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Abstract

Many dynamical systems are aggregable in the sense that we can divide their
variables z1,...,x, into several (k) non-intersecting groups and find combinations
Y1, - - -, Yk of variables from these groups (macrovariables) whose dynamics depend only
on the initial values of the macrovariables. For very large systems, finding such an ag-
gregation is often the only way to perform a meaningful analysis of such systems. Since
aggregation is important, researchers have been trying to find a general efficient algo-
rithm for detecting aggregability. In this paper, we show that in general, detecting
aggregability is NP-hard even for linear systems, and thus (unless P=NP), we can only
hope to find efficient detection algorithms for specific classes of systems.

We also show that in the linear case, once the groups are known, it is possible to
efficiently find appropriate combinations .

What is aggregability. Many systems in nature can be described as dynamical systems,
in which the state of a system at each moment of time is characterized by the values of
., Tp, and the change of the state over time is described by an

e for continuous-time systems, in which the time ¢ can take any real value, x/ is the first

time derivative of x;:
diL'Z'

dt

= fi(z1,...,Tp);

(1a)

o for discrete-time systems, in which the time ¢ can only take integer values, x} is the

value of x; at the next moment of time:

*@©V. Kreinovich and M. Shpak, 2006

(1b)
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For example, the state of a biological population can be described by listing the frequencies x;
of different genotypes 4; in this example, the corresponding functions f;(z1,...,x,) describe
the effects of mutation, recombination, and natural selection.

For natural systems, the number of variables is often very large. For example, for a
system with ¢ loci on a chromosome in which each of these genes can have two possible
allelic states, there are n = 29 possible genotypes. For large g, dues to the large number of
state variables, the corresponding dynamics is extremely difficult to analyze.

Many biological systems (and in many systems from other fields such as economics [11]

and queuing theory [1] etc.) are aggregable in the following sense: variables xy,...,z, can
be divided into groups Iy,..., Iy (U, = {1,...,n} and I, N I, = 0 for a # b) so that for
appropriate combinations yi, ...,y of variables within each groups, equations (la) or (1b)
lead to simpler equations
‘Zl = hi(yr,- - k) (2a)
or, correspondingly,
yi(t+1) = hi(y(t), ..., yx(t)) (2Db)
for appropriate functions hq,. .., hy. The corresponding combinations y, = ca(zi,, ..., %;,),
where iy,...,i, € I, (and ¢, are functions from real numbers to real numbers) are called
macrovariables.
For example, if we have g gene loci such that allelic substitutions at each locus have
identical effects, then instead of n = 29 original variables x¢_q, o, 1, - .., Z1..1, We can consider

k =g+ 1 (< 29) macrovariables y; = zy_o (the frequency of the original state), y, =
Zo.01+Zo. 010+ -.--+TT1. 0100+ ---+T10..0 (the frequency of states with a single mutation),
ys — overall frequency of states with 2 mutations, ..., y,+1 =211 [8, 9, 12].

Detecting aggregability is important. In many actual problems, we know how to
subdivide the variables into groups. For example, if we know the functions of all the genes,
it is natural to group together all the genes with similar functions.

In many other situations, however, we only know the equations (1a) or (1b) (we may know
these equation from the the analysis of the empirical data), but we do not yet know how to
properly divide and combine the variables. For example, one may not know the functional
role or epistatic interactions of genes on a chromosome a priori, only the phenotypes or
Darwinian fitnesses of different genotypes. In such situations, it is important to be able to
detect whether an aggregation is possible — and, if possible, to find such an aggregation. The
aggregation itself may be instructive as to the function and interaction of genes, and may
inform one as to which system components are relevant. For a detailed discussion see, e.g.,
[1,3,4,5,6,7,9, 10, 11].

Usually, we have some partial information about the variables — e.g., we may know that a
certain variable x; should affect one of the combinations y,. In such situations, it is desirable
to find the groups which are consistent with this partial information.

What we do in this paper. For some systems, there exist efficient techniques that
detect aggregability and find the corresponding aggregations. Since it is important to detect
aggregability, researchers have been trying to find a general efficient method for its detection.
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In this paper, we show that even in the simplest case when the system is linear (i.e., all the
dependencies f; are linear), the number of classes is k& = 2, and the additional information
consists of a single variable that has to be involved in one of the combinations y,, the
problem of detecting aggregability is NP-hard. This means that even for linear systems
(unless P=NP), there is no hope of finding a general method for detecting aggregability;
we should therefore concentrate our efforts on detecting aggregability for specific classes of
dynamic systems.

Let us formulate our result in precise terms.

Definition 1 Let n be a given integer.
e By alinear system, we mean an nxn rational-valued matrizec;j, 1 <i<n,1 < j <n.
e By the additional information, we mean an integer iy such that 1 <11y < n.

o We say that a linear system with the additional information is 2-aggregable if there
exist non-empty sets Iy and I such that ic € I, UL ={1,....,n}, [ NI, =0, and
the values wy, ..., w, and hep (@ = 1,2, b = 1,2) such that w;, # 0, and for every

xl,...,xn} Z

Z cij - x; implies that y), = Z hap - yp, where
7j=1 b=1

def / def /
yazzwi'xi7 Ya szxz

i€l, icl,
Theorem 1 Detecting 2-aggregability is NP-hard.

Proof. To prove NP-hardness of 2-aggregability, we will reduce, to this new problem, a
known NP-hard subset problem (see, e.g., [2]). The subset problem is as follows: given n

positive integers si,..., S, and an integer so, whether there exists a subset I C {1,...,m}
such that > s; = sq.
i€l

For every instance of the subset problem, we take s,,1 et —So, n=m+ 2, i9g =m + 2,
and we form the following linear system:

o for 1 <¢<m+1, we take ¢;; = 1, ¢;n+1 = S;, and ¢;; = 0 for all other j;
o for i = m+ 2, we take ¢, 42.my2 = 1+ 3, where 3 def 4 + 50— > 8;, and ¢pp0,; = 1 for
i=1
all other 1.

Let us prove that this system is 2-aggregable if and only if the original instance of the subset
problem has a solution.
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“If” part. If the original instance has a solution I, with CT % {1,...,m} — I, then we
take Iy = CIU{m +2}, L =1U{m+ 1}, w; = 1 for all i, hy; =2, hys = hapy = 1, and
ha1 = 0. Then, we should have y; = 2y; + y2 and v} = ys.

Indeed, the fact that I is a solution means that > s; = s¢. For our choice of weights w;,
icl
we get Y1 = Y. X+ Tpyo and yo = Y. x; + Tpy. For yh, we get
1€CI el

Yo=Y xi+al =D @+ Typr + (Z —so> Ty
iel ieCI i€l
Since Y s; = sp, we conclude that y, = ys.

il
Similarly,

o / /
Y = Z i+ Tpyya-
ieCI

m—+2
Describing the sum Z: z; in the expression for x,,, as the sum of the values from I, C'I,

=1
m + 1, and m + 2, we conclude that

h= 3 ot (X o) tmiat i s + i+ 5+ =

i€CI i€CI i€CI el

<Z$z‘+$m+1> +2- Zl‘ﬂr(z Si+1+5> T2

el i€CI i€CI

m m
Since > s; = Sg, we have > s, =Y s, — > 8, = Y. 8; — Sg. Due to our choice of 3, we thus
i=1 '

i€l ieCI = icl i=1
have > s;+ 14 =2, hence y] = 2y1 + ys.
ieCI

“Only if” part. Conversely, let us assume that the system is 2-aggregable, i.e., that there
exist sets I; > m + 2 and I, and the values w; and h,; for which all the above conditions
are satisfied. In other words, w,, 2 # 0, and from the equations

I;:l‘i+81'$m+27 1<i:<m+1, (3)
m+2
Tppio = D T+ 3 Ty, (4)

i=1

we should be able to conclude that for

ylzzwi'xi7 y2:Zwi'xia (5)

i€l 1€ls
i€l i€l
we have
y’1 =hig-yi+hig-y (7)
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and
yé =ho1-y1 + hag - yo. (8)

Let us denote I} % I, — {m + 2}. From (3), (4), and (6), we conclude that

m+2
yr= > wi-x;+ (szsz) Tmga + Woga © D T+ Winga - - T,

i€l] iel] =1

Thus, the equation (7) takes the form

m+2
Zwi'$i+ (szsz) *Tmt2 T Wpto in+wm+2'6'$m+2:

i€l i€l i=1

hl,l . (Z wi; - T; + Wm+2 * $m+2) + h172 . Z w; - Tj. (9)

iel] i€l

Since this equality must hold for all possible values of x;, for each i, the coefficient at x; in
the left-hand side of (9) must be equal to the coefficient at z; in the right-hand side of (9).

In particular, for ¢ € I{, we conclude that w; + w40 = hy - w;, ie., that (b1 — 1) w; =
Wipt2. Since Wy, 49 # 0, we conclude that w; # 0 and hy 1 —1 # 0, hence w; = Wyy42/(h11—1)
for all such i —i.e., all the values w;, i € I] are equal to each other. Let us denote the common
value of these w; by w®) # 0.

For i € I, we similarly conclude that w,,1o = hy2 - w;. Since w42 # 0, we similarly
conclude that w; # 0, and that w; = wy,42/h1 2 is the same for all i € I5. Let us denote the
common value of these w; by w® # 0. Thus, the formulas (5)-(6) take the following form:

Y = wh Z Ti + W42 * Tmt2, Y2 = w® . Z T, (53)
iel] 1€l

yi = w3l wge 2, Y =w® Y 2l (6a)
iel] 1€l

By using the expressions (3)—(5) and (6a), we conclude that v takes the form

i€l 1€l

Thus, the equation (8) takes the form

w(2) . sz +w(2) . (Z Si) .xm+2 =

i€lg i€lg
h271 . w(l) . Z T; + Wm+42 * Tm42 + h272 . U}(2) . Z Z;. (10)
iel] i€l
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For i € I, by equating coefficients at x; in both sides of (10), we conclude that hy ;- w® = 0.
Since w") # 0, we thus conclude that hy; = 0. By comparing coefficients at a2, we now
conclude that w® - 3 s; = 0. Since w® # 0, we thus conclude that > s; = 0. Since all

i€la i€la
the values s; are positive except for s,, 11 = —sp, the only possibility to have Y. = 0 is when
i€ls
m+1 € I,. In this case, for I %< [, — {m+1}, we get 3 s;+ (—s9) =0, i.e., 3 s; = 5. So,
iel i€l

the original instance of the subset problem has a solution.
This completes the proof of the theorem.

Once we find the partition, finding the combinations is feasible. We have shown
that finding the partition is NP-hard. Our original problem was not only to find a partition,
but also to find the appropriate combinations y,. Let us show that once the partition is
found, finding the weights of the corresponding combinations y, is easy.

Indeed, in matrix terms, the original dynamic equation has the form ' = cz. Once the
partition I,..., I is fixed, we can represent each n-dimensional state vector x as a sum
r =Y 2@ of vectors z(® formed by the components ;, i € I,. In these terms, the equation

a

2’ = cx can be represented as 2/ = 3 ¢(@:®)z®)  where ¢(»(®) denotes the corresponding

b
block of the matrix ¢ (formed by elements ¢; ; with i € I, and j € I;,). For the corresponding
linear combinations y, = w® 72 the dynamics takes the form y, = 3 w®7c(@)®)z®),
b

The only possibility for this expression to only depend on the combinations y, = w® Tz ®)

is when for each b, the coefficients of the dependence of ¢/, on z;, i € I, are proportional to
the corresponding weights w;, i.e., when for every a and b, we have w(®7¢(@:®) = )\, ®T
for some number A, ;. By transposing this relation, we conclude that

dDOT @ = ) ®. (11)

In particular, for a = b, we conclude that w(® is an eigenvector of the matrix (@7,
Since the weight vectors w(® are defined modulo a scalar factor, we can thus select one of
the (easy-to-compute) eigenvectors of AT 45 (@),

Once we know w(® for one a, we can determine all other weight vectors w® from the
condition (11), i.e., as w® = (@) Tyyla),

Comment. The computational complexity of the problem comes from the fact that the
sets I, should be non-overlapping. If we allow overlapping sets, then we can easily find
the corresponding combinations v, e.g., as the coordinates y, = > x; - eE“) of the vector
x = (z1,...,2,) in the basis formed by the eigenvectors e of the matrix c; ;.

Conclusion. This result shows, crudely speaking, that no general efficient algorithm is
possible for detecting aggregable systems — unless we have some additional a priori informa-
tion about the system. Thus, to efficiently aggregate a system, we must, in general, specify
some additional information about the grouping of the variables. Otherwise, we may not be
able to find the desired aggregation faster than by testing all possible subsets — i.e., faster
than the exhaustive search.

ACM SIGACT News 6 September 2006 Vol. 37, No. 3



Note that this result is a consequence of the type of aggregation — with non-overlapping
sets of variables; for overlapping sets, aggregations can be feasibly determined.
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