Decision Making Beyond Arrow’s “Impossibility Theorem”, With the Analysis of Effects of Collusion and Mutual Attraction

Hung T. Nguyen Department of Mathematical Sciences New Mexico State University Las Cruces, NM 88003, USA Email: hunguyen@nmsu.edu

Olga Kosheleva and Vladik Kreinovich University of Texas at El Paso El Paso, TX 79968, USA Emails: olga@utep.edu, vladik@utep.edu

Abstract— In 1951, K. J. Arrow proved that, under certain assumptions, it is impossible to have group decision making rules which satisfy reasonable conditions like symmetry. This Impossibility Theorem is often cited as a proof that reasonable group decision making is impossible.

We start our paper by remarking that Arrow’s result only covers the situations when the only information we have about individual preferences is their binary preferences between the alternatives. If we follow the main ideas of modern decision making and game theory and also collect information about the preferences between lotteries (i.e., collect the utility values of different alternatives), then reasonable decision making rules are possible: e.g., Nash’s rule in which we select an alternative for which the product of utilities is the largest possible.

We also deal with two related issues: how we can detect individual preferences if all we have is preferences of a subgroup, and how we take into account mutual attraction between participants.

I. GROUP DECISION MAKING AND ARROW’S IMPOSSIBILITY THEOREM

In 1951, Kenneth J. Arrow published his famous result about group decision making [1], a result that became one of the main reasons for his 1972 Nobel Prize; see also [16], [22], [23], [34].

The problem. Arrow’s result deals with the following setting. A group of n participants P_1, . . . , P_n needs to select between one of m alternatives A_1, . . . , A_m. To find individual preferences, we ask each participant P_i to rank the alternatives A_j from the most desirable to the least desirable:

A_{j1} ≻_i A_{j2} ≻_i . . . ≻_i A_{jn} .

Based on these n rankings, we must form a single group ranking (in the group ranking, equivalence ∼ is allowed).

Case of two alternatives is easy. In the simplest case when we have only two alternatives A_1 and A_2, each participant either prefers A_1 or prefers A_2. In this case, it is reasonable, for a group:

• to prefer A_1 if the majority prefers A_1, • to prefer A_2 if the majority prefers A_2, and

• to claim A_1 and A_2 to be of equal quality for the group (denoted A_1 ∼ A_2) if there is a tie.

Case of three or alternatives is not easy. When we have three or more alternatives, there is no such simply rule; to be more precise, we can still come up with many possible group decision rules, but all these rules will be, in some sense, counter-intuitive.

Arrow’s result. Arrow has explicitly formulated several reasonable conditions and showed that no group decision rule can satisfy all these conditions. Arrow’s conditions are very straightforward and very natural.

The first is the Pareto condition: that if all participants prefer A_j to A_k, then the group should also prefer A_j to A_k .

The second condition is Independence from Irrelevant Alternatives: the group ranking between A_j and A_k should depend only on how participants rank A_j and A_k – and should not depend on how they rank other alternatives.

Arrow has shown that every group decision rule which satisfies these two condition is a dictatorship rule when the group accepts the preferences of one of the participants as the group decision and ignores the preferences of all other participants. This clearly violates another reasonable condition of symmetry: that the group decision rules should not depend on the order in which we list the participants.

II. BEYOND ARROW’S IMPOSSIBILITY THEOREM: NASH’S BARGAINING SOLUTION

It is sometimes claimed that reasonable group decision making is impossible. Arrow’s Impossibility Theorem is often cited as a proof that reasonable group decision making is impossible – e.g., that a perfect voting procedure is impossible; see, e.g., [34].

Arrow’s result is only valid if we have binary (partial) information about individual preferences. We will see that the pessimistic interpretation of Arrow’s result is, well, too pessimistic.

Indeed, Arrow’s result assumes that the only information we have about individual preferences is their binary (“yes”- “no”) preferences between the alternatives. This information does not fully describe a persons’ preferences: e.g., the same preference A_1 ≻ A_2 ≻ A_3 may indicate that a person strongly prefers A_1 to A_2, and A_2 to A_3, and it may also indicate that this person strongly prefers A_1 to A_2, and at the same time, A_2 is almost of the same quality as A_3.

To describe this degree of preference, researchers in decision making use the notion of utility; see, e.g., [22], [23].

What is utility: a reminder. A person’s rational decisions are based on the relative values to the person of different outcomes. In financial applications, the value is usually measured in monetary units such as dollars. However, the same monetary amount may have different values for different people: e.g., a single dollar is likely to have more value to a poor person than to a rich one. In view of this difference, in decision theory, to describe the relative values of different outcomes, researchers use a special utility scale instead of the more traditional monetary scales.

There are many different ways to elicit utility from decision makers. A common approach is based on preferences of a decision maker among lotteries. A simple way to define a lottery is as follows. Take a very undesirable outcome A^− and a very desirable outcome A^+, and then consider the lottery A(p) in which we get A^+ with probability p and A^− with probability 1 − p (p is given and is usually understood as an “objective” probability). Clearly, the larger p, the more preferable A(p): p < p^′ implies A(p) < A(p^′). Traditional decision theory is based on assumptions concerning preferences over lotteries. For example, the following two assumptions are usually adopted as axioms:

• the comparison amongst lotteries is a linear order – i.e., a person can always select one of the two alternatives, and • the comparison is Archimedean – i.e. if for all ε > 0, an outcome B is better than A(p − ε) and worse than A(p+ε), then it is of the same quality as A(p): B ∼ A(p) (where A ∼ B means that A and B are of the same quality).

Because of our selection of A^− and A^+, most reasonable outcomes are better than A^− = A(0) and worse than A^+ = A(1). Due to linearity, for every p, either A(p) < B, or B ∼ A(p), or B < A(p). If we define the utility of outcome B as u(B)^{def}= sup{p | A(p) < B}, we have A(u(B)−ε) < B and A(u(B)+ε) > B; thus, due to the Archimedean property, we have A(u(B)) ∼ B. This value u(B) is called the utility of the outcome B.

As defined above utility always takes values within the interval [0, 1]. It is also possible to define utility to take values within other intervals. Indeed, note that the numerical value u(B) of the utility depends on the choice of reference outcomes A^− and A^+. If we select a different pair of reference outcomes, then the resulting numerical utility value u^′(B) is different. The usual axioms of utility theory guarantee that two utility functions u(B) and u^′(B) corresponding to different choices of the reference pair are related by a linear transformation: u^′(B) = a · u(B) + b for some real numbers a > 0 and b. By using appropriate values a and b, we can then re-scale utilities to make the scale more convenient (e.g. in financial applications, closer to the monetary scale).

Expected utility. Often, we have a “branching” situation involving n incompatible events E_1, . . . , E_n with probabilities p_1, . . . , p_n such that exactly one of them will occur. E.g. coins can fall heads or tails, dice can show 1 to 6, etc. In such situations, for every n outcomes B_1, . . . , B_n, we can form a lottery by assigning outcome B_i if event E_i occurs. If we know the utility u_i = u(B_i) of each outcome B_i, and we know the probability p_i = P (E_i) of each event E_i, then the utility of the corresponding lottery may be determined as follows.

We know the probability p_i of each event E_i. Thus, the lottery “B_i if E_i” if equivalent to the lottery in which we get B_i with probability p_i. The fact that u(B_i) = u_i means that each B_i is equivalent to getting A^+ with probability u_i and A^− with probability 1 − u_i. By replacing each B_i with this new “lottery”, we conclude that the lottery “if E_i then B_i” is equivalent to a two-step lottery in which we:

• first select E_i with probability p_i, and • then, for each i, select A^+ with probability u_i and A^− with the probability 1 − u_i.

In this two-step lottery, the probability of getting A^+ is equal to p_1·u_1+. . .+p_n·u_n (often this is obtained by adding suitable axioms on combination of lotteries, but the meaning should be intuitive here). Thus, by our definition of utility, the utility of the lottery “if E_i then B_i” is equal to u =^n ∑ i=1 p_i · u_i = n∑ i=1 p(E_i) · u(B_i). In mathematical terms, u is the expected

value of the utility, so this approach is often called the expected utility approach.

In the traditional approach, between several alternatives we select the one with the largest utility u, hence the one with the largest value of the expected utility.

Nash’s bargaining solution. So, for each participant P_i, instead of knowing this participants’ preferences, we can determine the utility u_{ij}^{def}= u_i(A_j ) of all the alternatives A_1, . . . , A_m. Once we know such utilities, we can ask the same question: how to transform these known utilities into a reasonable group decision rule?

The answer to this question was, in effect, provided by another future Nobelist John Nash who, in his 1950 paper [24], has shown that under reasonable assumptions like symmetry, independence from irrelevant alternatives, and scale invariance (i.e., invariance under replacing the original utility function u_i(A) with an equivalent function a · u_i(A)), the only group decision rule is selecting an alternative A for which the product n∏ i=1 u_i(A) is the largest possible.

Here, the utility functions must be scaled in such a way that the “status quo” situation A^{(0)} is assigned the utility 0. This rescaling can be achieved, e.g., by replacing the original utility values u_i(A) with re-scaled values u^′_i(A)^{def}= u_i(A)−u_i(A^{(0)}).

For a more detailed discussion on Nash’s bargaining solution and its application to group decision making, see, e.g., [18], [22], [23], [26].

It is easy to see that the Pareto condition and Independence condition are both satisfied for the Nash’s solution. Let us start with the Pareto condition. If all participants prefer A_j to A_k, this means that u_i(A_j ) > u_j (A_k ) for every i, hence n∏ i=1 u_i(A_j ) >^n ∏ i=1 u_i(A_k) – which means that the group would

prefer A_j to A_k.

The Independence condition is even either to check: according to Nash’s solution, we prefer A_j to A_k if^n ∏ i=1 u_i(A_j ) > n∏ i=1 u_i(A_k). From this formula, once can easily see that the

group ranking between A_j and A_k depends only on how participants rank A_j and A_k – and does not depend on how they rank other alternatives.

Comment. Nash’s solution can be easily explained in terms of fuzzy logic (see, e.g., [17], [29]: We want all participants to be happy, so we want the first participant to be happy and the second participant to be happy, etc. We can take u_1(A) as the “degree of happiness” of the first participant, u_2(A) as the “degree of happiness” of the second participant, etc. If, in order to formalize “and”, we use the operation d · d^′ (one of the two operations originally proposed by L. Zadeh to describe “and”), then the degree to which all n participants are satisfied is equal to the product u_1(A)·u_2(A)·. . .·u_n(A). So, if we look for the alternative which leads to the largest possible degree of mutual satisfaction, then we must look for the alternative A for which the product u_1(A) · u_2(A) · . . . · u_n(A) attains the largest possible value.

Potential applications. This idea can be applied to various problems ranging from global problems such as the division of a disputed territory [19], [20], [26] to more down-to- Earth problems such as dividing a cake (or, in general, an inheritance). Many ingenious decisions of this problems are known; see, e.g., [7], [8], [12], [13], [31]; our point is that Nash’s solution can work as well.

III. HOW WE CAN DETERMINE UTILITIES

It is easy to determine, for each participants P_i, his or her utility u_{ij} of a given alternative A_j with an arbitrary accuracy 2^{−k}. For example, we can use the iterative bisection method in which, at every step, we have an interval [u, u] that is guaranteed to contain the actual (unknown) value of the utility u. As we have mentioned, in the standard scale, u ∈ [0, 1], so we can start with the interval [u, u] = [0, 1].

At each iteration, once we have an interval [u, u] that contains u, we compute its midpoint u_{mid}^{def}= (u + u)/2 and compare the alternative A_j with the lottery “A^+ with probability u_{mid}, otherwise A^−”. Depending on the result of this comparison, we can now halve the interval [u, u]:

• If, for the participant, the alternative A_j is better than this lottery, then we know that u ∈ [u_{mid}, u], so we have a new interval [u_{mid}, u] of half-width which is guaranteed to contain u.

• If, for the participant, the alternative A_j is worse than this lottery, then we know that u ∈ [u, u_{mid}], so we have a new interval [u, u_{mid}] of half-width which is guaranteed to contain u.

After each iteration, we decrease the width of the interval [u, u] by half. Thus, after k iterations, we get an interval of width 2^{−k} which contains the actual value u – i.e., we have determined u with the accuracy 2^{−k}.

IV. WHAT IS THE GUARANTEE THAT PARTICIPANTS WILL PROVIDE CORRECT UTILITY VALUES?

Problem: sometimes it is beneficial to cheat. The above description relies on the fact that we can elicit true preferences (and hence, true utility functions) from the participants. However, sometimes, it is beneficial for a participant to cheat and provide false utility values.

For example, if a participant P_1 know the utilities of all the other participants, then it is sometimes advantageous to supply false utility values. Indeed, as ideal situation for P_1 is when, out of m alternatives A_1, . . . , A_m, the group as a whole selects an alternative A_{m1} which is the best for P_1, i.e, for which u_1(A_{m1} ) ≥ u_1(A_j ) for all j ≠ m_1.

It is not necessarily true that the product^n ∏ i=1 u_i(A_j ) com-

puted based on P_1’s true utility is the largest for the alternative A_{m1} . However, we can force this product to attain the maximum for A_{m1} if we report, e.g., a “fake” utility function u^′_1(A) for which u^′_1(A_{m1} ) = 1 and u^′_1(A_j ) = 0 for all j ≠ m_1.

In case of uncertainty, cheating may hurt the cheater: an observation. In practice, we rarely encounter a situation in which one person is familiar with the preferences of all the others while others have no information about this person’s preferences. Usually, if other participants have no information about this person’s preferences, then this person has no information about the preferences of the others as well.

In this case, cheating may be disadvantageous. For example, if we report the above false utility function, then if others have similar utility functions with u_i(A_{mi} ) > 0 for some m_i ≠ m_1 and u_i(A_j ) = 0 for all other j, then for every alternative A_j , Nash’s product is equal to 0. From this viewpoint, all alternatives are equally good, so each of them can be chosen. In particular, it may be possible that the group selects an alternative A_q which is the worst for P_1 – i.e., for which u_1(A_q ) < u_1(A_j ) for all j ≠ p.

On the other hand, by reporting the actual utility function, P_1 may lead to the selection of an alternative A_k which is better than A_q .

So, in this example, by reporting a false utility function u^′_1(A_j ) instead of the correct one u_1(A_j ), the participant P_1 may hurt himself by reducing his payoff from u_1(A_k ) to u_1(A_q ) < u_1(A_k).

Territorial division problem: a reminder. Let us show that in the reasonable case of dividing the territory, it is beneficial to report the correct utility values.

Comment. This result was partly announced in [19], [20].

In this case [26], we have a set A to divide. Here, each alternative corresponds to a partition of the set A into n subsets X_1, . . . , X_n such that^n ⋃ i=1 X_i = A and X_i ∩ X_j = ∅ when

i ≠ j. The utility functions have the form u_i(X) = ∫ X v_i(t) dt for given functions v_i(t) from the set A to the set of nonnegative real numbers. Based on the utility functions v_i(t), we find a partition X_1, . . . , X_n for which Nash’s product u_1(X) · . . . · u_n(X_n) attains the largest possible value.

Without losing generality, let us concentrate on the actions of the first participant P_1. Let us assume that v_1(t) is the actual utility function of this participant. The participant P_1 can either report his/her actual function v_1(t), or he/she can report a different utility function v^′_1(t) ≠ v_1(t). For each reported function v^′_1(t), we can find the partition X_1, . . . , X_n that maximizes the corresponding product (∫ X1 v^′_1(t) dt ) · (∫ X2 v_2(t) dt ) · . . . · (∫ X_n v_n(t) dt ) . As a result, the participant P_1 gets the set X_1, so its actual utility is equal to ∫ X1 v_1(t) dt. Let us denote this actual utility by u(v^′_1, v_1, v_2, . . . , v_n).

The question is: which utility function v^′_1(t) should the participant P_1 report in order to maximize his gain u(v^′_1, v_1, v_2, . . . , v_n)? We assume that we do not know the utility functions v_2(t), . . . , v_n(t) of other participants. For different v_i(t), different selections v^′_1(t) may lead to better gain for P_1.

Decision making under uncertainty: a reminder. The situation of decision making under uncertainty is typical in decision making; see, e.g., [22]. There are several known approaches to solving a general problem of decision making under uncertainty.

We can choose an optimistic approach in which, for each action A, we only consider its most optimistic outcome, with the largest possible gain u^+(A) – and choose an action for which this luckiest outcome is the largest.

Alternatively, we can choose a pessimistic approach in which, for each action A, we only consider its most pessimistic outcome, with the smallest possible gain u^−(A) – and choose an action for which this worst-case outcome is the largest.

Realistically, both approaches appear to be too extreme. In real life, it is more reasonable to use, as an objective function, a combination of pessimistic and optimistic cases. Such combined pessimism-optimism criterion (originally proposed in[15]): namely, we choose a real number α ∈ [0, 1], and choose an alternative A for which the combination

u(A) = α · u^−(A) + (1 − α) · u^+(A) takes the largest possible value.

Pessimism corresponds to α = 1, optimistic corresponds to α = 0, realistic approaches correspond to α ∈ (0, 1).

Comment. While this combination may sound arbitrary, it is actually the only rule which satisfied reasonable scaleinvariance conditions; see, e.g., [25], [28].

For our problem, Hurwicz criterion means that we select a utility function v^′_1(t) for which the combination

J(v^′_1)^{def}= α · min_{v2,...,vn} u(v^′_1, v_1, v_2, . . . , v_n)+ (1 − α) · max_{v2,...,vn} u(v^′_1, v_1, v_2, . . . , v_n) (2) attains the largest possible value.

For territorial division, it is beneficial to report the correct utilities: result. It turns out that unless we select the optimistic criterion, it is always best to select v^′_1(t) = v_1(t), i.e., to tell the truth.

Theorem 1. When α > 0, the objective function J(v^′_1) attains its largest possible value for v^′_1(t) = v_1(t).

Comment. In the optimistic case, all choices are equivalent.

In such situations, when we have several different alternatives that lead to the same value of the objective function, a natural idea is to use some other criterion to select between these optimal alternatives; see, e.g., [27]. In our case, a natural other criterion is to consider pessimism or Hurwicz pessimismoptimism criterion. In both cases, we come to a conclusion that telling the truth is the best strategy.

Comment. For reader’s convenience, the proof of this result is presented in the appendix.

V. HOW TO FIND INDIVIDUAL PREFERENCES FROM COLLECTIVE DECISION MAKING: INVERSE PROBLEM OF GAME THEORY

Problem. We have mentioned that usually, it is relatively easy to elicit preferences from the participants, and to determine utility values based on these preferences.

In some cases, however, we have a subgroup (“clique”) of participants who do their best to make joint decisions and who do not want to disclose their differences. This is a frequent situation, e.g., within political groups – who are afraid that any internal differences can be exploited by the competing groups. In such situations, it is extremely difficult to determine individual preferences based on the group decisions.

For example, during the Cold War, this is what kremnlinologists tried to do – with different degrees of success.

In this section, we will show how this determination can be done.

Comment. Decision making and game theory are usually trying, given individual preferences, to find the appropriate group decision. Here, we encounter an inverse problem: given the decisions, we want to reconstruct individual preferences.

Towards an algorithm for solving the inverse problem. Let us assume that we have a group of n participants P_1, . . . , P_n that does not want to reveal their individual preferences. We can, however, ask the group as a whole to compare different preferences; we must use the result of this comparison to determine individual utility functions.

We assume that when making group decision,s the group uses the Nash’s solution. Of course, since the Nash’s solution depends only on the product of the utility functions, in the best case, we will be able to determine n individual utility functions without knowing which of these functions corresponds to which individual.

Comment. This is OK, because the main objective of our determining these utility functions is to be able to make decision of a larger group based on Nash’s solution – and in making this decision, it is irrelevant who has what utility function.

In this sense, our problem is easier than the problem solved by political analysts: from our viewpoint, it is sufficient to know that one member of the ruling clique is more conservative and another is more liberal, but a political analyst would also be interesting in knowing who exactly is conservative and who is more liberal.

We have mentioned that the utility function is determined modulo an arbitrary linear transformation u(A) → a · u(A) + b. Thus, without losing generality, we can assume that the individual utility functions u_i(A) are re-scaled in such a way that for the status quo A^{(0)}, we have u_i(A^{(0)}) = 0, and for a pre-selected very favorable outcome A^+, we have u_i(A^+) = 1. Let us now select an alternative A and let us show how we can determine the values u_1(A), . . . , u_n(A). For each real number q ∈ [0, 1], we can form a lottery L(q) in which we have A^+ with probability q and A with probability 1 − q. For this lottery L(q), the individual utility is equal to

u(L(q)) = q · u(A^+) + (1 − q) · u(A) = q + (1 − q) · u_i(A);

therefore, Nash’s product is equal to^n ∏ i=1 (q + (1 − q) · u_i(A)).

For the group, the quality of a lottery “A^+ with probability p, otherwise A^{(0)}” increases with p. When p = 0, this lottery is simply a status quo A^{(0)}, so it is clearly worse than the lottery L(q). For p = 1, this lottery is simply A^+, so it is clearly preferable to L(q). Thus, by using the above-describe bisection method, for each q, we can find (with arbitrary accuracy) the value p(q) for which L(q) is equivalent to this lottery.

For this new lottery, the individual utilities are equal to

u_i(A) = p(q) · u(A^+) + (1 − p(q)) · u(A^{(0)}) =

p(q) · 1 + (1 − p(q)) · 0 = p(q),

so Nash’s product is equal to p(q)^n. Thus, from the fact that the new lottery is equivalent to the L(q), we conclude that the corresponding Nash’s products are equal, i.e., that n∏ i=1 (q + (1 − q) · u_i(A)) = p(q)^n for the known values p(q)^n.

Dividing both sides of this equality by (1−q)^n, we conclude that^n ∏ i=1 (z + u_i(A)) = p(q)^n/(1 − q)^n. We can repeat this

procedure for n different values q = 0, 1/n, 2/n, . . . , (n − 1)/n, and get n different values of the function

F (z)^{def}= n∏ i=1 (z + u_i(A)).

This function F (z) is a product of n linear functions with coefficient 1 at z; it is, therefore, a polynomial of n−-th order in terms of the unknown z:

F (z) = a_0 + a_1 · z + . . . + a_{n−1} · z^{n−1} + z^n.

Since we know n values p(l/n)^n/(1−l/n)^n (0 ≤ i ≤ n−1) of this function for the values z_l = q_l/(1 − q_l) (where q_l = l/n), we can thus determine the coefficients a_i of this polynomial by solving the corresponding system of n linear equations with n unknowns a_i:

a_0 + a_1 · z_l + . . . + a_{n−1} · z^{n−1}_l + z^n_l = p(q_l)^n (1 − q_l)^n (1) 0 ≤ l ≤ n − 1 Once we have found these coefficients and thus, the polynomial F (z) =^n ∏ i=1 (z+u_i(A)), we can then determine the values

−u_i(A) as the roots of this polynomial – i.e., the values for which F (−u_i(A)) = 0.

We can find one of the roots; there exist efficient algorithms for that; see, e.g., [2]. Once we find a root u_1(A), we can divide the polynomial by z +u_1(A), and get a new polynomial of order n − 1. We can then use the same algorithm to find the root of the new polynomial, etc., until we find all n roots of the original polynomial F (z).

Thus, we arrive at the following algorithm.

Algorithm for determining individual utility values. Let us assume that we have a group of n participants. We can ask this group to make joint decisions. Based on these decisions, we want to find the individual utility values u_1(A), . . . , u_n(A) of a given alternative A.

For that, we do the following. For each l from 0 to n − 1, we form the value q_l = l/n, and we ask the group to compare the lottery “A^+ with probability q_l, otherwise A” with the lotteries “A^+ with probability p, otherwise A^{(0)}” for different p. By using bisection, we can find the value p(q_l) for which the lottery “A^+ with probability q_l, otherwise A” is, for this group, equivalent to the lottery “A^+ with probability p(q_l), otherwise A^{(0)}”.

After we find n values p(q_l) (0 ≤ l ≤ n − 1), we solve the system (1) of n linear equations with n unknowns, and get the coefficients a_0, a_1, . . . , a_{n−1}. Based on these coefficients, we form a polynomial F (z) = a_0 +a_1 ·z +. . .+a_{n−1} ·z^{n−1} +z^n.

Then, we apply one of the known factorization algorithms to factorize the resulting polynomial F (z). It factors are z + u_i(A), where u_i(A) are the desired values.

From individual utility values to individual utility profiles. From the viewpoint of group decision making, it is sufficient to find out individual utility values u_i(A_j ) for all alternatives A_j . However, from the more general viewpoint of solving the inverse problem, it is desirable to find out the individual utility profiles. For example, if we have two alternatives A_j and A_k, we want not only to know n values u_i(A_j ) and n values u_i(A_k ), we also want to know which value u_i(A_k ) goes with which value u_i(A_j ).

For that, we pick a real number α ∈ [0, 1] and repeat the same procedure for the lottery A^{def}= “A_j with probability α, otherwise A_k ”. Thus, we determine n individual utilities u_i(A) of this lottery.

For the individual utilities,

u_i(A) = α · u_i(A_j ) + (1 − α) · u_i(A_k).

Thus, if we only know n values u_i(A_j ), n values u_i(A_k), and n values u_i(A) – without knowing how these values match – we can then, for each of n values u_i(A_j ), determine the corresponding utility value u_i(A_k) as the only one of n values u_p(A_k) for which the value

α · u_i(A_j ) + (1 − α) · A_p(A_k)

is equal to one of the n values u_i(A).

If we select α to be a random value uniformly distributed on the interval [0, 1], then the probability that

α · u_i(A_j ) + (1 − α) · A_p(A_k)

for some wrong p^′ ≠ p is also accidentally equal to one of the n values u_i(A) is 0, so this methods leads us to a guaranteed profile.

What if we do not know how many people are in a group? In some cases, not only we do not know individual preferences, but we also do not know how many people are in a group.

In this case, we can repeat the above procedure for n = 1, 2, . . . until we stop getting a meaningful solution for the corresponding system of linear equations (1); the largest such n is the number of participants.

Uniqueness in precise mathematical terms. Let us describe the uniqueness result in precise mathematical terms. Definition. Let integers n and m be fixed. The value n will be called number of participants and m will be called number of alternatives.

• By a lottery, we mean a vector p = (p^{(0)}, p^+, p_1, . . . , p_m) for which p_j ≥ 0 and p^{(0)} + p^+ + p_1 + . . . + p_m = 1.

• By an individual utility function, we mean a vector u_1, . . . , u_m of positive numbers.

• By a group utility function, we mean a collection of n utility functions (u_{i1}, u_{i2}, . . . , u_{im}).

• We say that a group utility function u leads to the following preference relation < between the lotteries: p < q if and only if n∏ i=1 p^+ + m∑ j=1 p_j · u_{ij} < n∏ i=1 p^+ + m∑ j=1 q_j · u_{ij} .

Comment. Here, the probability p^{(0)} means the probability of the status quo state A^{(0)}, p^+ means the probability of the outcome A^+, and the utilities are scaled in such a way that for each participant, u_i(A^{(0)}) = 0 and u_i(A^+) = 1.

Our main result is that after this re-scaling, the utility values are uniquely determined by the observed group preferences – of course, modulo possible renaming (permutation) of the participants, because the Nash group decision model does not change if two participants simply swap their utility functions (and their preferences).

Theorem 2. If two group utility functions u_{ij} and u^′_{ij} lead to the same preference, then they differ only by permutation, i.e., u^′_{ij} = u_{π(i),j} for some permutation π of the set {1, . . . , n} of participants.

In other words, modulo permutation of participants, we can uniquely determine the utility values from the group preferences.

The proof of this result is also given in the Appendix.

VI. DESCRIPTION OF ALTRUISM AND PARADOXES OF LOVE Interdependence of utilities: idea. In the previous text, we implicitly assumed that the utility u_i(A_j ) of a participant P_i depends only on the objective situation, i.e., on the alternative A_j . In real-life situations, however, the degree of a person’s happiness is determined not only by the objective factors – like what this person gets and what others get – but also by the degree of happiness of other people.

Normally, this dependence is positive, i.e., we feel happier if other people are happy. However, negative emotions such as jealousy are also common, when someone else’s happiness makes a person not happy.

The idea that a utility of a person depends on utilities of others was first described in [32], [33]. It was further developed by another future Nobelist Gary Becker; see, e.g., [3]; see also [5], [9], [14], [38].

Interdependence of utilities: general description. In general, the utility u_i of i-th person under interdependence can be described as u_i = f_i(u^{(0)}_i , u_j ), where u^{(0)}_i is the utility that does not take interdependence into account, and u_j are utilities of other people.

Interdependence of utilities: linear approximation. The effects of interdependence can be illustrated on the example of linear approximation, when we approximate the dependence by the first (linear) terms in its expansion into Taylor series, i.e., when the utility u_i of i-th person is equal to

u_i = u^{(0)}_i + ∑ j≠i α_{ij} · u_j , where the interdependence is described by the coefficients a_{ij} .

Paradoxes of love. This simple and seemingly natural model leads to interesting and somewhat paradoxical conclusions; see, e.g., [4], [6], [21].

For example, mutual affection corresponds between persons P_1 and P_2 means that α_{12} > 0 and α_{21} > 0. In particular, selfless live, when someone else’s happiness means more than one’s own, corresponds to α_{12} > 1.

In general, for two persons, we thus have

u_1 = u^{(0)}_1 + α_{12} · u_2;

u_2 = u^{(0)}_2 + α_{21} · u_1.

Once we know the original utility values u^{(0)}_1 and u^{(0)}_2 , we can solve this system of linear equations and find the resulting values of utility:

u_1 = u^{(0)}_1 + α_{12} · u^{(0)}_2 1 − α_{12} · α_{21} ;

u_2 = u^{(0)}_2 + α_{21} · u^{(0)}_1 1 − α_{12} · α_{21} . As a result, when two people are deeply in love with each other (α_{12} > 1 and α_{21} > 1), then positive original pleasures u^{(0)}_i > 0 lead to u_i < 0 – i.e., to unhappiness. This phenomenon may be one of the reasons why people in love often experience deep negative emotions.

From this viewpoint, a situation when one person loves deeply and another rather allows him- or herself to be loved may lead to more happiness than mutual passionate love.

A similar negative consequence of love can also happen in situations like selfless Mother’s love when α_{12} > 0 may be not so large but α_{21} is so large that α_{12} · α_{21} > 1.

There are also interesting consequences when we try to generalize these results to more than 2 persons. For example, we can define an ideal love, when each person treats other’s emotions almost the same way as one’s own, i.e., α_{12} = α = 1 − ε for a small ε > 0. For two people, from u^{(0)}_i > 0, we get u_i > 0 – i.e., we can still have happiness. However, if we have three or more people in the state of mutual affection, i.e., if u_i = u^{(0)}_i + α · ∑ j≠i ·u_j , then in case when everything is fine – e.g., u^{(0)}_i = u^{(0)} > 0 – we have

u_i · (1 − α · (n − 1)) = u_i · (2 − ε − (1 − ε) · n) = u^{(0)},

hence u_i = u^{(0)} 2 − ε − (1 − ε) · n < 0, i.e., we have unhappiness. This may be the reason why 2- person families are the main form – or, in other words, if two people care about the same person (e.g., his mother and his wife), all there of them are happier if there is some negative feeling (e.g., jealousy) between them.

Comment. It is important to distinguish between emotional interdependence in which one’s utility is determined by the utility of other people, and “objective” altruism, in which one’s utility depends on the material gain of other people – but not on their subjective utility values, i.e., in which (in the linearized case)

u_i = u^{(0)}_i + ∑ j α_j · u^{(0)}_j .

In this approach, when we care about others’ well-being and not their emotions, no paradoxes arise, and any degree of altruism only improves the situation; see, e.g, [10], [11], [30].

This objective approach to interdependence was proposed and actively used by yet another Nobel Prize winner: Amartya K. Sen; see, e.g., [35], [36], [37].

Another alternative explanation of the paradoxes of love is that there is a time delay Δt between the emotions of a person and the reaction of the other persons to these emotions. This time delay can be very small, in factions of a second need to process the information, but still, the utility of a person at a moment time t depends not on the utility of others at the very same moment of time, but rather on the utility at some previous moment of time t − Δt. In this case, even if we have mutual affection, we avoid negative values of utility

Acknowledgments.

This work was supported in part by NASA under cooperative agreement NCC5-209, NSF grant EAR-0225670, NIH grant 3T34GM008048-20S1, and Army Research Lab grant DATM-05-02-C-0046.

REFERENCES

[1] K. J. Arrow, Social Choice and Individual Values, Wiley, New York, 1951.

[2] B. Beauzamy, V. Trevisan, and P. S. Wang, “Polynomial factorization:

sharp bounds, efficient algorithms”, Journal of Symbolic Computations, 1993, Vol. 15, No. 4, pp. 393–413.

[3] G. S. Becker, A Treatise on the Family, Harvard University Press, Cambridge, Massachusetts, 1991.

[4] T. Bergstrom, “Love and spaghetti, the opportunity cost of virtue”, Journal of Economic Perspectives, 1989, Vol. 3, No., pp. 165–173.

[5] B. D. Bernheim and O. Stark, “Altruism within the family reconsidered:

do nice guys finish last?”, American Economic Review, 1988, Vol. 78, No. 5, pp. 1034–1045.

[6] T. Bergstron, Systems of benevolent utility interdependence, University of Michigan, Technical Report, 1991.

[7] S. J. Brams, Theory of Moves, Cambridge Univesity Press, Cambridge, Massachusetts, 1994.

[8] S. J. Brams and A. D. Taylor, “An envy-free cake division protocol”, American Mathematical Monthly, 1995, Vol. 102, No. 1, pp. 9–18.

[9] D. D. Friedman, Price Theory, South-Western Publ., Cincinnati, Ohio, 1986.

[10] J. S. Harsanyi, Rational behavior and bargaining equilibrium in games and social situations, Cambridge University Press, New York, 1977.

[11] J. S. Harsanyi, “Morality and the theory of rational behavior”, In: A. Sen and B. Williams, Utilitarianism and Beyond, Cambridge University Press, Cambridge, UK, 1982, pp. 39–62.

[12] T. P. Hill, “Mathematical devices for getting a fair share”, American Scientist, 2000, Vol. 88, pp. 325–331.

[13] W. Hively, “Dividing the spoils”, Discover, March 1995, pp. 49–57. [14] H. Hori and S. Kanaya, “Utility functionals with nonpaternalistic intergerenational altruism”, Journal of Economic Theory, 1989, Vol. 49, pp. 241–265.

[15] L. Hurwicz, A criterion for decision-making under uncertainty, Technical Report 355, Cowles Commission, 1952.

[16] P. R. Kleindorfer, H. C. Kunreuther, and P. J. H. Schoemaker, Decision Sciences: An Integrated Perspective, Cambridge Universoty Press, Cambridge, Massachusetts, 1993.

[17] G. Klir and B. Yuan, Fuzzy sets and fuzzy logic: theory and applications.

Prentice Hall, Upper Saddle River, New Jersey, 1995.

[18] O. M. Kosheleva and V. Ya. Kreinovich, “Probabilistic way to avoid Arrow’s paradox”, Notices of the American Mathematical Society, 1978, Vol. 25, No. 7, p. A-703, Publ. No. 78T–C52.

[19] O. M. Kosheleva and V. Kreinovich, On the optimal territory division, Technical Report, Leningrad Technological Center “Informatika”, Leningrad, 1989 (in Russian).

[20] V. Kreinovich, “Nash’s solution for the territory division problem”, Proceedings of the 3rd USSR National Conference on Game Theory, Odessa, 1974, pp. 117–118 (in Russian).

[21] V. Kreinovich, Paradoxes of Love: Game-Theoretic Explanation, University of Texas at El Paso, Department of Computer Science, Technical Report UTEP-CS-90-16, July 1990.

[22] D. R. Luce and H. Raiffa, Games and Decisions, Introduction and critical survey, John Wiley & Sons, Inc., New York, 1957.

[23] R. B. Myerson, Game theory. Analysis of conflict, Harvard University Press, Cambridge, MA, 1991.

[24] J. F. Nash, “The bargaining problem”, Econometrica, 1950, Vol. 28, pp. 155-162.

[25] H. T. Nguyen and V. Kreinovich, “Nested Intervals and Sets: Concepts, Relations to Fuzzy Sets, and Applications”, In: R. B. Kearfott et al. (eds.), Applications of Interval Computations, Kluwer, Dordrecht, 1996, pp. 245–290.

[26] H. T. Nguyen and V. Kreinovich, “How to Divide a Territory? A New Simple Differential Formalism for Optimization of Set Functions”, International Journal of Intelligent Systems, 1999, Vol. 14, No. 3, pp. 223–251.

[27] H. T. Nguyen and V. Kreinovich, Applications of continuous mathematics to computer science, Kluwer, Dordrecht, 1997.

[28] H. T. Nguyen, V. Kreinovich, and Q. Zuo, “Interval-valued degrees of belief: applications of interval computations to expert systems and intelligent control”, International Journal of Uncertainty, Fuzziness, and Knowledge-Based Systems (IJUFKS), 1997, Vol. 5, No. 3, pp. 317–358.

[29] H. T. Nguyen and E. A. Walker, A first course in fuzzy logic, CRC Press, Boca Raton, Florida, 1997.

[30] L. Putterman,Peasants, collectives, and choice: economic theory and Tanzania’s villages, JAI Press, Greenwich, Connecticut, 1986.

[31] J. Roberston and W. Webb, Cake-Cutting Algorithms, A. K. Peters, Natick, Massachusetts, 1998.

[32] A. Rapoport, “Some game theoretic aspects of parasitism and symbiosis”, Bull. Math. Biophysics, 1956, Vol. 18.

[33] A. Rapoport, Strategy and Conscience, New York, 1964. [34] D. G. Saari, Chaotic elections. A Mathematician Looks at Voting, American Mathematical Society, Providence, Rhode Island, 2001.

[35] A. K. Sen, “Labor allocation in a cooperative enterprise”, Review of Economic Studies, 1966, Vol. 33, No. 4, pp. 361–371.

[36] A. K. Sen, Collective Choice and Socieal Welfare, Holden-Day, San Francisco, California, 1970.

[37] A. K. Sen, Resources, Values, and Development, Hardard University Press, Harvard, Massachusetts, 1984.

[38] F. J. Tipler, The Physics of Immortality, Doubleday, New York, 1994.

APPENDIX 1: PROOF THAT FOR TERRITORIAL DIVISION, IT IS BENEFICIAL TO REPORT THE CORRECT UTILITIES

Structure of the proof. We start by re-scaling the values of the utility functions so that all the gains become between 0 and 1. Then, we compute the optimistic gain u^+, the pessimistic gain u^−, and come up with the conclusion.

Re-scaling. Since the utility function is defined modulo an arbitrary multiplicative constant, we can always re-scale the utility functions in such a way that u_i(A) = 1 for the entire space A, i.e., that ∫ A v_i(t) dt = 1 for all i.

Proof that u^+ ≤ 1. Let us show that for every function v^′_1(t), the optimistic estimate

u^+(v^′_1)^{def}= max_{v2,...,vn} u(v^′_1, v_1, v_2, . . . , v_n)

cannot exceed 1.

Indeed, no matter what partition X_1, . . . , X_n we have, the resulting utility of the first participant u_1(X_1) = ∫ X1 v_1(t) dt cannot exceed the whole interval ∫ A v_1(t) dt. We have rescaled all the utility functions in such a way that this whole integral is 1, so the gain of P_1 cannot exceed 1.

Proof that u^+ = 1. Let us show that for every function v^′_1(t), the optimistic estimate u^+(v^′_1) is equal to 1.

For that, let us show that we can get the gain which is as close to 1 as possible.

Indeed, suppose that the participant P_2 is only interested in a small neighborhood of a point t_2, so that, for some small number ε > 0, we have v_2(t) = 0 for all the points at distance > ε from this point t_2. Suppose also that the participant P_3 is only interested in a small neighborhood of a point t_3 ≠ t_2, . . . , and the participant P_n is only interested in a small neighborhood of a point t_n – and all these n−1 neighborhoods N_2, . . . , N_n are disjoint.

Then, in an optimal partition, it does not make sense to assign to P_2 any points outside N_2 – because adding these points to X_2 would not change the utility u_2 = ∫ X2 v_2(t) dt, but assigning them to X_1 would increase u_1 – if v_1(t_2) > 0. Similarly, in the Nash optimal partition, participant P_3 is only assigned the points in N_3, etc. So, in the Nash optimal partition, all the points outside n − 1 small neighborhoods N_2, . . . , N_n are assigned to P_1. So, the resulting utility of P_1 is equal to the integral of v_1(t) over the complement to these neighborhoods. When ε → 0, this integral tends to ∫ A v_1(t) dt – i.e., to 1.

Comment. We have shown that the optimistic gain u^+ is always equal to 1 – irrespective of what utility function we report. Thus, in the purely optimistic case, we can report any utility function and get the same result. So, we have proved the comment after Proposition 1.

Proof that when we report the correct utility function v^′_1(t) = v_1(t), then u^− ≥ 1/n. Let us now prove that when v^′_1(t) = v_1(t), then the pessimistic estimate

u^−(v^′_1)^{def}= min_{v2,...,vn} u(v^′_1, v_1, v_2, . . . , v_n)

is larger than or equal to 1/n.

Let us show that for the optimal partition, u_1(X_1) ≥ u_1(X_2). Indeed, according to [26], in the optimal partition there exists a threshold value λ such that of all the points x from the union X_1 ∪ X_2, points with v_2(x)/v_1(x) < λ are assigned to X_1 and points with v_2(x)/v_1(x) > λ are assigned to X_2.

Similar to the proofs from [26], let us add a small neighborhood of a point x_0 ∈ X_2 where v_2(x_0)/v_1(x_0) ≈ λ to the set X_1. This adds ε · v_1(x_0), where ε is the volume of this neighborhood, to the utility u_1(X_1) of the first participant, and subtracts ε · v_2(x_0) ≈ ε · v_1(x_0) · λ from u_2(X_2). Thus, in Nash’s product, the subproduct u_1(X_1) · u_2(X_2) is replaced by (u_1(X_1) + ε · v_1(x_0)) · (u_2(X_2) − ε · v_1(x_0) · λ) = u_1(X_1) · u_2(X_2) · v_1(x_0) · ε · (u_2(X_2) − λ · u_1(X_1)) + o(ε).

Since the partition X_1, X_2, . . . was maximizing the Nash product, this change can only decrease the value of the product; so, we conclude that

λ · u_1(X_1) ≥ u_2(X_2).

For values x ∈ X_2, we have v_2(x)/v_1(x) ≥ λ, so v_2(x) ≥ λ·v_1(x). Integrating this inequality over X_2, we conclude that

u_2(X_2) = ∫ X2 v_2(t) dt ≥ λ · ∫ X2 v_1(t) dt = λ · u_1(X_2).

So, from λ · u_1(X_1) ≥ u_2(X_2), we conclude that

λ · u_1(X_1) ≥ u_2(X_2) ≥ λ · u_1(X_2),

hence u_1(X_1) ≥ u_1(X_2).

Similarly, u_1(X_1) ≥ u_1(X_i) for all i. By adding the inequalities corresponding to i = 1, 2, . . . , n, we conclude that

n · u_1(X_1) ≥ u_1(X_1) + u_1(X_2) + . . . + u_1(X_n) = ∫ X1 v_1(t) dt + . . . + ∫ X_n v_1(t) dt = ∫ A v_1(t) dt = 1,

hence u_1(X_1) ≥ 1/n.

Proof that when we report the correct utility function v^′_1(t) = v_1(t), then u^− = 1/n. We have shown that for all utility functions, u^− ≥ 1/n. Let us prove that there exist utility functions for which u^− = 1/n.

Indeed, if we take v_2(t) = . . . = v_n(t) = v_1(t), then each point has the same value for all n participants; so, we simply divide the overall utility of 1 into n parts u_1 +. . .+u_n = 1 for which the product u_1 · . . . · u_n is the largest possible. It is well known (and easy to prove) that the largest value of this product is attained when all u_i are equal: u_1 = . . . = u_n = 1/n. In this case, each participant gets exactly the utility 1/n.

Thus, indeed u^− = 1/n.

Proof that when we report a false utility function v^′_1(t) ≠ v_1(t), then u^− < 1/n. If we report a utility function v^′_1(t), then, as we have just mentioned, when v_2(t) = . . . = v_n(t) = v^′_1(t), the participant P_1 can get, as X_1, any set for which ∫ X1 v^′_1(t) dt = 1/n.

Since v_1(t) ≠ v^′_1(t), let us take, as X_1, the set of all the values for which v_1(t)/v^′_1(t) ≤ λ, where the threshold λ is determined by the condition that ∫ X1 v^′_1(t) dt = 1/n. For t ∈ X_1, we have v_1(t) ≤ λ · v^′_1(t), hence

u_1(X_1) = ∫ X1 v_1(t) dt ≤ λ · ∫ X1 v^′_1(t) dt = λ · (1/n), and the equality is only possible if v^′_1(t) = λ · v_1(t) for all t ∈ X_1.

Similarly, for t ∉ X_1, we have v_1(t) ≥ λ · v^′_1(t), hence

1−u_1(X) = ∫ −X1 v_1(t) dt ≥ λ· ∫ −X1 v^′_1(t) dt = λ·(1−1/n), and the equality is only possible if v^′_1(t) = λ · v_1(t) for all t ∉ X_1.

By dividing the inequalities u_1(X_1) ≤ λ · (1/n) and 1 − u_1(X_1) ≥ λ · (1 − 1/n), we conclude that

u_1(X_1) 1 − u_1(X_1) ≤ 1/n 1 − 1/n , where the inequality is only possible when v_1(t) = λ · v^′_1(t) for all t.

Since both v_1(t) and v^′_1(t) are normalized to 1 in the sense that ∫ A v_1(t) dt = ∫ A v^′_1(t) dt = 1, the only way to have v^′_1(t) = λ · v_1(t) for all t ∈ A is to have λ = 1 and thus, v^′_1(t) = v_1(t). We know that v^′_1(t) ≠ v_1(t), hence equality is impossible, and

u_1(X_1) 1 − u_1(X_1) < 1/n 1 − 1/n . Reversing both sides in this inequality, we get

1 − u_1(X_1)

u_1(X_1) > 1 − 1/n 1/n . Adding 1 to both sides, we get 1/u_1(X_1) > 1/(1/n) = n, hence u_1(X_1) < 1/n. The statement is proven.

Conclusion. When we report a correct utility function, we get u^+ = 1 and u^− = 1/n. When we report a false utility function, then we get u^+ = 1v and u^− < 1/n. Thus, for every α > 0, the value of α · u^− + (1 − α) · u^+ is the largest when we report the correct utility function. The theorem is proven.

APPENDIX 2: PROOF THAT, MODULO PERMUTATION, WE CAN UNIQUELY RECONSTRUCT INDIVIDUAL PREFERENCES FROM GROUP DECISIONS For every lottery, we can compare this lottery with lotteries in which q_1 = . . . = q_m = 0, and thus, get a value q^+ for which ( q^+ )_n = n∏ i=1 (p^+ + p_1 · u_{i1} + . . . + p_m · u_{im}).

In other words, based on the group preferences, for every m+1 non-negative values p^+, p_1, . . . , p_m for which p^+ + p_1 + . . . + p_m ≤ 1, we can determine the value of the function

F (p^+, p_1, . . . , p_m)^{def}= n∏ i=1 (p^+ +p_1 ·u_{i1} +. . .+p_m ·u_{im}). (2)

This function is a polynomial of n-th order in terms of m + 1 variables. Each such polynomial has the form n∑ i+=1 n∑ i1=1 . . . n∑ i_m =1 a_i+_{,i1,...,in} a_i+_{,i1,...,im} · (p^+)^{i+} · p^{i1}_1 · . . . · p^{in}_n . Thus, each such polynomial is uniquely determined by finitely many coefficients a_i+_{,i1,...,im} .

Based on the group preferences, we know the values of this polynomial at infinitely many points; based on these points, we can uniquely reconstruct the coefficients – by solving the corresponding system of linear equations in terms of the unknown a_i+_{,i1,...,in} .

So, based on the group preferences, we can uniquely reconstruct the polynomial F (p^+, p_1, . . . , p_m). The above representation (2) means that we factorize the polynomial into n linear factors. Factorization of a polynomial into irreducible factors is known to be unique modulo scalar factors: i.e., if F = ∏ F_i and F = ∏ F^′_j , then each factor F_i is equal to c · F^′_j for some constant c and some factor F^′_j . In our case, all factors have a coefficient 1 at p^+, so c = 1. Thus, modulo permutation, the factors p^+ + p_1 · u_{i1} + . . . + p_m · u_{im} – hence the values u_{ij} – are uniquely determined by the group preferences.

The theorem is proven.