Random Interval Arithmetic is Closer to Common Sense: An Observation

Renťe Alt and Jean-Luc Lamotte Laboratoire d’Informatique de Paris 6 Universitťe Pierre et Marie Curie 4 Place Jussieu, 75252 cedex 05, Paris, France rene.alt@upmc.fr, Jean-Luc.Lamotte@lip6.fr

Vladik Kreinovich Department of Computer Science University of Texas at El Paso 500 W. University, El Paso, TX 79968, USA email vladik@cs.utep.edu

Abstract - From the commonsense viewpoint, if on a bridge whose weight we know with an accuracy of 1 ton, we place a car whose weight we know with an accuracy of 5 kg, then the accuracy with which we know the overall weight of a bridge with a car on it should still be 1 ton. This is what an engineer or a physicist would say. Alas, this is not so in traditional interval arithmetic. In this paper, we show that, in contrast to traditional interval arithmetic, the random interval arithmetic (proposed by the ^rst two authors) actually has this important property.

KeywordsŮ random interval arithmetic, commonsense reasoning

I. INTUITIVE PROPERTY OF COMMONSENSE ARITHMETIC

From the commonsense viewpoint, if on a bridge whose weight we know with an accuracy of 1 ton, we place a car whose weight we know with an accuracy of 5 kg, then the accuracy with which we know the overall weight of a bridge with a car on it should still be 1 ton. This is what an engineer or a physicist would say.

The problem that we try to solve in this paper can be illustrated by the following joke. A museum guide tells the visitors that a dinosaur that they are looking at is 14,000,005 years old. An impressed visitor asks how scientists can be so accurate in its predictions. ŞI don’t know how they do it, Ű explains the guide Ű but 5 years ago, when I started working here, I was told that this dinosaur is 14,000,000 years old, so now it must be 5 years olderŤ.

This is clearly a joke, because from the common sense viewpoint, a dinosaur which was approximately 14,000,000 years old 5 years ago is still 14,000,000 years old. In more precise terms, if we add 5 to a number Şapproximately 14,000,000Ť, we should get the answer Şapproximately 14,000,000Ť.

Similarly, if the accuracy was Şapproximately 1 tonŤ and we add the accuracy Şapproximately 5 kgŤ, we should get the answer Şapproximately 1 tonŤ.

In general, if Δ_a is much larger than Δ_b (Δ_a ≫ Δ_b), and we add Şuncertainty approximately Δ_bŤ to Şuncertainty approximately Δ_aŤ, we should get Şuncertainty approximately Δ_aŤ. It is therefore natural to expect formal systems which formalize commonsense reasoning to have this property.

II. TRADITIONAL INTERVAL ARITHMETIC DOES NOT HAVE THE DESIRED PROPERTY

A natural way of dealing with approximately known values is interval arithmetic. In interval arithmetic, the situation in which we know the value ~a with an accuracy Δ_a is represented by an interval [~a − Δ_a, ~a + Δ_a].

In many practical applications, this formalization works well; however, the traditional interval arithmetic does not satisfy the desired intuitive property.

Indeed, let us assume that about a quantity a, we know that it is equal to ~a with uncertainty Δ_a (e.g., Şwith uncertainty

1 tonŤ), and about a quantity b, we know that b is equal to ~b with uncertainty Δ_b (e.g., Şwith uncertainty 5 kgŤ). Then, the corresponding intervals are equal to

a = [~a − Δ_a, ~a + Δ_a] and b = [~b − Δ_b,~b + Δ_b].

The set of possible values of c = a + b is an interval

c = a + b =

[(~a + ~b) − (Δ_a + Δ_b), (~a + b) + (Δ_a + Δ_b)].

In accordance with the above interpretation, we thus inter-

pret the sum a+b as Ş~a+~b with uncertainty Δ_a +Δ_bŤ. So, if we know a with uncertainty 1 ton, and we know b with uncertainty 5 kg, then the resulting uncertainty in a + b is equal not to 1 ton as we would intuitively expect, but to 1.005 ton.

How can we modify interval arithmetic to make sure that the desired property is satis^ed, and the uncertainty of the resulting sum is 1 ton?

Comment. A similar problem occurs in a more general case of fuzzy arithmetic. Speci^cally, often, in addition (or instead) the guaranteed bound Δ_a, an expert can pro-

vide bounds that contain Δa^{def}= a − ~a with a certain degree of con^dence. Often, we know several such bounding intervals corresponding to different degrees of con^- dence. Such a nested family of intervals is also called a fuzzy set, because it turns out to be equivalent to a more traditional de^nition of fuzzy set [BOJ 95], [KLI 95], [MOO 03], [NGU 96], [NGU 99] (if a traditional fuzzy set is given, then different intervals from the nested family can be viewed as α-cuts corresponding to different levels of uncertainty α).

A method for solving this problem, both for interval arithmetic and for a more general case of fuzzy arithmetic, has been earlier proposed by the third author [KRE 01]. However, in that approach, interval operations such as addition is no longer always easily computable. We need a practical, easy-to-implement approach. This is what we will describe in this paper.

Speci^cally, we will show that random interval arithmetic [ALT 96], [ALT 01], that was proposed by the ^rst two authors in line with Jean Vignes’ stochastic arithmetic [VIG 88], [VIG 93], actually has the desired property.

III. WHAT IS RANDOM INTERVAL ARITHMETIC: IN BRIEF

Before we start explaining how random interval arithmetic can help, let us brie~y recall what is random interval arithmetic.

Random interval arithmetic is a way of analyzing how the uncertainty in input data and the round-off imprecision of computer operations on real numbers affect the results of the computations. Traditionally, in science and engineering, this analysis have been based on statistical techniques, e.g., analytical statistical techniques similar to sensitivity analysis and Monte-Carlo-type simulation techniques. However, the use of traditional statistical techniques requires that we know the exact probability distribution of the input and round-off errors.

In most real-life situations, we do not know these distributions; at best, we know the upper bounds on these errors Ű or, more generally, the intervals that are guaranteed to contain the actual (unknown) values of these errors. The need to consider such interval uncertainty was realized already in the 1950s. In the late 1950s and the early 1960s, NASA-related problems of space navigation under uncertainty provided a real boost to this area of research. The resulting interval computations techniques have been well developed, and they are still actively used in many application areas; see, e.g., [JAU 01], [KEA 96], [KEA 96a], [MOO 79].

Producing the exact bounds on the inaccuracy of the output is often dif^cult (this problem is known to be NP-hard [KRE 97]). Due to the origin of interval techniques Ű in NASA-related problems that required high reliability Ű the emphasis in interval computations has always been on getting the validated results. Since producing exact bounds is computationally dif^cult, interval computation techniques usually produce estimates that are guaranteed to contain (enclose) the actual error.

In many applications of such techniques, it is desirable, in addition to guaranteed ŞoverestimatesŤ, to produce a reasonable estimate of the size of the actual error, an estimate that may be only valid with a certain probability.

The main idea behind the random interval arithmetic is that for each intermediate computation step z := x ⊙ y, if we know the exact intervals x and y of possible values of x and y, then, depending on the relative monotonicity of the x and y relative to inputs, the intervals z can change from the worst-case situation Ű when we apply interval arithmetic operation to x and y Ű to the best-case situation when we apply the operations of the so-called dual (inner) arithmetic. For example, for addition, when x = [x, x] and y = [y, y], then the resulting interval z can range from the worst-case situation when z = [x+y, x+y] to the best-case situation when

z = [min(x + y, x + y), max(x + y, x + y)].

When an algorithm consists of numerous computational steps, then it is reasonable to expect that steps in which we have monotonicity in the same direction (and the worstcase interval) are as frequent as cases in which we have monotonicity in different directions (and the best-case interval). To provide a good estimation of the resulting uncertainty, it is therefore reasonable, on each computational step, to consider either traditional, or inner arithmetic with equal probability. This technique Ű called random interval arithmetic Ű indeed leads to reasonable estimates for the resulting uncertainty.

IV. RANDOM INTERVAL ARITHMETIC HAS THE DESIRED COMMONSENSE PROPERTY: AN OBSERVATION

Let us consider addition of two intervals. One can easily see that in the traditional interval arithmetic, the half-width Δc of the sum a + b of two intervals is equal to the sum of the corresponding half-widths:

Δ^t_c = Δ_a + Δ_b. (1)

In dual arithmetic, the half-width is equal to the difference between the larger and the smaller half-widths:

Δ^d_c = max(Δ_a, Δ_b) − min(Δ_a, Δ_b). (2)

In random interval arithmetic, we use both operations with equal probability 50%. Therefore, the average width of the resulting interval is equal to

Δ^r_c =

Δ^t_c + Δ^d_c 2 . (3)

The formula (1) can be rewritten as

Δ^t_c = max(Δ_a, Δ_b) + min(Δ_a, Δ_b). (4)

Substituting (2) and (4) into the formula (3), we conclude that Δ^r_c = max(Δ_a, Δ_b).

This is exactly the intuitive property that we have been trying to formalize.

V. DISCUSSION

What happens when instead of two values, we estimate the sum of several (n > 2) different quantities a = a_1 + . . . + a_n? Let us assume that we know each quantity a_i with an accuracy Δ_i. What is the expected value of the resulting accuracy in a?

The sum is computed element by element: ^rst, we compute a_1 + a_2; then, we compute (a_1 + a_2) + a_3, etc. Let us follow these computations and estimate the uncertainty of all the intermediate results.

At ^rst, we add a_1 and a_2. As we have mentioned, the resulting sum has, on average, the uncertainty max(Δ_1, Δ_2).

To estimate the uncertainty of the next intermediate result (a_1+a_2)+a_3, we can take, as an estimate of the uncertainty in a_1 + a_2, the value max(Δ_1, Δ_2). Then, according to the above result, the average uncertainty in (a_1 + a_2) + a_3 will be equal to

max(max(Δ_1, Δ_2), Δ_3) = max(Δ_1, Δ_2, Δ_3).

Similarly, for the intermediate sum a_1 + a_2 + a_3 + a_4, we can conclude that the resulting uncertainty is equal to max(Δ_1, Δ_2, Δ_3, Δ_4), and that the average uncertainty in the sum a_1 + . . . + a_n is equal to

max(Δ_1, . . . , Δ_n).

An interesting corollary of this formula is that while the process of adding n numbers depends on the order in which we place these numbers, the resulting average uncertainty does not depend on this order, only on the uncertainties Δ_i with which we know the numbers a_i.

What happens if instead of a simple sum, we would like to compute the value of a more complex function f(a_1, . . . , a_n)? For a function of two variables, when the

uncertainty is small Δa_i^{def}= a_i − ~a_i ≪ a_i, we can safely linearize the expression for f(a_1, a_2):

f(a_1, a_2) = f(~a_1 + Δa_1, ~a_2 + Δa_2) =

f(~a_1, ~a_2) + ∂f ∂a_1 · Δa_1 + ∂f ∂a_2 · Δa_2.

So, when Δa_i ∈ [Δ_i, Δ_i], the worst-case half-width in a = f(a_1, a_2) is equal to

Δ^t = | | | ∂f ∂a_1 | | | · Δ^1 + | | | ∂f ∂a_2 | | | · Δ^2,

while the result of applying dual interval arithmetic is

Δ^d = | | | | | | ∂f ∂a_1 | | | · Δ_1 − | | | ∂f ∂a_2 | | | · Δ_2 | | | .

Thus, the average half-width Ű corresponding to random interval arithmetic Ű is equal to

Δ^r = max (| | | ∂f ∂a_1 | | | · Δ^1, | | | ∂f ∂a_2 | | | · Δ^2 ) .

Similarly, for n > 2 variables, we conclude that

Δ^r = max (| | | ∂f ∂a_1 | | | | · Δ^1, . . . , | | | | ∂f ∂a_n | | | | · Δ^n ) . (5)

Comment. It is worth mentioning that this same expression appears in a completely different context. In interval computations, when we estimate the range of a function over a box [a_1, a_1] × . . . × [a_n, a_n], if a box is not too narrow, the estimates are too wide. To improve the estimates, we can bisect the box along one of the directions and repeat the estimation for each of the two half-boxes. The ef^ciency of this procedure drastically depends on which side we select for bisecting. It has been shown, both empirically and theoretically, that the optimal direction in a direction a_i in which the product | | | ∂f ∂a_i | | | · Δ^i is the largest possible; see, e.g., [KEA 98], [RAT 92], [RAT 94]. The above value (5) is exactly the value of this maximum.

Comment. Our ^nal comment is that the appearance of the max function may lead to one more explanation of why in the most widely used (and most practically successful) version of fuzzy logic, if we know the degree of belief a = d(A) in a statement A and the degree of belief b = d(B) in a statement B, then we estimate the degree of belief c =

d(C) in C^{def}= A ∨ B as max(a, b) Ű so that if a ≫ b, we have c = a.

ACKNOWLEDGMENTS

This work was supported in part by NASA under cooperative agreement NCC5-209, by the NSF grants EAR- 0112968, EAR-0225670, and EIA-0321328, and the NIH grant 3T34GM008048-20S1. REFERENCES

[ALT 96] R. Alt and J.-L. Lamotte, ŞOn the Evaluation of functional Ranges using a random interval arithmeticŤ, Proc. Interval’96, Wĺurzburg, Germany, 1996, pp. 11Ű13.

[ALT 01] R. Alt and J.-L. Lamotte, ŞSome experiments on the evaluation of functional ranges using a random interval arithmeticŤ, Mathematics and Computers in Simulation, 2001, Vol. 56, pp. 17Ű34.

[BOJ 95] G. Bojadziev and M. Bojadziev, Fuzzy Sets, Fuzzy Logic, Applications, World Scienti^c, Singapore, 1995.

[JAU 01] L. Jaulin, M. Kieffer, O. Didrit, and E. Walter, Applied Interval Analysis: With Examples in Parameter and State Estimation, Robust Control and Robotics, Springer, London, 2001.

[KEA 96] R. B. Kearfott, Rigorous Global Search: Continuous Problems, Kluwer, Dordrecht, 1996.

[KEA 96a] R. B. Kearfott and V. Kreinovich (eds.), Applications of Interval Computations, Kluwer, Dordrecht, 1996.

[KEA 98] R. B. Kearfott and V. Kreinovich, ŞWhere to Bisect a Box? A Theoretical Explanation of the Experimental ResultsŤ, In: G. Alefeld and R. A. Trejo (eds.), Interval Computations and its Applications to Reasoning Under Uncertainty, Knowledge Representation, and Control Theory. Proceedings of MEX- ICON’98, Workshop on Interval Computations, 4th World Congress on Expert Systems, Mexico City, Mexico, 1998.

[KLI 95] G. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic: Theory and Applications, Prentice Hall, Upper Saddle River, New Jersey, 1995.

[KRE 97] V. Kreinovich, A. Lakeyev, J. Rohn, and P. Kahl, Computational complexity and feasibility of data processing and interval computations, Kluwer, Dordrecht, 1997.

[KRE 01] V. Kreinovich, H. T. Nguyen, and W. Pedrycz, ŞHow to Make Sure That ‘approx100 + 1 Is ß 100 in Fuzzy Arithmetic: Solution and Its (Inevitable) DrawbacksŤ, Proceedings of the Joint 9th World Congress of the International Fuzzy Systems Association and 20th International Conference of the North American Fuzzy Information Processing Society IFSA/NAFIPS 2001, Vancouver, Canada, July 25Ű28, 2001, pp. 1653Ű1658.

[MOO 79] R. E. Moore, Methods and Applications of Interval Analysis, SIAM, Philadelphia, 1979.

[MOO 03] R. E. Moore and W. A. Lodwick, ŞInterval Analysis and Fuzzy Set TheoryŤ, Fuzzy Sets and Systems, 2003, Vol. 135, No. 1, pp. 5Ű9.

[NGU 96] H. T. Nguyen and V. Kreinovich, ŞNested Intervals and Sets: Concepts, Relations to Fuzzy Sets, and ApplicationsŤ, In: R. B. Kearfott et al. (eds.), Applications of Interval Computations, Kluwer, Dordrecht, 1996, pp. 245Ű290

[NGU 99] H. T. Nguyen and E. A. Walker, First Course in Fuzzy Logic, CRC Press, Boca Raton, FL, 1999.

[RAT 92] D. Ratz, Automatische Ergebnisveri�kation bei globalen Optimierungsproblemen, Ph.D. dissertation, Universitĺat Karlsruhe, 1992.

[RAT 94] D. Ratz, Box-Splitting Strategies for the Interval GaussŰSeidel Step in a Global Optimization Method, Computing, 1994, Vol. 53, pp. 337Ű354.

[VIG 88] J. Vignes, ŞReview on Stochastic Approach to Round- Off Error Analysis and its ApplicationsŤ, Math. and Comp. in Sim., 1998, Vol. 30, No. 6, pp. 481Ű491.

[VIG 93] J. Vignes,ŞA Stochastic Arithmetic for Reliable Scienti^c Computation, Math. and Comp. in Sim., 1993, Vol. 35, pp. 233Ű261.