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Abstract

Traditional statistical estimates C(z1,...,zy) for different statistical
characteristics (such as mean, variance, etc.) implicitly assume that we
know the sample values x1, ..., z, exactly. In practice, the sample values
Z; come from measurements and are, therefore, in general, different from
the actual (unknown) values z; of the corresponding quantities. Some-
times, we know the probabilities of different values of the measurement
error Ax; = z; — x;, but often, the only information that we have about
the measurement error is the upper bound A; on its absolute value — pro-
vided by the manufacturer of the corresponding measuring instrument. In
this case, the only information that we have about the actual values z; is
that they belong to the intervals [z; — A;, 7; + Ay].

In general, different values x; € [T;—A;, Z;+4,] lead to different values
of the corresponding statistical characteristic C(x1,...,%,). In this case,
it is desirable to find the set of all possible values of this characteristic.
For continuous estimates C(z1, ..., %), this range is an interval.

The values of C' are used, e.g., in decision making — e.g., in a control
problem, to select an appropriate control value. In this case, we need to
select a single value from the corresponding interval. It is reasonable to
select a value which is, in some sense, the most probable. In this paper,
we show how the Maximum Likelihood approach can provide such a value,
i.e., how it can produce pointwise estimates in statistical data processing
under interval uncertainty.



1 Formulation of the Problem

Prediction and decision making: deterministic vs. stochastic situa-
tions. In practice, we need to predict the future state of the system and to
make decisions based on these predictions.

In some cases, such predictions are largely deterministic. For example, if
we know the current position and velocity of a spaceship, we can use Newton’s
equations to predict its future trajectory. We can then use these predictions
to design a trajectory that will lead the spaceship to the target — e.g., to the
desired place on the Moon surface.

In other cases, only probabilistic predictions are possible. For example, even
when we have a good record of meteorological parameters such as temperature,
wind speed, humidity, rainfall, we can only predict future weather with a certain
probability. Similarly, in reliability engineering, we cannot predict which exact
component will fail, but we can predict the probabilities of different components
failing during a given time interval. We then need to make a decision based on
these predictions. For example, in the meteorological case, if there is a proba-
bility that the expected total rainfall will exceed the capacity of a dam, we need
to reinforce this dam to prevent potential flooding. If there is a probability
that both duplicate control systems will fail, then we need to add additional
failsafe features to our system. In all these cases, we use some statistical char-
acteristic of the corresponding distribution — such as mean (= expected value),
probability, variance, etc. — to make the corresponding decisions.

Need for statistical data processing. Sometimes, we know the exact prob-
ability distribution for the desired quantities. However, in most probabilistic
situations, we do not know the exact values of the corresponding probabilities.
These values must be determined from the observations. In such situations, we
use the observed data Z1, ..., Z, to find the probability distribution that fits this
data, and then we make a decision based on the corresponding characteristic of
the resulting distribution.

How probability distributions are determined now. Usually, while we
do not know the desired probabilities, but, based on the previous observations,
we know a typical shape of the corresponding probability distributions. For
example, we may not know the exact probability distribution of a rainfall at
a given location, but we usually have a sample of rainfall distributions from
various locations, and our experience has shown that the distribution at our
location shall have the same shape. For each possible combination of the pa-
rameters cy,...,ck, we know the corresponding probability density function
plx,cry. .. ).

For example, often, we observe that the distribution of the sample values
Z1,...,x, follows the Gaussian (normal) distribution, with the probability den-
sity function



with mean p and variance o2. In our notations, this means that we have a

probability density function

( ) 1 (x —c1)?
r,c1,60) = — -exp | ———
p\x, €1, C2 527r-02 p 26%

with mean ¢; = p and standard deviation co = o. The fact that many real-
life random variables are normally distributed can be explained by the Central
Limit Theorem, according to which, crudely speaking, the distribution of the
sum of a large number of small random quantities is close to normal; see, e.g.,
[13].

We assume that all observations are independent, and that each of these
observations comes from the same distribution — a distribution from the given
family, with unknown values c¢; that we need to determine. Due to the inde-
pendence assumption, for each sample x1,...,x, and for each combination of
parameters c¢q,. .., g, we can thus describe the likelihood L(cq,. .., cp) that the
observe data come from the distribution corresponding to these parameters as
the product of the corresponding probability densities, i.e., as

n

L(cr,...,cx) = Hp(a:,cl,...,ck).

i=1

Then, we select the values ¢; for which this likelihood is the largest possible.
Such a selection is known as the Mazimum Likelihood approach; see, e.g., [13].

Example. For the Gaussian distribution, this expression takes the form

Liwo) =] ﬁ; - exp ((”3202“)2> .

i=1 m™-o

n

Maximizing this expression is equivalent to minimizing an auxiliary expression

n

¥(p, o) def _ In(L(p,0)) =n-In(vV2r - o) + Z %.

Differentiating this expression with respect to u and equating the derivative to

1 n
0, we conclude that © = — Z x;. Differentiating with respect to o, we conclude
n

=1
n

that 02 = —- Z(:cl — ). These are standard ways to estimate parameters of a
n
i=1
normal distribution — except that often, a slightly different un-biased estimator

is used to estimate o2, in which the factor — is replaced by a slightly different
n

factor

Similar formulas are used for many other distributions, e.g., for the lognormal
distribution.



Need for interval uncertainty. Traditional statistical estimates
C(zx1,...,x,) for different statistical characteristics (such as mean, vari-
ance, etc.) implicitly assume that we know the sample values z1,...,z,
exactly. In practice, the sample values Z; come from measurements and are,
therefore, in general, different from the actual (unknown) values z; of the
corresponding quantities. Sometimes, we know the probabilities p;(Az;) of
different values of the measurement error Ax; = Z; — x;, but often, the only
information that we have about the measurement error is the upper bound
A; on its absolute value — provided by the manufacturer of the corresponding
measuring instrument. In this case, the only information that we have about
the actual values z; is that they belong to the intervals x; = [Z; — A;, T; + A];

see, e.g., [12].
In general, different values x; € [Z; — A, Z; + A;] lead to different values
of the corresponding statistical characteristic C(z1,...,x,). In this case, it is

desirable to find the range of all possible values of this characteristic:
C={C(x1,...,Tpn) 1 €EX1,...,Ty € Xp}.

For continuous estimates C(z1,...,,), this range is an interval C.

For different statistical characteristics, there exist numerous efficient algo-
rithms for computing the interval ranges of these characteristics under interval
uncertainty; see, e.g., [2, 3, 5, 6, 7, 8, 9, 10, 11, 15].

Need for pointwise estimates. The values of C are used, e.g., in decision
making — e.g., in a control problem, to select an appropriate control value. In
this case, we need to select a single value from the corresponding interval of
possible values of C.

For example, in many applications of meteorological predictions — e.g., in
agriculture — decisions are based on the expected values of the average temper-
ature, expected rainfall, average humidity, sometimes taking into account the
corresponding variance. Thus, the users expect to see numbers representing
these averages or variances — and they use these numbers to decide, e.g., how
much fertilizer to buy or how much crop to expect.

Which point C' from the interval C should we choose?

2 Main Idea

Analysis of the problem. In the traditional statistical analysis, the un-
knowns are the parameters cy,...,c, of the corresponding statistical distribu-
tion. According to the Maximum Likelihood approach, we select the “most
probable” values of these parameters. Once these values are selected, the corre-
sponding probability distribution is well defined. Based on these distributions,
we can compute the estimates for the desired statistical characteristics.

In our case, in addition to not knowing the parameters ci,...,c, of the
sample distribution, we also do not know the probability distributions of the



measurement errors Axq, ..., Ax, corresponding to all n measurements. To be
more precise, we know that these distributions are located in the corresponding
intervals [—A;, A;], but the exact probability density functions p;(Ax;) corre-
sponding to these measurement errors are not known.

Idea. When we only had the parameters c; as unknowns, we used the Maxi-
mum Likelihood method to find the values for which the likelihood is the largest.
A natural idea is to use the Maximum Likelihood approach in our new case as
well, i.e., to find both the values ¢; and the distributions p;(Az;) from the con-
dition that the corresponding likelihood is the largest possible.

How to implement this idea. For given values ¢y, ..., cg, the probability
density for different actual values z is equal to p(z,cq,. .., cr). We assume that
different values from the sample are independent. So, if we have n actual values
Z1,-...,Ty, then the corresponding probability density is equal to

n

Hp(mi,cl, ceey CE).

i=1

Measurement errors are also assumed to be independent, so for any set of values
Z; and z;, the probability of the corresponding sequence of measurement errors

is equal to
n
[1ri@ — o).
i=1

The total probability density is given by the product:

n n

Hp(xi,cl, ceyCl) sz(@ —Z;).

i=1 =1

In practice, we do not know the actual values x;, we only know the measurement
results ;. The probability of getting the observed measurement results can be
obtained by the formula of full probability, when we integrate over all possible
values of x;. As a result, we get the following formula for the probability of
observing the values Ty,...,Z,:

L:/.../Hp(xi,cl,...7ck)~Hpi(fi—xi)daﬁl...dxn. (1)
i=1 i=1

Our objective is, given the observations Z1, ..., Z,, to find the values ¢; and the
distributions p;(Az;) for which the value L is the largest possible.

To describe the most general probability distributions p;(Ax;), including the
ones that are located at a single point, we must consider not only continuous
functions p;(Ax;), but also generalized functions — e.g., a delta-function 6(Ax;)
that represents a distribution located at a single point 0 —i.e., a random variable
which is equal to 0 with probability 1.

Thus, we arrive at the following formulation:



Precise formulation of the problem.

e Given: n values T1,...ZIp, and a function p(z,cq,...,c).

e Find: the values ¢; and the distributions p;(Az;) for which the expression
(1) attains the largest possible values.

Comment. Once the values c1, ..., ¢ are determined, we use the corresponding
probability distribution p(z,cy, ..., ck) to determine the pointwise estimates of
all the desired statistical characteristics.

3 Main Result

Discussion. The original optimization problem (1) is difficult to solve since
in this problem, we need to optimize not only over all possible values c1, ..., ck,
but also over all possible functions p;(Ax;). To make this problem easier to
solve, we will reduce it to the standard optimization problem, in which there
are only unknown values, but no unknown functions.

Main result: formulation. We will prove that the largest value of the ex-

pression (1) is attained for the values ¢y, . . ., ¢ for which the auxiliary expression
. n
L:HP(Ii7017--~,0k) (2)
i=1

attains its largest possible value as a function of the variables z; € x3, ...,
Tp € Xp, C1,y -+, Ck-

t t ¢ .
Proof. Let 2™ € xq, ..., 2% € x,,, ¢[™", ..., ;" be the values for which

the expression L attains its largest value LOPt:

n
opt __ opt _opt opty __
L —Hp(xi O ) =
=1

n
max{Hp(xi,cl,...,ck):xl € X1y...,Tn Gxn,cl,...,ck}.

i=1

Then, for the values ¢; = c;?pt and for the distributions

pi(Ax;) = 0((Axy + T;) — a3P") = §(x; — x3P°)

K2

which are located, with probability 1, on the values x; = x?pt, the expression
(1) takes the form

L= /.../Hp(xi,cc{pt, c ety Hé(xz — P day ... dx,.
i=1 =



Here, as usual, §(x) denotes Dirac’s delta-function (a generalized function that
describes the probability density of a random variable which is located at point
0 with probability 1).

By definition of the delta-function, this means that this value L is equal to

n

opt _opt opt
Hp(xi O e,
i=1

i.e., to L°Pt. Since we have selected z$*" and c;’pt as the values for which the
expression (2) attains its maximum, we can thus conclude that

n

opt .

L°r :maX{Hp(a:i,cl,...,ck).xl €X1,...,Tn Exn,cl,...,ck}.
i=1

To prove our result, it is sufficient to show that for every other values c; and for

every other set of distributions p;(Axz;), the value L (defined by the expression

(1)) is smaller than or equal to L°Pt.

Indeed, for each function, its expected value is smaller than or equal than

its maximum. The expression (1) is the expected value of the expression (2) un-
n

der the distributions for z1,...,z, with probability density [] p;(Az;). Thus,
i=1

for every set of values cq,...,cg, and for every set of probability distributions

pi(Az;), we have

n
LgmaX{Hp(zi,cl,...,ck):xl €X1,...,Tn Exn}.

=1

The right-hand side of this expression, in turn, is bounded by the largest value

of this expression over all possible parameters c1, ..., cg:
n
max Hp(mi,cl,...,ck) T € Xy, ., Ty EXp p <
i=1

n
maX{Hp(xi,cl,...,ck):ml Exl,...,xnGxn,cl,...,ck}.

i=1

By definition of L°P*, this means that

n
max{Hp(xi,cl,...,ck) 1T EX1,..., Ty exn} < LOPt,
i=1

This means that L < L°P' i.e., that the value L of the expression (1) is indeed
smaller than or equal to L°Pt,

Thus, the value L°P! is indeed the largest possible values of the maximum
likelihood expression (1). The statement is proven.



Observation. Once the values 25°",..., 2% are determined, the values
c1,...,¢, can be found from the condition that the likelihood is the largest
— i.e., from the standard Maximum Likelihood method.

4 First Example: Normal Distributions

Description of the example. Let us first apply our main idea to the case
when the shape function p(z, ¢, ¢2) describes normal distribution.

Analysis of the problem. In this case, once we fix the optimal values
Z1,...,Ty, the corresponding values of the mean p = ¢; and of the standard
deviation ¢ = cy are determined by the usual Maximum Likelihood approach.

1< 1
As we have shown, this means that we take y = — - Zwi and 02 = — -
n n

n

Z(a:, — ). The corresponding value of the likelihood is equal to

_ 1 C(@i—pw? 1 cexo [ (i — p)?

i=1 =1

Thus, the above expression for L takes the form

L—(\/ﬁ)ln.gnﬁxp(—g).

This expression is the largest if and only the variance V = o2 is the smallest.
Thus, to find the corresponding values c;, we first need to find the values z; € x;
for which the sample variance takes the smallest possible value.

Resulting algorithm. We have shown that for the normal distribution, the
maximum likelihood approach to pointwise estimation implies that we select the

values ©1 € x1 = [21,Z1], ..., Tn, € X,, = [z,,, Tp] for which the sample variance
n
1

o =—" Z(‘T’ — p)? attains its smallest possible value.
-

Algorithms for computing the smallest possible values of the sample variance
under such interval uncertainty — and of finding the values z; € x; for which this
minimal variance is attained — are given in [5, 6, 7, 9, 10, 15]. These algorithms
are based on the fact (proved in these papers) that when the minimum of the



variance is attained, for each interval x;, the corresponding minimizing value x;

1 n
is the closest to the mean p= — - g ;.
n i=1

In particular, in [15], based on this fact, we present a sophisticated linear-
time algorithm for computing these values. The easiest to explain is the follow-
ing slightly slower O(n - log(n)) algorithm:

o First, we sort all 2n endpoints z,; and 7; in increasing order, into a sequence

r1 < ryg < ... < ro,. To this sequence, we add values rp = —oco and
Tont1 = +00; as a result, we divide the real line into 2n+1 zones [r, rr11],
k=0,1,...,2n.

e For each zone [ry, 74+1], and for each 4, we find the value x; ;, € x; which is
minimizing under the assumption that the corresponding mean puj belongs
to this zone:

— when the interval x; is fully to the left of the zone, i.e., when z; < ry,
we take x; = Tj;

— when the interval x; is fully to the right of the zone, i.e., when 41 <
z;, we take x; , = z;;

— finally, in the remaining cases, i.e., when the interval contains the
zone, we mark x; j as equal to the (still to be determined) value .

Then, we find the value uy from the condition that it is equal to the mean
of all selected values, i.e., that

Z x; + Z z, + Z PE =N .

0T <k g1 <T,; other ¢

N
The resulting value is equal to pu; = D—k, where
k

Ne= > T+ Y,

1T, <Tk D41 <,

Dy =#{i 7 <rp}+#{i:rpp <z}
If this value uy does not belong to the zone [rg, rg+1], this means that our

initial assumption that uy is within this zone is inconsistent, so we move

to the next zone. If the resulting value py is within the zone, we use the
n

selected values x; to compute the sample variance Vi, = — - Z(ml E— uk)Q.
n
i=1
To simplify the computations, we can use the known fact that, in general,
the variance V' = o2 can be represented as V = M — p?, where M =

n
1 2
—- E z;. In our case, we have
n

i=1

1
Vng'(MkJr(n—Dk)'ui)—ui,



where we denoted

1 <y 41T,
1 D

Thus, we conclude that V, = — - My, — =k ~ui.
n n

e The smallest of the resulting values Vj is then returned as the smallest
possible value of the variance, and the corresponding value uj is then
returned as the corresponding value of the mean.

Computational comment. To speed up computations, when we move from one
zone to the next, we do not re-compute the values Ny, Dy, and M}, from scratch:
we use the previous values and only add and delete terms that changed. As we
go from k = 0 to £ = 2n, each value x; ; changes at most twice: from z; to
i and then from py to T;. Thus, each term has to be recomputed only twice,
thus, after sorting (which takes time O(n - In(n))) we only need linear time to
find all the values Ny, Dy, and Mj.

Comment. To avoid confusion, we should mention that our description is
slightly different from the description given in [5, 6, 7, 9, 10, 15], since in these
papers, we were only interested in the smallest value of the variance, but now,
we are also interested in the values x; where this smallest value is attained —
and in the corresponding value of the mean.

5 Second Example: Lognormal Distribution

Description of the example. Let us now apply our main idea to the case
when the shape function p(z, ¢1, c2) describes a lognormal distribution, with the

probability density function
1 (In(z) - mz)
T,p,0)= - ex — .
p(x, p, o) TR p( 557

Analysis of the problem. For lognormal distribution, likelihood has the
form

d o (In(w:) — 1)?
L(p,0,21,...,2,) = Ti, b, 0) = — exp | —— )
(,U,, s <Ll n) Zl;[lp( is My ) Z];[l\/go'fﬂi p< 202 >
According to our approach, we need to find both the optimal values of the
parameters p and o and the optimal values z; € %1, ..., z, € x, from the
requirement that the resulting value of the likelihood L is the largest possible.
In particular, this means that once we fix the optimal values x1,...,x,, then
the corresponding values of the parameters p and o are determined by the usual
Maximum Likelihood approach.

10



Maximizing the likelihood L(u, 0,21, ..., 2,) is equivalent to minimizing the
auxiliary function

Y(p, 0,21, ..., x,) = —In(L(p,0,21,...,2,)) =
- — (In(z;) — p)?
n-ln(vV27-0) + Zln(xi) + Z gz
=1 =1
Differentiating this expression with respect to u and equating the derivative to

1
n

n
0, we conclude that p = Zln(zi). Differentiating with respect to o and
i=1

1 n
equating derivative to 0, we conclude that o2 = —- E (In(z;)—p)?. Substituting
n
i=1

n
these values into the expression for ¢ and taking into account that > In(z;) =
i=1
n - i, we conclude that

w:n-ln(\/2w-a)+n-u+g :n-ln(\/27r)+n-ln(0)+n~u+g.
We are interested in the values x1, . . ., z,, for which this expression is the smallest
possible. The location of the minimum does not change if we subtract the

n
constant n - In(v/27) + 5 from the objective function and divide the resulting
expression by a constant n. Thus, the values x; € [z;,7;] can be found from
the condition that the following expression attains its smallest possible value:
¢ =u+1In(o), ie.,

n n n 2
p= % . Zln(xi) + % -In % -Z(ln(%))Q - (Tll : Zln(azﬂ)

This expression can simplified if instead of the original unknowns z; € [z;,Z;] we
consider the new unknowns y; = In(z;) for which y; € [y, 7;], where y, = In(z;)
and 7; = In(7;). In terms of these new unknowns y;, the minimized expression
 takes the form

¢ = p+1In(o),
where
1 n
w= n Z Yi
=1
and

) 1 n ) 1 n 2
U:E'Z;yi_ E'Z;yi .

With respect to reach unknown z;, the minimum of the function ¢ on the
interval [gi,yi} is attained either inside the interval, or at one of its endpoints.

11



e If the minimum is attained inside the interval, then, according to calculus,

the corresponding partial derivative is equal to 0: Ie _ 0.

yi
e If the minimum is attained for gy, = Y, then we should have

Op > 0 — because if Op
dy; y;
oW1, -y Yim1,Yi + Ry Yit1,-..,Yn) would be smaller than the minimal

value Sp(yh e Yi-1, Y Yid 1, - 7yn)

< 0, then, for small h > 0, the value

e Similarly, if the minimum is attained for y; = ¥;, then we should have

Oy
<0.
yi =0

To use this property, let us find the explicit expression for this partial deriva-

tive. We have
ou 1
dy: Oy ( Zy ) T

1< 1< ’
For 02 = Eny— (n2y1> , we have
i=1 i

i=1
80’2 1 1 2
2. y) =2 p— = (y; — ).
o (2ry) -2 p- — (i —n)
1
Thus, due to the chain rule, for In(o) 5 In(0?), the derivative is equal to

dln(o) 1 9dln(e?) 1 1 do*> 1 1 2 ( )_yi—,u
Oy 2 dy; 2 o2 Oy 2 o2 n Vi mH = e

Op _Op  Oln(o) 1 yi—p_yi—(p—0?)

dy;, Oy y; n  n-o? n-o

2 > 0, the sign of the derivative coincides with the sign of the

def 2
numerator z = y — o”:

Since n - o

Op = 0 if and only if y; — 2 = 0, i.e., if and only if y; = z;
Yi

0
o« ¥ > 0 if and only if y; — 2z > 0, i.e., if and only if y; > z; and

Oy

dp
Yi

< 0 if and only if y; — 2z <0, i.e., if and only if y; < z.

So, the above calculus-related property take the following form:

12



e if the minimum is attained strictly inside the interval [yi,yi}, then 2% =
- Yi

and thus, the corresponding values of y; is equal to z;

L > 0 and thus, we have

e if the minimum is attained at y; = Y, then
- Yi

Yi = 25

14 < 0 and thus, we
0yi

e finally, if the minimum is attained at y; = ¥;, then

have y; < z.

Thus, if the interval [y 7, is located completely to the left of the point z,
ie., if y, < z and thus, y; < 2 for all Yi € [y, 7], then:

e the minimum cannot be attained strictly inside the interval [yi7 7,], because
then we would have y; = z for some y; from this interval;

e the minimum also cannot be attained for y; = Y, because then we would
have Y, =Yi > z.

So, in this case, the minimum is attained when y; = ;.
Similarly, if the interval [gi, 7] is located completely to the right of the point
z, ie., if 2 <y, and thus, z <y, for all y; € [y, 7], then:

e the minimum cannot be attained strictly inside the interval [gi, 7,], because
then we would have y; = z for some y; from this interval;

e the minimum also cannot be attained for y; = ¥, because then we would
have y, = y; < 2.

So, in this case, the minimum is attained when y; = Y,
Finally, if the interval [y ,¥;] contains the point z inside, then:

e if the minimum is attained at a point y; which is strictly inside this interval,
then y; = z;

e if the minimum is attained at a point y; = Y, then we should have Y, = %
since z € [y, ¥;], this inequality is only possible when Yi = z;

e similarly, if the minimum is attained at a point y; = ¥,;, then we should
have 7; < z; since z € [gi,yi], this inequality is only possible when y; = z.

In all three cases, we have y; = z.
So, we can make the following conclusion about the point y; at which the
minimum is attained:

e if §, < z, then the minimum is attained at the point y; = 7;;
o if 2z < Y, then the minimum is attained at the point y; = Yy

o if Y, <2 <Y, then the minimum is attained at the point y; = z.

13



In all these cases, the minimum is attained at a point which is the closest to z
among all the points of the interval [y, 7;].

Once we know where z is with rebpect to all the endpoints Y, and y;, we
can uniquely determine all the mlmmlzmg values y; — on the condition that we
know the corresponding value z = pu — 2. This value z can be found from the
condition that z = p — 02 = pu — M + pu?, where M = 5 <> L y?2. In terms
of the notations that we used for the case of the normal distribution, we get

1
p=—-(Ng+(n—Dg)-2)and M = = - (My, + (n — Dy,) - 2%). Thus, the above
n

equatlon takes the form

3\>—‘

z =

This equation is quadratic in z, so it is easy to solve and find two possible values
of z. Specifically, if we open the parentheses, multiply both sides by n?, and
move all the terms to the left-hand side, we get

22(n-(n—Dy) —(n—dp)?) —2z-(n-(n—Dg)+2Ny-(n— Dy))—

(n- Ny +n-M,+ N?) =0,

i.e., simplifying,
a-22—b-z—c=0,

where a = Dy, - (n— Dy), b= (n+2Ng) - (n— Dg), and ¢ = n- (Ny + M) + N7.
Thus,
bt Vb®+4a-c

2a
As a result, we arrive at the following algorithm.

Z4 =

Resulting algorithm. First, we sort all 2n endpoints y, and ¥, in increasing

order, into a sequence 1 < 19 < ... < 79,. To this bequence we add values
rg = —o0 and ro,4+1 = +00; as a result, we divide the real line into 2n + 1 zones
[rkyrk+1}, k= 07 13 teey 2n.

For each zone [ry,ri+1], and for each 4, we find the value y; , € y; which
is minimizing under the assumption that the corresponding value z belongs to
this zone:

e when the interval y; is fully to the left of the zone, i.e., when 7; < rg, we
take y; x =Y

e when the interval y; is fully to the right of the zone, i.e., when 7541 < Y,
we take y;r =y ;

e finally, in the remaining cases, i.e., when the interval contains the zone,
we mark y; 1 as equal to the (still to be determined) value z.
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To find the value z, we compute

Ny, = Z i Z Y

1Y <Tp i:”‘+1<£i
Dy =+#{i:7g; <m}+#{i e <y, b
M= Y @)+ >, ()
1y, <rg LT 41 <gi

Then, we compute the values a, = Dy - (n — Dg), by = (n+ 2Ny) - (n — Dy),
and ¢, =n - (Np + M) + N,f, and

bki\/bi—l—llak-ck

Qak

Zk+ =
If both values are outside the zone [ry, 741], this means that our initial assump-

tion that z is within this zone is inconsistent, so we move to the next zone. If
one or both of the values z; + is within the zone, we compute the values

1 1
Pt = (Ni + (n = Dg) - 2,x); Myx = . (My, + (n— D) - 23 4),

— 2
Ok,+ = Mk,i - muki,

Y+ = pg,+ +In(og +).

and

We then take the smallest of the resulting values vy +; the corresponding val-
ues fix,+ and oy + are then returned as the desired pointwise estimates of the
corresponding parameters of the lognormal distribution.

Computational comment. Similarly to the case of the normal distribution,
when we move from one zone to the next, we do not re-compute the values
Ny, Dy, and M; from scratch: we use the previous values and only add and
delete terms that changed. As we go from £ = 0 to k = 2n, each value y;
changes at most twice: from y, to z and then from z to ;. Thus, each term has
to be recomputed only twice, thus, after sorting (which takes time O(n - In(n))
we only need linear time to find all the values Ny, Dy, and My. So, overall, our
algorithm takes time O(n - In(n)).

6 Third Example: Delta-Lognormal Distribu-
tion

Need for delta-lognormal distributions. In many practical applications,
e.g., in medical applications and in meteorology, a quantity can take any non-
negative values but have a positive probability of 0 values. In many such cases,
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the probabilities are described by the delta-lognomal distribution, in which with
a given probability d > 0, we get a value 0, and with the remaining probability
1 —d, we get a lognormal distribution; see, e.g., [1, 4, 14].

In medical applications, in distribution of test costs, zeros correspond to
the cases when a patient refused a test. In environmental applications, zeros
correspond to the case when the actual concentration of the analyzed chemical
is below the detection limit. In biological applications, e.g., in distribution of
certain species in different geographic areas, zeros correspond to areas with are
unsuitable for these species, etc.

The corresponding probability density has the form

P(fCaM»@d):dﬂ(x)—k(l—d). (111(.’11)—/1,))’

1
- exp| =
Vom-o-x p( 202

where, as before, §(x) denotes Dirac’s delta-function (a generalized function
that describes the probability density of a random variable which is located at
point 0 with probability 1).

Formulation of the problem. As in the previous two examples, we have
n intervals [z;,7;] that contain the (unknown) values x; which are delta-
lognormally distributed, and we need to find the “most probable” values of the
parameters u, o, and § which are consistent with the given interval observations.

Challenge. We would like to use the above maximum likelihood approach to
find these parameters, i.e., to look for the values that maximize the likelihood

n

L(/’L7O-7 d,.’l?]_, .. .7Z‘n) = Hp(xialj/7g7 d)

i=1

The problem with this idea is that the delta-function is a generalized function,
its value for x = 0 is infinite. As a result, when one of the values x; is equal
to 0, we get an infinite value of the probability density and thus, the infinite
value of the likelihood. In other words, if we have two different combinations of
values in both of which one of the values of x; is 0, we cannot select which one
is better, like for both combinations, the likelihood is infinite.

Solution. A natural solution to this problem comes from the recalling that
one of the reasons for the ubiquity of delta-lognormal distribution is that when
the actual (positive) value is below the sensor’s detection limit ¢, we record
the measurement result as 0. It is therefore reasonable, instead of the actual
delta-function which is located at exactly 0 with probability 1, to consider the
approximate distribution §;(x) — e.g., uniform on the interval [0,¢] — and then
tend ¢ to 0. This is, by the way, how delta-functions are often interpreted: as
limits of distributions which are located on smaller and smaller intervals [0, £]
when the width £ of these intervals tends to 0. Let us describe what will result
from this idea.
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Analysis of the problem. For the uniform distribution on the interval [0, ¢],
the probability density d,(x) is equal to 1/¢ for values from this interval and
to 0 outside. Thus, the corresponding approximation to the delta-lognormal
distribution has the following form:

pe(i, oy d) = d - 5p(x;) + (1 - d) - W) ,

1
= exp| =
V2o p< 202

When z; > 0, then, for sufficiently small ¢, the first term becomes 0 when ¢ < ;.
Thus, for sufficiently small ¢, the probability density is equal to

pl(xivljﬁaa d) - (1 - d) : pLN(fia/%U» d)v

where

def 1 In(z;) — p)?
pLn (i 1, 0) = m - exp <((2)02M))
T

is the probability density of the lognormal distribution.
When z; = 0, then for the uniform distribution on the interval [0, ], we have

1
0e(x;) = 7 while the lognormal term is equal to 0. Thus, for z; = 0, we have

d
Pe(xh/hU, d) = Z

Therefore,

L(/’(‘a0-7 d7$17 s ,.Tn) = Hp(ajiauvaa d) =

i=1
H p(aji,,u,a,d) : H p(xia,u70'7 d) =
i:x;=0 i:x; 70
d z
Z ' H ((1_d)'pLN(xia/J’7U7d)),
412,70
where z is the number of zeros, i.e., the number of indices 7 for which z; = 0.
We want to select the values pu, o, d, =1, ..., x, for which, for suffi-
ciently small ¢, this value is the largest. When z = 0, the above value of

L(p,0,d,x1,...,2,) does not depend on ¢ at all. When z > 0, this value tends
to oo as const - £77.
When z > 2/, then, for sufficiently small ¢, we have

const - 7% > const’ - 7% .

This inequality is easy to prove: multiplying both sides by £*, we get an equiv-
alent form const > const’ - EZ_Z/, which is true since const > 0 and, for z > 2/,
we have £7=% — 0 and thus, const’ - £~ < const for sufficiently small £.

So, among all combinations with different values z, according to our criterion,
we select the one with the largest possible value z, i.e., with the largest possible
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number of indices for which x; = 0. For each index i, its possible values are
in the interval [z;,Z;]. So, to get the largest possible value of zeros, for each
interval that contains 0, we take x; = 0.

Delta-lognormal distribution describes non-negative variables, hence we have
z; > 0. The resulting interval [z;,T;] contains 0 if and only z; = 0.

The next question is how to determine the values of the parameters pu, o,
and d from the maximum likelihood idea. Let us start with d. According to the
above formula, we have L = ¢-d? - (1 — d)"~*, where ¢ does not depend on d.
Maximizing L is equivalent to minimizing ¢ = — In(¢)—z-In(d) —(n—=2)-In(1—d).
Differentiating this expression by d and equating the derivative to 0, we get

z n—z

C=-atita

hence
z n—z

d 1-d
Multiplying both sides by d - (1 —d), we get z- (1 —d) = (n — z) - d. Moving all
terms containing d to the right-hand side, we get z=2-d+ (n—z2)-d=n-d,

hence d = i.

n
With respect to p and o, the optimized expression has the form

L(M,O’,d,l’h...,l'n) =cC- H ,OLN(‘Ti,,Uf,Cﬂd),
i:x; 70

where ¢ does not depend on p or 0. Thus, the problem of finding the values
@ and o that maximize this expression is equivalent to the problem of finding

the values 1 and o that maximize the product [[ prn(2;,u,0,d). This is the
i:x; 7#0

problem that we considered in the previous section, and for which we already

have the algorithm. Thus, we arrive at the following algorithm.

Resulting algorithm. We start with n intervals [z,,Z;] with z; > 0. For
each index ¢ for which z; = 0, we take x; = 0. Then, we take d = —, where 2 is
n

the number of indices for which we selected x; = 0.

If d = 1, then we simply have a distribution which is located at 0 with
probability 1. If d < 1, then we process the set of all remaining intervals (for
which z; < 0) by applying the lognormal-related algorithm described in the
previous section, and come up with the corresponding values of p and o.

Comment. Our arguments were given for the case when we approximate the
original delta-function by a uniform distribution on an interval [0, £] whose width
£ tends to 0. One can check that when ¢ — 0, the optimization results will be
the same if we use non-uniform distributions on these intervals.
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