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Abstract ( This paper presents a domain-theoretic model for measurements and measuring instruments, by making explicit in simplex-domain structures two important aspects of measurement processes: the notion of standard representation relation, established between the (physical) values that are being measured and the meanings of the readings (semantic values) of the measuring instruments used to measure them, and the time underlying every measurement process, in a way that it is possible to trace the history of every measuring process. We also present the modelling of measurements performed by combined measuring instruments synchronized in time. Finally, the domain-theoretic modelling of a sample measuring process is presented to illustrate the approach.
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1. INTRODUCTION

Scott and Strachey [1] introduced Domain Theory as a mathematical framework for the semantics of programming languages. The main idea is that programming language semantics can be formally specified in terms of objects of domains, conceived as partially ordered sets of objects with certain properties such that the order (called information order) models the notions of approximation between objects and the objects themselves model partial results of computation steps.  This means that (partially computed) objects can be compared by the quality of information they carry with respect to some totally computed object (a maximal object in the domain, called total object). In this sense, if an object x approximates another object y, then y contains at least the same information carried by x. The least element or bottom (required for every domain) models the absence of information, representing the beginning of any computational step; in contrast, total objects represent the final result of a finite computation or a limit, when they are produced by infinite computations.  

The main subject addressed by Domain Theory is precisely the modelling of computations performed over objects that can only be produced by infinite processes. Therefore, it became the ideal structure for modelling computations over the real numbers [2] and real intervals [3]. Since then, domain-like structures have been used in several applications, most of them in the context of computation and mathematics [4].

Those features of Domain Theory support the main intuition behind our work, the possibility of developing a domain-theoretical model of uncertainty in measuring instruments and processes. In [5], we introduced the simplex and simplicial complex domains – qualitative domains whose objects are, respectively, simplexes and simplicial complexes that are coherent, in a certain sense –, allowing a domain-theoretical modelling of measurement processes based on those domains. We showed that qualitative domains of coherent simplexes can be used to model the steps of (possibly infinite) measuring processes. In [6], we used the same approach to model a simple competitive sensor data fusion [7]-[8], where several subsequent perceptions obtained by a single perception module are fused. In both papers, time is not considered explicitly in the domain-theoretic model.

In this paper, we extend the initial work [5]-[6] done on simplex domains, where the notions of qualitative domains and simplexes
 were firstly combined. We introduce a general model for a measuring instrument (measuring device, sensor etc.) as a simplex domain whose objects are constructed from reading events, labelled with temporal information and interpreted over a semantic domain
, allowing for the definition of a temporal order between them, in addition to the information order. A standard representation relation between sources of physical values and semantic domains is defined, so that the notion of a calibrated measuring instrument for each set of physical values can be defined, showing constructively (step-by-step) how information events about a physical value are gathered and interpreted in the semantic domain. An exponential constructor is introduced for modelling the histories of measuring processes.  

The new features introduced in this paper can support the definition of some timed simplex-domain constructors that allow the modelling of composed measurement instruments that are able to synchronize and to produce fused measurements with less measurement uncertainty. 

The paper is organized as follows. Section 2 presents basic definitions and summarizes previous work. Section 3 introduces the notion of measuring instrument and the calibration procedure. Reading processes are discussed in Section 4, allowing temporal information. The exponential constructor is introduced in Section 5. Section 6 discusses measuring processes performed by combined instruments. A sample of a measuring process is presented in Section 7 and Section 8 comes with the Conclusion. 

2. SIMPLEX DOMAINS

A qualitative domain 
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 is a collection of sets D, ordered under the inclusion relation (, such that:  (i) D  is non-empty: the empty set 
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A simplex σ is a countable set. A simplex 
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 represents a simplex of infinite dimension and 
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 is the empty non-dimensional simplex
. A simplicial complex is a countable set K of simplexes such that if σ is in K so are all its faces (subsets). The dimension of K is the largest of the dimensions of its the simplexes.

Let B be a countable set of tokens having an associated interpretation in a semantic domain given by a complete lattice 
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. The notion of coherence in B is defined in terms of a token interpretation function i, that is, a simplex of tokens 
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 means the supremum of the indicated set. The collection of (partial or total) coherent simplexes induced on B by the interpretation i is denoted by
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Theorem 1. [5] 
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 is a qualitative domain, called the simplex domain induced on B by an interpretation function i.                                              □

3. MEASURING INSTRUMENTS AND CALIBRATION FUNCTIONS 

The set of physical values is conceived as cpo
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Definition 1. A standard representation relation for 
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 ii. 
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iii. 
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iv. 
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 satisfies the  continuous-like properties:
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Given a cpo of physical values 
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An important task is to know weather or not a measuring instrument is calibrated so that a measurement can be reliable associated to a physical value.  In this sense, a measuring instrument is considered calibrated if it is capable to interpret its coherent readings according to a standard representation relation. 

Definition 2:  A measuring instrument is calibrated for the standard 
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A calibrated measuring instrument is denoted by 
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where 
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 is the calibrated simplex interpretation function. Any measuring instrument is liable to be calibrated if and only one succeeds in finding such a calibration procedure. 

4. READING PROCESSES

The two fundamental notions of Domain Theory are those of partial objects and the approximation relation. Partial objects represent partial information about a subject, and the approximation relation orders such objects according to the degree of completeness of their information content. Given an approximation order between the partial coherent readings in a measuring instrument, a directed set of such objects can be understood as a reading process, where each reading in the directed set can be seen as resulting from a particular step in the progressive process of accumulating information about the physical value 
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The reading process interpretation function 
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Definition 4. A non-empty coherent reading 
[image: image104.wmf]M

tt

s

Í

  is said to be a v-reading if 
[image: image105.wmf](

)

v

s

i

<>

, for 
[image: image106.wmf](

)

{

}

kkt

MtT

t

sbbs

=Î$ÎÎ

.  The empty simplex 
[image: image107.wmf]e

s

 is called a null-reading.  They are denoted by 
[image: image108.wmf]v

s

. 

The subset of reading events that are relevant for the reading process of v is given by 
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Theorem 2.  
[image: image113.wmf](

)

(

)

,,

vv

i

CohSimpMi

t

tt

=Í

M

 is a qualitative domain – the Domain of v-readings induced on  the calibrated measuring instrument 
[image: image114.wmf]M

<>

 by a reading  process 
[image: image115.wmf]M

T

t

 about a physical value v.         □

A v-reading simplex in the domain 
[image: image116.wmf]v

i

t

M

 is a totally temporally ordered set representing the order of occurrence of its reading events in the reading process τ.

Define an equivalence relation ~ on 
[image: image117.wmf]v

M

t

 as 
[image: image118.wmf]''''''

'''

ktkt

kk

bb

Û=

:

.  For each 
[image: image119.wmf]k

M

b

Î

in the scale of the calibrated measuring instrument 
[image: image120.wmf]M

<>

, the set 
[image: image121.wmf](

)

{

}

vv

kktkt

XtTM

t

bb

=$ÎÎ

 is an equivalence class in 
[image: image122.wmf]v

M

t

. Denote by 
[image: image123.wmf]{

}

v

kk

XM

b

=¹ÆÎ

C

 the collection of non-empty equivalence classes. Observe that 
[image: image124.wmf]¹Æ

C

, since 
[image: image125.wmf]{

}

0

Tt

-¹Æ

 for any τ (
[image: image126.wmf]e

tt

¹

). 

The duration 
[image: image127.wmf]T

G=®

C

C

 of a 
[image: image128.wmf]v

k

X

Î

C

 is defined as 
[image: image129.wmf](

)

{

}

0

max

vv

kktk

XtTXt

b

G=ÎÎ-

. For each 
[image: image130.wmf]k

M

b

Î

such that 
[image: image131.wmf]v

k

X

¹Æ

, it is possible to define its maximal occurrence time 
[image: image132.wmf]:

M

MT

G®

 by 

       
[image: image133.wmf](

)

{

}

max

v

Mkkt

tTM

t

bb

G=ÎÎ

.                    (15)

Consider an interpretation function defined on 
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5. TRACING MEASURING PROCESSES

The exponential constructor is used to model the measuring processes in time, generating the set of all possible histories of all measuring processes.  It is essential, e.g., to model sensor data fusion [6]

 REF _Ref66971890 \r \h 
[7]

 REF _Ref66971896 \r \h 
[8],  in order to allow the synchronization of successive and/or parallel  sensing processes performed by several sensors.
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6. COMBINING INSTRUMENTS

In this section, we briefly show some examples of how to obtain a modelling for measuring processes performed by combined measuring instruments (like, for example, in sensor data fusion), based on some special constructors of domains of coherent simplexes that were defined on the basis of the standard coherence spaces constructors [12].  

6.1. Competitive Measurements

Competitive measurement processes perform the fusion of partially redundant information about the same aspect of the subject, obtaining the information using different instruments, in order to simulate a more accurate measuring instrument (by reducing the uncertainty, mainly systematic errors, limited resolution etc. present in the individual measuring instrument).
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Two calibrated measuring instruments 
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A competitive simplex 
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Theorem 4.  The competitive combination of calibrated measuring instruments 
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6.2. Complementary Measurements

Complementary measuring processes perform the fusion of independent information about separate aspects of a subject, obtaining the information using different measuring instruments, in order to simulate a larger, multi-faceted measuring instrument.

Consider two calibrated measuring instruments 
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Theorem5. The complementary fusion of the measuring instruments 
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 6.3. Cooperative Measurements

Cooperative measuring processes perform the fusion of independent information about separate aspects of a subject, obtaining the information using different measuring instruments, in order to estimate, at the interpretation level, a single measurement that derivates from the original ones. Because of lack of space, we omit here further details of its formulation. See Section 7 for a contextualized example.

7. A SAMPLE MEASURING PROCESS

Consider the case of a box of which we want to measure the height H, the width W and the area A of its frontal face
. To obtain a standard for calibrating measuring instruments for H and W, consider a semantic domain of real intervals given by 
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, ordered under the reverse inclusion relation (meaning that the least diameter, the best information), with 
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Assume that we have three calibrated instruments 
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 that we want to combine competitively (
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 to measure also the width W. We also shall combine them cooperatively to obtain the area A, at the interpretation level. Each instrument 
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Table II shows one possible reading process for each instrument 
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TABLE II. Reading processes for instruments 
[image: image231.wmf]j

M

 and best results at time 
[image: image232.wmf]3

t


	
[image: image233.wmf]j

M


	
[image: image234.wmf]0

t


	
[image: image235.wmf]1

t


	
[image: image236.wmf]2

t


	
[image: image237.wmf]3

t


	Maximal 

Readings 
	Best Semantic Value  

	
[image: image238.wmf]1

M


	-
	
[image: image239.wmf]1

1

b


	
[image: image240.wmf]1

2

b


	
[image: image241.wmf]1

3

b


	
[image: image242.wmf]{

}

123

111

123

,,

ttt

bbb


	
[image: image243.wmf][

]

4,0;5,0



	
[image: image244.wmf]2

M


	-
	
[image: image245.wmf]2

2

b


	
[image: image246.wmf]2

3

b


	
[image: image247.wmf]2

3

b


	
[image: image248.wmf]{

}

123

222

233

,,

ttt

bbb


	
[image: image249.wmf][

]

3,8;4,2



	
[image: image250.wmf]3

M


	-
	
[image: image251.wmf]3

3

b


	
[image: image252.wmf]3

3

b


	
[image: image253.wmf]3

4

b


	
[image: image254.wmf]{

}

123

333

334

,,

ttt

bbb


	
[image: image255.wmf][

]

1,4;2,1




The maximal coherent simplexes of readings obtained at time 
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TABLE III. Initial fragments of the measuring process of the instrument 
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TABLE IV. Competitive fusion process in the domain 
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TABLE V. Complemetary fusion frocess in the domain 
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Table VI shows the cooperative measurement process performed in the domain 
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, obtaining the frontal area A using, at the interpretation level, the interval operation [13] 
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TABLE VI. Cooperative fusion process in the domain 
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8. CONCLUSION

This paper introduced a domain-theoretic framework to model measuring processes. We define the notion of calibration of measuring instruments and developed the necessary formal machinery to allow the modelling of measuring processes performed by combined instruments. Such instruments can operate in parallel, and synchronized in time, to attend different kinds of requirements: to obtain better results by reducing the uncertainty; to reduce systematic measurement errors; to simulate a multi-faceted instrument etc. A sample (competitive, complementary, and cooperative) fusion process was modelled, to help figuring out in a concrete way how the elements of the various domains look like in the constructions of the formal model.
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� See � REF _Ref67031550 \r \h � \* MERGEFORMAT �[8]� for standard definitions and results concerning Domain Theory, � REF _Ref67037504 \r \h � \* MERGEFORMAT �[10]� for qualitative domains and � REF _Ref67037914 \r \h ��[11]� for simplexes.


� The elements of the semantic domain model the set of possible final measurements that shall be taken into consideration by the user. For instance, in agents (or robots), they model the internal representations (internal data structures) used for making decisions or coming to conclusions � REF _Ref66971890 \r \h � \* MERGEFORMAT �[7]�-� REF _Ref66971896 \r \h � \* MERGEFORMAT �[8]�.


� A directed set is a partially ordered set where each two elements always have a supremum.


� The notion of simplicial complex � REF _Ref67037914 \r \h ��[11]� was extended in � REF _Ref66971557 \r \h ��[5]� to consider both denumerable and non-dimensional simplexes.


� A cpo (or a complete partial order) is a partially ordered set having a least element, where each directed subset has a supremum.  


� H and W lay in a flat cpo of real numbers � EMBED Equation.DSMT4  ���.





2

[image: image323.wmf]50

r

£

_1141127057.unknown

_1141219971.unknown

_1141390826.unknown

_1141401362.unknown

_1141631437.unknown

_1141631736.unknown

_1141631802.unknown

_1141632161.unknown

_1141716028.unknown

_1141632236.unknown

_1141631853.unknown

_1141632116.unknown

_1141631790.unknown

_1141631466.unknown

_1141631717.unknown

_1141631454.unknown

_1141473471.unknown

_1141490044.unknown

_1141631365.unknown

_1141631382.unknown

_1141490063.unknown

_1141631319.unknown

_1141490053.unknown

_1141489832.unknown

_1141490034.unknown

_1141473486.unknown

_1141470064.unknown

_1141473448.unknown

_1141473460.unknown

_1141471879.unknown

_1141469636.unknown

_1141469663.unknown

_1141401830.unknown

_1141402409.unknown

_1141401398.unknown

_1141394160.unknown

_1141395323.unknown

_1141397965.unknown

_1141400907.unknown

_1141397309.unknown

_1141397951.unknown

_1141397943.unknown

_1141395339.unknown

_1141397285.unknown

_1141394423.unknown

_1141394477.unknown

_1141394262.unknown

_1141393992.unknown

_1141394031.unknown

_1141391736.unknown

_1141308681.unknown

_1141389830.unknown

_1141390190.unknown

_1141390365.unknown

_1141390677.unknown

_1141390279.unknown

_1141390085.unknown

_1141390123.unknown

_1141389942.unknown

_1141321320.unknown

_1141388542.unknown

_1141389245.unknown

_1141389254.unknown

_1141388624.unknown

_1141375805.unknown

_1141388514.unknown

_1141321564.unknown

_1141322254.unknown

_1141322671.unknown

_1141322278.unknown

_1141321747.unknown

_1141321993.unknown

_1141321347.unknown

_1141316707.unknown

_1141316775.unknown

_1141316854.unknown

_1141320454.unknown

_1141320481.unknown

_1141320169.unknown

_1141316793.unknown

_1141316740.unknown

_1141316755.unknown

_1141316721.unknown

_1141309069.unknown

_1141309419.unknown

_1141314349.unknown

_1141314377.unknown

_1141314387.unknown

_1141316574.unknown

_1141314360.unknown

_1141314317.unknown

_1141309195.unknown

_1141309355.unknown

_1141309153.unknown

_1141308938.unknown

_1141308982.unknown

_1141296964.unknown

_1141298463.unknown

_1141299365.unknown

_1141300603.unknown

_1141307913.unknown

_1141307939.unknown

_1141308649.unknown

_1141300651.unknown

_1141307314.unknown

_1141307420.unknown

_1141307441.unknown

_1141300764.unknown

_1141299391.unknown

_1141300109.unknown

_1141300165.unknown

_1141300564.unknown

_1141300124.unknown

_1141299695.unknown

_1141299929.unknown

_1141299637.unknown

_1141299376.unknown

_1141299167.unknown

_1141299287.unknown

_1141299295.unknown

_1141299278.unknown

_1141299150.unknown

_1141299160.unknown

_1141298893.unknown

_1141298914.unknown

_1141298930.unknown

_1141298903.unknown

_1141298614.unknown

_1141298077.unknown

_1141298175.unknown

_1141298288.unknown

_1141298298.unknown

_1141298201.unknown

_1141298105.unknown

_1141297725.unknown

_1141298055.unknown

_1141296987.unknown

_1141284339.unknown

_1141296302.unknown

_1141296822.unknown

_1141296880.unknown

_1141296946.unknown

_1141296864.unknown

_1141296623.unknown

_1141286729.unknown

_1141296271.unknown

_1141284390.unknown

_1141227636.unknown

_1141284119.unknown

_1141284298.unknown

_1141227690.unknown

_1141283978.unknown

_1141227579.unknown

_1141227596.unknown

_1141227067.unknown

_1141227336.unknown

_1141215856.unknown

_1141216960.unknown

_1141217280.unknown

_1141219590.unknown

_1141219826.unknown

_1141219134.unknown

_1141217117.unknown

_1141217181.unknown

_1141217092.unknown

_1141216166.unknown

_1141216875.unknown

_1141216922.unknown

_1141216823.unknown

_1141215975.unknown

_1141216057.unknown

_1141215895.unknown

_1141213828.unknown

_1141215457.unknown

_1141215696.unknown

_1141215715.unknown

_1141215551.unknown

_1141214456.unknown

_1141214490.unknown

_1141214173.unknown

_1141129968.unknown

_1141130640.unknown

_1141130713.unknown

_1141130404.unknown

_1141129863.unknown

_1141129923.unknown

_1141129812.unknown

_1140953495.unknown

_1141045462.unknown

_1141125052.unknown

_1141126797.unknown

_1141126878.unknown

_1141126986.unknown

_1141126310.unknown

_1141126429.unknown

_1141126517.unknown

_1141126718.unknown

_1141126385.unknown

_1141125090.unknown

_1141124925.unknown

_1141124995.unknown

_1141045652.unknown

_1141124691.unknown

_1141055720.unknown

_1141045501.unknown

_1141043362.unknown

_1141043524.unknown

_1141045395.unknown

_1141045414.unknown

_1141044419.unknown

_1141043422.unknown

_1141043436.unknown

_1141043378.unknown

_1141041777.unknown

_1141042444.unknown

_1141043334.unknown

_1141043293.unknown

_1141042048.unknown

_1141040438.unknown

_1141040521.unknown

_1141041239.unknown

_1141041308.unknown

_1141040280.unknown

_1140788901.unknown

_1140868502.unknown

_1140886156.unknown

_1140935473.unknown

_1140953182.unknown

_1140953225.unknown

_1140935540.unknown

_1140936709.unknown

_1140935366.unknown

_1140868904.unknown

_1140885704.unknown

_1140868953.unknown

_1140868561.unknown

_1140791256.unknown

_1140792372.unknown

_1140866098.unknown

_1140867272.unknown

_1140867310.unknown

_1140791766.unknown

_1140791537.unknown

_1140790303.unknown

_1140790695.unknown

_1140790774.unknown

_1140788930.unknown

_1140785761.unknown

_1140788702.unknown

_1140788791.unknown

_1140788855.unknown

_1140788736.unknown

_1140787640.unknown

_1140787830.unknown

_1140788597.unknown

_1140788013.unknown

_1140787773.unknown

_1140787268.unknown

_1140787304.unknown

_1140785986.unknown

_1140783132.unknown

_1140785270.unknown

_1140785537.unknown

_1140785034.unknown

_1140785167.unknown

_1140782937.unknown

_1140783061.unknown

_1140782920.unknown

