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The textbook approach to estimating the failure probability of mechanical structures assumes
that (1) we know the probability distribution on the set of all possible values of the quantities
θ = (θ1, . . . , θn) describing the structure and its environment; this distribution is usually
described by the probability density function f(θ); and (2) we know which combinations of
the quantities θi correspond to stability and which to failure; the corresponding set ΩF is
usually described by a limit function g(ω) such that stable states correspond to g(θ) > 0
while failures correspond to g(θ) < 0. Once we know this information, we can find the
desired failure probability P as the integral P =

∫
ΩF

f(θ) dθ. In realistic situations, when the
number of quantities is large, P can be computed by a (somewhat time-consuming) Monte-
Carlo algorithm (MCA).

In practice, we often do not know the exact probability distribution, and we do not know
the exact expression for the limit function. Usually, we know that the distribution belongs
to a certain family (e.g., that it is normal), but we do not know the exact values of the
parameters corresponding to the given distribution; at best, we know the intervals containing
these parameters. Similarly, we know the general parametric expression for the limit function
(e.g., we know that the function g(θ) is linear or quadratic), but we do not know the exact
values of the corresponding parameters, we only know the intervals of possible values of these
parameters. Let us list all the parameters corresponding to the probability distribution and to
the limit function as p1, . . . , pm. For each of these parameters pi, let us denote the midpoint of
its interval of possible values by p̃i, and its half-width by ∆i; then, this interval takes the form
[p̃i −∆i, p̃i −∆i]. Each value pi from this interval has the form p̃i +∆pi, where |∆pi| ≤ ∆i.

Let P (p1, . . . , pm) denote the failure probability corresponding to parameters pi. The values
∆i are usually reasonable small, so we can expand P (p1, . . . , pm) = P (p̃1 +∆p1, . . . , p̃m +
∆pm) into Taylor series and keep only linear terms in this expansion: P (p̃1 = ∆p1, . . .) =

P̃ +
m∑
i=1

ci ·∆pi, where P̃
def
= P (p̃1, . . . , p̃m) and ci

def
=

∂P

∂pi
. We are interested in the range

[P , P ] of this expression when |∆pi| ≤ ∆i. One can easily check that P = P̃ − ∆ and

P = P̃ +∆, where ∆ =
m∑
i=1

|ci| ·∆i; see, e.g.,2,4.

In the ideal situation, when we know the exact values of P (p1, . . . , pn) for different pi, then
we could estimate the derivatives ci and, thus, the value ∆ by using numerical differentiation:

ci ≈ Pi − P̃

∆i
, where Pi

def
= P (p̃1, . . . , p̃i−1, p̃i + ∆i, p̃i+1, . . . , p̃m). As a result, we get2
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P = P̃ +
m∑
i=1

|Pi− P̃ |; this estimate requires m+1 calls to MCA: to compute P̃ and m values

Pi. When the number of parameters m is large, it is computationally more efficient to use a
special estimation technique based on the use of Cauchy distribution 2,3.

In practice, the corresponding finite-parametric families provide only an approximate
description of the actual probability distribution and limit function. As a result of this model
uncertainty, even if we know the exact values of the corresponding parameters, the computed
failure probability C may be different from its actual value P . In some cases, the only
information that we have about the model uncertainty C − P is the upper bound δ, for which
|C − P | ≤ δ. Thus, when after (somewhat time-consuming) Monte-Carlo simulations, we get
the value C, the only conclusion that we can make about the actual failure probability P is that
P ∈ [C − δ, C + δ]. As a result, when we apply the above numerical computation techniques

and get an estimate C = C̃ +
m∑
i=1

|Ci − C̃|, then, due to the differences |Pi − Ci| ≤ δ and

|P̃ − C̃| ≤ δ, we can only conclude that |C − P | ≤ (2m + 1) · δ. When the number m of
parameters is large, this error becomes significant. How can we decrease this error?

In principle, we can use the fact that the linear function P̃ +
∑

ci · ∆pi always attains its
maximum on the box

∏
[−∆i,∆i] at one of the vertices; so, we can compute all 2m values

C(ε) = C(p̃1 + ε1 ·∆1, . . .) corresponding to all combinations of εi ∈ {−1, 1}, and find the
largest of these values; this largest value is δ-close to P . This method, however, requires 2m

calls to MCA, and even when m is reasonable (e.g., 10), 2m calls is too much. It is known
that if we want to find P̃ with accuracy δ, we cannot use fewer than exponentially many calls1.
How can we decrease the uncertainty in P without increasing the number of calls too much?

In this paper, we propose several such methods. For example, the use of an estimate C =

C̃+
1

2
·
m∑
i=1

|Ci−C−i|, where C−i
def
= C(p̃1, . . . , p̃i−1, p̃i−∆i, p̃i+1, . . . , p̃m) leads to accuracy

(m + 1)δ with 2m + 1 calls to MCA. We can decrease the uncertainty even more if we mark
all the indices i for which Ci − C−i ≥ 2δ or Ci − C−i ≤ −2δ; for these indices, we can fix
pi = p̃i +∆i or, correspondingly, pi = p̃i −∆i, and only change other values pj . If we have
s such indices, we use 2m+ 1 + 2(m− s) calls to MCA and get accuracy (m− s+ 1)δ. We
can also divide all the remaining indices into pairs; for each pair, we try all 4 combinations of

±∆i; this will lead to 2m+1+4(m−s) calls and accuracy δ+
1

2
(m−s)δ. If instead of pairs,

we divide into groups of k, we get 2m+ 1 + 2k(m− s) calls and accuracy δ +
1

k
(m− s)δ.

We also show how to modify the Cauchy deviate technique from2,3 to take into account the
upper bound δ on the model accuracy.

Keywords: failure probability, interval uncertainty, model uncertainty, Monte-Carlo methods,
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