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Abstract. In many practical situations, the measurement

resultz depends not only on the measured valyéut also . ) . .
on the parameters describing the experiment's setting and N differentareas of science and engineering, a lot of
on the values of some auxiliary quantitigsthe dependence different ingenious measurement procedures have been

z = f(z,s,y) of z onz, s, andy is usually known. In the invented that lead to such sub-noise accuracy. Our ob-
ideal case when we know the exact value of the auxiliary pgective is to design a general methodology for designing
rametery, we can solve the above equation and find the desuch procedures.

sired valuez. In many real-life situations, we only know We start with describing several measurement situ-
with some Uncertainty, and this Uncertainty leads to addmon%ﬂOhS where procedures of this type have been app“ed
uncertainty ine. Then, we provide the basic mathematical foundations

If we are trying to reconstruct based on &ingle mea- for the desired general methodology.
surement result, then, of course, the measurement ergpr in '

leads to the corresponding measurement errar-tand, un-

less we perform more accurate measurements, we cannot im- 2. CASE STUDIES
provez’s accuracy.
In many practical situations, however, if we haseveral 2.1. Multi-spectral astronomical imaging

measurement results corresponding to different values of  In multi-spectral imagingwe may have cosmic dust
and/ory, we can reconstruat with a much higher accuracy — preventing us from seeing details of an image.
because we can combine these measurement results in such a_et ;7 be an arbitrary point in the image, Ig¢tde-
way that the influence af drastically decreases. As a result,note the observation frequency, and Iéf, 7) denote
we get asub-noisemeasurement accuracy, the accuracy thatt;ne intensity of the object of interest at the pojnat
is much better than the accuracy with which we kngw . .

frequencyf. Usually, for astronomical objects, obser-

Keywords: error correction, general measurementvations at different wavelengths reflect the same struc-

methodology ture I(p’), and our objective is to reveal this structure.
In the first approximation, we can therefore assume that
1. FORMULATION OF THE PROBLEM I(f,p) = C(f) - I(p) for some (partially unknown)
functionC'(f).

In many practical situations, the measurement result Because of the dust, instead of observing the inten-
z depends not only on the measured valudut also ity 7( f, 7) of the object’s radiation, what we actually
on the parametersdescribing the. (_—:txperimen.t’_s setting measure is the suﬁ(f,;ﬁ) = I(f,7)+D(f, ), where
and on the values of some auxiliary qua_ntlt@,esthe D(f,7) is the intensity of dust radiation at poiptat
dependence = f(z,s,y) of zonz, s, andy isusually  grequencyf. For many astronomical objects, the dust
known. In the ideal case when we know the exact valugygiation is much more intensive than the radiation of

of the auxiliary parametey, we can solve the above ¢ object; as a result, from the observed vaﬂg“sﬁ),
equation and find the desired valueln many real-life \,e cannot determine the object’s structure.

situations, we only knowy with some uncertainty, and If we only have an observation at a single wave-
this uncertainty_leads to additional uncertaint)@in length, then there is nothing that we can do to improve
If we are trying to reconstruct based on &ingle e guality of the image. Luckily, however, we have ob-
measurement result, then, of course, the measuremeRiyations at different wavelengths, and we know how
error iny leads to the corresponding measurement errgj,st effect depends on the frequency. In the first ap-
in 2 —and, unless we perform more accurate measurgioximation, we can describe this dependence by the

ments, we cannot.impr.oves.accuracy. _ power lawD(f, ) = D(F) - f* for some known real
In many practical situations, however, if we have 51 eq.

severalmeasurement results corresponding to different |, this case, for each poit

values ofy, we can reconstruct with a much higher

accuracy — because we can combine these measuremend the measured value is the actual object’s inten-
results in such a way that the influenceyadirastically sity I() at this point;

decreases. As a result, we gesudb-noiseneasurement

accuracy, the accuracy that is much better than the ac-o the experiment setting is describe by the fre-
curacy with which we knowy. quencyf,



e the auxiliary quantitiegs include the amount of The main idea behind VLBI is that we simultane-
dustD(p') at this point, and ously observe a distant radiosource by two (or more)
radioantennas j located very far from each other. The
signal generated by a distant soukcat some moment
of time reaches both antennas. Since the path from the
source to the antennas is slightly different, there is a
Fre ooy e o\ o time delayr; ; , between these antennas. If the two an-
Hf.p) =Cf)- 1) + D) - 12 (1) tennas have precise synchronized clocks, then we can
In other words, here determine this delay by comparing the signals observed
by the two antennas and finding the shift that makes
z=flz,s,y) =C(s) -z +y-s* (2) these two signals maximally correlated.
Geometric analysis enables us to conclude that the
It turns out that we can combine the intensities fron#lifferenced;; between the lengths of the paths leading
different wavelengths in such a way that the resulting0 the two antennas is equaldg; » = b; ;- cos(a j 1),
combined image does not depend on the dust. Specithereb; ; is the distance between the two antennas
ically, after observing the same object at two differenfcalledbaseling anda; ; . is the angle between the di-
wavelengths; ands,, we get two measurement resultsrection towards the source and the directioﬂn connecting
the two antennas. In algebraic terrds, , = b; ; x - 5k,

21 =C(s1) - w+y-s75 22=C(s2) - w+y-s5. (3) whereb,, is the vector connecting the two antenrias
andj, 3} is the unit vector in the direction of the source
k, andb, ; - 5, denotes a “dot” (scalar) product of the
two vectors. Thus, in the ideal case, the time deigy
' between the two antennas is equal to

Lo
2185 =257 =2 (Cs1) - 55 — Clsa) - 57). (4) Tigik = g Big S ®)

o the dependence of the measurement resui
I(f,p) onz, s, andy is given by the following
formula:

Well known variable elimination techniques from linear
algebra enable us to get rid of the paramegtanamely,
we multiply z; by s§, z2 by s§, and subtract the result
to get

In other words, this simple combination enables us tyherec denotes the speed of light.

eliminate the effect of dust and observe the desired In reallife, the synchronization between the anten-
structurez = I(7). nas is not perfect; for each antenna, there is an (un-

. i known) synchronization errah¢; — the difference be-
Comment Strictly speaking, we do not reconstructyyeen the actual and the time recorded on this antenna.
the exact values of the structure, we only reconstruct k¢ 4 result of these synchronization errors, the mea-

modulo a constant'(s;) - s3 — C(s2) - s7', Sowhile we g req time delay is different from its ideal value:
can determine the relative intensity of different parts of

the image, we cannot reconstruct titesolutevalues of = 1 By 5+ Aty — At ©6)
these intensities unless we know the exact dependence PR e T ! !
C(s). In this case:

This is a somewhat simplified description of the o gesired variables are the coordinates of the
dust. The effect of the actual dust can be better de- radiosource, i.e., the components of the vegior

scribed by assuming that there dust consists of two
componentsD(f,p) = Di(f,p) + D2(f,p) whose
dependence on the observation frequency follows two e the auxiliary quantitieg/ are the baseline vectors
different power laws:D;(f,p) = Di(p) - f** and b; ; and the synchronization errofst;.

Dy(f,p) = D2(p) - f*2. In this case, to eliminate

and

_ If we knew the exact value of the baseline vec-
Fors and of the synchronization errors, then, based on

tions not on two, but at least on three different waveg, d time del Id h biained th
lengthsf, fo, andf;. After performing these observa-t € measured time lay, we would have o tained the
e 3 exact value of the projection of the desired vecipr

tions and computing the appropriate linear combinatiogn the baseline. Bv performing two measurements b
C-z1+Cy - 20 + Cs - z3 Of the observation results, - BYPp 9 y

. . . . two pairs of radiotelescopes (or, alternatively, the same
we get an expression that is proportional to the desired . . . ) .
. . - : pair at different time when, due to Earth’s rotation, the
intensity(p') and is not affected by the dust.

. . .. _orientation of the baseline changes), we would thus
This technique has been successfully used, it en- . . .

. . .~ uniquely determine the unit vectaf, and thus, mea-
ables us to uncover previously unseen spiral and rin

. o ; Yured the exact location of the radiosource. In this ideal
like structures in distant galaxies [1]. N
situation, the only source of measurement error would
2.2. Astrometry coming from VLBI be the noise which translates into milliarcsecond accu-
A similar situation occurs imstrometry especially racy (= 0.001").
in astrometry coming from the Very Large Baseline In-  In reality, we only have an approximate knowledge
terferometry (VLBI). of the baseline vector and of the synchronization errors.



As a result, the accuracy with which we can determinéherefore get an explicit expressionsf; = s, — 57 as
the location of a radiosource based on a single (or tw@ linear combination of, ,, 5 3, ands 4, with known
measurement, is several orders of magnitude lower thapefficients.
it could be if the signal noise was the only source of the In other words, we have an affine transformation be-
measurement error. tween the actual and the observed valsigsSince all
It turns out, however, that we can drastically im-the vectorss;, must be unit vectors, the only possible
prove this accuracy if we simultaneously observe sewsffine transformation is rotation. Thus, we can deter-
eral different sources by using several different antenmaine all the position modulo rotation. The resulting
pairs. method calledirc methods described in detail in [2,3].
First of all, we can get rid of the synchronization er-  Thus, by combining the signals from several sources
rors. Specifically, if we observe two different sourées on several antennas, we can combine these results in
and! by using the same antenniaandj, we can simply such a way as to minimize the effect of the (not pre-
compute the difference of the measurement results awisely known) antenna coordinates and clock rates.
thus get rid of the synchronization errors. Namely, 2.3. VLB imaging

1 - . In the astrometry section, we described how VLBI
ATijkt = bij - ASk, @ responds to point sources. For non-point sources, we
can use VLBI not only to locate the source, but also to
whereAT; j 1. %ef Ti.k — Ti,j. IS the difference be- determine its imagé(p), i.e., to determine how the in-
tween the measured time delays, abg, ; def 5, — 5 tensity of the radiosignal depends on the pgimtithin
is the difference between the corresponding unit vedhe source.
tors. This technique is callatifferential astrometry In the ideal case of well-synchronized antennas, the
Getting rid of the unknown baseline vectors is a litPhase shify; ; between the signals observed by anten-
tle bit more complicated. For that, we need at least #asi and;j is equal to the phase; ; of the complex
antennas so that, in general, the baseline Ve(btpfs value F'(b ”) whereF' () is a Fourier transform of the
by.3, andbs 4 are linearly independent. We also neediesired imagé (7).
to fix at least 4 different “basic” sources 1, 2, 3, and 4. In real life, due to synchronization errofsy;, the
After observing each pair of sourcksndl, we getthe Observed phasg; ; is different from the desired phase
three valuesAr; ; ., that are related to the unknown ¥i.j-

o

baseline vectors and source locations by the formulas: ®ij = pij+ Api — Agpj. 9)
1 - . The synchronization errors are so huge that, based on
ATk = o bz - Ak, a single measurement of the phase, we cannot say any-
) thing at all about the desired phasg; of the image.
ATysp == bas- ASp, In this case:
U :
1 . ¢ the desired parametessare the phasesg; ; that
ATz k1 = o b4 - A 1. correspond to the actual image;
We define thelual basisB; ; in such a way that e the auxiliary parametergare the synchronization
errorsAyp;.

1 - 5 7 g .
Bis- ¢ big =13 Big -bige = 0f0r (i',57) # (0. 5). A known way to eliminate the effect of the auxil-
iary parameters is to combine the measured phases
between antennasand; into a combination (“closure
. c- 5273 X 53_4 phase”)g;; + ;1 + ¢rs; this combination is called a
By = b (8)  closure phase.
12 (b2 X baa) As one can see from the above formulador;, we

Then, from the above three equations, we conclude thBave:

Due to Kramer's rule, e.g.,

Spi = AT1ox1-Bro+ATospi-Bas+AT34 8- Bsa. ©Pij + Pk + Pri = 0ij + ©jk + i, (10)

We have these linear expansions $ok, for 51 3, and  so the dependence on the synchronization errors disap-
for 1 4. Thus, we can determine the dual vect®s; pears [5,9,10].
as linear combinations &f, 2, 51,3, ands; 4. Now, for

o . 2.4. Image georeferencing
any other sourcé, we have a similar expression

In image georeferencingve are interested in find-
Su1 = Amyopa-BrotArosp-BastArsani-Bsy. NGthe relative orientation of the two geospatial images

’ o T T L (P) and Ix(p), i.e., we must find the shift, the rota-
Since we already know how to describe the dual vectortson angle between the images, and the scaling between
B as linear combinations of, 5, 5 3, and; 4, we them.



Overall, given two images, we must find 4 parame- If we have a single cable, then the magnetic filed
ters: 2 parameters describing the shift, 1 parameter (agenerated by the currehtflowing through this cable is
gle) describing the rotation, and 1 parameter describindetermined by a simple formul& = I/r, wherer is
scaling. the distance between the sensor and the cable’s central

This is a difficult problem. Indeed, if all we had to axis.
do is determine one single parameter — e.g., the rotation In real plants, in addition to the cable in which we
angle — then we could, in principle, determine the valuare interested, there is often nearby an auxiliary cable
of this parameter as follows: we test all possible angléhat influence the measurement results. It is therefore
and finding the rotation angle such that it we rotate thdesirable to somehow eliminate the effect of this auxil-
firstimage by this angle, we get the best match with thiary cable.
second image. Even if we had to try all possible angle We can do that by considering several cables. In this
with a step of 1 degree, it would be only 360 possicase:
ble tests — which is quite doable on modern computers,
even for large images.

In reality, we must determine 4 parameters. If we
take 360 possible values of each parameter, then wee the experiment settings are the locations of the
need to tes360* ~ 10° possible combinations of these sensors; and
parameters — something that is practically impossible.

It is therefore desirable to separate the problem so
that we will be able to determine, e.g., rotation angle
and scaling separately from determining the shift.

Many signal and image processing techniques infhe dependence of the observed magnetic filed the
volve using the frequency domain, i.e., involve takingsalues ofz, s, andy is described by the standard for-
the Fourier transformé¢7 () and F,(<) of the given  mulas of electrodynamics. These formulas are linear in

e the desired parameter is the current flowing
through the main cable;

e the auxiliary variableg, are the location of the
auxiliary cable and the current flowing through
this auxiliary cable.

images/; (') and(p). currents but non-linear in terms of the unknown loca-
In Fourier domain, the shiff — '+ d leads to the tion of the auxiliary cable.
following transformation: wherz(p) = I1(p + a), It turns out it is possible to combine the measure-
then ment results at different points so as to eliminate the
Fy (@) = Fi(3) -exp(i- & - @). (11) influence of the current in the auxiliary cable [7].

In order to determine the rotation angle and the scaling, 2.6. Ultrasonic non-destructive testing
we would like top be able to eliminate the effect of the  In ultrasonicnon-destructive testingf we are only

shift. In other words, here, for each frequerty interested in the orientation of the fault, we can com-
_ ) . bine the measurement results in such a way that the ef-
e the desired value is F(<j), and fect of location minimizes [6].
¢ the auxiliary parameter is the shift 3. TOWARDS A GENERAL METHODOLOGY
In this case, the shift-independent combination is easy 3.1. Formulation of the general problem
to describe: it is the absolute valig; ()| of the im- Let us describe the problem in the most general
age’s Fourier transform. Indeed, since terms.

e We are interested in the parametersLet n, de-
note the overall number of scalar quantities that

the above relation leads to form the desired:.

e The measurement resuliglepend not only on the
valuesz of the desired quantities, but also on the
values of the auxiliary quantities z = f(x, s, y).
Letn, denote the overall number of scalar quanti-
ties that formy, and letn, denote the overall num-
ber of quantities that constitute a single measure-

lexp(i-@-@)| = 1,

|F2(°3)‘ = |F1(‘3)| (12)

Thus, if we want to determine the rotation angle and

the scaling between the two images, it is possible to
combine the two referenced images so that the effect of
possible shift between these images is minimized [4,8]:

namely, we can take the absolute value of the image’s ment.
Fourier transform. We would like to determine: without knowingy pre-
cisely.

2.5. Measuring strong electric current

A typical example ofneasuring strong electric cur-
rentsis measuring the cable current at an aluminu
plant. These current are so huge that it is difficult to e In situations like multi-spectral astronomical
measure them directly, they are measured by the mag- imaging, the values of are fixed and cannot be
netic fields that they generate. varied. We can, however, change the settings

As we have seen from the above examples, we have
rrt1W0 possible situations:



e In situations like VLBI astrometry, we cannot  3.4. Variable settings: example
change the settings, but we can use different values Let us illustrate this recommendation on the exam-

of y. ple of multi-spectral astronomical imaging. In this case,
. o ng, = landn, = 1.
Let us describe these situations one by one. In the first approximation, we have only one auxil-

iary variable, i.e.n, = 1. In this case, the above rec-
ommendation means that the number of different set-

form the measurements in several different settings. 1n9S/Vs should be at least as large @, + n,)/n. =
After we performed the measurementif differ- 1+1)/1 =2 '”‘_"eed’ as we have s.hown, based
ent settingssy, . .., sx., we getN, measurement re- O measurements in two _d|fferent settings, we can
sultszy,...,zy.. Based on these results, we must b&/Niquely determine the desired value _
able to uniquely reconstruct the desired valueSince [N @ more realistic description, we need two auxil-
we do not knowy, we must selectV, in such a way iary par_ameters to describe the cosmic o_Iust, ng.=
that from NV, measurement results, we will be able o2 In this case, t_he above rt_acommendatlon means that
uniquely determine both andy. the number of different settingd; should be at least
After N, measurements, we ha equations; —  aS large asn, +n,)/n. = (1+2)/1 = 3. Indeed,
F(x, 54, y) to determine the unknownandy. Since the as we have shown, in thI'S more rgahshc desc;nonn,
measurement result may contain several componenf@S€d on measurements in three different settings, we
these equations are, in general, vector-valued. EaSR" Uniquely determine the desired vaiue
of the valuesz; hasn, scalar components, so each 3.5. Different values af: analysis of the problem
of theseN; vector-valued equations can be described In this situation, the general idea is that we measure
asn, component scalar-valued equations. Overall, weeveral (V,) objectsz;, and we measure each object
haveN; - n. scalar equations to determing parame- under several{,) circumstanceg;, j = 1,...,N,.
ters that formr andn, parameters that form. Based on the results ; = f(z;,y;) of these measure-
In general, a system of equation is sufficient to dements, we must be able to uniquely determine hqth
termine the values of all its unknowns if the numbeandy;.
of equations is at least as large as the overall number For example, in the VLBI astrometry example, we
of unknowns. We havéV; - n, equations to determine observe several sources by using several radiotele-
nz +n, unknowns, so we must selelt in such away scopesgy,. Based on the results of these observations,

3.2. Variable settings: analysis of the problem
In the first situation, to determine, we must per-

that N - n, > n, + ny,. we determine the coordinates of the objects.
tionAs a result, we arrive at the following recommenda- Comment.In principle, we can also determine the

baseline vectors and the synchronization errorst;:
3.3. Variable settings: general recommendation knowingb determines how tectonic plates move relative
In the situation with variable settings, we must perio each other; knowing\t; helps to synchronize the
form the measurements in at ledét > (n, + n,)/n,  clocks.

different settings. Overall, we performV, - N, measurements, S0 we
3.4. Practical question: how can we actually solveE"d Up With\; - NV, vector-valued equations for deter-
the corresponding system of equations? mining x; andy;. Each of these equations hasscalar

We showed that if the above inequality is satisfied®MPonents, sowe have - N, - N, scalar equations.
then, in principle, we can uniquely determine the de- Based on these equations, we must determipe
sired valuer. This theoretical possibility leads us to alNknown vectorse; with n, components in each of
practical question: how can we actually determiffe  (N€S€ Vectors, anl, unknown vectorg; with n,, com-

In general, the dependence = f(z,y) is non- ponents in each of these vectors. Overall, we need to

linear, so we must solve a systemran-linearequa- determinelV - n, + N, - n, scalar unknown.
tions, a systems that is, in general, rather difficult to 1© P€ able to uniquely determine all the unknowns,
solve. the number of equations must be at least as large as the

Most often, however, we know the approximate Va|_overal_l number of unkn_owns. Thus, we arrive at the
uesz(® andy(©. In this case, all we have to determine©/lOWing recommendation:
is the differenced\r % 2 — z(© andAy % 4 — y(© 3.6. Different values af: recommendation
between the actual values and y and their known In the situation with different values gf we must
approximate values. The approximations are usuall§elect the number of objeci§, and the number of en-
good enough, so we cdimearizethe above system of vironmentsN, in such a way that:
non-linear equations. Namely, we expand the depen-
dencef(z,y) in Taylor series im\z andAy and ignore ne s No - Ny 2 Now o + Ny -y (13)
guadratic and higher order terms in this expansion. To actually find the values; andy;, we must, in

As aresult, to determinAz andAy, we getamuch general, solve the corresponding system of non-linear
easier-to-solve system bifiear equations. equations.
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