Optimal Finite Characterization of Linear Problems with Inexact Data

Vladik Kreinovich

Department of Computer Science University of Texas at El Paso 500 W. University El Paso, TX 79968, USA email vladik@cs.utep.edu

Abstract For many linear problems, in order to check whether a certain property is true for all matrices A from an interval matrix A, it is sufficient to check this property for finitely many “vertex” matrices A 2 A. J. Rohn has discovered that we do not need to use all 2^{n2} vertex matrices, it is sufficient to only check these properties for 2^{2n}�^1 ø 2^{n2} vertex matrices of a special type Ayz. In this paper, we show that a further reduction is impossible: without checking all 2^{2n}�^1 matrices Ayz, we cannot guarantee that the desired property holds for all A 2 A. Thus, these special vertex matrices provide an optimal finite characterization of linear problems with inexact data.

1 Introduction

Many practical problems are described by systems of linear equations and/or inequalities, i.e., as linear problems. The components A_{ij} of the corresponding matrices A are often not exactly known; for each of these components, we only know the interval [A_{ij} , A_{ij} ] of possible values. The class of all matrices A which are consistent with this information is called an interval matrix A = [A, A] = {A : A ≤ A ≤ A}, where A is a matrix with components A_{ij} , A is a matrix with components A_{ij} , and A ≤ B means that A_{ij} ≤ B_{ij} for all i and j.

It is often convenient to represent an interval matrix by its midpoint ~A^{def}= 1 2 (A+A) and its radius Δ^{def}= 1 2 (A−A). In these notations, A = [ ~A−Δ, ~A+Δ].

In practical applications, all the elements of the matrices are computerrepresented numbers and thus, rational numbers; it is worth mentioning that our results hold for arbitrary real numbers as well.

We say that an interval matrix A satisfies a property P (e.g., is non-singular or positive definite) if all matrices A ∈ A satisfy this property. It is known that for many such properties, an interval matrix satisfies the property P if and only if all its vertex matrices, i.e., matrices for which A_{ij} ∈ {A_{ij} , A_{ij} } for all i and j, satisfy this property. Thus, in order to check whether a given interval matrix satisfies the property P, it is sufficient to check this property for a finite set of vertex matrices.

This set is finite but huge: e.g., for square matrices (of size n × n), we have 2^{n2} possible vertex matrices; as a result, for large n, checking all such matrices requires an unrealistic amount of computation time.

In [3, 6], it was shown that for many properties P, we do not need to check all these matrices: it is sufficient to use vertex matrices from the following special class. Namely, let us define e^{def}= (1, . . . , 1)^T ,

Y^{def}= {y ∈ IR^n : |y| = e} = the set of all ± 1 − vectors.

For every y, z ∈ Y , we can can define a matrix A_{yz} as ~A − yΔz^T . In other words, for every i and j,

(A_{yz})_{ij} = { A_{ij} if y_i · z_j = −1 A_{ij} if y_i · z_j = 1 . (these matrices were first introduced in [3], p. 43). Each such matrix is a vertex matrix, but there are only 2^{2n−1} matrices A_{yz} compared to 2^{n2} vertex matrices (2n − 1 since A_{yz} = A_{−y,−z}). For some problems, it is sufficient to check only some of such matrices, e.g., only matrices A_{yy} or only matrices A_{y,−y} (in both cases, we need only 2^{n−1} vertex matrices).

For such problems, a natural question is: can we further decrease the set of checked matrices? In this paper, we show that for most problems described in [3, 6], further decrease is impossible: all 2^{2n−1} (corr., 2^{n−1}) vertex matrices A_{yz} (corr., A_{yy}) are needed. To be more precise: there exist cases when the property P holds for all but one of these matrices and still does not hold for the corresponding interval matrix A. In this sense, finite characterizations presented in [3, 6] are optimal.

These results are in good accordance with the fact that many of the corresponding problems are NP-hard (see, e.g., [2]) and therefore, less than exponential finite characterizations are not to be expected.

Comment. The fact that a exponential ≈ 2^n finite characterization cannot be decreased is not as pessimistic as it may seem:

• First, NP-hardness means that we cannot expect less than exponentialtime algorithms for solving the corresponding problems. Of course, this does not necessarily mean that the algorithms based on checking all 2^{n−1} vertex matrices are necessarily optimal; we may have faster – although still exponential-time – algorithms based on different ideas.

• Second, the fact that we need to check all 2^{n−1} matrices does not necessarily mean that the computation time of the corresponding algorithm for checking the property P for an interval matrix is 2^{n−1} times larger than the computation time t of checking this property for a single matrix. For some properties, it was shown that many of these 2^{n−1} checkings contain the exact same computational steps; so, when we need to check all these matrices, we can perform the common steps only once. As a result, the total computational time for all the checkings is much smaller than 2^{n−1} × t [7].

2 Interval Matrix Properties

Definition 2.1.

• A square matrix A (not necessarily symmetric) is called positive

(semi)definite if its symmetric part 1 2 (A + A^T ) is positive (semi)definite.

• A square matrix is called stable if Re λ < 0 for each eigenvalue λ of A.

Definition 2.2.

• A square interval matrix A is called regular if each A ∈ A is regular.

• A square interval matrix A is called positive (semi)definite if each A ∈ A is positive (semi)definite.

• A square symmetric interval matrix A (i.e., both A, A symmetric) is called stable if each A ∈ A is stable.

For each of these four properties – regularity, positive definiteness, positive semidefiniteness, and stability – the problem of checking whether a given interval matrix has this property is known to be NP-hard (see, e.g., [2]).

Theorem 2.1. [1, 3, 5]

• A is regular if and only if for all the matrices A_{yz}, the determinant det A_{yz} has the same sign.

• A is positive (semi)definite if and only if A_{yy} is positive (semi)definite for each y ∈ Y .

• A is stable if and only if A_{y,−y} is stable for each y ∈ Y .

The following result shows that for these properties, all the above matrices A_{y,z} are needed for this characterization:

• all 2^{2n−1} different matrices A_{yz} are needed for checking regularity; • all 2^{n−1} different matrices A_{yy} are needed for checking positive definiteness, and • all 2^{n−1} different matrices A_{y,−y} are needed for checking stability.

Theorem 2.2.

• For every n, and for every pair ⟨~y, ~z⟩, ~y, ~z ∈ Y , there exists an interval matrix A, for which • for all pairs ⟨y, z⟩ ≠ ⟨~y, ~z⟩, ⟨−~y, −~z⟩, all the values det A_{yz} have the same sign;

• A is not regular.

• For every n, and for every ~y ∈ Y , there exists an interval matrix A, for which

• the matrix A_{yy} is positive (semi)definite for all y ≠ ~y, −~y, and • A is not positive (semi)definite.

• For every n, and for every ~y ∈ Y , there exists an interval matrix A, for which

• the matrix A_{y,−y} is stable for all y ≠ ~y, −~y, and • A is not stable.

Proof. We will show that for all four properties, we can select the desired interval matrix in the form A(a, b, δ), where δ is a real number, a and b are vectors, ~A(a, b, δ) = (2n + δ)D_aD_b − abT , Δ(a, b) = eeT , and D_a^{def}= diag(a_1, . . . , a_n) is the diagonal matrix built from the vector a. Specifically:

• for regularity, we can take A(~y, ~z, 0); • for positive definiteness, we can take A(~y, ~y, 0);

• for positive semi-definiteness, we can take A(~y, ~y, −ε) for a small ε > 0; • for stability, we can take A(~y, −~y, 0).

For the case of regularity, due to our choice of the interval matrix A(ỹ, z̃, 0), we have A_{yz} = 2nD_ỹD_{z̃} − ỹz̃^T − yz^T . Let us show that the problem corresponding to arbitrary ỹ and z̃ can be reduced to the case when ỹ = z̃ = e.

Indeed, if we denote p_i^{def}= y_i · ~y_i and q_i^{def}= z_i · ~z_i, then y_i = ỹ_i · p_i and z_i = q_i · z̃_i, hence A_{yz} = D_ỹA^∗_{pq} D_{z̃}, where A^∗_{pq}^{def}= 2nI − ee^T − pq^T . Hence, det A_{yz} = det D_ỹ · det A^∗_{pq} · det D_{z̃}. Since D_ỹ and D_{z̃} are diagonal matrices with ±1 on diagonals, they are non-degenerate. Hence, to prove that all the matrices A_{yz}, ⟨y, z⟩ ≠ ⟨~y, ~z⟩, ⟨−~y, −~z⟩, have the determinants of the same sign, it is sufficient to prove that all the matrices A^∗_{pq} , ⟨p, q⟩ ≠ ⟨e, e⟩, ⟨−e, −e⟩, have the determinants of the same sign; specifically, we will prove that all these matrices A^∗_{pq} are positive definite and therefore, they all have positive determinants. We will also prove that A^∗_{ee} (hence, A_{ỹz̃} ) is a singular matrix.

Indeed, for every vector x, we have x^T A^∗_{pq} x = 2nx^T x−(e^T x)^2 −(x^T p)(qx^T ) = 2n·‖x‖^2−(e, x)^2−(p, x)·(q, x) , (2.1) where (a, b) denotes a scalar (dot) product of the two vectors. For the scalar product, we have the well-known Cauchy-Schwartz inequality |(e, x)| ≤ ‖e‖·‖x‖, in which the equality is possible only if vectors e and x are collinear: e‖x. Here, e = (1, . . . , 1)^T , so ‖e‖ = √ n, |(e, x)| ≤ √ n · ‖x‖, and (e, x)^2 ≤ n · ‖x‖^2, (2.2) and the equality is possible only if x‖e.

Similarly, |(p, x)| ≤ √ n · ‖x‖ and |(q, x)| ≤ √ n · ‖x‖. Hence, (p, x) · (q, x) ≤ n · ‖x‖^2, (2.3) and the equality is possible only if p‖x, q‖x, and p = α · q for α > 0 (else we would have (p, x) · (q, x) = −n · ‖x‖^2). Substituting (2.2) and (2.3) into (2.1), we conclude that x^T A^∗_{pq} x ≥ 2n‖x‖^2 − n‖x‖^2 − n‖x‖^2 = 0, (2.4) and the equality is possible only when x‖e, x‖p, and x‖q (hence p‖e and q‖e), and p = α·q for α > 0. Since p, q ∈ Y , the only possibility for equality is, hence, when either p = q = e, or p = q = −e. So, for all other pairs, the equality is impossible, and the matrix A^∗_{pq} is indeed positive definite.

For p = q = e, we have A^∗_{pq} e = (2nI − 2ee^T )e = 0, so A^∗_{ee} is a singular matrix; thus, A_{ỹỹ} is also singular. The regularity part is proven.

For positive definiteness, we take A(ỹ, ỹ, 0), so A_{yy} = 2nI − ỹỹ^T − yy^T = D_ỹA^∗_{pp}D_{p̃}. (2.5)

Hence, x^T A_{yy}x = z^T A^∗_{pp}z, where z^{def}= D_ỹx; thence, A_{yy} is positive definite if and only if A^∗_{pp} is positive definite. We can therefore conclude that for all y ≠ ~y, −~y, the matrix A_{yy} is positive definite, while for y = ~y, it is only positive semi-definite and not positive definite. Thus, for positive definiteness, the theorem is also proven.

To prove a similar result for positive semi-definiteness, we consider an interval matrix B^{def}= A(ỹ, ỹ, −ε) = A(ỹ, ỹ, 0) − εI for some small ε > 0. For this interval matrix, for every y ∈ Y , we have B_{yy} = A_{yy} − εI. Since all the matrices A_{yy} for y ≠ ~y, −~y were positive definite, for sufficiently small ε, the new matrices B_{yy} are still positive definite. On the other hand, since the matrix A_{ỹỹ} was positive semi-definite, with one of the eigenvalues 0, the new matrix B_{ỹỹ} = A_{ỹỹ} − εI has a negative eigenvalue −ε and hence, is not positive semi-definite. So, for positive semi-definiteness, the theorem is also proven.

For stability, we take A(ỹ, −ỹ, 0). For this interval matrix, A_{y,−y} = −2nI + ỹỹ^T + yy^T . This matrix is equal to (2.5) times −1, so for all y ≠ ~y, −~y, this matrix A_{y,−y} is negative definite (hence stable), while for y = ~y, the corresponding matrix has a 0 eigenvalue (and is, hence, not stable). Q.E.D.

3 Linear Interval Equations and Inverse Interval Matrices

Definition 3.1.

• For an interval matrix A and an interval vector b, we define [x, x] as the interval hull of the solution set X = {x : Ax = b for some A ∈ A, b ∈ b}. • For a regular A, we define [B, B] as the interval hull of the set {A^{−1} : A ∈ A}. The problems of computing each of these interval hulls are known to be NP-hard (see, e.g., [2]).

Both interval hulls can be characterized in terms of the matrices A_{yz} and – for solution set – vectors b_y, which are defined, for every y ∈ Y , as follows:

(b_y)_i = { b_i if y_i = 1 b_i if y_i = −1 .

Theorem 3.1. [3, 4]

• If A is regular, then we have: x = min_{y,z∈Y} A^{−1}_{yz} b_y; x = max_{y,z∈Y} A^{−1}_{yz} b_y. • For a regular A, we have B = min_{y,z∈Y} A^{−1}_{yz} ; B = max_{y,z∈Y} A^{−1}_{yz} .

The following result shows that all the combinations ⟨y, z⟩ are needed for this characterization:

• all 2^{2n} different pairs ⟨y, z⟩ are needed for describing the solution set hull; • all 2^{2n−1} different matrices A_{yz} are needed for describing the inverse matrix hull.

Theorem 3.2.

• For every n, and for every pair ⟨~y, ~z⟩, ~y, ~z ∈ Y , there exists a regular interval matrix A and an interval vector b, for which either x ≠ min ⟨y,z⟩≠⟨ỹ,z̃⟩ A^{−1}_{yz} b_y or x ≠ max ⟨y,z⟩≠⟨ỹ,z̃⟩ A^{−1}_{yz} b_y. • For every n, and for every pair ⟨~y, ~z⟩, ~y, ~z ∈ Y , there exist:

• a regular interval matrix A for which B ≠ min ⟨y,z⟩≠⟨ỹ,z̃⟩,⟨−ỹ,−z̃⟩ A^{−1}_{yz} ;

• a regular interval matrix A for which B ≠ max ⟨y,z⟩≠⟨ỹ,z̃⟩,⟨−ỹ,−z̃⟩ A^{−1}_{yz} .

Proof. Let us start with the case of an interval linear system. We will show that in this case, for an arbitrary positive real number ε > 0, the desired property is true for the interval matrix A(ỹ, z̃, ε) (as described in the proof of Theorem 2.2) and for the interval vector b = e[−1, 1], i.e., the vector for which b_i = [−1, 1] for all i. For this vector, b_y = y for every y ∈ Y .

To prove that this pair of an interval matrix and an interval vector always satisfy the desired property, let us first reduce the case of the general vectors ỹ, z̃ ∈ Y to the case when ỹ = z̃ = e. Indeed, in this case, similarly to the reduction with which we started the proof of Theorem 2.2, we have

A_{yz} = (2n + ε)D_ỹD_{z̃} − ỹz̃^T − yz^T = D_ỹA^∗_{pq} D_{z̃},

where A^∗_{pq}^{def}= (2n + ε)I − ee^T − pq^T corresponds to the case when ỹ = z̃ = e. Since each diagonal matrix D_ỹ has ±1 on the diagonal, we have D^{−1}_ỹ = D_ỹ hence A^{−1}_{yz} = D_{z̃}A^∗_{pq}^{−1}D_ỹ. Since, as one can easily check, b_y = D_ỹb_p, we can conclude that A^{−1}_{yz} b_y = D_{z̃}(A^∗_{pq}^{−1}b_p). Since D_{z̃} is a diagonal matrix consisting of ±1, we get the desired reduction.

Because of this reduction, we can, without losing generality, consider only the case when ỹ = z̃ = e. In this case, A_{yz} = (2n + ε)I − ee^T − yz^T . In the proof of Theorem 2.2, we have shown that for ε = 0, this matrix is semi-definite, hence, when we add ε·I, we get a positive definite matrix – which is thus regular. We need to describe the vector A^{−1}_{yz} b_y, i.e., the solution x to the linear system A_{yz}x = b_y. For y = z = e, one can easily check that the vector x = (1/ε)e with components x_i = 1/ε is the desired solution. Let us show that for every index i and for every pair ⟨y, z⟩ ≠ ⟨e, e⟩, the i-th component x_i of the corresponding vector x is smaller than 1/ε. Thus, the maximum in x_i is attained only for ⟨y, z⟩ = ⟨e, e⟩, and so, if we omit this pair, we do not get the correct interval hull of the solution of the system of linear equations. Hence, for solving an interval linear system, the theorem will be proven.

Indeed, for ⟨y, z⟩ ≠ ⟨e, e⟩, the vector x is a solution to the linear system A_{yz}x = b_y = y, i.e., to the system: (2n + ε) · x_i − (x, e) − (x, z) · y_i = y_i, (3.1) Moving the term 2(x, e) to the right-hand side and dividing both sides by 2n+ε, we conclude that x_i = y_i + (x, e) + (x, z) · y_i 2n + ε . (3.2)

By definition, (x, e) =^n ∑ i=1 x_i, hence, |(x, e)| ≤^n ∑ i=1 |x_i|; the equality is attained

only in two cases:

• if every component of x_i is non-negative (i.e., has the same sign as e_i), or

• if every component of x_i is non-positive (i.e., has the same sign as −e_i).

Similarly, |(x, z)| ≤^n ∑ i=1 |x_i|, and the equality is attained only in two cases:

• if every component of x_i has the same sign as z_i, or

• if every component of x_i has the same sign as −z_i.

Thus, |y_i + (x, e) + y_i · (x, z)| ≤ 1 + 2 · n∑ i=1 |x_i|, (3.3) with the equality possible only if all the values y_i have the same sign, same as (x, e), and all the values (x, z) are positive (hence, all the components of x_i and e_i have the same sign, and so do x_i and z_i). Applying the inequality (3.3) to the formula (3.2), we conclude that

|x_i| ≤ 1 + 2 ·^n ∑ i=1 |x_i| 2n + ε. (3.4)

Adding these inequalities for i = 1, . . . , n, we conclude that n∑ i=1 |x_i| ≤ n 2n + ε · ( 1 + 2 · n∑ i=1 |x_i| ) = n 2n + ε + 2n 2n + ε · n∑ i=1 |x_i|, (3.5) hence ( 1 − 2n 2n + ε ) · n∑ i=1 |x_i| ≤ n 2n + ε , (3.6) ε 2n + ε · n∑ i=1 |x_i| ≤ n 2n + ε (3.7)

and_n ∑ i=1 |x_i| ≤ n ε . (3.8)

From (3.4) and (3.8), we can now conclude that |x_i| ≤ 1 + 2n/ε 2n + ε = 1 ε , (3.9)

hence x_i ≤ 1 ε , (3.10)

and the equality is only possible if all the components of the vectors e, y, and z have the same signs, i.e., if e = y = z. For linear interval systems, the theorem is proven.

For matrix inversion, we take the same interval matrix A(ỹ, z̃, ε) as in solving interval linear systems. Due to the above-mentioned properties A_{yz} = D_ỹA^∗_{pq} D_{z̃} and A^{−1}_{yz} = D_{z̃}A^∗_{pq}^{−1}D_ỹ, we can reduce the general case to the case when ỹ = z̃ = e; for each (ij)-component of the resulting bounds B and B, we may have to switch minimum to maximum, depending on the sign of the product z̃_iỹ_j .

Therefore, it is sufficient to prove this theorem for the case when ỹ = z̃ = e. In this case, A_{ee} = (2n + ε)I − 2ee^T . One can easily check that the inverse matrix has the form

A^{−1}_{ee} = 1 2n + ε I + 2 ε · (2n + ε) ee^T ,

i.e., it has entries

2 + ε ε · (2n + ε) on the diagonal and 2 ε · (2n + ε) off the diagonal.

Let us show that such high values cannot be attained for all other inverse matrices M = A^{−1}_{yz} . Indeed, the matrix M satisfies the equation A_{yz}M = I, i.e., (2n + ε) · m_{ik} − n∑ j=1 m_{jk} − y_i · n∑ j=1 z_j · m_{jk} = δ_{ik}. Therefore, we have

m_{ik} = n∑ j=1 m_{jk} + y_i ·^n ∑ j=1 z_j · m_{ij} + δ_{ik} 2n + ε .

Here,^n ∑ j=1 m_{jk} ≤^n ∑ j=1 |m_{jk}|, and also^n ∑ j=1 y_j · m_{jk} ≤^n ∑ j=1 |y_j | · |m_{jk} | =^n ∑ j=1 |m_{jk}|; therefore, m_{ik} ≤ 2^n ∑ j=1 |m_{jk} | + δ_{ik} 2n + ε . (3.11) Since the value m_{jk} cannot exceed a non-negative number, its absolute value |m_{jk} | cannot exceed the same number:

|m_{ik}| ≤ 2^n ∑ j=1 |m_{jk} | + δ_{ik} 2n + ε . Adding the corresponding inequalities for all i from 1 to n and taking into consideration that^n ∑ i=1 δ_{ik} = 1, we conclude that

n∑ i=1 |m_{ik}| ≤ 2n ·^n ∑ j=1 |m_{jk}| + 1 2n + ε .

Moving all the terms proportional to the sum^n ∑ i=1 |m_{jk} | to the left-hand side, we

conclude that ε 2n + ε · n∑ j=1 |m_{jk}| ≤ 1 2n + ε ,

i.e., that^n ∑ j=1 |m_{jk} | ≤ 1/ε. Thus, from (3.11), we can conclude that m_{ik} ≤ 2/ε + δ_{ik} 2n + ε . By recalling the expression for A^{−1}_{ee} , we can see that the right-hand

side of the last inequality is exactly the entries for A^{−1}_{ee} , so we can conclude that A^{−1}_{yz} ≤ A^{−1}_{ee} . Similarly to the linear equation case, we can see that the only possibility for the equality is when y = z = e. The theorem is proven.

Acknowledgments

This work was partly supported by NASA under cooperative agreement NCC5-209, by the United Space Alliance, grant No. NAS 9-20000 (PWO C0C67713A6), and by the Future Aerospace Science and Technology Program (FAST) Center for Structural Integrity of Aerospace Systems, effort sponsored by the Air Force Office of Scientific Research, Air Force Materiel Command, USAF, under grants number F49620-95-1-0518 and F49620-00-1-0365, by NSF grants EAR-0112968, EAR-0225670, and EIA-0321328, by Army Research Laboratories grant DATM-05-02-C-0046, and by Grant No. W-00016 from the U.S.-Czech Science and Technology Joint Fund.

The author is thankful to Jiří Rohn and George Corliss for their encouragement and useful advise, and to the anonymous referees for valuable suggestions.

References

[1] M. Baumann, “A regularity criterion for interval matrices”, In: J. Garloff et al., eds., Collection of Scientific Papers Honoring Prof. Dr. Karl Nickel on Occasion of his 60th Birthday, Part I, Freiburg University, Freiburg, 1984, pp. 45–50.

[2] V. Kreinovich, A. Lakeyev, J. Rohn, and P. Kahl, Computational complexity and feasibility of data processing and interval computations, Kluwer, Dordrecht, 1998.

[3] J. Rohn, “Systems of linear interval equations”, Linear Algebra and Its Applications, 1989, Vol. 126, pp. 39–78.

[4] J. Rohn, “Inverse interval matrix”, SIAM Journal on Numerical Analysis, 1993, Vol. 30, pp. 864–870.

[5] J. Rohn, “Positive definiteness and stability of interval matrices”, SIAM Journal on Matrix Algebra and Applications, 1994, Vol. 15, pp. 175–184.

[6] J. Rohn, “Finite Characterization of Some Linear Problems with Inexact Data”, Abstracts of SCAN’2000/Interval’2000, Karlsruhe, Germany, September 19–22, 2000, p. 32.

[7] M. Tsatsomeros and L. Li, “A Recursive Test for P-Matrices”, BIT Numerical Mathematics, 2000, Vol. 40, No. 2, pp. 404–408.