A REALISTIC (NON-ASSOCIATIVE) INTERVAL LOGIC AND HOW INTERVAL COMPUTATIONS HELP IN PROVING RESULTS ABOUT IT

Raúl A. Trejo

ITESM Estado de México Campus, Atizapan México 52926 rtrejo@cs.utep.edu

Vladik Kreinovich, Jesus Martinez, and Reginaldo Gonzalez

Computer Science Department, University of Texas, El Paso, TX 79968, USA

–vladik,jmartine˝@cs.utep.edu

I. R. Goodman

Code D42215, Space & Naval Warfare Systems Center, San Diego, CA 92152, USA goodman@spawar.navy.mil

Keywords: interval logic

Abstract Experts’ uncertainty about their statements Si is described by probabilities pi. The conclusion C of an expert system normally depends on several statements Si, so to estimate the reliability p(C), we must estimate the probability of Boolean combinations like S1&S2. We cannot ask experts about all 2n (> 10^{10}) such combinations, so we must estimate p(S1&S2) based on p1 = p(S1) and p2 = p(S2).

One can use the interval p = [max(p1 +p2 �1, 0), min(p1, p2)] of possible values of p(S1&S2), but this often leads to p(C) = [0, 1]. A natural idea is to use a midpoint of p instead; this midpoint is a mathematical expectation of p(S1&S2) over a uniform (second order) distribution on all possible probability distributions.

This midpoint operation & is not associative (which fits well with human reasoning). We show that some properties of this operation, like semi-associativity and the upper bound (1/9) on the difference a&(b&c) � (a&b)&c, can be derived by using interval computations.

1

1. FORMULATION OF THE PROBLEM 1.1. WE NEED ESTIMATES FOR THE DEGREES OF CERTAINTY OF S_1 & S_2

AND S1 ˙ S2

An expert system contains expert statements S_1, . . . , S_n. The experts’ uncertainty about each statement S_i is described by its subjective probability p_i. The conclusion C of an expert system normally depends on several statements S_i: e.g., if C follows from S_1 and from S_3, then p(C) = p(S_1 ∨ S_3).

To know the probability of every Boolean combination, we must know 2^n −1 values p(S^{ε1}_1 & . . . & S^εn_n ), where ε_i ∈ {+, −}, S^{+ def}= S, and S�^{def}= ¬S. For large n, this number is astronomical, so we cannot ask experts about all of these probabilities. We must thus estimate p(S_1 & S_2) or p(S_1 ∨ S_2) based only on the values p_1 = p(S_1) and p_2 = p(S_2).

1.2. INTERVAL ESTIMATES ARE POSSIBLE, BUT SOMETIMES NOT PERFECT

It is known that for given p_1 = p(S_1) and p_2 = p(S_2):

possible values of p(S_1 & S_2) form an interval p = [p�, p^+], where

p� = max(p_1 + p_2 − 1, 0) and p+ = min(p_1, p_2); and

possible values of p(S_1 ∨ S_2) form an interval p = [p�, p^+], where

p� = max(p_1, p_2) and p+ = min(p_1 + p_2, 1).

(see, e.g., a survey [20] and references therein).

In principle, we can use such interval estimates and get an interval p(C) of possible values of p(C). Sometimes, this idea leads to meaningful estimates. Sometimes, however, it leads to a useless p(C) = [0, 1] [20, 21]. Then, we need numerical estimates for p(S_1 & S_2) and p(S_1 ∨ S_2).

1.3. NATURAL IDEA: SELECTING A MIDPOINT

It is natural to select a midpoint of each interval:

p_1 & p_2^{def}= 1 2 · max(p_1 + p_2 − 1, 0) + 1 2 · min(p_1, p_2); (1)

p_1 ∨ p_2^{def}= 1 2 · max(p_1, p_2) + 1 2 · min(p_1 + p_2, 1). (2)

This midpoint also has a deeper justification: For n = 2 statements S_1 and S_2, we need 2^2 = 4 probabilities x_1 = p(S_1 & S_2), x_2 = p(S_1 & ¬S_2), x_3 = p(¬S_1 & S_2), and x_4 = p(¬S_1 & ¬S_2). Each corresponding probability distribution is thus characterized by four real numbers x_i ≥ 0 for which x_1 + x_2 + x_3 + x_4 = 1; the set of all such vectors (x_1, . . . , x_4) is, therefore, a simplex S.

It is natural to assume that all points (x_1, . . . , x_4) from the simplex are “equally possible”, i.e., that there is a uniform distribution (“secondorder probability”) on this set of probability distributions. Then, as a natural estimate for the probability p(S_1 & S_2) of S_1 & S_2, we can take the conditional mathematical expectation of this probability under the condition that the values p(S_1) = p_1 and p(S_2) = p_2:

E(p(S_1 & S_2) | p(S_1) = p_1 & p(S_2) = p_2) =

P (x_1 | x_1 + x_2 = p_1 & x_1 + x_3 = p_2).

(This idea was proposed and described in [1, 6, 7, 8, 9]; see also [2].)

From the geometric viewpoint, the two conditions x_1 + x_2 = p_1 and x_1 + x_3 = p_2 select a straight line segment within the simplex S, a segment which can be parameterized by a parameter

x_1 ∈ [p�, p^+] = [max(p_1 + p_2 − 1, 0), min(p_1, p_2)];

then, x_2 = p_1 − x_1, x_3 = p_2 − x_1, and x_4 = 1 − (x_1 + x_2 + x_3). Since we start with a uniform distribution on S, the conditional probability distribution on this segment is uniform, i.e., x_1 is uniformly distributed on the interval [p�, p^+]. Thus, the conditional mathematical expectation of x_1 with respect to this distribution is equal to (p� + p^+)/2, i.e., to the midpoint of this interval. Similarly, for an “or” operation, we can conclude that

E(p(S_1 ∨ S_2) | p(S_1) = p_1 & p(S_2) = p_2) = 1 2 · max(p_1, p_2) + 1 2 · min(p_1 + p_2, 1).

1.4. MIDPOINT OPERATIONS: PROBLEM

The choice of a midpoint, however, comes with a problem. Intuitively, (S_1 & S_2) & S_3 means the same as S_1 & (S_2 & S_3), so it is thus natural to require that the “and”-operation be associative: (p_1 & p_2) & p_3 = p_1 & (p_2 & p_3). Alas, midpoint operations are not associative [2]: e.g., (0.4 & 0.6) & 0.8 = 0.2 & 0.8 = 0.1, while 0.4 & (0.6 & 0.8) = 0.4 & 0.5 = 0.2 ≠ 0.1.

By itself, a small non-associativity may not be so bad: associativity comes from the requirement that our reasoning be rational, while it is well known that our actual handling of uncertainty is not exactly following rationality requirements (see, e.g., [27]). So, it is desirable to find out how non-associative can these operations be.

2. MAIN RESULTS AND THEIR INTERPRETATION

Theorem 1. max_{a,b,c} |(a & b) & c − a & (b & c)| = 1/9. Theorem 2. max_{a,b,c} |(a ∨ b) ∨ c − a ∨ (b ∨ c)| = 1/9. Interpretation. Human experts do not use all the numbers from [0, 1] to describe their possible degrees of belief. They use a few words like “very probable” etc. Each of words is a “granule” covering the entire subinterval of values. Since the largest possible non-associativity degree is 1/9, non-associativity is negligible if the “granules” are of size ≥ 1/9. No more than 9 such granules fit into [0, 1]. This may explain why humans are most comfortable with ≤ 9 items to choose from – the famous “7±2” law; see, e.g., [17, 18].

This general psychological law has also been confirmed in our specific area of formalizing expert knowledge: namely, in [5], it was shown that this law explains why in intelligent control, experts normally use ≤ 9 different degrees (such as “small”, “medium”, etc.) to describe the value of each characteristic.

3. PROOFS: MAIN IDEA AND HOW INTERVAL COMPUTATIONS SIMPLIFY IT One can easily see that the operation ∨ is dual to the operation & in the sense that a ∨ b = 1 − (1 − a) & (1 − b). Because of this duality, we can easily deduce Theorem 2 from Theorem 1. Thus, it is sufficient to prove Theorem 1.

Every triple can be sorted: a ≤ b ≤ c. For these sorted real numbers, we want to know the relation between t_a^{def}= a & (b & c), t_b^{def}= b & (a & c), and t_c^{def}= c & (a & b). The formulas for a & b, a & c, and b & c depend on the relation between a + b, a + c, b + c, and 1. Since a ≤ b ≤ c, we have a + b ≤ a + c ≤ b + c. Thus, there are exactly 4 possible locations of number 1 in relation to these three sums:

I. a + b ≤ a + c ≤ b + c ≤ 1;

II. a + b ≤ a + c ≤ 1 < b + c;

III. a + b ≤ 1 < a + c ≤ b + c; IV. 1 < a + b ≤ a + c ≤ b + c. We prove by considering these cases one by one. In each case, we get expressions for a & b, a & c, and b & c which do not contain min and max.

We can subdivide each of these cases into subcases depending on which of the maximized and minimized terms in the expressions for a & (b & c), b & (a & c), and c & (a & b) are larger.

For example, in case IV, all three sums a + b, a + c, and b + c are greater than 1, so a & b = a + 0.5 · b − 0.5, a & c = a + 0.5 · c − 0.5, and b & c = b + 0.5 · c − 0.5.

The value of t_a = (b & c) & a depends on whether (b & c) + a ≤ 1, i.e., whether b + 0.5 · c − 0.5 + a ≤ 1. If we move terms which do not contain a, b, or c to the right hand-side, and rearrange terms which do contain a, b, or c, in alphabetic order, we get an equivalent inequality a + b + 0.5 · c ≤ 1.5.

Similarly, the value of t_b = (a & c) & b depends on whether (a & c)+ b ≤ 1, i.e., whether a+0.5·c−(1−β)+b ≤ 1, which is also equivalent to the same inequality a + b + 0.5 · c ≤ 1.5.

Finally, the value of t_c = (a & b) & c depends on whether (a & b) + c ≤ 1, i.e., whether a + 0.5 · b − 0.5 + c ≤ 1, which is equivalent to the inequality a + 0.5 · b + c ≤ 1.5.

So, to find the expressions for t_a, t_b, and t_c, we must know where 1.5 stands in comparison with a + b + 0.5 · c and a + 0.5 · b + c. Since b ≤ c, we have 0.5 · b ≤ 0.5 · c, hence

a + b + 0.5 · c = (a + b + c) − 0.5 · c ≤

(a + b + c) − 0.5 · b = a + 0.5 · b + c.

Due to this inequality, we have exactly three possibilities:

A. the number 1.5 can be larger than the largest of the above two expressions; in this case, both expressions are ≤ 1.5, i.e.,

a + b + 0.5 · c ≤ a + 0.5 · b + c ≤ 1.5;

B. the number 1.5 is in between the above two expressions; in this case, a + b + 0.5 · c ≤ 1.5 < a + 0.5 · b + c;

C. the number 1.5 is smaller than the smallest of the above two expressions; in this case, both expressions are ≥ 1.5, i.e., 1.5 < a + b + 0.5 · c ≤ a + 0.5 · b + c. These subcases can be further subdivided, etc. For each of the resulting final subcases, all three combinations t_a, t_b, and t_c are described by linear expressions.

There are many such subcases, so the proof is possible but very lengthy. It turns out that interval computations can reduce this length.

Indeed, we want to find the maximum of the expression |(a & b) & c − a & (b & c)| when a, b, c ∈ [0, 1]. To help with the proof, we divided each interval [0, 1] into 100 subintervals of length 0.01, thus generating 100^3 = 10^6 sub-boxes. We use interval arithmetic with additional operations

min([a�, a^+], [b�, b^+]) = [min(a�, b�), min(a^+, b^+)] and max([a�, a^+], [b�, b^+]) = [max(a�, b�), max(a^+, b^+)].

For each subbox, we applied the “naive” interval computations technique to get the estimate [m_i, M_i] for the range of the desired function on this subbox. Then, we eliminated all subboxes for which M_i < 1/9.

As a result, out of the original 10^6 boxes, we have only 80 possible locations of the global maximum. For these 80 boxes, b ∈ [0.54, 0.58], and:

either a ∈ [0.43, 0.46] and c ∈ [0.75, 0.79];

or a ∈ [0.75, 0.79] and c ∈ [0.43, 0.46].

When we sort a, b, and c, we get a ∈ [0.43, 0.46], b ∈ [0.54, 0.58], and c ∈ [0.75, 0.79]. Hence, a + c > 1, and we only need proofs for half of the cases: Cases III and IV.

Some subcases of Case IV were also eliminated. Indeed, within the above interval bounds for a, b, and c, the upper bound for a + b + 0.5 · c is equal to 0.46 + 0.58 + 0.5 · 0.79 = 1.435 < 1.5. Thus, to check that the value of the desired function cannot exceed 1/9, we only need to consider cases when a + b + 0.5 · c < 1.5. Hence, we can dismiss Subcase C when this inequality is not satisfied, and only consider Subcases A and B in our proof.

For each final subcase, the difference (a & b) & c−a & (b & c) is a linear function, and the constraints describing this subcase are linear inequalities. Thus, for each subcase, we have a linear programming problem with rational coefficients. We can analytically solve each of these problems by computing the vertices of the corresponding polytope, and finding the vertex on which the objective function attains the largest value. As a result, we get the desired proof.

4. AUXILIARY RESULTS: ALTERNATIVE TO MIDPOINT

Instead of selecting a midpoint, we can make a more general selection of a value in the interval p.

By a choice function, we mean a function s that maps every interval u = [u�, u^+] into a point s(u) ∈ u so that for every c and λ > 0:

s([u� + c, u^+ + c]) = s([u�, u^+]) + c (shift-invariance);

s([λ · u�, λ · u^+]) = λ · s([u�, u^+]) (unit-invariance).

Proposition. [19] Every choice function has the form s([u�, u^+]) = α · u� + (1 − α) · u^+ for some α ∈ [0, 1].

The combination p = α·p�+(1−α)·p^+ (first proposed by Hurwicz [10]) has been successfully used in areas ranging from submarine detection [3, 4, 22, 23, 24] to petroleum engineering [26]; see also [11, 12, 13, 16, 25]. (In [28, 29], this approach is applied to second-order probabilities.)

With this approach, we get the following formulas which generalize (1) and (2):

p_1 & p_2^{def}= α · max(p_1 + p_2 − 1, 0) + (1 − α) · min(p_1, p_2); (3)

p_1 ∨ p_2^{def}= α · max(p_1, p_2) + (1 − α) · min(p_1 + p_2, 1). (4)

Theorem 3. max_{a,b,c} |(a & b) & c − a & (b & c)| = α · (1 − α) 2 + α · (1 − α). max_{a,b,c} |(a ∨ b) ∨ c − a ∨ (b ∨ c)| = α · (1 − α) 2 + α · (1 − α).

Comment. This non-associativity degree is the smallest (= 0) when α = 0 or α = 1, and the largest (= 1/9) for midpoint operations (α = 0.5).

In our proof, it was useful to first show that the new operations have some properties of associativity:

Definition. We say that a commutative operation ∗ is semi-associative if a ≤ b ≤ c implies that a ∗ (b ∗ c) ≥ b ∗ (a ∗ c) ≥ c ∗ (a ∗ b).

Theorem 4. For every α ∈ (0, 1), both operations (3) and (4) are semi-associative.

Proofs: main idea. To make it easier to follow the proofs, the reader is welcome to use the fact that the traditional fuzzy logic operation min(a, b) corresponds to α = 0 and 1 − α = 1; to make this following even easier, we introduce a new variable β = 1 − α; then, α = 1 − β.

Let us describe the proof of Theorems 3 and 4 for Case I of &. For Theorem 4, in this case, a + b ≤ a + c ≤ b + c ≤ 1, so a + b ≤ 1 and b + c ≤ 1. Hence, b & c = β · b, a & c = β · a, and a & b = β · a. Let us find the values of all three terms t_a, t_b, and t_c:

t_c: Since a & b ≤ a (by the properties of the new operation), and a ≤ c (by our assumption), we conclude that a & b ≤ c. Also, (a & b) + c = β · a + c ≤ a + c ≤ 1, so

(a & b) & c = β · (a & b) = β · (β · a) = β^2 · a.

t_b: Similarly, (a & c) ≤ a ≤ b, and (a & c) + b = β · a + b ≤ a + b ≤ 1, so (a & c) & b = β · (a & c) = β · (β · a) = β^2 · a.

t_a: Finally, (b & c) + a = β · b + a ≤ a + b ≤ 1, so

(b & c) & a = β · min(β · b, a) = min(β^2 · b, β · a).

Now we are ready to prove the desired inequalities:

t_c ≤ t_b: We have shown even that t_b = (a & c) & b = (a & b) & c = t_c. t_b ≤ t_a: Since b ≥ a, we have β^2·b ≥ β^2·a; clearly, since β < 1, we have β > β^2, hence β · a ≥ β^2 · a. Hence, min(β^2 · b, β · a) ≥ β^2 · a.

Thus, for Case I, the desired inequalities are proven.

To prove Case I of Theorem 3, it is therefore sufficient to prove that the difference t_a − t_c cannot exceed the desired bound M. We will prove this by reduction to a contradiction by assuming that t_a − t_c > M and by getting a contradiction.

In Case I, as we have shown in the proof of Theorem 4, t_a = min(β^2 · b, β · a) and t_c = β^2 · a. Thus, from the assumption that t_a − t_c > M, we can conclude that β^2 · β − β^2 · a > M and that β · a − β^2 · a > M. The second of these inequalities is equivalent to β · (1 − β) · a > M, i.e., to a > M β · (1 − β) . By definition of M, we have M β · (1 − β) = 1 2 + β · (1 − β)

= a_0,

so this inequality leads to

a > a_0 = 1 2 + β · (1 − β). (5) The first inequality β^2 · b − β^2 · a = β^2 · (b − a) > M is equivalent to b − a > M β^2 = 1 − β β · (2 + β · (1 − β))

. (6)

From (5) and (6), we conclude that

a + b = (b − a) + 2a > 1 − β β · (2 + β · (1 − β)) + 2 2 + β · (1 − β) = 2β + (1 − β) β · (2 + β · (1 − β)) = 1 + β β · (2 + β · (1 − β)) . Since in Case I, a + b ≤ 1, we conclude that

1 + β β · (2 + β · (1 − β)) < 1, i.e., that 1 + β < β · (2 + β · (1 − β)) = 2β + β^2 − β^3.

If we move β to the right-hand side and β^3 to the left-hand side, we get a simpler equivalent inequality 1 + β^3 < β + β^2. This inequality can be further simplified if we divide its both sides by 1 + β > 0, resulting in the following: 1 − β + β^2 < β. If we move β from the right-hand side to the left, we get 1 − 2β + β^2 = (1 − β)^2 < 0, which is impossible.

The contradiction shows that in Case I, we cannot have t_a − t_c > M; thus, for Case I, Theorem 3 is proven.

Other cases are treated similarly.

Acknowledgments

This work was supported in part by NASA under cooperative agreement NCC5- 209, by NSF grants No. DUE-9750858 and CDA-9522207, by United Space Alliance, grant No. NAS 9-20000 (PWO C0C67713A6), by the Future Aerospace Science and Technology Program (FAST) Center for Structural Integrity of Aerospace Systems, effort sponsored by the Air Force Office of Scientific Research, Air Force Materiel Command, USAF, under grant number F49620-95-1-0518, and by the National Security Agency under Grant No. MDA904-98-1-0561 and MDA904-98-1-0564. The authors are very thankful to H. T. Nguyen for helpful discussions, to J. Schubert for useful references, and to participants of the SCAN’2000/Interval’2000 conference for valuable discussions.

References

[1] D. Bamber, “Entailment with near surety of scaled assertions of high conditional probability”, Journal of Philosophical Logic, 2000 (to appear).

[2] A. D. C. Bennett, J. B. Paris, and A. Vencovská, “A new criterion for comparing fuzzy logics for uncertain reasoning”, Journal of Logic, Language, and Information, 2000, Vol. 9, pp. 31–63.

[3] U. Bergsten and J. Schubert, “Dempster’s rule for evidence ordered in a complete directed acyclic graph”, Int. J. Approx. Reasoning 1993, Vol. 9, No. 1, pp. 37–73.

[4] U. Bergsten, J. Schubert, and P. Swennson, “Applying Data Mining and Machine Learning Techniques to Submarine Intelligence Analysis”, Proc. Third Int. Conf. on Knowledge Discovery and Data Mining (KDD’97), Newport Beach, August 14–17, 1997, AAAI Press, 1997, pp. 127–130.

[5] L. Godo, R. Lopez de Mantaras, C. Sierra, and A. Verdaguer, “MILORD: The Architecture and management of Linguistically expressed Uncertainty”, International Journal of Intelligent Systems, 1989, Vol. 4, pp. 471–501.

[6] I. R. Goodman, “A decision aid for nodes in Command & Control Systems based on cognitive probability logic”, Proceedings of the 1999 Command & Control Research and Technology Symposium, US Naval War College, Newport, RI, June 29–July 1, 1999, pp. 898– 941.

[7] I. R. Goodman and H. T. Nguyen, “Amas’ high probability and combination of information in the context of product probability conditional event algebra”, Proceedings of Fusion’98, Las Vegas, NV, July 6–8, 1998, Vol. 1, pp. 1–8.

[8] I. R. Goodman and H. T. Nguyen, “Computational aspects of quantitative second order probability logic and fuzzy if-then rules: Part I, Basic representations as integrals”, Proceedings of the Joint Conferences in Information Sciences JCIS’2000, Atlantic City, NJ, February 27–March 3, 2000, Vol. I, pp. 64–67.

[9] I. R. Goodman and H. T. Nguyen, “Probability updating using second-order probabilities and conditional event algebra”, Information Sciences, 2000 (to appear).

[10] L. Hurwicz, A criterion for decision-making under uncertainty, Technical Report 355, Cowles Commission, 1952.

[11] J. Y. Jaffray, “Linear utility theory for belief functions”, Op. Res.

Letters, 1989, Vol. 8, pp. 107–112.

[12] J. Y. Jaffray, “Linear utility theory and belief functions: a discussion”, In: A. Chickan (ed.), Proc. of FUR IV Conference, Dordrecht, Kluwer, 1991.

[13] J. Y. Jaffray, “Dynamic decision making with belief functions”, In:

R. R. Yager, J. Kacprzyk, and M. Pedrizzi (Eds.), Advances in the Dempster-Shafer Theory of Evidence, Wiley, N.Y., 1994, pp. 331– 352.

[14] R. B. Kearfott, Rigorous global search: continuous problems, Kluwer, Dordrecht, 1996.

[15] V. Kreinovich, A. Lakeyev, J. Rohn, and P. Kahl, Computational complexity and feasibility of data processing and interval computations, Kluwer, Dordrecht, 1998.

[16] S. A. Lesh, An evidential theory approach to judgment-based decision making, Ph.D. Thesis, Department of Forestry and Environmental Studies, Duke University, Durham, NC, 1986.

[17] G. A. Miller, “The magical number seven plus or minus two: some limits on our capacity for processing information”, Psychological Review, 1956, Vol. 63, pp. 81–97.

[18] P. M. Milner, Physiological psychology, Holt, NY, 1970. [19] H. T. Nguyen and V. Kreinovich, “Nested Intervals and Sets: Concepts, Relations to Fuzzy Sets, and Applications”, In: R. B. Kearfott and V. Kreinovich (eds.), Applications of Interval Computations, Kluwer, Dordrecht, 1996, pp. 245–290.

[20] H. T. Nguyen, V. Kreinovich, and Q. Zuo, “Interval-valued degrees of belief: applications of interval computations to expert systems and intelligent control”, International Journal of Uncertainty, Fuzziness, and Knowledge-Based Systems (IJUFKS), 1997, Vol. 5, No. 3, pp. 317–358.

[21] N. J. Nilsson, “Probabilistic logic”, Artificial Intelligence, 1996, Vol. 28, pp. 71–87.

[22] J. Schubert, “On nonspecific evidence”, Int. J. Intell. Syst., 1993, Vol. 8, No. 6, pp. 711–725.

[23] J. Schubert, Cluster-based specification techniques in Dempster- Shafer theory for an evidential intelligence analysis of multiple target tracks, Ph.D. Dissertation, Royal Institute of Technology, Department of Numerical Analysis and Computer Science, Stockholm, Sweden, 1994.

[24] J. Schubert, Specifying nonspecific evidence, Int. J. Intelligent Systems, 1996, Vol. 11, No. 8, pp. 525–563.

[25] T. M. Strat, “Decision analysis using belief model”, Int. J. Approx.

Reasoning, 1990, Vol. 4, No. 5/6, pp. 391–417.

[26] T. M. Strat, “Decision analysis using belief functions”, In:

R. R. Yager, J. Kacprzyk, and M. Pedrizzi (Eds.), Advances in the Dempster-Shafer Theory of Evidence, Wiley, N.Y., 1994, pp. 275– 310.

[27] P. Suppes, D. M. Krantz, R. D. Luce, and A. Tversky, Foundations of measurement, Vol. I-III, Academic Press, San Diego, CA, 1989.

[28] T. Whalen and C. Brönn, “Hurwicz and regret criteria extended to decisions with ordinal probabilities”, Proc. of 1990 North Amer. Fuzzy Inform. Proc. Soc. Conference, pp. 219–222.

[29] T. Whalen, “Interval probabilities induced by decision problems”, In: R. R. Yager, J. Kacprzyk, and M. Pedrizzi (Eds.), Advances in the Dempster-Shafer Theory of Evidence, Wiley, N.Y., 1994, pp. 353–374.