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Abstract. Protein structure is invariably connected to protein func-
tion. To analyze the structural changes of proteins, we should have
a good description of basic geometry of proteins’ secondary struc-
ture. A beta-sheet is one of important elements of protein secondary
structure that is formed by several fragments of the protein that form

a surface-like feature. The actual shapes of the beta-sheets can be
very complicated, so we would like to approximate them by simpler
geometrical shapes from an approximating family. Which family
should we choose? Traditionally, hyperbolic (second order) surfaces
have been used as a reasonable approximation to the shape of beta-
sheets. In this paper, we show that, under reasonable assumptions,
these second order surfaces are indeed the best approximating fam-
ily for beta-sheets.

Introduction. Proteins are biological polymers that perform most
of the life’s function. A single chain polymer (protein) is folded in
such a way that forms local substructures called secondary structure
elements. In order to study the structure and function of proteins
it is extremely important to have a good geometrical description of
the proteins structure. There are two important secondary structure
elements: alpha helices and beta-sheets. A part of the protein struc-
ture where different fragments of the polypeptide align next to each
other in extended conformation forming a surface-like feature de-
fines a secondary structure calleeta pleated shegor, for short,
abeta-sheetsee, e.g., (Branden et al. 1999).

Beta-sheets are coming in many forms and shapes. In some



cases, we have a cylinder-like structure calldaeta-barrelthat is
“closed” in one dimension and “open” in the other, but in most cases,
we have a surface that is open in both directions.

The actual shapes of the beta-sheets can be very complicated,
so we would like to approximate them by simpler shapes from an
approximating family. Which family should we choose?

Traditionally, hyperbolic (second order) surfaces have been used
as a reasonable approximation to the shape of beta-sheets; see, e.g.,
(Novotny et val. 1984). However, it is not clear whether they are
indeed a good approximating family.

Of course, the more parameters we allow, the better the approxi-
mation. So, the question can be reformulated as follows: for a given
number of parameters (i.e., for a given dimension of approximating
family), which is the best family?

In this paper, we formalize and solve this problem. Specifically,
we show that, under reasonable assumptions, these second order sur-
faces are indeed the best low-parameter approximating family for
beta-sheets.

Formalizing the problem. All proposed families of sets have an-
alytical (or piece-wise analytical) boundaries, so it is natural to re-
strict ourselves to such families. By definition, when we say that a
piece of a boundary is analytical, we mean that it can be described
by an equationF'(z) = 0 for some analytical function’(x) =
F(x1,29,73) = ag+ay-T1+as Ta+0a3-T3+a1; 23 +a10-21 - To+. . .
So, in order to describe a family, we must describe the corresponding
class of analytical functionB'(zy, s, z3).

Since we are interested in finite-dimensional families of sets, it
is natural to consider finite-dimensional families of functions, i.e.,
families of the type{C; - Fi(x) + ... + Cq - Fy(x)}, whereF;(x)
are given analytical functions, and,, ..., C, are arbitrary (real)
constants.

For example, a general second-order surface can be described by
the formula
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with Fy(z) = 1, Fy(z) = z1, F3(z) = 19, Fy(x) = z3, F5(z) = 22,
Cy andd = 10 parameterﬂo, ai, a2, as, A11, @12, A13, A22, 423, and
ass.

The question is: which of such families is the best?

When we say “the best”, we mean that on the set of all such
families, there must be a relationdescribing which family is better
or equal in quality. This relation must be transitive4ifs better than
B, andB is better thar(, then A is better tharC). This relation is
not necessarily asymmetric, because we can have two approximating
families of the same quality. However, we would like to require
that this relation bdinal in the sense that it should define a unique
bestfamily A, (i.e., the unique family for whicWB (A,,x > B).
Indeed:

e If none of the families is the best, then this criterion is of no
use, so there should la¢ least oneoptimal family.

o If severaldifferent families are equally best, then we can use
this ambiguity to optimize something else: e.qg., if we have two
families with the same approximating quality, then we choose
the one which is easier to compute. As a result, the original
criterion was not final: we get a new criterioA .., B if
either A gives a better approximation, orif ~ 4 B and A
is easier to compute), for which the class of optimal families
is narrower. We can repeat this procedure until we get a final
criterion for which there is only one optimal family.

Itis reasonable to require that the relatiér> B should not change
if we change the coordinate system and/or the measuring unit, i.e.,
if we shift, rotate, and/or re-scale (— X - z) all the pointsz; in
other word, the relatiodl > B should be shift-, rotation- and scale-
invariant.

Now, we are ready for the formal definitions.

Definition 1. Letd > 0 be an integer. By d-dimensional family
we mean a famil\A of all functions of the typdC' - Fi(x) + ...+
Cy - Fy(z)}, whereF; : R* — R are given analytical functions, and
C1,...,Cy are arbitrary (real) constants.



Definition 2. By anoptimality criterion we mean a transitive re-
lation > on the set of alli-dimensional families. We say that a
criterion isfinal if there exists one and only ogtimal family, i.e.,

a family A, for whichVB (Ao, > B). We say that a criterior is
shift- (corr., rotation- andscaleinvariant) if for every two families
AandB, A > B impliesT A > T B, whereT A is a shift (rotation,
scaling) of the familyA.

We have already mentioned that to describe general second order
surfaces in the above way, we nekd- 10 parameters. We show that
among all possible families witti = 10, second order surfaces are
indeed the best approximating family. Moreover, we show that this
family remains optimal even if we allow higher-dimensional fami-
lies, up tod = 12. (With larger number of parameters, we may get
new possible approximating families as well.)

Proposition 1. (d < 12) Let > be a final optimality criterion which
is shift-, rotation-, and scale-invariant, and let,,. be the corre-
sponding optimal family. Then, every functibiz) from this family
Aoyt IS a quadratic polynomial.

Comment.Thus, the corresponding surfaégz) = 0 is a second-
order surface. This result is in good accordance with the experimen-
tal data described, e.g., in (Branden et al. 1999).

A natural next question is: do we neatl quadratic surfaces
to describe protein shapes, or a subclass is sufficient? The follow-
ing results provides a mathematical background for answering this
guestion:

Proposition 2. Let > be a final optimality criterion which is

shift-, rotation-, and scale-invariant, and Igt,,; be the correspond-
ing optimal family of quadratic polynomials. Then, we have 4 pos-
sibilities:

(a) Aopt consists of all linear functions, so the corresponding sur-
facesF(xz) = 0 are planes;

(b) surfacesF'(z) = 0 are planes and spheres;



(c) Aopt consists of all the quadratic functions (1) for which
air + ag + asz = 0;

(d) A, consists of all possible quadratic surfaces.

CommentSince some observed surfaces are cylindrical, and cylin-
drical functions do not belong to the classes (a)—(c), we thus con-
clude that, in general, to approximate the shapes of beta-sheets, we
need to use all possible quadratic surfaces.

Proof of Propositions 1 and 2. This proof is similar to the ones
from (Kreinovich et al. 2000) and (Nguyen et al. 1997).

1. Let us first show that the optimal familg,, is itself shift-,
rotation-, and scale-invariant.

Indeed, letl" be an arbitrary shift, rotation, or scaling. Since
A,pe is optimal, for every other family3, we haveA,,, > T-'B
(whereT—! means the inverse transformation). Since the optimality
criterion > is invariant, we conclude thafA,,, > T(T'B) =
B. Since this is true for every family, the family T'A,; is also
optimal. But since our criterion is final, there is only one optimal
family and thereforel'A,,. = A,,. In other words, the optimal
family is indeed invariant.

2. Let us now show that all functions frorh,,; are polynomials.

Indeed, every functiod’ € A, is analytical, i.e., can be rep-
resented as a Taylor series (sum of monomials). Let us combine
together monomials - z9* - z32 - 29 of the same total degrele =
di +dy+ds; then we get'(x) = Fy(x)+ Fi(x)+...+ Fp(z)+. ..,
whereFy(x) is the sum of all monomials of degrée Let us show,
by induction overk, that for everyk, the functionf(x) also belongs
to Agpt-

Let us first prove thatty(z) € A.pt. Since the familyA,,
is scale-invariant, we conclude that for evexy> 0, the func-
tion F(\z) also belongs to4,,.. For each termf(z), we have
Fi.(A-z) =\ Fi(z), s0F (A -z) = Fy(z) + X - Fi(x) +... € Aoy
When\ — 0, we getF'(\ - ) — Fy(x). The family A, is finite-
dimensional hence closed; so, the lirfif(z) also belongs tod,:.
The induction base is proven.



Let us now suppose that we have already proven that for all
k < s, we haveFy(x) € Aope. Let us prove that(z) € Ay For
that, let us tak&(z) = F(z) — Fi(x) — ... — Fs_1(z). We already
know thatFy, ..., Fs_y € Agp; SO, sinced,y is a linear space, we
conclude thatv(x) = Fi(x) + Fopq(x) + ... € Aoy

The family A, is scale-invariant, so, for every> 0, the func-
tion G\ - x) = \* - Fy(z) + X - F, ;4 (x) + ... also belongs to
Aot Since A,y is a linear space, the function

Hy(x) =X -G(\ 1) = Fy(x) + X Fopq(2) + 2\ Fypo(z) +. ..

also belongs tol, .

When\ — 0, we getH,(z) — Fs(z). The family A, is finite-
dimensional hence closed; so, the limiif{z) also belongs tod,:.
The induction is proven.

Now, monomials of different degree are linearly independent;
therefore, if we have infinitely many non-zero termg(z), we
would have infinitely many linearly independent functions in a
finite-dimensional family4,,; — a contradiction. Thus, only finitely
many monomialg,(z) are different from 0, and sdy(x) is a sum
of finitely many monomials, i.e., a polynomial.

3. Let us prove that if a functiot’(xz) belongs toA,,, then its
partial derivatived”;(z) = 0F/0z; also belong to4, .

Indeed, since the family,; is shift-invariant, for every, > 0,
we getF' (..., x;_1, 2 + h, x4, . ..) € Ay Since this family is a
linear space, we conclude that a linear combination

F(o. o xi,m+haign,. ) = F(o 01,2, %40, .)
h

of two functions fromA,,; also belongs to4,,;. Since the fam-
ily A is finite-dimensional, it is closed and therefore, the limit
F,(x,y) of such linear combinations also belongs4g.

4. Due to Parts 2 and 3 of this proof, if any polynomial froty),;
has a non-zero pafi, of degreek > 0, then it also has a non-zero
part(F}) ; of degreet —1. Similarly, it has non-zero parts of degrees
k—2,...,1,0.




So, in all casesA,,, contains a non-zero constant and a non-
zero linear functiont’ (z) = 3" a; - ;. We can now use the fact that
the family A, is rotation-invariant. For every let 7" be a rotation
which transforms the vecter = (a4, as, a3) into thei-th axis, then
we conclude that (Tx) = ¢ - x; € Agp, and hence; € A,y SO,
the family A, contains at least 4 linearly independent functions: a
non-zero constant;;, x,, andxs.

5. We will now prove, by reduction to a contradiction, that functions
from A,,; cannot contain terms of third or higher order. Due to Part
4 of this proof, if F € A, has a part of degree 3, then A,
also contains a polynomidl; all of whose monomials are of degree
3. Thus, it is sufficient to show that,,; cannot contain such a
polynomial.

5.1. Indeed, let us assume thdg,, contains such a polynomial
F3(x1, 29, x3). Due to rotation-invariance, for every rotati@h the
family A, also contains the polynomidf;(7'x). In particular, if,
asT, we take a 180rotation around the:;;-axis, i.e., the transfor-
mationz; — —x1, x2 — —2, 3 — 3, then we conclude that,
contains the polynomial’; (x) = F5(—x, —x2, x3).

Since A.,; is a linear space, it also contains polynomials
Ft(z) = (Fy(x) + Fj(2))/2 and F~(x) = (Fy(x) — F§(x))/2
The combinatiorF'* () contains all the terms for which the overall
degree inr; andz, is even — or, equivalently, for which the degree
in x3 is odd. Similarly,F'~(z) contains all the monomials for which
the degree in:3 is even. Sincdz = F* + F~ # 0, at least one of
the functionst"* and F'~ is non-zero.

Thus, by selecting the non-zero of the two functions Kor if
both are non-zero), we can conclude tHaf; contains a polynomial
in which either all monomials are even i3 or all monomials are
odd inx3 —i.e., all the monomials have the same parity wit.

5.2. By considering rotations around andz,, we can similarly
split the resulting function, and end up with a new functior A,
in which all the monomials have the same parity war;t.the same
parity w.r.t.z,, and the same parity w.nt.

Since all monomials it” have an overall degree 3 (i.e., odd), we



must have either all 3 degrees w.r.f0dd, or one odd and two even.

5.3. In the first case, the only possible monomiakis x; - x3,
because this is the only way to represent 3 as the sum of 3 odd natural
numbers; thusg, - =, - 23 € A,,. Rotating 48 aroundz;, we
transformz; - 5 into 22 — 22, so we conclude that the family,,
containsr? - z3 — 3 - z3, a polynomial of the second type. Thus, it

is sufficient to consider the second case.

5.4. Let us consider the second case. If the degree w.rit.odd,

then, as one can easily check, the general form of such a polynomial
iScy 23+ w1 23+ c3-1 - 2%, where at least one of the coefficients

c; is different from O.

Due to rotation invariance,,; must contain two similar poly-
nomials in whichz, (correspondinglyys) have an odd degree, such
as

C1- Ty 4 Cy Ty 2T+ C3 - T - 73

Thus, A.,x contains at least 3 linearly independent monomials of
third degree.

5.5. According to Part 3 of our proof},,; contains partial deriva-
tives of its members. It, # 0, then we conclude that’y, =
209 - 11 - w3 € Aoy hencex; - xo € Agpe. Similarly, if ¢ # 0,
thenz; - x3 € A, Finally, if c; = ¢5 = 0, this means that; # 0,
so, fromF'; = 3¢; - 27 € Aopr, We can conclude that € A,

In all three casesd,,; contains either; - z; for some: # j,
or a?.
5.6. If A, contains, e.gx; - 22, then, due to rotation invariance, it
also containg; - z3 andx, - x3. Rotating by 45, we conclude that
z3 — 13 € Agpe @nda? — a3 € A,y Overall, we thus have 5 linearly
independent quadratic polynomials #,;. Together with 4 con-
stant and linear polynomials (from Part 4) and 3 cubic polynomials
(from Part 5.4), we get a total df+ 3+ 5 = 13 linearly independent
functions inA,,; —which contradicts to our assumption tida 12.

5.7. If A, contains, e.g.z?, then, due to rotation invariance, it
also contains3 and 3. Since A, is a linear space, it contains,



e.g.,z3 — z3. Rotating by 45, we conclude that; - 2 € A, and
similarly, thatx; - x3 € Ao andaxs - 23 € Aqp. Overall, we thus
have 6 linearly independent quadratic polynomials x; in Agp.
Together with 4 constant and linear polynomials (from Part 4) and 3
cubic polynomials (from Part 5.4), we get a totalof 3 + 6 = 14
linearly independent functions iAd,,, — which contradicts to our
assumption thaf < 12.

Proposition 1 is proven.

6. Let us now prove Proposition 2. We have already proven that the
family A, contains all linear function, so i, contains nothing
else, we get the case (a).

Let us now consider the case whely,, contains at least one
non-linear quadratic function. Sinck, is a linear space, it is suf-
ficient to consider homogenous quadratic expressions

Zaij c Xy Ty c Aopt-

Each such expression can be transformed, by an appropriate rotation,
into a diagonal form_ \; - y?. Since the familyA, is rotation-
invariant, it contains the corresponding functipn\; - z?.

If for every functionF' € A, all three eigenvalues; are equal
to each other, then the functiof¥x) have the formui, + 3" a; - x; +
M- (22 + 23 + 22). In this case, the equatidfi(z) = 0 describes a
sphere, so we are in the case (b).

The only remaining case is when there exists a funcfior
A, for which at least two eigenvalues are different, e\g.# Xs.
In this case, due to rotation-invariance, the family,, also contains
not only the original functior'(z) = A\, -2+ Xy 23+ A3-22, but also
the rotated version of this functidfi*(z) = Ay - x5+ Ao - 23+ A3 - 3.
SinceA,, is a linear space, it also contains their linear combination
(F(z) = F*(x))/(M = A2) = af — a3.

Due to rotation-invarience, we conclude thf,, also contains
z? — z2. Applying invariance w.r.t. 45rotations, we conclude that
x1 - T2, To - T3, andx; - x3 also belong taA,,:. So, A,y contains
4 linearly independent functions ;, z,, andxs, and 5 linearly
independent quadratic functions. Thus, the dimension of this family
isatleastt +5 = 9.



Ovreall, the dimension of the sét of all quadratic functions is
10. So, we had two possibilities: eithéim(A.,) = 10, in which
caseA,, = @ (case (d)), odim(A,ye) = 9, in which cased,, is
a linear combination of the above 9 functions — this is exactly case
(c). Proposition 2 is proven.

Open problem. We described optimal 12-D families. What is 12
parameters are not enough? What are the best 13-, 14-, etc.- dimen-
sional families? From the proof, we can conclude that these optimal
families consist oflgebraicsets, i.e., sets with boundafy(z) = 0

for a polynomialF’, but a more specific description is desirable.
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