations around the center. The only non-trivial continuous subgroups of this groups are subgroups formed by rotations around a line. Thus, we can conclude that the random field corresponding to a landscape should be invariant with respect to rotations around a certain axis. In a 2-D map representation, rotations around an axis correspond to shifts in a corresponding direction. Thus, we can conclude that the statistical characteristics of the map should be invariant with respect to shift.

This conclusion works well for the Rio Grande rift zone, where the empirical statistical characteristics drastically change with latitude y and change much smaller with longitude x. So, as a good description for the actual landscape, we can consider a random field all characteristics of which are invariant with respect to longitude x.

The desired sub-division must be invariant with respect to the same symmetry, so for each latitude y, all the points located on this latitude should belong to the same zone. So, to get the desired classification, we must decide, for each horizontal line y = const, whether this line belongs to a certain region or not.

Comment. Similar symmetry ideas has been successfully used to describe other geometric shapes:

shapes of celestial objects [2, 3, 4];

shapes in fracture theory: for a symmetric body, each fault (crack, etc.) is a spontaneous symmetry violation [16]; this fact not only explains the shapes of the faults [16], it enables us to describe the best sensor locations for detecting these faults [12, 13, 14], etc.

(A general symmetry approach, with possibly non-geometric symmetries, enables us to explain the empirical optimality of different heuristic techniques such as fuzzy, neural, genetic, etc. [10].)

From general symmetry to spectrum. Within each line y = const, the landscape x → h(x, y) is described by a shift-invariant random process; in probability theory, random functions of one variable are usually functions of time, so shift-invariant processes are also called stationary. Since the exact shape of a landscape is the result of many independent factors contribution of each of which is relatively small, we can apply the central limit theorem and conclude that this process can be reasonably described as Gaussian; see, e.g., [15, 18]. (The empirical analysis of topographical data shows that we indeed have a Gaussian distribution.)

It is known that a stationary Gaussian process can be uniquely characterized by its average and its spectrum, i.e., the absolute value |H(ω, y)| of its Fourier transform. For the landscape, the average practically does not change with y, so we should only consider the spectrum.

Since we are interested only in the large-scale classification, it makes sense to only use the spectrum values corresponding to relatively large spatial wavelengths, i.e., wavelengths L for which L ≥ L_0 for some appropriate value L_0. In particular, for the sub-division of the Rio Grande rift, it makes sense to use only wavelengths of L_0 = 1000 km or larger.

Since, for the Rio Grande Rift, we are interested in the classification of horizontal zones, it makes sense to do the following:

divide the Rio Grande Rift into small (e.g., 1^∘) zones [y^−, y^+] (with y from y^− = 30 to y^+ = 31, from y^− = 31 to y^+ = 32, . . . , from y^− = 40 to y^+ = 41);

for each of these zones, take the topographic data, i.e., the height h(x, y) described as a function of longitude x and latitude y;

for each zone and for each y, compute the Fourier transform H(ω, y) with respect to x;

for each zone, combine all the spectral values which correspond to large wavelength (i.e., for which ω ≤ 1/L_0), and compute the resulting spectral value

S(y^−) = ∫ y+ y=y� ∫ 1/L_0 ω=0 |H(ω, y)|^2 dω dy.

We are interested in comparing the spectral values S(y) corresponding to different latitudes y, so we are not interested in the absolute values of S(y), only in relative values. Thus, to simplify the data, we can normalize them by, e.g., dividing each value S(y^−) by the largest S_{max} of these values. In particular, for the Rio Grande rift, the resulting values of y^− = y_1, y_2, . . . and s_i = S(y_i)/S_{max} are as follows:

y_i 29 30 31 32 33 34 s_i 0.28 0.24 0.21 0.16 0.20 0.29 35 36 37 38 39 40 41 0.31 0.35 0.46 1.00 0.80 0.96 0.74

Based only on these spectral values s_i, we will try to classify locations into several clusters (“segments”).

Traditional clustering techniques do not lead to reliable classification. Most existing clustering methods (see, e.g., [6]) assume that we have some information about the probability distributions of the measurement errors. In real-life topographical analysis, we do not have enough data to uniquely determine these distributions, and different possible distributions lead to drastically different conclusions about the subdivision of a geological zone.

Similarly, fuzzy clustering techniques (see, e.g., [5]) depend on the subjective fuzzy estimates, and different expert estimates often lead to drastically different subdivisions.

Therefore, we need a new, less subjective clustering method.

4. INTERVAL APPROACH

Segments as monotonicity regions. How can we detect the segments based on these values s_i? In order to answer this question, let us first plot the dependence of s_i on y_i and see if there is any visible feature of this plot which can be associated with a subdivision of the area into geophysical segments.

If we plot the dependence of s_i on y_i, we will see that at first, the function s(y) is (approximately) decreasing, then it is (approximately) increasing, and then it is (approximately) decreasing again. Interestingly, these “monotonicity regions” seem to be in good accordance with the empirical subdivision of the rift into segments [9]. In view of this observation, we will identify geophysical segments with the monotonicity regions of the (unknown) function s(y).

Let’s use intervals. The heights are measured pretty accurately, so the only errors in the values s_i come from discretization. In other words, we would like to know the values of the function s(y) = S(y)/S_{max} for all y, but we only know the values s_1 = s(y_1), . . . , s_n = s(y_n) of this function for the points y_1, . . . , y_n. For each y which is different from y_i, it is reasonable to estimate s(y) as the value s_i = s(y_i) at the point y_i which is the closest to y (and, ideally, which belongs to the same segment as y_i). For each point y_i, what is the largest possible error Δ_i of the corresponding approximation?

When y > y_i, the point y_i is still the closest until we reach the midpoint y_{mid} = (y_i + y_{i+1})/2 between y_i and y_{i+1}. It is reasonable to assume that the largest possible approximation error |s(y) − s_i| for such points is attained when the distance between y and y_i is the largest, i.e., when y is this midpoint; in this case, the approximation error is equal to |s(y_{mid}) − s_i|.

If the points y_i and y_{i+1} belong to the same segment, then the dependence of s(y) on y should be reasonably smooth for y ∈ [y_i, y_{i+1}]. Therefore, on a narrow interval [y_i, y_{i+1}], we can, with reasonable accuracy, ignore quadratic and higher terms in the expansion of s(y_i + Δy) and thus, approximate s(y) by a linear function. For a linear function s(y), the difference s(y_{mid}) − s(y_i) is equal to the half of the difference s(y_{i+1}) − s(y_i) = s_{i+1} − s_i; thus, for y > y_i, the approximation error is bounded by 0.5 · |s_{i+1} − s_i|.

If the points y_i and y_{i+1} belong to different segments, then the dependence s(y) should exhibit some non-smoothness, and it is reasonable to expect that the difference |s_{i+1} − s_i| is much higher than the approximation error.

In both cases, the approximation error is bounded by 0.5 · |s_{i+1} − s_i|. Similarly, for y < y_i, the approximation error is bounded by 0.5 · |s_i − s_{i−1}| if the points y_i and y_{i−1} belong to the same segment, and is much smaller if they don’t. In both cases, the approximation error is bounded by 0.5 · |s_i − s_{i−1}|.

We have two bounds on the approximation error and we can therefore conclude that the approximation error cannot exceed the smallest Δ_i of these two bounds, i.e., the value

Δ_i = 0.5 · min(|s_i − s_{i1} |, |s_{i+1} − s_i|).

As a result, instead of the exact values s_i, for each i, we get the interval si = [s−i , s+i ] of possible values of s(y), where s−i = si − Δi and s+i = s_i+Δ_i. In particular, for the Rio Grande rift, the corresponding intervals are as follows:

y_i y_1 = 29 y_2 = 30 y_3 = 31 si = [s−i , s+i ] [0.26,0.30] [0.225,0.255] [0.195,0.225] y_4 = 32 y_5 = 33 y_6 = 34 y_7 = 35 [0.14,0.18] [0.18,0.22] [0.28,0.30] [0.30,0.32] y_8 = 36 y_9 = 37 y_{10} = 38 y_{11} = 39 [0.33,0.37] [0.405,0.515] [0.80,1.10] [0.72,0.88] y_{12} = 40 y_{13} = 41 [0.88,1.04] [0.63,0.85]

How to find monotonicity regions of a function defined with interval uncertainty: idea. We want to find regions of uncertainty of a function s(y), but we do not know the exact form of this function; all we know is that for every i, s(y_i) ∈ s_i for known intervals s_i. How can we find the monotonicity regions in the situation with such interval uncertainty?

Of course, since we only know the values of the function s(y) in finitely many points y_i, this function can have as many monotonicity regions between y_i and y_{i+1} as possible. What we are interested in is funding the subdivision into monotonicity regions which can be deduced from the data. The first natural question is: can we explain the data by assuming that the dependence s(y) is monotonic? If not, then we can ask for the possibility of having a function s(y) with exactly two monotonicity regions:

if such a function is possible, then we are interested in possible locations of such regions;

if such a function is not possible, then we will try to find a function s(y) which is consisted with our interval data and which has three monotonicity regions, etc.

This problem was first formalized and solved in [17]. The corresponding algorithm is based on the following idea.

If the function s(y) is non-decreasing, then, for i < j, we have s(y_i) ≤ s(y_j); therefore, s^−_i ≤ s(y_i) ≤ s(y_j) ≤ s^+_j and s^−_i ≤ s^+_j . It turns out that, vice versa, if the inequality s^−_i ≤ s^+_j hold for every i < j, then there is a non-decreasing function s(y) for which s(y_i) ∈ s_i for all i (e.g., we can take s(y_i) = max(s^−_1 , . . . , s^−_i ) for all i and use linear interpolation to define the values s(y) for y ≠ y_i.) Thus, to check monotonicity, it is sufficient to check these inequalities.

If we have already checked these inequalities for the intervals s1, . . . , sk, and we add the new interval sk+1, then, to confirm that it is still possible for a function s(z) to be non-decreasing, it is sufficient to check that s^−_i ≤ s^+_{k+1} for all i = 1, . . . , k. These k inequalities are equivalent to a single inequality m_k ≤ s^+_{k+1}, where we denoted m_k = max(s^−_1 , . . . , s^−_k ).

Similarly, in order to check that a function s(y) can be non-increasing, it is sufficient to check that s^+_i ≥ s^−_j for all pairs i > j. If we have already checked these inequalities for the intervals s_1, . . . , s_k, and we add the new interval s_{k+1}, then, to confirm that it is still possible for a function s(z) to be non-increasing, it is sufficient to check that M_k ≥ s^−_{k+1}, where we denoted M_k = min(s^+_1 , . . . , s^+_k ).

The values m_k and M_k needed for these comparisons do not to be re-computed for every k; if we have already computed M_{k−1} = min(s^+_1 , . . . , s^+_{k−1}), then we can compute M_k as M_k = min(M_{k−1}, s^+_k ) (and m_k as m_k = max(m_{k−1}, s^−_k )).

How to find monotonicity regions of a function defined with interval uncertainty: algorithm. Thus, to find the monotonicity segments, we can use the following algorithm. In this algorithm, we process the intervals s_1, . . . , s_n one by one.

When we have the 1-st interval, then the only information that we have about the function s(y) is that s(y_1) ∈ s_1. This information is consistent with the function s(y) being a constant, i.e., both non-decreasing and non-increasing. Thus, we are still consistent with monotonicity. To start the process of computing m_k and M_k, we assign m_1 := s^−_1 and M_1 := s^+_1 .

If the first k intervals s_k are consistent with the assumption that the function s(y) is non-decreasing, then when we get the new interval s_{k+1}, we check whether m_k ≤ s^+_{k+1}. Then:

If m_k ≤ s^+_{k+1}, then the new point y_{k+1} is still within the same monotonicity region. To prepare for the next interval, we compute m_{k+1} = min(m_k, s^−_{k+1}).

If m_k > s^+_{k+1}, this means that the new point y_{k+1} cannot be within the same monotonicity region, and so the monotonicity region must end before y_{k+1}. The point y_{k+1} itself belongs to a different monotonicity region which may expand both to the previous values y_k, y_{k−1}, . . . , and to the following values y_{k+2}, . . . ; this new region can be traced in the same manner.

Similarly, if the first k intervals s_k are consistent with the assumption that the function s(y) is non-increasing, then when we get the new interval s_{k+1}, we check whether M_k ≥ s^−_{k+1}. Then:

If M_k ≥ s^−_{k+1}, then the new point y_{k+1} is still within the same monotonicity region. To prepare for the next interval, we compute M_{k+1} = max(M_k, s^+_{k+1}).

If M_k < s^−_{k+1}, this means that the new point y_{k+1} cannot be within the same monotonicity region, and so the monotonicity region must end before y_{k+1}. The point y_{k+1} itself belongs to a different monotonicity region which may expand both to the previous values y_k, y_{k−1}, . . . , and to the following values y_{k+2}, . . . ; this new region can be traced in the same manner.

How to find monotonicity regions of a function defined with interval uncertainty: example. Let us illustrate the above algorithm on the Rio Grande rift example.

We start with the 1-st interval, for which m_1 := s^−_1 = 0.26 and M_1 := s^+_1 = 0.30.

For the 2-nd interval, we check the inequalities 0.225 = s^−_2 ≤ M_1 = 0.30 and 0.255 = s^+_2 ≥ m_1 = 0.26. The first inequality holds, but the second does not hold, so we are in a non-increasing region. Thus, we compute M_2 = min(M_1, s^+_2 ) = min(0.30, 0.255) = 0.255.

For the 3-rd interval, the inequality 0.195 = s^−_3 ≤ M_2 = 0.255 still holds, so we are still in the non-increasing region. To prepare for the next interval, we compute M_3 = min(M_2, s^+_3 ) = min(0.255, 0.225) = 0.225.

For the 4-th interval, the inequality 0.14 = s^−_4 ≤ M_3 = 0.225 still holds, so we compute M_4 = min(M_3, s^+_4 ) = min(0.225, 0.18) = 0.18.

For the 5-th interval, the inequality 0.18 = s^−_4 ≤ M_4 = 0.18 still holds, so we compute M_5 = min(M_4, s^+_5 ) = min(0.18, 0.22) = 0.18.

For the 6-th interval, the inequality 0.28 = s^−_5 ≤ M_5 = 0.18 no longer holds, so the first monotonicity region cannot continue past y_6 = 34. Thus, the first monotonicity region must be within [29, 34].

The point y_6 must belong to the new monotonicity region, where the function s(y) is non-decreasing instead of non-increasing. Before we go forward and start checking on the points y_7, etc., we must go back and check which points y_5, y_4, . . . , can belong to this new region. If we have already checked that y_6, . . . , y_k belong to this region, this means that s^−_i ≤ s^+_j for all such i < j. To check whether y_{k−1} belongs to this same region, we must check whether s^−_{k−1} ≤ s^+_i for all such i, i.e., whether s^−_{k−1} ≤ ~M_k = min(s^+_6 , . . . , s^+_k ).

We start with ~M_6 = s^+_6 = 0.30. Since the inequality 0.16 = s^−_5 ≤ ~M6 = 0.30 holds, y5 also belongs to this region, so we compute ~M5 = min( ~M_6, s^+_5 ) = min(0.30, 0.22) = 0.22.

For the 4-th value, the inequality 0.14 = s^−_4 ≤ ~M_5 = 0.22 holds, so y_4 also belongs to this region, and we compute ~M_4 = min( ~M_5, s^+_4 ) = min(0.22, 0.18) = 0.18.

For the 3-rd value, the inequality 0.195 = s^−_3 ≤ ~M_4 = 0.18 is not true, so the new region must stop before y_3 = 31. Thus, the new region start at 31.

Now, we can move forward and check whether points y_7, . . . , belong to the new monotonicity region.

We start with m_6 := s^−_6 = 0.28. On the next step, we check whether 0.32 = s^+_7 ≥ m_6 = 0.28, and since this inequality holds, we compute m_7 = max(m_6, s^−_7 ) = max(0.28, 0.30) = 0.30. Similarly, we compute m_8 = 0.33, m_9 = 0.405, m_{10} = 0.80, m_{11} = 0.80, and m_{12} = 0.88. For the 13-th interval, the inequality 0.85 = s^+_{13} ≥ m_{12} = 0.88 is no longer true, so y_{13} cannot belong to the second (non-decreasing) monotonicity region. Thus, the second region must stop before y_{13} = 41, and the point y_{13} must belong to the third monotonicity region.

To find out which other points belong to this third region, we must go back and check which points y_{12}, y_{11}, . . . , can belong to this new region. If we have already checked that y_{13}, . . . , y_k belong to this region, this means that s^+_i ≥ s^−_j for all such i < j. To check whether y_{k−1} belongs to this same region, we must check whether s^+_{k−1} ≥ s^−_i for all such i, i.e., whether s^+_{k−1} ≥ ~m_k = max(s^−_{13}, . . . , s^−_k ).

We start with ~m_{13} = s^−_{13} = 0.63. Since the inequality 1.04 = s^+_{12} ≥ ~m13 = 0.63 holds, y12 also belongs to this region, so we compute ~m12 = max( ~m_{13}, s^−_{12}) = max(0.63, 0.88) = 0.88.

For the 11-th value, the inequality 0.88 = s^+_{11} ≥ ~m_{12} = 0.88 holds, so y_{11} also belongs to this region, and we compute ~m_{11} = max( ~m_{12}, s^−_{11}) = max(0.88, 0.72) = 0.88.

For the 10-th value, the inequality 1.10 = s^+_{10} ≥ ~m_{11} = 0.88 holds, so y_{10} also belongs to this region, and we compute ~m_{10} = max( ~m_{11}, s^−_{10}) = max(0.88, 0.80) = 0.88.

For the 9-th value, the inequality 0.515 = s^+_9 ≥ ~m_{10} = 0.88 is not true, so the new region must stop before y_9 = 37. Thus, the new region starts at 37.

Conclusion. Thus, we have three monotonicity regions: [29, 34], [31, 41], and [37, 41]. The fact that we have discovered exactly three monotonicity regions is in good accordance with the geochemical data from [9].

Acknowledgments

This work was supported in part by NASA under cooperative agreement NCC5- 209, by NSF grants No. DUE-9750858 and CDA-9522207, by United Space Alliance, grant No. NAS 9-20000 (PWO C0C67713A6), by the Future Aerospace Science and Technology Program (FAST) Center for Structural Integrity of Aerospace Systems, effort sponsored by the Air Force Office of Scientific Research, Air Force Materiel Command, USAF, under grant number F49620-95-1-0518, and by the National Security Agency under Grant No. MDA904-98-1-0561 and MDA904-98-1-0564.

The authors are thankful to participants of SCAN’2000/Interval’2000 conference, especially to Gerhard Heindl, Bruno Lang and Bill Walster, for valuable discussions.

References

[1] D. D. Coblentz, V. Kreinovich, B. S. Penn, and S. A. Starks, “Towards Reliable Sub-Division of Geological Areas: Interval Approach”, Proceedings of the 19th International Meeting of the North American Fuzzy Information Processing Society NAFIPS 2000, Atlanta, Georgia, July 13–17, 2000, pp. 368–372.

[2] A. Finkelstein, O. Kosheleva, and V. Kreinovich, “Astrogeometry, error estimation, and other applications of set-valued analysis”, ACM SIGNUM Newsletter, 1996, Vol. 31, No. 4, pp. 3–25.

[3] A. Finkelstein, O. Kosheleva, and V. Kreinovich, “Astrogeometry:

towards mathematical foundations”, International Journal of Theoretical Physics, 1997, Vol. 36, No. 4, pp. 1009–1020.

[4] A. Finkelstein, O. Kosheleva, and V. Kreinovich, “Astrogeometry:

geometry explains shapes of celestial bodies”, Geombinatorics, 1997, Vol. VI, No. 4, pp. 125–139.

[5] F. Höppner, Fuzzy cluster analysis, J. Wiley, New York, 1999. [6] A. K. Jain and R. C. Dubes, Algorithms for clustering data, Prentice Hall, Englewood Cliffs, NJ, 1988.

[7] R. B. Kearfott and V. Kreinovich (eds.), Applications of interval computations, Kluwer, Dordrecht, 1996.

[8] B. B. Mandelbrot, The fractal geometry of Nature, Freeman, San Francisco, 1982.

[9] N. J. McMillan, “Temporal and Spatial Magmatic Evolution of the Rio Grande Rift”, New Mexico Geological Survey Guidebook, 49th Field Conference, Las Cruces County, 1998, pp. 107–116.

[10] H. T. Nguyen and V. Kreinovich, Applications of continuous mathematics to computer science, Kluwer, Dordrecht, 1997.

[11] H. T. Nguyen, V. Kreinovich, B. Lea, and D. Tolbert, “Interpolation that leads to the narrowest intervals, and its application to expert systems and intelligent control”, Reliable Computing, 1995, Vol. 1, No. 3, pp. 299–316.

[12] R. Osegueda, C. Ferregut, M. J. George, J. M. Gutierrez, and V. Kreinovich, “Non-Equilibrium Thermodynamics Explains Semiotic Shapes: Applications to Astronomy and to Non-Destructive Testing of Aerospace Systems”, Proceedings of the International Conference on Intelligent Systems and Semiotics (ISAS’97), National Institute of Standards and Technology Publ., Gaithersburg, MD, 1997, pp. 378–382.

[13] R. Osegueda, C. Ferregut, M. J. George, J. M. Gutierrez, and V. Kreinovich, “Computational geometry and artificial neural networks: a hybrid approach to optimal sensor placement for aerospace NDE”, In: C. Ferregut, R. Osegueda, and A. Nuñez (eds.), Proceedings of the International Workshop on Intelligent NDE Sciences for Aging and Futuristic Aircraft, El Paso, TX, September 30–October 2, 1997, pp. 59–71.

[14] R. Osegueda, C. Ferregut, M. J. George, J. M. Gutierrez, and V. Kreinovich, “Maximum entropy approach to optimal sensor placement for aerospace non-destructive testing”, In: G. Erickson, J. T. Rychert, and C. R. Smith (eds.), Maximum Entropy and Bayesian Methods, Kluwer, Dordrecht, 1998, pp. 277–289.

[15] S. Rabinovich, Measurement errors: theory and practice, American Institute of Physics, N.Y., 1993.

[16] A. A. Vakulenko and V. Kreinovich. “Physico-geometrical investigation of brittle fracture during creep,” Journal of Applied Mathematics and Mechanics, 1989, Vol. 53, No. 5, pp. 660–665.

[17] K. Villaverde and V. Kreinovich. “A linear-time algorithm that locates local extrema of a function of one variable from interval measurement results,” Interval Computations, 1993, No. 4, pp. 176–194.

[18] H. M. Wadsworth, Jr. (editor), Handbook of statistical methods for engineers and scientists, McGraw-Hill Publishing Co., N.Y., 1990.