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Abstract— In this paper, we describe new faster algorithms that [p, p] of possible values gf. To be on the safe side, regulations
design an optimal testing strategy for long pipeline segments.  require that a pipeline be repaired when it is possible that
P > po, i.€., whenp > pg.

Need for Optimal Resource Allocation for Pipeline As-

Inspecting Pipelines is ImportantModern technology sessmentPipeline repairs are extremely expensive. To avoid
depends on oil, gas, and other substances which are oftgihecessary repairs, it is therefore important to generate
transported by long buried pipelines. High-pressure corrosiggtimates fop which are as accurate as possible.
substances transported within a pipeline and often severe soio, given the amount of resources available for the weld
interaction make pipelines vulnerable. An especially vulnergejiability assessment, we must allocate these resources to
ble part of the pipeline is a weld where different pipes formingifferent possible measurements so as to provide the most
a pipeline are welded together. accurate estimation of the probability failure.

A pipeline disruption can lead to serious environmental Where Uncertainty Comes into Pictur®ue to the un-
problem and sometimes, when the pipeline disruption occWértainty with which we know many of the factors, we need
in populated areas, to human disasters. It is therefore necess@ryrovide an optimal solution under uncertainty.
to periodically inspect pipelines. What Was Known and What We Propos&t present,

This problem is especially important for older pipelinethe only way to find the optimal design is, in effect, to
particular those designed in the 1950s and earlier, when @ghaustively search all possible combinations of numbers of
quality of welding was much lower than at present. different measurements, , ..., n.. In this paper, we provide

Inspecting Pipelines is Possiblein principle, each an analytical (fast) algorithm that find an almost optimal
pipeline segment can be inspected by using mechanized désign (and we show that finding the exactly optimal design
trasonic inspection techniques. is NP-hard).

Inspecting Pipelines is Expensiv€&or long pipelines, it
is prohibitively expensive to inspect all the welds, especially!l- STATISTICAL APPROACH TOPIPELINE RELIABILITY
if we take into account the high cost of excavation. ASSESSMENT MOTIVATIONS

Solution: Statistical SamplingAs a result, instead of Traditionally, a statistical approach is used to assess relia-
inspecting all parts of the pipeline, practitioners sample sevehility of a pipeline. Let us describe the motivations behind this
locations, and make statistical estimates based on the resafiproach.
of the sampling. Let xq,...,2, be measurable parameters that describe

Result of Statistical Sampling: Failure Assessmd@ased the reliability of a pipeline — such as the pipe’s thickness,
on the measurements, we estimate the probability distributiqgerameters describing pipe deformation, different degrees of
describing different pipeline flaws — i.e., to be more preciseprrosion, etc.
we estimate the parameters of the corresponding distributionghe value of each of these parameters randomly varies from
such as their mean and standard deviation. point to point. It is therefore reasonable to consider each of

There exist accurate mathematical models that translate these parameters as a random variable.
values of these parameters into the probability of the pipelineThe actual value of each of these parameterss caused
failure p. If this probability exceeds a certain regulated (small)y a large number of different independent factors. In prin-
thresholdpg, the pipeline must be repaired. ciple, there are some major factors that affect the state of

Our Estimates ofp are Also Approximate:Because of the pipeline; to extend the pipeline’s service, pipelines are
the limited sampling, we can only determine these parametéissigned in such a way that the effect of these major factors is
with uncertainty; thus, the valug calculated based on theseminimized. For example, a proper insulation is placed around
measurement result is also only an approximation to thiee pipeline, special anti-corrosion layers are added inside
desired probabilityp — in other words, we have an intervalthe pipe, etc. After we exclude these major factors, the state
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small difficult-to-exclude processes. By itself, each of these

processes has a rather small influence on the pipeline, but

together (and especially in the long run), these processes ¥4p then compute an estimaiefor the pipeline’s reliability —
lead to a drastic decrease in the pipeline’s reliability. by substituting these estimates into the reliability mofiel

It is known that for largen, the sum ofn independent
identically distributed random variables is almost normally
distributed. ThisCentral Limit Theoremis one of the main  How can we use this estimate to gauge the pipeline reliabil-
reasons why Gaussian distribution is so frequent in practidty,? In the ideal case, we can simply compare the probability
see, e.g., [10]. We can therefore conclude that each of thavith the desired thresholg,. However, since the estimates
parameters; can be characterized as a normally distributed ando; are only approximate, the resulting estimatéor
random variable. p is also only approximate. So, we cannot simply conclude

It is well known (see, e.g., [10]) that a normally distributedhat the pipeline can be exploited by simply comparing the
random variable is uniquely determined by its mean and @stimatep with the desired thresholdy: even if p < po, it
variance. Thus, to fully characterize the state of the pipeling, still possible that the actual probabilityis larger than the
we must know the means, ..., a; and the standard devia-estimatep and larger than the threshojd.
tionsoy,..., o0 of the parameters, ..., zy. So, to make a correct decision on the pipeline’s state,

Based on this information, we need to assess the reliabil§¢ must know not only the estimate for the pipeline’s
of the pipeline — measured, e.g., by the probabilitpf the probability of failure, we must also know how accurate is
pipeline’s failure. For different types of pipelines, there exighis estimate. In other words, we W0U|d like to have some
models f that estimate the probablllty) of the pipeline’s information about the estimation erfdfp = p D-
failure as a function of the values,...,ag,01,...,04:

of the pipe is affected by the large number of relatively N \/(:v,(f) fak)erer(%(;”k) — )2
O = .

nk—l

p=f(ai,...,a,01,...,0%). (2)

IV. FORMULAS FOR THEACCURACY OF THERELIABILITY

p=fla,...,ax,01,...,0%). (1) ESTIMATE

Based on the measurements, we get reasonable approxi-
Ill. TOMAKE A MEANINGFUL DECISIONABOUT THE  mations ; and &; to the actual valuesi; and o; of the

PIPELINE, WE MUSTALSO KNOW HOW ACCURATEIS THE - corresponding statistical characteristics. In other words, the
RELIABILITY ESTIMATE corresponding estimation errorsa; def a; — a; and Ag; def

Our objective is to make sure that the probability of failuri — @i are small —and thus, in our computations, we can

p does not exceed the established small threspgld safely ignore terms which are quadratic and higher order in

The models used in assessing pipeline reliability are rd&MS 0fAa; and Ao;.
sonably sophisticated. So, in the ideal case when we know" Particular, if we substitute the expressions= a; —Aa;

the exact values of the statistical characteristigsand o;, @ndoi =i — Ao; into the formula (1), expand the result in

these models provide a very good estimate of the pipelind@Y0r series in terms of small quantitiéss; and Ao;, and

reliability. Therefore, in this ideal case, it is easy to ched€N ignore quadratic and higher order terms in this expansion,

whether the pipeline can still be exploited or needs immediaf conclude that

maintenance: . of A of
. . pP = 787 alf...fa—‘Aakf
« if the resulted value is smaller than the threshold value a1 ak
po, this means that we can continue to safely exploit this of of
T — Aoy —...— —— Aoy,
pipeline; oy doy,

« on the other hand, if the resulted valpeexceeds the T for the desired estimati s t th
desired threshold, this means that the pipeline needs {3uS: for the desired estimation errap = p —p, we get the

be serviced before it can be further exploited. following formula:

In practice, we do not know the exact values of these b of
statistical characteristics. To find their values, we measure the Ap = Z da;
values of the corresponding quantitiesat different locations, =1
and then use standard statistical techniques to estimate thedeor a reasonably large number of measurements, the es-
characteristics. Specifically, for each quantity we perform timation errorsAa; and Ag; are independent and (almost)
n; measurements at different places along the pipeline. Baggdmally distributed. It is known that the standard statistical

4

k
i=1

on the resultsgkl), . (”k of these measurements, we thegstimates are un-biased — so the mean values of the estimation
compute the foIIowmg estlmatezsk and 5, for the desired errors is O, that the standard deviation of the estlmattlron error
valuesa;, andoy: Aa; decreases with the number of measurement
1) (nx) and that the standard deviation of the estlmatlon eﬂ;m;
ap = Tp to T ; decreases with the number of measurementsyafx see,
ng



e.g., [9], [10]. So, the desired estimation ertap is a lin- measurements; in such a way that the standard deviation
ear combination of independent normally distributed randoas described by the formula (4), does not exceed the given
variables with 0 means and known standard dekviations. value o. This condition can be described as follows:

It is known that, in general, a linear combinatidn «;-¢; of Ly
independent normally distributed random variéHﬁleSNith 0 Z n; < €0, (5)
mean and standard deviatioasis also normally distributed, =t
with 0 mean and the standard deviatienfor which 0> = Wwhere we denoted
3" a2 -02. By applying this known formula to the expression at (OF\° f \? o2
Z(é)l, we conclude that the reliability estimation errdp is b = <8a,»> ot (6@) 2
normally distributed, with 0 mean and standard deviaton def o
for which € = 0p-
s = (Of\? 02 [ Of\? o? We have one inequality condition to firld different char-
7= Z <3a7> ng Z (301) oy (4) acteristicsn1, ..., n; — sampling frequencies fat different
=1 ’ =1 ’ quantitieszy, ..., z;. Therefore, there exist several possible
V. HOw TO ACCESS THEPIPELINE RELIABILITY ? designs that satisfy this condition. Which of these designs
ASSESSMENTPROCESS AND APOSSIBLENEED FOR should we select?
ADDITIONAL MEASUREMENTS We have already mentioned that measurements are expen-

Suppose that we have performed a few measurements, &i¥§ — this is one of the main reasons why we did not perform a
came up with the estimat@s, 5;, andp. By using the formula large number of measurements in the first place. Thus, when
(4) and the known properties of the normal distribution, weelecting an experiment design, it is extremely important to
can now estimate the accuracy of the estinfate minimize the overall measurement cost.

« For example, it is known that with probability 95%, a This cost consists of two major parts: thg cost of measure-

normally distributed random variable with a meamnd me_nts themselves, ar_1d the cost of excavation that is _needed to
gain access to the pipeline. We know the casbf a single
measurement of the quantity, and we know the cost of a
[a —20,a+ 20]. single excavation. To perform all the measurements, we need

In our case, this means that with probability 95%, thrgnaxi n; excavations. Thus, the overall costs can be described

standard deviatiow is within a “two sigma” interval

actual valuesp of the probability of failure does not k
exceedp + 20. Z ¢i - ni + ¢o - Max n,;. (6)
« Similarly, from the fact that with probability 99.9%, a i=1 ’

normally diStr,ibL,’ted _randlonj variable Wit,h a rpg@rand Thus, we arrive at the following exact formulation of the
standard deviatiow is within a “three sigma” interval ,qhjem of optimization of sampling frequencies for assessing

[a — 30,a + 30]. In our case, this means that with e |4 reliability of long pipeline segments:
probability 99.9%, the actual valuesof the probability

of failure does not exceef+ 3o, etc. . \;vr(?dar.e given positive valuel,, ..., b, g, ¢1,-- -, Ck,
. . . €0,
If the resulting upper bound fop is smaller thanpg, this . among all integer arrays = (n1,...,n;) that satisfy

means that the pipeline is still operational. ~ the inequality (5), we must find a one that minimizes the
However, ifp < pg, but the resulting upper bounth- kg - o overall cost (6)

exceedsgyg, the problem may be that we have performed too . . .
Po b y P In this paper, we prove that if we want to solve this problem

few measurements and, as a result, our estiméeoo crude. tv. then thi bl . tationally intractable (NP

In this situation, to check the pipeline’s reliability, we musﬁxag yW enl IS prg emis compuball |onf? y mtralc a'tﬁ ( th-t

perform additional measurements. ar ) € alSo produce a reasonable etlicient aigorithm tha
provides an asymptotically optimal solution to this problem.

VI. TOWARDS OPTIMAL WAY OF ACCESSING THE
PIPELINE RELIABILITY : FORMULATION OF THE PROBLEM

How many measurements do we need? Once we know the o ]
current reliability estimat@ < po, and have selected the value L€t Us prove that the exact optimization problem is NP-
ko (corresponding to the desired certainty), we will need 4@rd; for exact definitions of NP-hardness, see, e.g., [4], [5]-
many measurements to be able to guarantee, with the selectBgcifically, we will prove that even a simplified version of
degree of certainty, that < po. In other words, we want to OUr original optimization problem is NP-hard, a version in

make sure that the resulting standard deviatiosatisfies the Which instead of ch/oosing arbitrary values, we only have
inequality  + ko - o < p — i.e., equivalently, the inequality two choicesn andr’. In other words, for each, we either

dof Po — P ) select to perform a small number of measurements, or a
= ———. So, we must select the number of dlf“ferenfarge numbem’ > n of measurements

VIl. FIRST RESULT: FINDING THE EXACT OPTIMUM IS
COMPUTATIONALLY INTRACTABLE (NP-HARD)

o < oy
0



This selection can be described by a single Boolean variak|g will be able to conclude thaf: si-yi < so if and only if

y; that is equal: i=1
) kb, . . .
« to 1if, for z;, we select a small number of measurements,” ;‘ < £¢. So, with our choice ob; ande,, the constraint
and i=1 1

t0 0 if, for z;, we select a large number of measurementin the resulting optimization problem becomes very similar to
[ ] . . e . . .

o v o ffie condition in the subset problem — with the only difference
If we did not have a restriction on accuracy, then, of coursg,t we have an inequality s; - y; < so, while in the subset
the smallest cost would mean that for evéryve perform the ,5phem, we need equality. B

small number of measurements = n. To avoid this trivial 14 reduce inequality to equality, let us select appropriate
solution, we assume that to achieve the desired accuracygdkfficientsc; in the objective function. Indeed, in general,
is not sufficient to perform a small number of measuremens _ ,,/ _ (n' — n) - y;, hence for arbitrary;, we get

kb,
for all i — i.e., that} — > &,. In this case, for at least K
; n

k k
one of the quantitieé;,1 we must havey; = n’ (i.e., y; = 0). Zci ng=n'- Zci - Z(”/ —n) - yi
Thus,max(n;) = n/, and the objective function takes the form =1 =1 =1

k So, if we select; in such a way that; - (n’ —n) = s;, i.e.,
as
lI'o prove NP-hardness of our problem, we will reduce a ¢ def 5 ) (10)
known NP-hard problem to the problem whose NP-hardness n—n
we try to prove: namely, to the inverse problem for piecewiggen we conclude that

Zci~ni+co~n’.

=

smooth velocity distributions. k k k

Specifically, we will reduce, to our problem, the following eini=n"Y =Y si-ui (11)
subset sunproblem [4], [5] that is known to be NP-hard: i=1 i=1 i=1

« Given:

k
e Thus, the cost ;- n; +co-n' attains its smallest possible
e k positive integers, ..., s;, and Z; Gt eon P

an integers > 0, ) ) . L L
¢ gets > ) ] . value if and only if the linear combinatio}_ s; -y; attains its
« check whether it is possible to find a subset of this set i=1
of integers whose sum is equal to exacily

For eachi, we can takey; = 0 if we do not include theg-th
integer in the subset, ang = 1 if we do. Then the subset
problem takes the following form: check whether there exi
valuesy; € {0,1} for which > s; - y; = s.

We will reduce each instance of this problem to an instantgee formula (11),Y s; - y; = so if and only if the smallest
of our optimization problem. Indeed, for eathwe can write '

k
largest value. Sincé_ s; - y; < so, this largest possible value

=1
cannot exceedy, and the only possibility for it to attain the
¥Plue sp is when the subset problem has a solution.
For simplicity, we can choose, = 0. In this case, due to
k

=1
possible value of the co3t ¢; - n; is equal ton' - > ¢; — s,

thatzi = % + s; - y;, where we denoted i.e., if equal to
¥ )
k
1 1 def Si
Sidéfbi'(n_n,)- (7) ngn~;n/_nfso. (12)
Thus, if we are given the values, we must choose Thus, to check whether an instance of the subset problem has
, a solution, it is sufficient to form the corresponding instance
b; = w (8) of our optimization problem and check whether its minimal
n-n cost is equal ta’y. If the minimal cost is indeed equal G,
For this choice ofs;, we get this means that the original subset problem has a solution —
actually the same valueg that correspond to this cost provide
by b; the solution to the original instance of the subset problem. If
*—Z;'ﬁ‘zsi'yi-

the minimal cost is> Cj, this means that the given instance
of the subset problem has no solution.
This reduction proves that our optimization problem is

3

=1 = i=1

k
So, for any numbersg, the condition > s; - y; < s¢ IS

= - indeed NP-hard.
. E b s b .
=1 G n In the previous section, we have shown that in general,

& the problem of finding the optimal sampling frequencies for
e def S0+ Z b;/ (9) weld reliability asses_sments of long pipeline segmer_lts is NP-
paei hard. Crudely speaking, NP-hardness means that, in general,



any algorithm that exactly solves all the instances of thendAn,, the resulting values; + An; andn; + An; are still
problem requires, in some cases, computation time that grosvealler thanmax; n;. We want to make changes after which
exponentially with the number of inputs In other words, if the condition is still satisfied — i.e., that do not affect the left-
we want to solve the problem exactly, then, most probablyand side of the condition (5). For that, we need to make sure
we cannot find the optimal frequencies faster than by usitigat
exhaustive (or almost exhaustive) search. b; + bi - b + ﬁ

At present, exhaustive (or almost exhaustive) search is nj+An; o+ An n; o

example how this problem is solved in practice — by tryingqr smallAn; and An,, this means that
all possible combinations of;. This is very time-consuming,

so we need faster algorithms for findimg. _b% -Anj; — % - An +o(Anj) =0,
, nl
IX. UNCERTAINTY IN THE INPUT MAKES FASTER ! .
ALGORITHMS POSSIBLE so we can take an arbitrary smalln; and
In practice, the parametebs, c¢;, andcy are only approxi- b;

2
— _Ap, - .
mately known. Since we only know these paramegggrox- A = —An n? by o(Any).

imately, it does not make much sense to waste computatlonsalb fituting the ch dval ¢ and 10 the obiecti
resources on solving thexactoptimization problem — because ubstituting the changed valuesigfandn, into the objective

the solution that is optimal for the given values of the fémCt'On (6). we thus add, to the resulting cost, the value

parameters may be not exggtly optimal for the (unknown) cj-Anj+c - Anyp =
actual values of these quantities.

It is therefore reasonable, instead of looking for an optimal A b; n? A 13
solution, to only look for an asymptotically optimal one. oG ar n +o(Ang). (13)

X. NEW ALGORITHM: MOTIVATIONS The original vector(ni, ...,n;) was optimal, so this change
One of the main reasons why our optimization problem is the cost must be non-negative for all possible vales.
computationally difficult is because the desired valuesire Since the valueAn; can be both (small) positive and (small)
integers. It is well known (see, e.g., [5]) that such discreteegative, the only way for the cost change to be always
optimization problems are much more difficult to solve thanon-negative is when the coefficient Atn; is equal to 0 —
the similar continuous optimization problems, i.e., problensherwise,
in which the values:; can take arbitrary real values. « if this coefficient is positive, the change will be negative
In view of this comment, a reasonable idea is to treat the for An; < 0, and
original problem as a continuous optimization problem, find , if this coefficient is negative, the change will be negative
the optimal values; as real numbers, and then round off these  for An; > 0.

values to the nearest integers to get an implementable testmﬂ b
schedule. en this coefficient is equal to 0, it means that= ¢; —jQ

The resulting algorithm is not exact — it replaces each val i

n; with the nearest integer which may differ from by 0.5. b . Moving all terms related te; to the left side and all other
Thus, the relative accuracy with which this algorithm returns’
the values is0.5/n;. Hence, the relative difference betweeiterms to the right, we conclude thafi b . This

the cost corresponding to this selection and the optimal C%ﬂuallty must be true for every two m&mgsandl for which

is also of the order~ 1/n;. Thus, whenn; increases, this ,, nz < max; n;. Thus, for all such indices, the expression

relative accuracy decreases — in this sense, this algor|thmc|s

asymptotically optimal. : J attains the same value. Let us denote this common
Let us therefore find real value; that optimize the ob- ! n2

jective function (6) under the constraint (5). The constraint islue by\. Then, from the equatlon— = ), we conclude

described by a function that smoothly (differentiably) depenqrs‘at

on the unknowns;. If the objective function was also smooth,

then we could use the Lagrange multiplier method to find the =V \/7 (14)
maximum. However, the objective function contains a non-

smooth termaxm, so we cannot directly use the Lagrange |f n; < max;n; andn, = max;n,;, and if there are at
multiplier techmque Instead, we will use the following arguleast two different indiceg for which n; = max; n;, then
ment. the condition thainax; n; remains the same is only preserved

In the optimal solution, some values, are equal to the when we decreasey, i.e., whenAn; < 0. This requirement
maximum max; n; and some are not. Let us first considecorresponds ta\n; > 0. So, in this case, from the fact that
two unknownsn; andn; whose values are smaller than theéhe original cost was the smallest, we can only conclude that
maximum. Then, if we select sufficiently small changks; the change in cost is non-negative ftan; > 0. This means



that the coefficient af\n; at the expression (13) must be non-  changes by only one term, so we only need a constant
2

L b; . i -
negative, i.e., that, > ¢; - bj %z Moving terms related tg number of terms to find each éfvaluesZ; — to the total
n

. i b _ o7 of O(k).
into the left and a2II other terms into the right and taking into , We find ¢ for which Z; is the smallest. For this, we
L2 2 . .
account that-% — ), we conclude that' "L < 1 ie., compute VA = Z;/e, and the find the optimak; by
i ! using the formula (14) fof < ¢ and the formula (15) for
1> t.

b
thatn, < vVX-/—. _ _ _ o
o, . This algorithm requires computation tim@(k - log(k)) +
In other words, forj for which n; < max;n;, we have O(k) = O(k - log(k))

lez\/X'

b; .
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